Hypersurfaces in a quasi Kahler manifold
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Abstract. Okumura gave a necessary and sufficient condition for an ori-
ented real hypersurface of a Kdhler manifold to be a contact metric mani-
fold with respect to the naturally induced almost contact metric structure.
In this paper, we discuss an oriented hypersurface of a quasi Kéhler mani-
fold and give a necessary and sufficient condition for such a hypersurface to
be a quasi contact metric manifold with respect to the naturally induced
almost contact metric structure and we provide an application.
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1 Introduction

Let M = (M, ¢,£,1m,9) be a (2n+1)-dimensional almost contact metric manifold
with almost contact metric structure (¢,&,n,g):

¢’ =-I+1®E,
(,25510, 770(25:0, 77(5):17

(1.2) 9(¢X,9Y) = g(X,Y) —n(X)n(Y), n(X)=g( X),

for any X,Y € X(M), where X(M) denotes the Lie algebra of all smooth vector fields
on M. An almost contact metric manifold M = (M, ¢,£,n,g) is called a contact
metric manifold if it satisfies

(1.1)

(1.3) dn(X,Y) = g(X, ¢Y),

for any X,Y € X(M). In [7], the authors defined a new class of almost contact metric
manifold, say, the case of quasi contact metric manifold, which was originally intro-
duced by Tashiro [10]. By the definition, it follows immediately that the class of quasi
contact metric manifolds is a generalization of the contact metric manifold case. In
[1, 7], basic properties have been discussed. For example, it is shown that a quasi
contact metric manifold is a contact manifold, in addition many fundamental formu-
las have been known, which are common with the ones on contact metric manifolds.
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The following fundamental question was originally raised by two of the authors in [7].

Question. Does there exist a quasi contact metric manifold of dimension (2n+1)(=
5) which is not a contact metric manifold?

In the present paper, concerning the above question, we shall discuss oriented real
hypersurfaces in a quasi Kéhler manifold and we prove the following:

Theorem 1.1. Let M = (M, J, §) be a quasi Kiihler manifold and M = (M, ¢, &,1, g)
be an oriented hypersurface of M with the naturally induced almost contact metric
structure (¢,£,7,g9). Then, M = (M, ¢$,£,n,g) is a quasi contact metric manifold if
and only if the following equality:

(14)  g((Ap+¢A)X,Y) + n(X)n(A¢Y) — n(Y)n(AsX) = —29(¢X,Y)

holds for any X,Y € X(M), where A is the shape operator with respect to the unit
normal vector field v corresponding to the orientation of the hypersurface M in M.

2 Preliminaries

In this section, we prepare several basic terminologies and fundamental formulas. An
almost Hermitian manifold is called a quasi Kihler manifoldif (V xJ)Y +(V ;5 J)(JY)
= 0 holds for any X,Y € X(M), where X(M) denotes the Lie algebra of all smooth
vector fields on M [6]. Now, let M = (M, .J, ) be a (2n+2)-dimensional quasi Kihler
manifold and M = (M, g) be a hypersurface in M with the induced Riemannian
metric g which is oriented by unit normal vector field v. We here denote by V (resp.
V) the Levi-Civita connection of the Riemannian metric g (resp. g). Then, the Gauss

formula and the Weingarten formula are given respectively by
(2.1) VxY =VxY +0(X,Y),

(22) vxl/ = —AX,

for X, Y € X(M), where o is the second fundamental form and A is the shape operator
with respect to the unit normal vector field v and they are related by

(2.3) glo(X,Y),v) = g(AX,Y),

for any X,Y € X(M). We set

(2.4) H(X,Y)=g(AX,Y),

for any X, Y € X(M). Then, we may check that H is a symmetric (0,2)-tensor field
on M which is called the second fundamental tensor of the hypersurface M in M.

From (2.3) and (2.4), we have also

(2.5) o(X,Y)=H(X,Y)r,
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for any X,Y € X(M). We denote by R (resp. R) the curvature tensor of M (resp.
M), denoted respectively by R(X,Y)Z = [Vx,Vy]Z — ?[Xﬁy]Z for X,Y,Z € X(M)
and R(X, Y)Z = [VX, VY}Z — V[X’y].

