Hindawi Publishing Corporation
Discrete Dynamics in Nature and Society
Volume 2008, Article ID 252876, 13 pages
doi:10.1155/2008 /252876

Research Article

Several Existence Theorems of Nonlinear
m~-Point BVP for an Increasing Homeomorphism
and Homomorphism on Time Scales

Yanbin Sang,! Hua Su,? and Yafeng Xiao'

! Department of Mathematics, North University of China, Taiyuan,
Shanxi 030051, China

2 School of Information Science and Technology, Shandong University of Science and Technology,
Qingdao, Shandong 266510, China

Correspondence should be addressed to Yanbin Sang, sangyanbin@126.com
Received 20 January 2008; Accepted 26 March 2008

Recommended by Bing Zhang

Several existence theorems of positive solutions are established for nonlinear m-point boundary

value problem for the following dynamic equations on time scales ((I)(uA))V +a(t)f(tu(t) =0,
t € (0,T), p(u?(0)) = XM 2apu(&)), u(T) = I *biu(g), where ¢ : R—R is an increasing
homeomorphism and homomorphism and ¢(0) = 0. As an application, an example to demonstrate
our results is given.

Copyright © 2008 Yanbin Sang et al. This is an open access article distributed under the Creative
Commons Attribution License, which permits unrestricted use, distribution, and reproduction in
any medium, provided the original work is properly cited.

1. Introduction

In this paper, we study the existence of positive solutions of the following dynamic equations

on time scales:

(¢u®)" +a(t)f(tu(t)) =0, te(0,T),
m-2

bt ) = S ap(ut @), () - "gbiu@i),

i=1

where ¢ : R—R is an increasing homeomorphism and homomorphism and ¢(0) = 0.

(1.1)
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A projection ¢ : R—R is called an increasing homeomorphism and homomorphism if
the following conditions are satisfied:

(i) if x <y, then ¢p(x) < P(y), forall x,y € R;
(ii) ¢ is a continuous bijection and its inverse mapping is also continuous;
(iii) ¢(xy) = p(x)p(y), for all x,y € R.

We will assume that the following conditions are satisfied throughout this paper:

(H1)0 < & < -+ < &na < p(T), a;,b; € [0,+00) satisfy 0 < 37%a; < 1, and 377%b; <
L, TS b > 3 7bidi

(Hp) a(t) € Cia((0,T), [0, +00)) and there exists ty € (¢,,-2, T), such that a(ty) > 0;

(H3) f € C([0,T] x [0, +00), [0, +c0)).

Recently, there is much attention focused on the existence of positive solutions for
second-order, three-point boundary value problem on time scales. On the other hand, three-
point and m-point boundary value problems with p-Laplacian operators on time scales have
also been studied extensively, for details, see [1-11] and references therein. But with an
increasing homeomorphism and homomorphism, few works were done as far as we know.

A time scale T is a nonempty closed subset of R. We make the blanket assumption that
0,T are points in T. By an interval (0, T), we always mean the intersection of the real interval
(0,T) with the given time scale, that is, (0,T) N T.

We would like to mention some results of Anderson et al. [2], He [4, 5], Sun and Li
[9], Ma et al. [12], Wang and Hou [13], Wang and Ge [14], which motivate us to consider our
problem.

In [2], Anderson et al. considered the following problem:

($p ()" +a(®) f (u(t)) =0, te(a,b),
u(a) - By(u*(v)) =0, ub(b) =0,

(1.2)

where ¢, (1) = [ulPu, p > 1, v € (a,b), f € Cla([0,+), [0,+0)), a(t) € Cia((a,b), [0, +x)),
and K,,x < Bypx < Kpx for some positive constants K,,, Kpr. They established the existence
results of at least one positive solution by using a fixed point theorem of cone expansion and
compression of functional type.

