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ABSTRACT

The aim of the paper is to prove a theorem about the existence
of an approximate solution to an abstract nonlinear nonlocal Cauchy
problem in a Banach space. The right-hand side of the nonlocal
condition belongs to a locally closed subset of a Banach space. The

paper is a continuation of papers [1], [2] and generalizes some results
from [3].
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1. INTRODUCTION

In papers [1] and [2], theorems about the existence and uniqueness of solutions of
abstract nonlinear nonlocal Cauchy problems in Banach spaces were considered. To obtain
those results, the Banach theorem about the fixed point and the method of semigroups were
used. The aim of this paper is to construct an approximate solution to an abstract nonlinear
nonlocal Cauchy problem in a Banach space under the assumptions that the right-hand side of
the differential equation does not satisfy any kind of the Lipschitz condition and under the
assumption that the right-hand side of the nonlocal condition belongs to a locally closed subset
of a Banach space. To prove the main result of the paper, a modification of a method used by
Lakshmikantham and Leela (see [3], Section 2.6) is applied. To modify the approach by
Lakshmikantham and Leela, we construct a special locally closed subset of a Banach space.

The paper, analogously as in [1] and [2], can be applied in physics.
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2. PRELIMINARIES

Let E be a Banach space with norm || - || and let

Bla,p): = {z € E: [z —al| <p},
where a € E and p > 0.

To find an approximate solution for the Cauchy nonlocal problem considered in the

paper we shall need the following:

Assumption (A,): F is a such subset of E that for each ry € F there exist numbers

r € (0,00) and ¢ € (0,r), and there exists a sequence {zé}?; 1 € Fo\{z,}, where

Fo: = FN B(zg,7),

such that
(7) Fy is closed in E; (1)
(@) flzh]l < Nzt | < Nzl foralli=1,2,..; (2)
i _ 0
@) || z(? x4 || ‘,_»000, 3)
(7v) |lzg—zll <eforalli=1,2,... (4)

It is easy to see that a subset F' of a Banach space E satisfying Assumption (A,) must

be a locally closed set.
Now, we shall give two examples.

Example 1: Let E = R? with the Euclidian norm and let F = Rx (0,c], where ¢
is a positive real number. Choose an arbitrary point zy = (z4;,Zy,) from F and choose a
number r satisfying the condition 0 <r < zy,. Next, choose a number ¢ such that

0 <e<r<zy, and define a sequence {zz,};”___. 1» Where :cf) = (381’x62) (i=1,2,...), by the

formula
.Thy: = T, and 362: = 1:02—?—_:—_—1 (i=1,2,...). (5)
Since
0<202—i—:§-—1‘<302-'i__%‘.z<302 (i=1,2’..,),
leo=2oll =7 (=12,
and

lzh—2oll S§<e(i=1,2,..)
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then the sequence {za}?"z 1 given by (5) satisfies conditions (2), (3) and (4). Additionally, the
set (Rx(0,c])N B(zy,r) is closed in E. Consequently, sets E and F from this example satisfy
Assumption (A,) and, therefore, there exists a nonempty class of subsets F of a Banach space

E such that Assumption (A,) is satisfied.

Example 2: Le¢ E=R? with the Euclidian norm and let
F =(-00,0]x(—00,0]. It is easy to see that for each zj, € F there exists a r > 0 such that
condition (1) from Assumption (A;) holds, but for ry=(0,0) there is not a sequence
{zf,}?°= 1 € Fo\{zy} such that conditions (2)-(4) from Assumption (A,) hold simultaneously.
Consequently, there exists a locally closed subset of E such that conditions (2)-(4) do not hold
for this subset. Therefore, to find an approximate solution for the nonlocal problem considered

in the paper, it will be necessary to use Assumption (4,) in the next section.