Then, the Gauss and Codazzi equations are given respectively by

(2.6)
J(R(X,Y)Z,W) = g(R(X,Y)Z,W) + g(AX, Z)g(AY, W) — g(AY, Z)g(AX, W),

(2.7) 9JR(X,Y)Z,v) =g((VxA)Y,Z) — g(Vy A)X, Z),

for any X, Y € X(M). Now, we define vector field &, 1-form 7 and (1,1)-tensor field
¢ on M respectively by

(2.8) £=—Jv, n(X)=yg(X),

(2.9) ¢X = JX —n(X)v,

for any X € X(M). Then, we may check that (¢,&,7n,g) gives rise to an almost
contact metric structure on M. We shall call it the naturally induced almost contact
structure (with respect to the orientation defined by the unit normal vector field v)
on M. From (2.1)~(2.5), we have

(VxJ)Y =Vx(JY)—J(VxY)
(2.10) = Vx(opY +n(Y)v) — J(VxY + g(AX,Y)v)
= (Vxo)Y +g(AX,Y)E —n(Y)AX + (9(AX, oY) + (Vxn)(Y))v,
for any X,Y € X(M). Now, since M is a quasi Kihler manifold, we have
(2.11)
(VXY = (V)Y
= (Vox )oY +n(Y)(Vox J)v +n(X) (Vo J)Y +n(X)n(Y)(V,J)v,
for any X,Y € X(M). Here, by making use of (2.10), we get

(2.12)
(Vox )oY = (Vox @)oY + g(ApX, ¢Y )¢ + (9(AdpX, ¢*Y) + (Voxn)(¢Y))v
= (Vpx @)oY + g(AdpX, oY )€ + (—g(AdX,Y) + n(Y)n(A9X) — n((Vex9)Y))v

and similarly

(Vox v = =(Vx J)E+n(X)(VeJ)E

(2.13) = OVx& —n(AX)E + AX — n(X)$Ve +n(X)n(A&E — n(X) A,
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Thus, from (2.10)~(2.15), we get the following;:

(2.16)
(Vx@)Y + (Vx @)oY + g(AX,Y)E + g(ApX, oY )E +n(Y )V x & — n(Y)n(AX)E
—n(XN(Y)pVel —n(X)(Ved)Y —n(X)n(AY)E + n(X)n(Y)n(AEE = 0,

9(X, (A + ¢A)Y) + (Vxn)(Y) + n(Y)n(A¢X)
—1((Vex@)Y) = n(Y)n(AdY) — n(X)(Ven)(Y) =0,

for any X,Y € X(M). Summing up the above arguments, we have the following:

(2.17)

Theorem 2.1 Let M = (M, J, g) be a quasi Kihler manifold and M = (M, ¢,§,n, g)

be an oriented hypersurface of M with the naturally induced almost contact metric
structure (¢,&,n,g). Then, the equation (2.16) and (2.17) hold on M.

3 Proof of Theorem 1.1

In this section, we shall prove Theorem 1.1 based on the discussions in the previous
sections. First, we recall the (1,1)-tensor field h on any almost contact metric manifold

M= (M7 ‘157577]’9) given by
1
(3.1) helrw

where £¢ denotes the Lie derivative with respect to the characteristic vector field &.
From (3.1), we may check that the following equalities hold on M

(3.2) hé =0, trh=0.

We here recall the definition of the quasi contact metric manifold. An almost contact
metric manifold M = (M, ¢,&,n,g) is said to be a quasi contact metric manifold if
the corresponding almost Hermitian cone to be a quasi Kéhler manifold([6], Remark
1.1). The notion of quasi contact metric manifold was introduced by Tashiro([10] as
an O*-contact metric manifold). A quasi contact metric manifold is a generalization
of the contact metric manifold, and is characterized by the following.

Proposition 3.1 An almost contact metric manifold M = (M, ¢$,£,7,g) is called a
quasi contact metric manifold if and only if it satisfies the following equality:

33)  (Vx®)Y + (Vox )oY = 29(X,Y)E —n(Y)X —n(X)n(Y)§ —n(Y)hX

for any X,Y € X(M).

