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Quenching for semidiscretizations of a
parabolic equation with a nonlinear
boundary condition !

Theodore K. Boni, Halima Nachid, Nabongo Diabate

Abstract

This paper concerns the study of the numerical approximation

for the following initial-boundary value problem

up(x,t) = uge(z,t), 0<zx <1, t>0,
w(0,6) =0, (L) = (1—u(L,) ", >0,

u(z,0) =up(z), 0<z<1,

where p > 0. We obtain some conditions under which the solution of
a semidiscrete form of the above problem quenches in a finite time
and estimate its semidiscrete quenching time. We also establish the
convergence of the semidiscrete quenching time. Finally, we give

some numerical results to illustrate our analysis.
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1 Introduction

In this paper, we are interested in the numerical approximation for the

following initial-boundary value problem

(1) u(x,t) = uge(z,t), O0<z <1, t>0,
(2) w(0,t) =0, wu(l,t)=(1—u(l,t)7?, t>0,
(3) u(z,0) =ug(x) >0, 0<x<1,

where p > 0, ug € C2%([0,1]), uy(z) > 0, ug(z) > 0, x € (0,1), ue(0) = 0,
up(1) = (1= (1)),

The particularity of this kind of problem is that the flux on the boundary
admits a singularity at the point 1 and the solution u may reach this value
in a finite time 7T'. In this case, we say that u quenches in a finite time and
the time 7' is called the quenching time of u. The solutions which quench in
a finite time have been the subject of investigations of many authors (see [2],
[4]-]7], [10], [11], [13]-[15], [20], [21] and the references cited therein). Under
the conditions given on the initial data, the authors have proved that the

solution u of (1)—(3) quenches in a finite time and given some estimations
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of the quenching time (see, for instance [15]). The condition wuy(x) > 0,
x € (0,1), allows the solution u of (1)—(3) to increase with respect to the
second variable and the hypothesis uy(x) > 0, z € (0, 1) permits the solution
u to quench at the point z = 1.

In this paper, we are interested in the numerical study of the phe-
nomenon of quenching. We start by the construction of a semidiscrete
scheme as follows. Let I be a positive integer, and define the grid x; = ih,
0 <i < I, where h = 1/I. We approximate the solution u of (1)-(3) by
the solution Uy, (t) = (Uy(t), Ui (t), ..., Ur(t))T of the following semidiscrete

equations
dU; (¢ .
(1) MO _ gy, 1<i<ion e 1))
dUy(t 2
(5)  U(t) =0, % = 0°U;(t) + %(1 —Ui(1)™", te(0,T)),
(6) Ui(0) = @i, 0<i<I,

where o9 =0, ¢; >0, 1<:<1,

0*Uy(t) = 2U"1(t)h; 20 gy =

Ui+1 (t) — 2Ul(t) + Ui_l(t)
h2

Here, (0,7}) is the maximal time interval on which [|Uy(f)||c < 1 where
1UL(t)]loo = maxo<i<s [Ui(t)]. If T)" is finite, then we say that Uy (t) quenches
in a finite time, and the time T qh is called the semidiscrete quenching time
of Up(t).

In this paper, we give some conditions under which the solution of (4)—

(6) quenches in a finite time and estimate its semidiscrete quenching time.
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We also prove that the semidiscrete quenching time converges to the real
one when the mesh size goes to zero. Nabongo and Boni have obtained in
[19] similar results considering (1)—(3) in the case where the first boundary
condition in (2) is replaced by u,(0,t) = 0. Thus, the results found in the
present paper generalize those obtained in [19], but let us notice that this is
not a simple generalization. In fact, because of the condition u(0,t) = 0 in
(2), the methods used in [19] can not be applied directly. So we utilize other
methods. Our work was also motived by the papers in [1] and [3] where the
authors have proved similar results about the blow-up phenomenon consid-
ering a semilinear parabolic equation with Dirichlet boundary conditions
(we say that a solution blows up in a finite time if it takes an infinite value
in a finite time). Also, previously in [3] the phenomenon of extinction is
studied by numerical methods where a semilinear parabolic equation with
Dirichlet boundary conditions is considered (we say that a solution extincts
in a finite time it reaches the value zero in a finite time).