In [4, 5], He considered the existence of positive solutions of the p-Laplacian dynamic
equations on time scales:

(@p () +a()f (u(t)) =0, te(0,T) (13)
satisfying the boundary conditions

w(0) = By(u () =0,  u(T)=0 (14)
or

u*(0)=0,  w(T)-Bi(u"(n)) =0, (1.5)
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where ¢, (1) = [ul~2u, p > 1, 7 € (0,p(T)), a(t) € Cla((0,T), [0,+0)), f € C([0,+0), [0, +00)),
and Ax < Bix < Bx (i = 0,1) for some positive constants A, B. He obtained the existence of at
least double and triple positive solutions of the problem (1.3), (1.4), and (1.5) by using a new
double fixed point theorem and triple fixed point theorem, respectively.

In recent papers, Ma et al. [12] have obtained the existence of monotone positive
solutions for the following BVP:

(¢p()) +a(t) f(tu(t)) =0, te(0,1),

m-2 m-2 (16)
w(0) = Dau@),  u)= D bu(é)
i=1 i=1
The main tool is the monotone iterative technique.
In [9], Sun and Li studied the following p-Laplacian, m-point BVP on time scales:
(pp(u))¥ +at) f(t,u(t)) =0, te(0,T),
(1.7)

m-2
u(0) =0, pp (Ut (T)) = D aipp (u® (&),
in1

where ¢, (1) = lulP~%u, p>1,a,>0fori=1,....m=-2,0<¢ <--- <¢un <p(T), X 2q; <
1, a(t) € Cia((0,T), [0,+00)), f € Cia((0,T) x [0, +0), [0, +o0)). Some new results are obtained
for the existence of at least twin or triple positive solutions of the problem (1.7) by applying
Avery-Henderson and Leggett-Williams fixed point theorems, respectively.

In [15], Sang and xi investigated the existence of positive solutions of the p-Laplacian
dynamic equations on time scales:

(p ()Y +a() f(Lu®) =0, te(0,T),
m-2 m-2
¢p(u(0)) = Zai‘i’p(”A (&)), u(T) = Zbiu(éi),
i=1 i=1

where ¢, (s) is p-Laplacian operator, that is, ¢, (s) = [s|" s, p > 1, ¢,' = ¢4, 1/p+1/9=1,0<
&1 < <&mo <p(T). Let

ffp:min{ min f(t )

(1.8)

f(t,u) _2’-"*219 (T - gl)
B g0 M ]}’ S

t, t,
f%=lim sup max —— ACLD) fo =lim inf max ftu)
U—a 0<ti<T Py (u)’ u—a Ema<I<T (i)p(u)

1 s Ilaﬁ‘a(T -
{1 ZmzbJ‘(i)qI:I a(t)Vt + . Zlal ]As} ,

T3 Z *bi; m’za}f"a@- vVt -
{ T<1 =) ”U VT = s ]A}

they mainly obtained the following results.

fg = max {max

(a =00 0r0%), (1.9)
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Theorem 1.1. Assume (Hy), (Ha), and (H3) hold, and assume that one of the following conditions holds:

(Hy ) there exist py, pa € (0, +00) with p1 < yp, such that

0 S@p(m), fip = gp(My); (1.10)
(Hs ) there exist p1, p2 € (0, +o0) with py < py such that

0 S@p(m), fip 2 §p(My). (1.11)

Then, (1.8) have a positive solution.

In this paper, we will establish two new theorems of positive solution of (1.8), our
work concentrates on the case when the nonlinear term does not satisfy the conditions of
Theorem 1.1. At the end of the paper, we will give an example which illustrates that our work
is true.

2. Preliminaries and some lemmas

For convenience, we list the following definitions which can be found in [16-19].

Definition 2.1. A time scale T is a nonempty closed subset of real numbers R. For t < sup T and
r > inf T, define the forward jump operator ¢ and backward jump operator p, respectively, by

ot)=inf{reT|r>t} €T,
@.1)
p(ry=sup{reT|r<r}eT,

forall t,r € T.If o(t) > ¢, t is said to be right scattered; and if p(r) < r, r is said to be left
scattered; if o(t) = t, t is said to be right dense; and if p(r) = r, r is said to be left dense. If T
has a right scattered minimum m, define Ty = T — {m}; otherwise, set Ty = T. If T has a left
scattered maximum M, define TX = T — { M}; otherwise, set TX = T.