Further, a quasi contact metric manifold M = (M, ¢, £, 7, g) is a contact metric man-
ifold if and only if M satisfies the equality (3.3) and the tensor field h is symmetric
with respect to the Riemannian metric g ([7]).

We may also note that the 1-form 7 of a quasi contact metric manifold is a contact
1-form [9]. Now let M = (M, ¢,&,1n,g) be a (2n+1)-dimensional quasi contact metric
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manifold. Then, the following equalities in addition to the equalities (3.2) and (3.3)
hold on M [3, 4]:

(3.4) (Vxm(Y) + (Voxd)(0Y) +29(¢X,Y) = 0,
(3.5) Vel =0, Vep=0,

(3.6) Vx€=—¢X — ¢hX,

(3.7) noh=0, ¢h+ho=0,

(3.8) (Veh)X = ¢X — h*¢X — oR(X,€)E,

for X € X(M). We here note that the equalities (3.4)~(3.8) can be derived from the
equality (3.3). In the reminder of this section, we assume that M = (M, ¢,&,n,g)
is a (2n + 1)-dimensional contact metric manifold and M = (M,J,g) is a (2n +
2)-dimensional quasi Kahler manifold and M = (M, ¢,£,7n,9) be a quasi contact
metric hypersurface of M with the naturally induced almost contact metric structure
(¢, &, m, g) with respect to the unit normal vector field v. Then, from (2.16) and (2.17),
by making use of the equalities (3.2)~(3.8), we have

29(X,Y) = 2n(X)n(Y) + g(AX,Y) + g(AdX, ¢Y)

(3.9) —n(X)N(AY) = (Y )n(AX) +0(X)n(Y)n(Ag) = 0

and
(3.10)  g((A¢+ @A) X,Y) + n(X)n(AgY) — n(Y)n(A¢X) + 29(¢X,Y) =0,
for any X,Y € X(M). Now, replacing X by ¢X in (3.9), we get
29(¢X,Y) + g(ApX.Y) — g(AX, ¢Y) + n(X)n(AdY) — n(Y)n(A¢X) =0,
and hence
(3.11) 296X, Y) + g((Ad + ¢A)X,Y) + n(X)n(AgY) — n(Y)n(AsX) = 0,
for any X,Y € X(M). (3.9) is nothing but (3.11). Similarly, replacing ¥ by ¢Y in

(3.10), we may derive (3.9). Namely, (3.9) and (3.10) are equivalent. Therefore, we
have Theorem 1.1.

4 An application of Theorem 1.1

In this section, we provide a result obtained through discussions around Theorem 1.1
from the previous sections. Let M = (M, J, §) be a (2n+2)-dimensional nearly Kihler
manifold and M = (M, ¢,&,7, g) be an oriented hypersurface of M with the naturally
induced contact metric structure (¢, &, 7, g). Here, we assume that M = (M, ¢,£,1, g)
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is a quasi contact metric manifold. By the hypothesis, taking account of (2.10) and
(3.6), we have

(4.1) (Vx@)Y + (Vy )X +29(AX,Y)E — n(Y)AX —n(X)AY =0,
(4.2) 9(@AX,Y) + g(pAY, X) — (Vxn)(Y) — (Vyn)X =0,

for any X,Y € X(M). From (4.2), taking account of (3.6), we get

(4.3) —g(¢pAX,Y) + g(A¢X,Y) + g(("hé — ¢h) X, Y) = 0,

for any X,Y € X(M). Thus, from (4.3), we have

(4.4) Ap — A+ hé — ph = 0.

