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In this paper we investigate minimal pairs of continuous selections of four linear functions in R3. Our
purpose is to find minimal pairs of compact convex sets (polytops) which represent all 166 (see [2])

continuous selections in C'S(y1,y2,ys3, — E?:l y;) in R3. We find that these 166 selections are represented
by 16 essentialy different minimal pairs which were studied in [5], [9]. Three out of 16 cases are minimal
pairs that are not unique minimal representations in their own quotient classes. One of these quotient
classes was already studied in [5], [10], [15].
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1. Introduction

Let U C R"™ be an open subset and f, f1,..., fn : U — R continuous functions. If
I(x)={ie{l,...,m} | fi(z) = f(x)} is nonempty at every point x € U, then f is called
a continuous selection of the functions fi,..., f,,. We denote by CS(fi,..., fi) the set
of all continuous selections of fi,..., f,,. The set I(x) is called the active index set of
f at the point z. The functions fi,..., f,, will be called generating functions. Typical
examples for continuous selections are the functions

fmax = max(fl, R fm)7 fmin = min(fl; Cee fm)

or, more generally, any finite superposition of maximum and minimum operations over
subsets of the functions fi,..., f.

In [8] the notion of a nondegenerate critical point for a continuous selections of C?-
functions has been defined and it has been shown that a continuous selection f of C?
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functions is topologically equivalent to a function of the form

k+p n
y— fxo) 9y, m)— Y v+ D>, v
i=k+1 j=k+p+1
in a neighbourhood of a nondegenerate critical point o, where k =| I(z9) | —1, g €

CS(Yry -y Ypy — Zle y;), and p is the quadratic index of f at xy. For more details see
[7], Chapter 7, and [8].

In [2] it has been shown that every continuous selection of linear functions Iy, ..., 1, on
R™ has a representation of the form

— mi . 1.1
I(z) cmin max () (1.1)

where M; C {1,...,n + 1} and that this representation is unique, provided the linear
functions are affinely independent, i.e. > 7", Al = 0, > ", A; = 0 implies that A = 0,
and M; C M; if and only if i = j. Note that in particular the functions [;(z) = z;, i =
L....n, lypi(x) = =Y, x; are affinely independent. The topological structure of a
continuous selection of C? functions in the vicinity of a nondegenerate critical point is
thus completely determined by its quadratic index p and a unique collection of index sets
My, ..., M,. This fact has been used in [1] to extend the classical smooth Morse theory
to piecewise smooth functions.

Observe that every function [ of the form (1.1) can be represented as a difference of two
polyhedral support functions, since

s T

[(x) = mi ax(; = a ax —l; - —1; 1.2
() = pin maxi;(z) z’e?},..}fr}{k:l max —I;(x)} 2 5 i(®@) (12)
k#i

holds. Now, we identify the difference of the support functions py — pg of two compact
convex sets A and B with the quotient class [A, B] in the Radstrém-Hormander lattice
[6] of equivalence classes of pairs of nonempty compact convex sets.

In other words: As in [9] let us denote for a real topological vector space X the set of all
nonempty compact convex subsets by IC(X) and the set of all pairs of nonempty compact
convex subsets by K2(X), i.e. K*(X) = K(X) x K(X). The equivalence relation between
pairs of compact convex sets is given by: “(A, B) ~ (C, D) if and only if A+D = B+C”
using the Minkowski-sum, and a partial order is given by the relation: “(A, B) < (C, D)
if and only if AC C and B C D.” By [A, B|, we denote the equivalence class of (A, B)
in K*(X)/ _ . For two compact convex sets A, B € K(X) we will use the notation

AV B :=conv(AU B),

where the operation “conv” denotes the convex hull and A denotes the closure of a set A.
Let us recall that for a real topological vector space X a pair (A, B) € K?(X) is minimal if
and only if for every equivalent pair (C, D) € K?(X) the relation (C, D) < (A, B) implies
C=Aand D= B.
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In the proofs, we will use frequently an easy identity for compact convex sets which was
first observed by A. Pinsker [12], namely: For A, B,C € K(X) we have:

A+ C)v(B +C)=C + (AVB).

Finally let us state explicitely the order cancellation law (see [6], [14]).

Let X be a real topological vector space and A, B,C C X compact conver subsets. Then
the inclusion
A+ BCA + C mplies BCC.

2. The Representation Theorem

Now we are able to prove the following result:

Theorem 2.1. The set

3
CS(y1, 2, Y3, — Zyz)
i=1

consists of 166 continuous selections which are represented by 16 essentialy different min-
imal pairs. Three out of these 16 cases are minimal pairs that are not unique minimal
representations in their own quotient classes.

Proof. Throughout the proof we will use the following notations. Let a,b,c,d € R? be
affinely independent vectors such that a+b+ c+d = 0. For convenience we identify these
vectors with linear functions, i.e. a: R3> — R, a(z) =< a,z >, where < -,- > denotes
the scalar product.

Ifa=(1,0,0),b=(0,1,0), c = (0,0,1), d = (—1, —1, —1) then
CS(y17y27y3a — Y1, ~Y2 — y3) = OS(CL, ba C, d)

In ([2]) it has been shown that C'S(y1, Y2, vy3, — Y1, —Y2 — y3) consists of 166 continuous
selections. Our purpose is to find minimal pairs of polytops that represent these 166
continuous selections.

Therefore, we identify the difference of the support functions py — pg of two compact
convex sets with the quotient class [A, B]. Then, the function a is identified with [{a}, {0}].
For convenience we will write [a, 0].