Definition 2.2. For f : T>R and t € T¥, the delta derivative of f at the point ¢ is defined to
be the number f2(t), (provided it exists), with the property that for each ¢ > 0; there is a
neighborhood U of t such that

If(a(®) - f(s) - FA(B) (o) = s)| <e|o(t) - 5] 2.2)

forall s € U.
For f : T-R and t € Ty, the nabla derivative of f at t is the number fV (t), (provided it
exists), with the property that for each e > 0; there is a neighborhood U of ¢ such that

|f(p(®) = f(s) = FT (D) (p(t) = 5)| < e|p(t) — s (2.3)
foralls e U.

Definition 2.3. A function f is left-dense continuous (i.e., Id continuous) if f is continuous at
each left-dense point in T, and its right-sided limit exists at each right-dense point in T.
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Definition 2.4. If GA(t) = f(t), then we define the delta integral by

fbfa)At - G(b) - G(a). (2.4)

a

If FV(t) = f(t), then we define the nabla integral by

b
j F(B)VE = F(b) - F(a). 2.5)

To prove the main results in this paper, we will employ several lemmas. These lemmas are
based on the linear BVP:

() +h(t)=0, te(0,T),
(2.6)

m-2 m-2
P(ut(0)) = ZWP(HA (&)), u(T) = Zbiu(ﬁi)-

We can prove the following lemmas by the methods of [15].

Lemma 2.5. For h € Ciq[0, T], the BVP (2.6) has the unique solution:

j(ﬁ (J- h(T)VT - A)AS+B (2.7)

Z =1 al Oh(T)VT
1- Zz 1 al

(e ([ih(T) VT — A)As - 126 [5¢7 ([Sh(T) VT — A) As
1- "%

where

7

(2.8)

B =

Lemma 2.6. Assume (Hj) holds, For h € Ci4[0,T] and h > 0, then the unique solution u of (2.6)
satisfies

u(t) >0, forte[0,T]. (2.9)

Lemma 2.7. Assume (Hy) holds, if h € Ci4[0,T] and h > 0, then the unique solution u of (2.6)
satisfies

i > 2.10
Jnf u(t) > ylul, 210)

where

CEETE) ) @.11)
y—— u —tlér[l(%)g]w | .

- S bid
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Let the norm on Cjq[0, T] be the maximum norm. Then, the C4[0, T] is a Banach space.
It is easy to see that the BVP (1.1) has a solution u = u(t) if and only if u is a fixed point of the
operator equation:

t s
— _ -1 _A R
(Au)(t) = J;d) <J;) a(t) f(r,u(r))Vr A) As+ B, (2.12)
where

__Siafiem(num)vr

b}

1- Zz 1 al
(2.13)
5 Lo#7 (Joamf (ru(m) Ve - A)As - SEEHf¢7 (fja(r) f (r,u(r)) V7 - A) As
1- zm ’b;
Throughout this paper, we will assume that 0 < y < v < T. Denote
K= {u | w€ Cal0,T], u(t) 20, inf u(t) 2 Yllull}, (2.14)
elpy

where y is the same as in Lemma 2.7. It is obvious that K is a cone in Cj4[0, T]. By Lemma 2.7,
A(K) C K. So by applying Arzela-Ascoli theorem on time scales [20], we can obtain that A(K)
is relatively compact. In view of Lebesgue’s dominated convergence theorem on time scales
[21], it is easy to prove that A is continuous. Hence, A : K—K is completely continuous.

Lemma 2.8. Let
p(s)=¢! <’[ a(t) f(r,u(t))Vr - A), (2.15)

foréi(i=1,...,m-2), then

T
f p(s)As < & f ¢(s)As. (2.16)

Lemma 2.9 ([22]). Let E be a Banach space, and let K C E be a cone. Assume 1,  are open bounded
subset of E with 0 € Qq, Q1 C L, and let

F:Kn(\Q) —K (2.17)

be a completely continuous operator such that

(1) [|Ful| < |lu|l, u € KN 0Ly, and ||[Fu| > ||ul|, v € K N 0Qy; or
(ii) ||[Full > |lull, u € K N 0&y, and ||Fu|| < ||u||, v € K N 0LQx.

