B.Y. Chen’s inequality for semi-slant submanifolds
in T'—space forms

Nesip Aktan, M. Zeki Sarikaya and Erdal Oziisaglam

Abstract. In this paper, B. Y. Chen inequality for semi-slant submani-
folds in T'—space forms are established by using subspaces orthogonal to
the structure vector fields.
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1 Introduction
Given a Riemannian manifold M, for each point p € M, put

(inf K')(p) = {inf K (7) : plane section m C T,M },
where K (m) denotes the sectional curvature of M associated with 7. Let

dum(p) = 7(p) — inf K(p),

being 7 the scalar curvature of M. Then, §5; is a well-defined Riemannian invariant,
which was recently introduced by Chen ([14], [13]).

For submanifolds M in a real space form é’”(c) of constant sectional curvature c,
Chen gave the following basic inequality involving the instrinsic invariant d;; and the

squared mean curvature of immersion,

(n+1)(n—2)

2(p —
u(p) < 2D ey 02D,

~ 2(n-1)

where n denotes the dimension of M and H is the mean curvature vector.

Several authors have studied the above inequalities on different mathematical
structures (see, [8], [11], [14], [12], [15], [18]- [20], [24], [27]).

A slant submanifold is defined as a submanifold N of an almost Hermitian manifold
(M, J) with constant Wirtinger angle (= Kahler angle). The Wirtinger angle 6(X)
of a tangent vector X to N at a point p € N is the angle between JX and the
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tangent space of N at p. Special cases are complex submanifolds (6 = 0) and totally
real submanifolds (0 = g) by Chen in [16]. Several authors have studied on slant

submanifold (see, for instances, [4], [5], [9], [8], [11], [16], [23]).

In 1994, Papaghiuc defines a class of submanifolds, called the semi-slant submani-
folds, of a Kahlerian manifold to be a submanifold whose tangent bundle is the direct
sum of a complex distribution and a slant distribution with the slant angle 8 = 0.
The author obtains the necessary and sufficient conditions for the complex and slant
distributions to be integrable. He also obtains a necessary and sufficient condition for
a semi-slant submanifold to be the Riemannian product of a complex submanifold
and a slant submanifold [25].

The notion of a semi-slant submanifold of a Sasakian manifold was introduced by
Cabrerizo et. al in [16]. The authors define and study both bi-slant and semi-slant
submanifolds of an almost contact metric manifold and, in particular, of a Sasakian
manifold. They prove a characterization theorem for semi-slant submanifolds and we
obtain integrability conditions for the distributions which are involved in the defini-
tion of such submanifolds. We also study an interesting particular class of semi-slant
submanifolds.

In [11], Cioroboiu established Chen inequalities for semi-slant submanifolds in
Sasakian space forms by using subspace orthogonal to the Reeb vector field &.

In [8], the authors established a version of Chen inequality for submanifold of
an S—space form tangent to the structure vector field of the ambient space and
applications to the case of slant immersions are obtained.

In this paper B. Y. Chen’s sharp estimation for the sectional curvature of a sub-
manifold in Riemannian space forms in terms of the scalar curvature is extended to
semi-slant submanifolds in T'—space forms. The paper is organized as follows. In sec-
tion 2, we give a brief account of T'—manifolds and their submanifolds, for later use.
In section 3, B. Y. Chen inequality for semi-slant submanifolds in T'—space forms are
established by using subspaces orthogonal to the structure vector fields.

2 Preliminaries

Let (]T/.f, g) be a Riemannian manifold with dim(]\Aj) = 2m+ s and denote by TM the

Lie algebra of vector field in M. Then M is said to be an S—Manifold if there exist
on M an f—structure ¢ [26] of rank 2m and s global vector fields &1, ..., &s(structure
vector fields) such that [2]

(i) If n',...,n* are dual 1—forms of &1, ..., &, then:

(2.1) 66 =0, 1os=0, ¢2=—I+§1ni®@,
(2.2) GOX,0Y) =G(X,Y) =) n'(X)n'(Y),
=1
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for any X,Y € TM, 1=1,...,8
(ii) The f—structure ¢ is normal, that is

[¢7¢]+2§§i®dnf=o

where [, ¢] is the Nijenhuis tensor of ¢.
(iii) n* A ... An® A (dn')® # 0 and for each i, dn* = 0.
In a T—manifold M, besides the relations (2.1) and (2.2) the following also hold:

(2.4) (Vx9)Y =
(2.5) Vy& =

for any vector fields X,Y € T M.