This paper is written in the following manner. In the next section, we
prove some results about the discrete maximum principle. In the third sec-
tion, under some conditions, we prove that the solution of (4)-(6) quenches
in a finite time and estimate its semidiscrete quenching time. In the fourth
section, we study the convergence of the semidiscrete quenching time. Fi-
nally, in the last section, we give some numerical results to illustrate our

analysis.



Quenching for semidiscretizations of a parabolic 43

2 Properties of the semidiscrete problem

In this section, we give some lemmas which will be used later.

The following lemma reveals a property of the operator §2.
Lemma 1 Let Vj, U, € RIFL If 5= (Up)o—(V7) > 0,
ST(UNT (Vi) >0 and 6 (U)d (Vi) >0, 1<i<I-—1,

then
*(UVi) = Uid*Vi + Vid®U;, 1<i <1,

where 67(U;) = —U”};U" and 6~ (U;) = Ui*}L*U".

Proof. A straightforward computation yields
S(UV;) = 67U (Vi) + 0~ (Uy)6~ (Vi) + Uid*V; + Vid®Uy, 1 <i < T — 1,

AU V) = 26 (Up)d (Vi) + Ud*Vy + Vi62Uy.

Using the assumptions of the lemma, we obtain the desired result.

The result below reveals a property of the semidiscrete solution.

Lemma 2 Let Uy(t) be the solution of (4)-(6). Then, we have U;(t) > 0,
1<i<I te(0,T)).

Proof. Let ¢y be the first ¢ > 0 such that U;(t) > 0 for t € [0,ty), 1 <i < I,
but Uy, (to) = 0 for a certain iy € {1,...,1}. Without loss of generality, we
may suppose that 7y is the smallest integer which satisfies the equality. We

have

Ui (to) _ 1. Uis(to) = Ui(to — k)

<
dt k—0 <0

I
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Uiy +1(to) — 2Us, (to) + Uiy—1(to)

62U, (o) = w3 >0 if 1<ipg<TI—1,
52U, (to) = 2U1‘1(t°)h; 20ilto) io=1.
We deduce that
ng—@—(SQUiO(tO) <0 if 1<ig<TI—1,
dU;, (to)

2 _ e
T~ 0Ui(to) = (1= Uiy(to) ™" <0 i dg =1,

which contradicts (4)—(5). This ends the proof.

The following lemma shows another property of the semidiscrete solution.

Lemma 3 Let Uy(t) be the solution of (4)-(6) such that the initial data
at (6) satisfies 0Tp; > 0, 0 < i < I —1. Then, we have 67U;(t) > 0,
0<i<I—1,te(0,T)).

Proof. Let ¢y be the first ¢ > 0 such that 67U;(t) > 0, 0 < i < [ —1,
t € [0,tg) but §TU;,(tg) = 0 for a certain iy € {1,...,I}. Without loss of
generality, we may suppose that ig is the smallest integer which satisfies the
equality. If i = 0, then we have Ui(ty) = Up(ty) = 0, which contradicts
Lemma 2. Put Z;,(t) = Ujy41(t) — Uy, (t). We have
dZ;,(to) Ziy(to) — Ziy (to — k)

L0 <0
dt k—0 k -
Ziovi(to) — 27 (to) + Zi (1
522, (tg) = 2o () hQ( 0t Zialbo) iy <iy<ro2,
82 Z;, (to) = Zi=1lto) = 3Zinlto) 4 jo=1—1,

h2
which implies that

dz;,(t .
%_52Zi0(t0)<0 if 1§10§]—2,
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dz;, (t ) o
% — 5221'0(150) — E(l — Uio(tﬂ))_p <0 if i = I—1

Therefore, we have a contradiction because of (4)—(5) and the proof is com-
plete.

The above lemma reveals that if the initial data of the semidiscrete solu-
tion is increasing in space, then the semidiscrete solution is also increasing
in space. This property will be used later to show that the semidiscrete
solution attains its maximum at the last node.

The result below shows another property of the operator §2.

Lemma 4 Let Uy € R such that ||Uplleo < 1. Then, we have
SF(1—U)™P>p(l-U) P 15%U;, 1<i<I.