Then, F has a fixed point in K N (Q,\ Q).
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Now, we introduce the following notations. Let

1 Tl mfza"{f"a(r)VT -
Ag = {1 s zbj ¢ [La(T)VT+ s 7 Asy

(2.18)
-1
b i s i= 1 v
{ T Z éJ’d)_lU a(r)Vr+Z Ca 0a('r) T:IAS}
(1 Z ) H 0 1- Zl 1 al
Forl>0,Q={ueK:|u||<l},o={ueK:|ul|=1},
a(l) = sup {[|Aul| : u € 0}, B() =inf {||Aul| : u € 0Q;}. (2.19)
By Lemma 2.6, « and f are well defined.
3. Existence theorems of positive solution
Theorem 3.1. Assume (H1), (Hy), (Hs) hold, and assume that the following conditions hold:
(A1) pi € C([0,+0), [0,+0)), i = 1,2, and
Pl(l) . Pz(l) (Bo>
11 ; 3.1
(A2) k1 S Ll([O/ T]/ [O/ +OO)), kZ S Ll([or T]I [O/ +OO))/
(A3) there exist 0 < ¢; < ¢y, 0 < Ay <1 < Ay, such that
D) <pi(l) + ki (t) [d)(l)] (t,1) € [0,T] [O cl]
(3.2)
D) 2 pa(l) = ka () [D] ™, (11) € [, ] x [c2, +00).
Then, the problems (1.1) have at least one positive solution.
Theorem 3.2. Assume (H1), (Hz), (H3) hold, and assume that the following conditions hold:
(B1) pi € C([0, +0), [0, +c0)), i = 3,4, and
Ps( . pa(D) <Bo )
l A lim —= > — ); 3.3
(i)( 0) o (i)(l) ¢ Y ( )
(By) k3 € L'([0,T], [0, +)), ks € L'([0, T], [0, +0));
(B3) there exist 0 < c3 < ¢y, 0 < Mg <1 < A3, such that
f(t, 1) <ps(l) + ks(t) [gb(l ] , (51 €]0,T] x [C4, +0),
(3.4)

FD > pal) = ka(®) [pD]Y, (1) € [, 9] % [0,c5].

Then, the problems (1.1) have at least one positive solution.
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Proof of Theorem 3.1. By lim;_o (p(D/ (1)) < ¢(Ap), then we can get that there exist 0 < a; <
c1, 0 < e < p(Ap) such that

i) < ($(A0) - €)p(), 0<I<a, (3.5)
f0<I<a, uecoQ,then0<u(t) <l 0<t<T. By condition (Az), we have

F(tu®) < pu(ult)) + ko) [ uE)]"
< (P(A0) - )P(u(t)) + ki (1) [p(u(t))]"

(3.6)
< (¢(A0) — €)p(llull) + ka (6) [ (lluel)] "
= ($(A0) - e)§() + ka (1) [pD)] "
Let M(,7) = ($(Ag) - €)p(1) + ki (T)[p(D)]" so that
s s 3
’[) a(t) f(r,u(r))Vr - A = ’[) a(t)f(r,u(t))Vt + X lfl a(;n):(:au )T
. - 3.7)
<[ ar) M, 7T+ 2 ”1f ”;lea(l VT
Therefore,
- m-2 i
|Au|| < B = —mzb <J‘ p(s)As - ij (p(s)As>
1
< ngblj; p(s)As (3.8)
1 T e S 2af%a(r)M(,T)Vr
S g z{:;zbifo ¢! Uo a(t)M(l, T)Vt + 25 10—2;2;2a,~ ]As.
It follows that
a) 1 (L[ MOD B af ) (M, T>/¢<l>)VT] 59
T STC Z’”zb.[ Ua(T) o0 " "y, = (39