Let D denote the distribution determined by —¢? and D the complementary
distribution. D+ is determined by ¢? + I and spanned by &1, ...,&,. If X € D, then
n'(X )—OforanyzandleEDJ- then ¢X = 0.

A plane section II in T}, M of an T—manifold M is called a ¢—section if IT L D+
and ¢(IT) = II. M is of constant ¢—sectional curvature [2] if at each point p € M7
the sectional curvature K (TIT) does depend on the choice of the ¢—section II of
Tp]\7 . If K(II) is constant for all non-null vectors in II, we call M to be of con-
stant ¢—sectional curvature at point p. The function of ¢ defined by ¢(p) = K (1) is

called the ¢p—sectional curvature of M. A T—manifold M with constant ¢—sectional
curvature c is said to be a T—space form and is denoted by M(c).

The curvature tensor R of a T— space form M (c) is given in [22],
JRX,Y)ZW) = *{g(X 2)g(Y,W) = g(Y, Z)g(X, W)
—3(X,2) Y _u (Y)u (W) = g(Y, W) Y ' (Z)u'(X
(2.6) —|—gXWZu (Y)u'(Z )+gYZ Zu u' (W)
(2w @ 00) (o) - (Zu )
+(Xu )+9W¢X §(Y,62) + (Y. 0W)G(X. 62)
—-29(X, ¢Y) W,02)}

When s = 0, an T'—manifold M becomes a keahler manifold. When s = 1, an
T—manifold M becomes a cosymplectic manifold [22].

The Equation of Gauss for submanifold M of M is given by
(2.7) R(X,Y.ZW) = R(X,Y.ZW)+ g(h(X,W),h(Y, 2))

for any vectors X,Y, Z and W tangent to M, where we denote as usual R(X,Y, Z, W) =
9(R(X.Y)Z,W).
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From now on, we suppose that the structure vector fields are tangent to M and
we denote by n + s the dimension of M. We consider n > 2. Hence, if we denote
by L = Dy & D the orthogonal distribution to D+ in TM. We can write orthogonal
direct decomposition TM = L& D+ .

For an orthonormal basis {e1, ..., €n, €nt1, ..., €ntst of T, M, the scalar curvature
T at p is defined by

(2.8) =Y K(eihe)),

1<j

where K(e; A ej) denotes the sectional curvature of M associated with the plane
section spanned by e;, e;. In particular, if we put e,4o = &a, for a =1,2,..., s, then
(2.8) implies:

(29) 27’2ZK(ei/\Ej)—FQZZK(Gi/\fa).

i#j i= a=1

We denote by H the mean curvature vector, that is

n+s
1
H(p) = —— " hles,eo)
=1

Also, we set
h?j = g<h(ei> ej)? eT)

and
n—+s

R17 =Y g(h(ei e;), hleise)))-

ij=1

For any X € TM, we put pX = PX + F X, where PX and F'X are the tangential
and normal component of ¢ X, respectively. We denote

n—+s
IPIIP =Y g*(Pessey).
ij=1
It is well-known that
(2.10) 9(PX,Y) = —g(X, PY),

for any X € TM.
Now, we give the relevant definitions from [11].

Definition 2.1. A differentiable distribution D on M is called a slant distribution
if for each x € M and each nonzero vector x € Dy, the angle 0p(X) between ¢ X and
the vector subspace D, is constant, which is independent of the choice of x € M and

x € Dy. In this case, the constant angle Op is called the slant angle of the distribution
D.
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Definition 2.2. A submanifold M tangent to structure vector fields is said to be
a bislant submanifold of M if there exist two orthogonal distributions Dy and Dy on
M such that _

(i) TM admits the orthogonal direct decomposition TM = Dy @& Dy & D+

(i) for any i = 1,2 D; is slant distribution with slant angle 0;.