Proof. Apply Taylor’s expansion to obtain

2p(p+1)

52(1 _ Ui>—p — p(l _ Ui)_p_152Ui + (Ui+1 _ Uz’) TQ;P—Q
+(Ui-1 — UZ-)QW;TJ;UT;Z.” if 1<i<I-—-1,
- —p— +1)

(1 —Up) ™ =p—Uy)*'6°U; + (Ur_y — Ul)ﬂ%mp ?

where 6; is an intermediate value between U; and U, and 7; the one between
U; and U;_y. Use the fact that |Uy||o < 1 to complete the rest of the proof.

The following lemma is a semidiscrete version of the maximum principle.

Lemma 5 Let ay(t) € C°([0,T),RITY) and let Vi (t) € CY([0,T),RI*1)
such that

@ PO v ra@vm =0 1<i< e,



46 T. K. Boni, H. Nachid, N. Diabate

(8) Vo(t) 20, t€(0,T),

9) V(0)>0, 0<i<I.
Then, we have Vi(t) >0 for 0 <i<1I,te (0,T).

Proof. Let Ty < T and define the vector Z,(t) = e*V,(t), where X is such

v =4,V

Since for i € {0, ..., I}, Z;(t) is a continuous function, there exists ¢ty € [0, Tp]

such that m = Z; (o) for a certain iy € {0, ..., I}. It is not hard to see that

dZio (to) . Zio (to) — Z; (to — k‘)

@Zig\to) _ <
(10) dt zlcll% k <0,
(11) 527, (1) = 22l0) —2200) g g,

h2

Zig11(to) — 27, (to) + Ziy—1(to)
h2

(12) 62Z;,(ty) = >0 if 1<ip<I-—1.

Using (7), a straightforward computation reveals that

dZ;,(to)

(13) dt

— 627, (to) + (aiy(to) — N Ziy(tg) >0 if 1 <o < 1.

Due to (10)—(13), we arrive at (a;,(to) — A)Zi,(to) > 0, 1 <ig < I. Taking
into account (8) and the fact that a;,(t9) — A > 0, we deduce that Vj,(¢) >0
for ¢t € [0, Tp], which leads us to the desired result.

Another form of the maximum principle for semidiscrete equations is

the following comparison lemma.
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Lemma 6 Let Vi, (t),Uy(t) € C*([0,T),R™) and f € CO(R x R, R) such
that fort € (0,7,

1) MO gy s < U0 _su e poma 1<i<
(19 Vilt) < Uoft),
(16) Vi0) < Ui(0), 0<i<TI.

Then, we have Vi(t) < U;(t), 0 <i<1I, t € (0,T).

Proof. Define the vector Z,(t) = Uy (t) — Vi(t). Let to be the first ¢ € (0,7)
such that Z,(t) > 0 for ¢t € [0,ty), but

Ziy(tg) =0 for a certain iy € {0, ..., [}.

We observe that

dZ;, (to) ~ lim Ziy(to) — Ziy(to — k) <0
dt k—0 k -
522@'0 (to) _ Zio—i-l(to) - 2222(t0) + Zio—l(to) 2 0 if 1 S io S | 1’
277 _1(tg) — 2Z;(t
5 2 (tg) = 221 O)hQ 0 S o i g1,

which implies that

7.
d Zcol;to) _ 52Zi0(t0) + f(Us, (to), to) — f(Vig(to), to) <0 if 1 <ig<1.

But, this inequality contradicts (14). If ip = 0, then we have a contradiction

because of (15), and the proof is complete.
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3 Quenching in the semidiscrete problem

In this section, under some assumptions, we show that the solution U, of
(4)—(6) quenches in a finite time and estimate its semidiscrete quenching
time.

Our result about the quenching time is the following.

Theorem 1 Let Uy, be the solution of (4)-(6). Assume that there exists a
constant A > 0 such that the initial data at (6) satisfies

(17) i+ (1— )7 > Asin(z’h%)(l —@) P 0<i<I,
and
(15) Lo (1= gl > 0

2A(p + 1) Philoo '

Then, under the hypothesis of Lemma 3, the solution Uy(t) quenches in a
finite time th and the following estimate holds

7T2

2
1 "< —=In(l — ———(1— Py,

Proof. Since (0,7}) is the maximal time interval on which [|Uy(t)[ls <

1, our aim is to show that th is finite and satisfies the above inequality.