Noticing A1 > 1, we have

—al) 1 T T Sr2afSa(r) ($(Ao) - €) VT
111)0 l 1 _ Z:EIZle‘O ¢ ! [L a(T) ((i)(AO) - 6) VT + 1- 217212611 ]AS

= ¢~ [$(Ao) — €] J‘T¢—1 Usa(T)VT + Zgzaifgia(T)VT] As
0 0

1- "% 1- "%

<P p(A0)]Ay' = Ag- A = 1
(3.10)

Therefore, there exist 0 < a; < a; such that a(a;) < a;. It implies that || Au|| < |lu||, u € 0Q,,.
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On the other hand, by lim, ,_ (p2(I)/¢(I)) > ¢(Bo/y), we can get that there exist €’ > 0,
and ¢; < d < +oo such that

pa(l) > [¢<%> + e'] ¢(), d<l<+oo, ford<yl<+o0, ueoQ, (3.11)
thend <yl <u(t) <I, u<T <.

Let m(l, ) = [¢p(Bo/y) + €1p(yl) — ka(7) [gb(l)])‘z. By Lemma 2.8 and condition (Aj3),
applying Lemma 2.8, it follows that

T 1
| Au|| = max(Au)(t)> j¢(s)As+Tm<j As—Zb >
Zm—Zb T ) m—Zb_Jéi S)AS
T1- >m zbf pls)as 1- 3"
Sib (" Srlbis (T
> —1 = Z:lebij;) p(s)As — —T(l 5 )I p(s)As (3.12)
TS - S Chid
CoT-31 2b) L‘P(S)AS
Y 2 - 32 (v L (¢ Sr2afSa(r) m(l TV
> T(l lebi) L(]) I:J;) a(t)ym(l,T)Vt + s 2 ]As.
It follows that
pU) _ TS z e T omr) . Srafla(n)(m(l,T)/0) VT
2 T(l Z ) L(ﬁ U a(t) 50 VT + ST As

(3.13)

Noticing 0 < Ay < 1, we get

1m@sz b = Sbid
= T(1- Z’”zb)

j —1f ()‘i’(Bo/Y)‘i’ Yl) Vr+ 11ajg‘a(T)((dj(BO/Y)d’(Yl))/(i)(l))VT:I
¢() >

=¢'$(Bo)B;' = ByB," = 1.
(3.14)

Therefore, there exists b with b > a; > 0 such that §(b) > b. It implies that || Aul|| > ||u|| for
U € 0Q2p.

By Lemma 2.9, we assert that the operator A has one fixed point u* € K such that a; <
|le*]| < b. Therefore, u* is positive solution of the problems (1.1). O
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Proof of Theorem 3.2. By limye (ps(D)/P(1)) < $(Ag), then we can get that there exist d > A4, 0 <
€ < ¢(Ap) such that

pa(D) < ($(Ao) —€)p(D), 1> 4. (3.15)
Forl>d, u €0y, then0<u(t) <I,0<t<T. By condition (B3), we have

F(tu(t)) < ps(u(t)) +ks() [p(u(®)] "
< (¢(Ao) — €)p(u(t)) + ka(t) [p(u(t))] ™

(3.16)
< ($(A0) =) (llull) + ks () [p(llull)] ™
= ($(A0) —e)p(D) + ka(t) [$(D)] ™.
Let M1(I,7) = (¢(Ao) —€)p(]) + k3(T)[p(])] ™ so that
m-2
J‘ a(t) f(z,u(r))Vr - A <J‘ ()M, (1, 1)V r + 2= afa T)Afl(l VT (3.17)
1-3¥" a;
Denote
mp = max {f(T,u(T)) T e|0, s]U [0,¢1, T)<d} (3.18)
satisfying
mi+ ¢ [p(Ao) — €] < A,. (3.19)
Therefore,
T s ; M;(l,T)V
|Au| < mi A" + TS, éﬂizbi»[o ¢! UO a(t)M;(l, T)VT + ma {0 a;f)ﬁf;l( i T] As
(3.20)
It follows that
0 Miln) o Safiam (00 /$h)vr
S TS Zleb f U "5 -3/, ] :
(3.21)
Noticing 0 < A4 < 1, we have
B 1 T T 2a; f§ a(t)(¢(Ag) —€)VT
1 1 —
R L R
_ L 97 e(A) €] (T i alfoa(T)VT
=mAy + s, s, J;) ¢ J;) a(t)Vt + s As