Thus, from (4.4), it follows that

PAE =0
and there exists a smooth function A on M such that
(4.5) AL = X¢

holds. It is well-known that a nearly Kéahler manifold is a quasi K&hler manifold.
Thus, from (1.4) in Theorem and (4.5), it follows that

(4.6) 9((Ad + ¢A)X,Y) = =29(¢X,Y)

holds for any X,Y € X(M). On the other hand, by setting X = £ in (4.1), taking
account of (3.5), (3.6) and (4.5), we have

(4.7) Y —AY + (A + D)p(Y)é — hY =0,
for any Y € X(M). From (4.7), we have also
(4.8) 9(hY, 2) = —g(Y, Z) = g(AY, Z) + (A + 1)n(Y)n(2),

for any Y,Z € X(M). Thus, from (4.8), it follows that h is symmetric with re-
spect to the Riemannian metric g. Therefore, from Proposition 3.1, we see that
M = (M,¢,&,n,qg) is a contact metric manifold. Summing up the above arguments,
we finally get the following:

Theorem 4.1 Let M = (M,J,g) be a nearly Kihler manifold and M be a hy-
persurface of M oriented by a unit normal vector field v. Then M = (M, ¢,£,7,9) is
a quasi contact metric manifold with respect to the naturally induced almost contact
metric structure (¢, &,n, g) if and only if it satisfies the equality:

for any X,Y € X(M). Then £ is an eigenvector field of the shape operator A with
respect to the unit normal vector field v and M = (M, ¢,&,7,¢g) is a contact metric
manifold.
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5 Remarks

We here recall the following result by Okumura ([8], Theorem 3.1).

Theorem 5.1 Let M = (M, J,g) be a Kihler manifold and M = (M, ¢,&,n,9)
be a real hypersurface of M oriented by a unit normal vector field v». Then M =
(M, $,£,7n,9) is a contact metric manifold with respect to the naturally induced al-
most contact metric structure (¢, €, 7, g) if and only if it satisfies the equality:

9((Ad+0A)X,Y) = —29(¢X,Y),

for any X, Y € X(M), where A is the shape operator with respect to the unit normal
vector field v.

Thus, we see that Theorem 4.1 is generalization of the result of Okumura. From
Theorem 4.1, we see that there does not exist an oriented totally geodesic hypersur-
face M = (M, ¢,¢,1,g) in a nearly Kihler manifold M = (M, J, g) which is a quasi
contact metric manifold with respect to the naturally induced almost contact met-
ric structure (¢,&,7,9). We shall also remark that there does not exist an oriented
totally umbilic hypersurface in the nearly Kéhler 6-sphere which is a contact met-
ric manifold with respect to the naturally induced almost contact metric structure
(¢,€,m,g). We now suppose that there exists an oriented totally umbilic hypersur-
face M = (M, ¢,£,m,g) in the nearly Kihler unit 6-sphere S = (S, .J, g) such that
(¢,€,7m,9) is a quasi contact metric structure. Then, the shape operator A takes of
the form A = AI for some smooth function A on M. Then, taking account of (2.7),
we see also that A is constant on M, and hence A = —1 by Theorem 4.1. Thus, we
see that the hypersurface M = (M, ¢, £, 1, g) under consideration is a contact metric
manifold, and hence the tensor field A is symmetric with respect to the Riemannian
metric g by Proposition 3.1. Thus, the equality (4.4) reduces to the equality:

(5.1) he — ¢h = 0.
Thus, from (3.7) and (5.1), we also have

dh = he = 0
and hence
(5.2) h=0

by (3.2) and (3.7). Since M = (M, ¢,&,n,g) is a contact metric manifold, we see that
it is a K-contact manifold from (5.2). It is well-known that the sectional curvature of
the 2-plane containing the vector £ in the tangent space at each point of M is equal
to 1. On the other hand, taking account of (2.6), we see that M = (M, ¢,£,n,9)
is a space of constant sectional curvature 2. Thus, this is a contradiction. On the
other hand, it is also known that there exists a contact metric manifold which is a
totally geodesic hypersurface in the nearly Kéhler 6-sphere ([3], p64). Let M be an
oriented hypersurface in a quasi Kihler manifold M = (M,.J,g) which is a quasi
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contact metric manifold with respect to the naturally induced almost contact metric
structure M = (M, $,&,1,g). Then M = (M, ¢,£,n,g) is a Hopf hypersurface of the
quasi Kihler manifold M = (M, J,g). Our discussion in this paper is related to the
ones in [2, 5].
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