Introduce the vector Jy,(t) such that

dU;(t .
Ji(t) = dt( ) _ Ci(t)(1=U;(t)™?, 0<i<I,
where Cj(t) = Ae sin(ihZ) with A, = %;(%h) A straightforward
computation gives
dJi(t) d du;(t) _,1dU(t)  dCi(t) _
— 2 5T (t) = — -9 (t))— (W 1=U\"P _ 1-U\P
D52 g(0) = (S EL ) -pCi) 1-U) 7 S-S 1y
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+(C(t)(1 = U)7P), 1<i<I.
Obviously 67(C;) > 0,0 <7 <[ —1. From Lemmas 1, 3 and 4, we get
S (Ci(1 = U;)™P) > pCi(1 = Uy) P~ 16°U; + (1 — U;) P6°C;, 1 <i< I

Hence, we deduce that

dJi(t) d dUi(t) 1 AU) o
o 07 it) = o (= = 7Ui(t) —pCi(t) (1= Ui) ™" = e MQ)
—(1- Ui)p(%;t) —82C(t)), 1<i<I.

It is not hard to see that Co(t) = 0, 2“2 _§2C;(t) = 0, 1 < i < I. Therefore

using (4)—(6), we arrive at

M—é%(t) <0, 1<i<I-1,
dt
%}Et) — 82 J;(t) < p(1 = Ur(t)) P71 I (t).

Obviously Jo(t) = 0 and from (17), J,(0) > 0. We deduce from Lemma 5
that J,(t) > 0 for (0,7}). We observe that A, < %2 for h small enough.

Therefore, we obtain
ﬂ_2
(20) (1=Up)PdU; > Ae”='dt for  (0,T)).

From Lemma 3, ||Ux(t)|lc = Us(t). Integrating (20) over (0,7)") and using
the fact that [|Ux(0)||ec = [|¢nllc, we arrive at
2

9
Th<—=In il

2 (1- m(l—H%Hm)pH)-

Taking into account (18), we see that th is finite and the proof is complete.
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Remark 1 Suppose that there exists a time to € (0,T}') such that

7'('2 2

1 — S-to 1 — p+1 )
i = )y > 0

Integrating the inequality (20) over (to, T;') and using the fact that ||[Ux(to)||ee =
Ur(to), we find that

7T2

AT L 1Tl

2
h
Tq —to < —ﬁln(l -

4 Convergence of the semidiscrete quench-
ing time

In this section, under some assumptions, we show that the semidiscrete
quenching time converges to the real one when the mesh size goes to zero.
We denote up,(t) = (u(xg,t), ..., u(zr, t))T.

We need the following result about the convergence of our scheme.

Theorem 2 Assume that the problem (1)-(3) has a solutionu € C*([0, 1] x
[0,T1]) such that sup;epo 1y [|u(-,t)]|c = @ < 1 and

(21) len = un(0)[loo = o(1) as h—0.

Then, for h sufficiently small, the problem (4)-(6) has a unique solution
U, € CY[0,T], RI*Y) such that
22) s [0A(0) — wn(0)loo = Oln — n(O)loo + ) a5 b — 0.

Proof. We take p > 0 such that p +a < 1. Let L be such that

(23) 2p(1—p—a) P ' <L
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The problem (4)—(6) has for each h, a unique solution U, € C'*([0,T"), R™*1).
Let t(h) the greatest value of t > 0 such that

(24) [Un(t) = un(t)]loo < p for ¢ (0,t(h)).

The relation (21) implies that ¢(h) > 0 for h sufficiently small. Let ¢t*(h) =
min{t(h),T}. By the triangle inequality, we obtain

U)o < Nluls t)lloc + [Un(t) = un(t)]le  for ¢ € (0,27(h)),
which implies that
(25) U)o < p+a<1 for te(0,t"(h)).