=mAy' + ¢ [P(A) — €] Ayt < Ag- Ayt =1
(3.22)
Therefore, there exists a; > d such that a(a;) < a;. It implies that || Au|| < ||lu||, u € 0Q,,.
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On the other hand, by lim; . (ps(I)/$(1)) > ¢(Bo/y), we can get that there exist €' > 0,
and 0 < e < ¢3 such that
<@> +€
¥
thenyl <u(t) <1, u<T <.
Let my(l,7) = [¢p(Bo/y) + €']$p(yl) - k4(T)[gl>(l)])‘3. By Lemma 2.8 and condition (Bs),
applying Lemma 2.8, it follows that

pa(l) >

o), for0<I<e uecoQ, (3.23)

TS b - S0 (7 [ (° a3 a(t)ymi (1, 7) VT
[[Az| > T(l—Zi=1 b L(i) [L a(t)ymi(l,t)Vt + . le o ]As. (3.24)
It follows that
) b = i it (7 mi(l,T) S afya(r) <m1<l 7)/$() VT
R s e A Uo On e o
(3.25)
Noticing A3 > 1, we can get
lim & >1. (3.26)

1—-0*

Therefore, there exists b with 0 < b < a; such that f(b) > b. It implies that ||Aul|| > ||u|| for
u € 0Qyp.

By Lemma 2.9, we assert that the operator A has one fixed point u* € K such that b <
|le*]| < a;. Therefore, u* is positive solution of the problems (1.1). O

4. Example

In this section, we present a simple example to explain our results.
Let f(t,0) =0, T =R, T = 1. Consider the following BVP:

@)Y + f(tut) =0, te(0,T),

4.1)
1 1 1 /1
-y (). - 3(3)
where
@ —u?, u<o,
u) =
¢ w2, u>0,
52 L4 .
45u° + mm{ = u}f (t,u) € [0,1] x [0,2], (4.2)
f(t,u) = { 400, (t,u) € [0,1] x [2,5],
17 V5 . 1 2u 21
u 3__m { T ?}\/ﬁ (t,u) € [5,5] x [5,+0).
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It is easy to check that f : [0,1] x [0, +00)—[0, +o0) is continuous. In this case, a(t) = 1, m =
3,a1=1/4,b; =1/2, ¢ =1/3, it follows from a direct calculation that

we[Zm o ()] - [l (- 58) o -y

Cb(T-&) 1/20-(1/3) 2

T-b&  1-(1/2-1/3) 5

[Thy—big (V2 71< a1§1> ]1_[1/2—(1/2-1/3) “2< 1/4.1/3>1/2 ]1
0_[T<1‘b1) Ot Tme)% Tl e LUt

_ [433x25v22-69 x 4V/115] !
9 8100 '
(4.3)

Choose ¢; = 2,¢c0 =5,b =51 =5/4, Ay = 3/4, p1(u) = 4543, po(u) = (17/5)u®, ki (t) =
(5v2/2)(1/7/t(1 = 1)), ka(t) = (v/5/2)(1/~4/t(1 = 1)), it is easy to check that

Fltu) <pi(u) + ki () (2, (tu) €[0,1] x [0,2],

ft,u) > pa(u) - ka(t) (u2)3/4, (t,u) € [2 1] x [5,+o0),

52
) 4 [ 3.27 12 (4.4)
=0 p(u) w0 U *" lagovio-1)l”’

- . 3
i P2 g @75 ¢<%>.

Uu—o0 (l) u UuU—o0 u2

It follows that f satisfies the conditions (A1)—(A3) of Theorem 3.1, then problems (1.1) have at
least one positive solution.
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