Definition 2.3. A submanifold M tangent to structure vector fields is said to be
a semi-slant submanifold of M if there exist two orthogonal distributions Dy and Do
on M such that _

(i) TM admits the orthogonal direct decomposition TM = Dy @& Dy @ D+

(i) the distribution Dy is an invariant distribution, that is, ¢(D1) = Dy

(1) the distribution Dy is slant with angle 6 # 0.

Definition 2.4. A submanifold M is said to be a slant if for any p € M and any
X € T,M, linearly independent on structure vector fields, the angle between ¢X and

T,M is a constant 6 € [0,7/2], called the slant angle of M in M.

Invariant and anti-invariant immersions are slant immersions with slant angles
6 = 0 and @ = 7/2, respectively. A slant immersion which is neither invariant nor
anti-invariant is called a proper slant immersion [4].

In [3], the invariant distribution of a semi-slant submanifold is a slant distribution
with zero angle. Thus, it is obvious that, in fact, semi-slant submanifolds are particular
cases of bislant submanifolds. Moreover, it is clear that if § = /2, then the semi-slant
submanifold is a semi-invariant submanifold.

(a) If Dy =0, then M is an invariant submanifold.

(b) If D; =0 and § = 7/2, then M is an anti-invariant submanifold.

(¢) If Dy =0 and 0 # 7/2, then M is a proper slant submanifold with slant angle
0. A semi-slant submanifold is said to be proper if both D and D5 are nontrivial and

0 #7/2.

3 B.Y. Chen’s inequality

First, we repeat an algebraic lemma from [14] without proofs.

Lemma 3.1. [14] Let ay, ..., ag,c be k + 1(k > 2) real numbers such that

(ZGZ) =(k-1) (Zaerc).

Then, 2a1as > ¢, with the equality holding if and only if a1 + a2 = az = ... = ak.

Now, we can prove the following version for the semi-slant submanifolds of
T—manifolds of Theorem 3 of [12].

Theorem 3.1. Let p : M™% — MQerS(C) be an isometric immersion from a
Riemannian (n + s)—dimensional manifold in to an T—space form MQ””S(C), such
that the structure vector fields are tangent to M. Then,

(i) For any plane section w invariant by P and tangent to D;
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(n+s)%(n+s—2)

1) 77— 2
B oK) < PR
¢ (nn-1) 3 9 s(1—9)
- —+= 1
+4( 5 +2<(d1+ ) +dzcos” 0+ ——
(i) For any plane section 7 invariant by P and tangent to Dy
(n+s)%(n+s—2) 2
2 - K H
32) 1K) < Iy
¢ (nn—-1) 3 9 s(1—s)
+4( 5 +2<d1+(d2+1)cos 0+ 3

The equality case of inequalities (3.1) and (3.2) holds at a point p € M if and only if
there exists an orthonormal basis {e1, ..., en, ent1 = &1, ..o, €nys =&} of T, M and an
orthonormal basis {€nts41, -y €2m+ts} Of TPLM such that the shape operators of M in

M(c) at p have the following forms:

a 0 0 . . .0
Aptst1 = 0 —a 0 . . .01,
0 0 On+572
hYy  hiy O . .0
A, = h5y —hs, O . .0 ), r=n4+s+2,....2m+r.
0 0 On+s—2

Proof. Let p e M, {e1,...,en,ent1 = &1, ..., en4s = &} an orthonormal basis of T, M,
and {€e,4si1, -, €2m+s} an orthonormal basis of T;-M. Let M be a proper semi-slant

submanifold of M(c) and dim M = n + s = 2d; + 2ds + s. We consider an adapted
semi-slant orthonormal frames

e, €2 = e, ...,e2q,—1,€2d; = P€2d;—1,€2d1+1,
1
(3.3) €2d,+2 = @Pemiﬁrla~-~762d1+2d271ae2d1+2d2
1
= ——Pesq 12d,—1
cos 0 12d
€2di+2do+1 = &1y €2d42dots = &s

one can obtain easily,

S S fori € {1,2,..,2d; — 1}
(3-4) g°(9ei, ei1) = { cos?f forie {2dy +1,...,2d; +2ds — 1} .
Then
n—+s
(3.5) Z g (ej, pe;) =2 (dy +da2 cos? 9) .
ij=1

From (2.6), (2.9) and (3.5) we obtain
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(3.6) 2r = (n+9)?|H|* - ||’
+§ (n(n—1)+3(dy + dacos® 0+ s(1 - 5))) .