Apply Taylor’s expansion to obtain
2

h ~ .
52“(:17727{;) = Umc(xlat) + Eux:crx(xut)7 1 S [/ S I - 17

2 h ~
52u(x1,t) = _E(l —u(xy, 1)) P 4 Upy(xy, 1) — gumx(:ﬂj,t),

which implies that

2
ut<xi7t) - 52“(1'171;) = _Euxarmx(xlat)7 1 S { S I— 17

2 h -
u(xr, t) — 52u(x1,t) = E(l —u(zr,t) P+ gumx(asf,t).

Let ep(t) = Un(t) — up(t) be the error of discretization. Using the mean

value theorem, we have for ¢t € (0,t*(h)),

_ . - . < <] -
o d%e;(t) 12umm(xz,t), 1<i<I—1,
der(t) _ 8% (t) = gp(1 —0;(6)) P e (t) — ﬁum(afl, t),

dt h 3
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where 6;() is an intermediate value between U;(t) and u(zy,t). Since

u € C* | using (23) and (25), there exists a positive constant K such that

(26) de;it) — 8%e(t) < KR, 1<i<I—1,
(27) 0 e,y < K1

Now, consider the function z(z,t) defined as follows
2(,t) = e MIHED (lo — wy (0)]|oo + QR) in [0,1] x [0, T,

where M, C', () are positive constants which will be determined later. We

observe that

2z = (M + 1)z,
2z, = 2Cxz,
Zow = (20 + 4C%1%) 2,
Zazw = (12022 4+ 8C32%) 2,
Zowze = (1207 + 48C°2% 4+ 16C* ") 2.

A direct calculation reveals that
2(24,t) — Zae(ws,t) = (M + 1 =20 — 4C%2?)2(24,t), 1<i< 1.

On the other hand, use Taylor’s expansion to obtain

2

h ~ ‘
522(xi7t) = Za:a:(xut) + Ezzxx:c(xut)a 1 S ? S I— 17

4
522(5L‘17t) - —TCZ({L‘I,IIZ) + Z;m:(xht) - gzx$$(§l7t)a
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which implies that

h? ~
zi(w4, 1) —0%2(z4, ) = (M+1—20—4C’2x?)z(:17i,t)—ﬁzmm(xi,t), 1<i<I-1,

Z(Ilfo, t) > 07
h

4
z(xr,t)— 6 2(2p,t) = (M+1—20—4C2)z(x1,t)+702(x1,t)+§zmr@1,t).

Since z(x,t) > Qh for (z,t) € [0,1] x [0, T], we may choose M, C, @) such

that

(28) % > %20 t) + KR?, 1<i<I—1, te(0,t*(h)),
(29) dz(j;’t) > 0%2(zy,t) + %\z(ml,tﬂ + Kh, te(0,t°(h)),
(30) 2z, 1) > eolt), te (0,t°(h)),

(31) 2(z4,0) > e;(0), 0<i<I.

Applying Comparison Lemma 6, we arrive at

z(xi, t) > e;(t) for te (0,t°(h)), 0<i<lI.
In the same way, we also prove that

2(z;,t) > —e;i(t) for te (0,t°(h)), 0<i<I,
which implies that

1UR(#) = un(B)lloe < M ([lon = un(0) oo + QR), € (0, (R)).
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Let us show that t*(h) = T. Suppose that 7" > t(h). From (24), we obtain
(32) g = [1UA(t(R)) = un(t(h))llso < €MD (lion = un(0)[loc + QR)-

Since the term in the right hand side of the above inequality goes to zero
as h goes to zero, we deduce that § < 0, which is impossible. Consequently
t*(h) = T, and the proof is complete.

Now, we are able to prove the following.

Theorem 3 Suppose that the problem (1)-(3) has a solution u which quenches
in a finite time T, such that u € C*'([0,1] x[0,T},)). Assume that the initial
data at (6) satisfies the condition (21). Under the assumptions of Theorem
1, the problem (4)—(6) admits a unique solution Uy which quenches in a

finite time th and we have limy,_,q T;L =1T,.