In Section 3, under Assumption (A;) and under some assumptions concerning a
function f and the constants ¢y, T and k, an approximate solution for the following abstract

nonlocal Cauchy problem

z'(t) = f(t,z(t)), t € [to, to + T},

(6)
z(ty) + kz(tg+T)=zy € F
is studied.
J. THEOREM ABOUT APPROXIMATE SOLUTION
Theorem 1: Let E be a Banach space with norm || - || and let z, be an

arbitrary fized element of a subset F of space E salisfying Assumption (A;). Assume,
additionally, that
(Ag) K 1s a constant satisfying the condition
0< |k| < ;—:fL-i-—IIS?JIT'
(A3) feC([tyty+Tylx F,E), where t, is a real constant and T is a real positive
conslant.
(Ay) N f(tz)|l <M =1 for (t,z)€(tgtg+TolxFy where M is a constant
salisfying the inequality M > 1.
(A5) T: = min{To,Ze(1 - [ k]) -0l gy,
(Ag) hlzlg+ inf 3d(z +hf(t,z),F) =0 for (t,z) € [tg,tg+ Tol x F.
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-a

zi—a . . . zl
(A;) F,.={a€Fy Ok eF (i=1,2,..), 'fzrg+znf%||a+/zf(t0,a)— Ok

Il =0

'-l i—-1 a

— '_
SHAF(LCT) 0 =0 for tE(tyty+ T,

and lim infl ”
h—o*t h

(i=2,3,..)} #0.
(Ag) {en,)’=1 is a sequence of numbers belonging to the interval (0,1) and satisfying

the condition lim ¢, =0.
n1—00

Then, for each natural n, problem (G) has ¢ -approzimate solution z, (t) on [ty ty+T]

into B(zg,r) such that the following conditions hold:
There is a sequence {t]'}32 ( in [ty ty + T'] such that

(?) to =tg, t —t?_; <e¢, (i=1,2,..)) and {z_rgot:‘ =ty+T,

(1) z,(ty) € F,, z,(ty) +kz, (t7) = z5 € Fo\{zo}, (i=1,2,...), z,(ty) + k=z,(to+ T)
=20 € Fgand ||z, (t)—z,(s)|| SM|t—s| fort, s €ty ty+T),

(1i5)  z,(t) € Fy and z, () is linear on [t_ |, t}] (i = 1,2,...),

(v) fte(tf_t]), then ||z, (t) = f(tP_ 1 zf_ DIl <€, (=1,2,..0),

() i (LY el t7]xFy  with  |ly—z (t7_) | S M@} —1t7_,), then
” f(t?y) f(tg_.]’zn(t?—])) “ an (i: 1?2)°°')'

Proof: Let n be an arbitrary fixed natural number. We shall construct sequences

z,.(t) and {t]'}% , by induction on i.
First, we shall construct ¢ -approximate solution z,(t) on [t,,¢]']. For this purpose let
to: =t (M
and let z, (¢,) be an arbitrary chosen fixed element on F, i.e.,

i
-z (t
z,.(ty) € Fy and f-‘—’——z'l(—‘?l €EF (i=12,.), (8a)

tim _ infL ) 2,(tg) + btz 1)) - 2= 2ol = (86)
h—0

and

1_ i=-1_ i
lim znfh”-——-—k—ﬁgﬂZ.i.hf(t %o L (10))_30 zn(to) | =0
h—ot (8¢)

fort € (tytg+T] (1 =2,3,...).
This choice of z,(¢) is possible according to Assumption (A;).

Next, choose
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67 €[0,¢,,] (9)
such that 8}' is the largest number such that the following conditions hold:
(a)) &' <T,
(by) if te€[tyto+67] and y€ Fy with [ly—z,.(¢)|] < M then || f(t,y)-
f(t()’zn(to)) “ S 6n )
(cl) d(zn(t()) + 6;‘f(t0’ xn(tO))? F) S '%"6;‘$
and
n xé - z,(tg) n
(dl) I'Ir:(t0)+6l f(tO’:n(tO))—_—T—-” < (nél‘
The above choice is possible, by the fact that f & C([ty,ty+ Tg)lx F,E), according to
Assumption (Ag) and by (8b).

Now, define

1=ty + 67 (10)
and
zd =z, (t)
z, (t7): =-°——k—"-l. (11)

Since &7 >0, then, from (10), t]' >ty and, consequently, by (7), (9) and (10), condition (7)
holds for i = 1.

Moreover, by (11) and (8a),

z () EF. (12)

Additionally, from (d,) and from (10)-(12),
” -""n(‘o) + (ti‘ - tO)f(tO’xn(tO)) -, t;‘) ” S Cn(t;‘ - tO)' (13)

Next, define
t") — t
ea(t) = )22l )4z (1) for e 1, 17) (14)
1~ %
If t, s €[ty,t7], then by (14) and (13), by the assumption that {¢,,} C (0,1), and by
Assumption (A),

| 24(t7) — za(to) Il
-t
1%

” In(t)—xn(s) ” S | t—sl

< [ “ f(t07xn(t0)) “ + 6n] l t—s |

< g zalto) | + 111 ¢ - 5]
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<M|t-s], (15)

which shows that r (t) satisfies the Lipschitz condition on [¢ty,t}']. This together with (8a),

(11) and Assumption (A,) means that condition(i#) holds for i = 1.