B (n+3s)%(n+s—2)
(3.7) e o vl A

_2 (n(n—1)+3(di + dg cos® 0 + s(1 — 5))).

Hence, (3.6) and (3.7) imply:
(3.8) (n+ s IH|* = (n+5 = 1) (e + 1)

Let pe M, m CT,M, dim7 = 2, and 7 orthogonal to D+ and invariant by P
We consider two cases.
Case 1. The plane section 7 is tangent to D;. We may assume that m =sp{ej, es}

and epyg11 = Then, relation (3.8) becomes

-
IH ]

n+s 2 n+s  2m-+s
(3.9) (Z h"+8+1> (n+s—1) Z >«

i,j=1r=n+s+1

Using Lemma 3.1, we derive from (3.9)

n—+s 2m-+s
(310) 2h?i}-s+1h;12+s+1 > Z hn+s+1 + Z Z
i£] i,j=1r=n+s+2
From (2.6) and (3.4), we obtain
(3.11)
2m-+s
K(m) = b hg = ()’ Y (W = (b)) + o}
r=n+s+2
Now, from (3.10) and (3.11) it follows that
> ESH r )2 r )2 1 nts+1)2
Km > > % [(hu) ()] 45 D0 ()
r=n+s+1;j>2 i) >2
2m-—+s 1 2m-+s )
oY Y >, (B + )
r=n+s+14,5>2 r=n4+s+1
pEyles e,
2 4 72
or, equivalently,
(n+3s)%(n+s—2) 2
€ = T- IH ||

2(n+s5—1)
—g (n(n—1)+3(dy + dacos® 0+ s(1—s))) .
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e 4c
. > -4 —
(3.12) K(m) > 2-1-4
n+s)?(n+s—2
- - 2(73+(51) o
c(nn-1) 3 9 s(1—s)
4(2 +2(d1+d2cos 0+72 +4).

Case II. If the plane section 7 is tangent to Dy, similar to the proof of Case I,
one can obtain (3.2)

The case of equality at appoint p € M holds if and only if it achieves the equalities
in inequalities (3.10), (3.11) and (3.12). So, we have
n+s+1 __ . . .
hi; =0,1#j>2
hi; =0, i#j>2, r=n+s+2,..2m+r; i,j =3,...,n+s;

L+ h=0r=n+s+2,....2m+r

, 1 L 1 .
Rt =yt =0, 5> 2

n+s+1 n+s+1 _ gn+s+1 _ _ gn+s+1
hiy + Ny = ha3 = = b s
Moreover we may choose e, eg such that 275 ™! = 0 and we denote a = h},, b = hi,
and p 1: hg;rSHl: = hzlizfllﬂ Also, fr?m Lemma 3.1 and (2.10), one can see that
Ry 4 Rt = hett = = RSt = 0. Hence, the shape operator take the
desired forms. The converse follows from direct calculation. O

We can define
(inf L K)(p) = {inf K (7) : plane section m C L} .

Then inf L K is a well-defined function on M. Let §%, denote the difference between
the scalar curvature and inf ; K that is

Syr(p) = 7(p) — inf LK (p).

It is clear that 6%, < dps. Then, if ¢ = 0, from (3.1) and (3.2) we get directly following
result:

Corollary 3.1. Let o : M"T — MQm"’S(c) be an isometric immersion from a
Riemannian (n + s)— dimensional manifold in to an T—space form M2?™+5(c), such
that the structure vector fields are tangent to M. Then, for any plane section 7 in-
variant by P and tangent to Dy or Dy

(n+3s)%(n+s—2)

(313) o) < "

2
="
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