Proof. Let € € (0,7,/2). There exists a constant p € (0, 1) such that

1 472

(33) —=—=In(1l— AT D

5 627r2Tq(1 _y)p—f—l) <
™

g for ye[l—p1).

Since u quenches at the time T, there exists Ty € (T, — 5,T,) such that
L > |lu(-,t)||lc > 1 = 4§ for t € [11,T,). From Theorem 2, we know that

the problem (4)—(6) admits a unique solution Uy (t) such that the following

estimate holds

||Uh(t)—uh(t)||oo<g for te[0,T]

T +Tq

where T, = —=5~*. Using the triangle inequality, we get

)

1UR (o0 = [un(t)]loo = Un () =un(t)lloc > 1—5—%) > 1=p for tel0,T3],



Quenching for semidiscretizations of a parabolic 55

which implies that ||U,(T2)|l = 1 — p. Due to (33), it is not hard to see
that

1 47T2 2727y pt1 19
(34) —ﬁln(l — me (1= |Un(T3)]]oc)P) < 5

From Theorem 1, U, (t) quenches at the time T;'. Using (34) and Remark

1, we arrive at

3

g
T} T, < |th—T2|+]T2—Tq\§§+ =e,

N}

which leads us to the desired result.

5 Numerical experiments

In this section, we give some computational results about the approximation

of the real quenching time. We consider the problem (1)-(3) in the case

where p = 1 and uo(z) = 2. For our numerical experiments, we propose
2 )

some adaptive schemes as follows. Firstly, we approximate the solution u

of (1)—(3) by the solution U, ,En) of the following explicit scheme

Uz‘(nH) - Uz‘(n) _ Ui(g - 2Uz’(n) + Ui(iq <i<]
At,, B h2 , Isesd-d

() ) g o
Ul = o, Ur ur” _ Uis L Ul(n)),p’
At, h? h

U =g, 0<i<I,

where n > 0. In order to permit the discrete solution to reproduce the
property of the continuous one when the time ¢ approaches the quenching

time T', we need to adapt the size of the time step so that we take

h? n
Aty = {5 W31 — U7 [l
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We also approximate the solution u of (1)—(3) by the solution U, ,En) of the

implicit scheme below

Ui(n+1) _ Ui(n) Ui(ﬁii_l) _ 2Ui(n+1) + Ui(fii‘l) e
Al = 2 , 1<i<T—-1,

- g . U[(n—f—l) . U](n) B Ul(i—;l) . 2U§n+1) 2(1
o At,, B h? h

_ UI("))*p,

where n > 0. As in the case of the explicit scheme, here, we also choose
Aty = (1= U]l

In both cases, we take ¢; = 3 (ih)*.

We need the following definition.

Definition 1 We say that the discrete solution U}(Ln) of the explicit scheme
or the implicit scheme quenches in a finite time if lim,,_ ||U](L")||OO =1,
but the series Z::B At,, converges. The quantity Z:OC(’] At,, 1is called the

numerical quenching time.

In the tables 1 and 2, in rows, we present the numerical quenching times,
numbers of iterations, CPU times and the orders of the approximations
corresponding to meshes of 16, 32, 64, 128, 256. We take for the numerical

quenching time T" = Z?:_Ol At; which is computed at the first time when
At, = [T — T < 10716

The order(s) of the method is computed from

< — log((Tun — Ton)/(Ton — Ti))
log(2) ’
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Table 1: Numerical quenching times, numbers of iterations, CPU times

(seconds) and orders (s) of the approximations obtained with the ex-

plicit scheme

I A n CPUtime | s
16 | 0.025538 | 163 - -
32 | 0.023834 | 422 - -
64 | 0.023270 | 1236 |1 1.60
128 1 0.023093 | 4086 | 17 1.67
256 | 0.023039 | 14734 | 506 1.71

Table 2: Numerical quenching times, numbers of iterations, CPU times

(seconds) and orders (s) of the approximations obtained with the im-

plicit scheme

I ™ n CPUtime | s

16 | 0.026126 | 164 | - .

32 |0.024009 | 423 | - :

64 |0.023317 | 1238 | 2 1.62

128 | 0.023105 | 4089 | 35 1.71

256 | 0.023043 | 14737 | 1140 1.77
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