Now, we will show that z (t]') € F;. For this purpose observe that from (11), (4),
(15), (10) and (a,),

iz (D) =20l < N2, (¢ = =gl + 2o — =5 ||
S ” zn(t?) - xn(tO) - kzn(t?) ” + €
SM(UT —to) + 1 k| [z () ] +e
SMT + | k| ||z ()] +e (16)
Simultaneously, by (11),
lzalto) | < llzgll + LEI Iz, (¢D) (17)
and, by (15), (10) and (a,),
“ J"n(t;l) - xn(to) “ < MT.
Consequently,
” ;C"(t;‘) “ S MT + ” .’B"(to) “ d (18)
Therefore, from (18) and (17),
2, () SMT + | zgll + k] 1z, (&)l

Hence, by Assumption (A,),
MT + ||z} ||
a1 < 22 20l (19)
I— k|
Then, from (16), (19), (2) and from Assumption (Ajg),

MT + || =
(i) = moll < M7+ k1 22 20l
&1
T #]

= MT+

1
T— k] ol +e€

M | k|
SToTET T =18

M |r—e_ _”30” } | k|
Sl—|k| M(l l&]) i |k|+l_|k|”1‘o|l+f

Iz !l +e¢
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| &1

e NP R

1—_—'—k——l-n £ ” +c=r. (20)

Consequently, by (12), (20) and by the definition of Fy, z (t]') € F. This, together with (14),

means that (#i7) holds for : = 1.

If t € (to,t}'), then z'(t) exists and hence, from (14) and (13),

“ f(tﬂ’xn(to)) - I;‘(t) “ S (u‘
Hence condition (iv) holds for t € (¢, t}').
Finally, if i = | then condition (v) is a consequence of condition (b;).

Assume now that i is a fixed natural number belonging to N\ {1}, z,(¢) is defined on
(toti_ ], where &' | <ty + T, and conditions (i)-(v) of the thesis of Theorem 1 hold on
[to,t?_1]. Analogously, as in the proof of Theorem 1 for i = 1, choose 6} € [0,¢,] such that 67
is the largest number satisfying the conditions:

() {1+ <t+T,

(b;) if te[tf_,,t'_,+6"] and yeF, with |ly—=z,(t7_,)| < Mé}, then
1 f(ty) = FE vz (oD S e

(e dlzalt_ 1)+ SPF(P_ 1zt 1)) F) S 367,

and .
, 2 = T,(
(di) “ ‘rn(t - 1) +96 ‘f(tt - l’zn(t?-— 1)) - —0_——___2 “ < 6n x
i —
Since 67’ > 0 and I—O——Z"—(to—) € F, then let
th =1t + 0%, (21)
zt —z (t,)
z, (t7): = _O._k_"_."_ (22)
and
x'l(t? ""‘ )
z,(t): = t’z t" 1 (t=t]_ )+, (th_q) for te[t]_,,t7 (23)

1-1

Using an argument similar to the first part of the proof we obtain properties (i)-(v) of
the thesis of Theorem 1 for t € [ty,t]']. Particularly, if ¢, s € [t]_,,t], then by (23), (22),
(21), (d;), by the assumption that {¢,} C (0,1), and by Assumption (A,),

a0 =2,00) | s 2= RGNy
1

[“f(t...p-"’ (t:‘_l))" +€n]|t"3‘
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SUHHAE - bz ) I + 1] 1= |
<M|t-s|. (24)
This shows that z (t) satisfies the Lipschitz condition on [t!'_,,t!']. Therefore, to prove the
Lipschitz condition on [t,t}'], it is enough to prove this condition for
L<s LE(t ] s € (-t (25)
Since
ENOREMON BN EMOEENCIN] L ENCIIEENON
SMUI_ =) +M(s=t]_|)=M(s-t)=M|t—s|
for t,s satisfying (25), then z () satisfies the Lipschitz condition on (¢4, t}'].
To show that z,(t}') € F, observe that, from (22) and (4), from (24) for ¢, s € [y, t}],
and from (21) and (a;),
Iz () =20l SMT+ [k| [z, ()] +e (26)
But, by (22),
[ENC R A AN EXCAT R (27)
Simultaneously, from (24) for ¢, s € [tg, t}'], (21) and (a;),
Iz ()| < MT + [l 2,(to) |- (28)
Therefore, by (28) and (27),
Hza(E) I < MT + llzg Il + L] ll2a(8) 11

Hence, from Assumption (A,),

MT + || 8 ||

” I"(t?) “ S '——l'—:—l—kT—"' (29)
Then, by (26), (29), (2) and Assumption (Ag),
MT + || =5 |
a0 =2l < T+ g T2 00
M k|
Sl—]k]T+1_|k|"%“+c'_<_r. (30)

Consequently, from the fact that z (t')€ F, from (30) and from the definition of
Foz,(t]) € Fy.
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Arguing as in [3] (see [3], Section 2.6), we have that

m 4= 0T
and then
(ty+T) = lii_rztoox"(t?).

Therefore, there is an ¢, -approximate solution z,(t) on [ty,t,+ T] into B(zy,r) such that

conditions (i)-(v) from the thesis of Theorem 1 hold.

Theorem 2: Suppose that the assumplions of Theorem I hold and that

{;ig.]&,o‘zn(t) = .’B(t) for te [t07 tO + T]

Then z(t) is a solution of problem (6) for t € [ty,ty+ T).

Proof: Since the sequence {z,(t)} is equicontinuous for t € [ty,ty + T, by (i) of
the thesis of Theorem I, it follows that {z,(t)} converges uniformly to z(t) for t € [ty, ¢y + T]
and that z(t) is continuous for t € [ty, ¢ty + T]. Moreover, from theses (¢) and (ii) of Theorem
1,
z(ty) + kz(ty + T) =z,

and using a similar argument as in [3] (see [3], the proof of Lemma 2.6.1), we obtain that

t
z(t) = z(ty) + /f(s,z(s))ds for t € [ty, ty + T
to

This completes the proof of Theorem 2.
Finally, we will give the following:

Example 3: Let

E: =R%, F:=Rx(-00,0]
and let zy = (zq;,Zy,) be an arbitrary point belonging to F such that z4, # (0,0). Moreover,
let :c(l, = (0,0) and let ::(") = (331,262) (i=2,3,...) be an arbitrary sequence belonging to the
segment [z}, ,] and satisfying the conditions
Iz Il < 2ot Il < Nzl foralli=2,3,...

and
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Il 25 = 2o Il 7=, 0-
Choose two numbers r and ¢ such that
r>e> |lzg=zoll = Izl
Then
lzh =z |l < llzd—2oll <eforalli=23,..
and, consequently, Assumption (A,) holds.

Let k be a real constant satisfying the condition
0< k| < —Tr—c
<= =T

let ¢, be a real constant, let Ty be a positive constant and M be a constant such that M > 1.

Introduce an arbitrary function f belonging to C([ty,ty + To]x F, E) and satisfying the

following conditions:

() tim in fHd(z +hf(t,2), F) = 0 for (t,2) € [tg, to + To] x F,
h—0

(i) f(tghb): = —b-2 (31)
and
l -1_ hb I' -1 xi )

f(t, O — = -0 (i=23,..), (32)
where t € (t,tg+ T, T: = min{Ty, 51 - | k|) - I= 0“ |k|}, h>0 and b is an element of
F such that

—hb

ol < ¢ L 'l(M 1), hb € Fy and — €F\F, (i=23,...),

k
(i) I F(L2)[| <M =1 for (4,2) € ({tgrto + T1x Fo)\{(tg, hb)}.

Let a: = hb. Then, from the above considerations,

(a) “€F0v
B Bt r\F, =12
(©) Ilf(to,a)ll'—'ll- —3l =5l <M -1,

1
(d)  lla+hf(ty,a) -2

J_,t--l__ r"l—a zi—a
SR MLy OF. ) B L1

i-1 i—-1 i i
zq -hb x4 -z zg— hb
= ” +h( hk Tk ll

Il = I hb+h(=b-2)+52] =0,
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Q 9 0 ]
== -—=+% -7l =0

Consequently, Assumptions (A,)-(A;) are satisfied. Particularly, function f, defined

by formula (31) and (32) satisfies Assumption (A-).
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