According to all possible max-min combinations of the functions [y, ..., {4 we have to con-
sider the following 16 cases:

(1) The trivial selections a, b, c and d can be represented by the minimal pairs (a,0),
(b,0), (¢,0), and (d,0).

(2)  Denote max(a, b) by ab and min(a, b) by ab. Applying (1.2) we obtain ab = [a Vb, 0]
and ab = [a + b,a V b] = [0, —(a V b)]. The pairs (a V b,0), (0,—(a Vb)) are minimal
because one of two sets in each pair is a one-point set. In a similar way we find
representations of 12 selections in total: ab,ac, ad, ..., ab,ac, .. ..
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(3)

(4)

Notice that abc = abc and abe = [aVbVc,0]. Also abc = [0,—(a V bV ¢)] and both
pairs (a VbV ¢, 0) and (0,—(a VbV c)) are minimal and a V bV ¢ is a triangle. In
this way we find representations of 8 selections in total.

Take abc that is min(max(a, b),c). Then abc = [a Vb +c,aV bV c]. Also

ac be = [aVe+bVe,aVbVe] = [(a+b)V(a+c)V(b+c),aVb] = [~(aVbVc), —(aVb)—]

The reader can compute these equalities for himself.

The pairs (a Vb+c,aVbVe)and (—(aVbVe),—(aVb)—c) consist of a triangle
and an interval. It follows from the criteria proved in [10] that they are minimal.
Similar pairs represent 24 selections in total.

Notice that

ab ac bc =

[avb+bVe+aVe (avb+aVe)V(aVb+bVe)V(aVe+bVe)l =
avbVe+(a+b)V(a+c)V(b+c),aVbVc+aVbVc =
[(a+b)V(a+c)V(b+c),aVbVd.

Again, the pair of triangles ((a+b)V (a+c¢)V (b+c¢),aV bV c) is minimal (see [11]).
Similar pairs represent 4 selections in total.

Take abcd = [aV bV cVd, 0] and abed = [0, —(a VbV cVd)|. The pairs (aVbVcVd,0)
and (0,—(a VbV cVd)) are minimal and a VbV ¢V d is a tetrahedron.

Now,

abcd=[aVb+c+d,(aVb+c)V(aVb+d)V(c+d)=
[aVb+c+d,(aVb+cVd)V(c+d).

Then aVb+c+d is an interval parallel to two edges of the pyramid (aVb+cVvd)V(c+d).

The pair (a Vb+c,(aVb+cVd)V(c+d)) is minimal, cf. [10]. Also acd bed =
[—((aVb4+cVd)V(c+d)),—(aVb) —c—d]. Similar pairs represent 12 selections
in total.

Observe that

ab ac bed = ab ac bed =

[(a+b)V(a+c)V(b+c)+d,(a+b)V(a+c)V(b+ec)V(d+aVbVce)l =
[—cVbVa,(a+b)V(a+c)V(b+c)V(d+a)V(d+Db)V(d+c).

This is a pair of triangle and octahedron. Also abd acd bed = [(a + b) V (a + ¢) V
(b+c)V(a+d)V(b+d)V(c+d),aVbVc). These pairs are minimal, cf. [10] and
similar pairs represent 8 selections in total.
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(9)

(10)

(11)

(12)

(13)

(14)

Notice that
ab @c ad be bd cd =
lavb+...+cVvd (aVb+...+bVd)V...V(aVec+...+cVd)] =
[\/{35L’+2y+2’| I,y,ze{a,b,c,d},x%y;ﬁZ%x},

\/{3x+2y[ z,y €{a,b,c,d},x #y}] =

[avbVevd+(a+b)V(a+c) (a+d)V(b+c)V(b+d)V(c+d)+
(a+b+c)V(a+b+d)V(a+c+d)V(b+c+d),
avVbVvevd+2((a+bVia+c)V(a+d)V(b+c)V(b+d)V(c+d)]=
[—(avVbVevd),(a+b)V(a+e)V(a+d)V(b+c)V(b+d)V(c+d).

The polytop aVb+...4+ ¢V dis a “tetrakaidekahedron” represented in [13] chapter
VII. The pair (—(aVbVeVd),(a+b)V(a+c)V(a+d)V(b+c)V(b+d)V(c+d))
consisting of a tetrahedron and an octahedron is minimal.

Similarly, abc abd acd bed = [(a +b) V...V (c+d),a VbV cVd.

Take abacd = abacd = [aVb+aVe+d,(aVb+aVe)V(d+aVbVc). Since
(avVb+aVe+d, (a+b)V(a+c)V(b+c)+d) ~ (aVb+aVe, (a+b)V(a+c)V(b+c)) ~
(d+aVbVe,d+bVe).

Then ab acd = [(a+b)V (a+c)V (b+c)+d, (a+b)V(a+c)V(b+c)V(d+bVe)] =
[—(aVvbVe),(bVe+dVa)V(b+c).

Similarly ad bed = [—((bV e+dVa)V (b+¢)),a VbV . These pairs consisting of
a triangle and a pyramid are minimal. Similar pairs represent 24 selections.

ab a@c ad be bd = [aVb+aVetaVd+bVet+bVvd, (aVb+aVetaVd+bye)V(aVbtaVetaV
d+bVd)V(aVb+aVet-bVetrbvd)V (aVb+aVd+bVe+bVd)V(aVetaVd+bVetbVd)] =
[(aVb+aVc+bVe+a+b)V(d+aVb+aVb+aVe+bVe)V(2d+aVb+aVe+bV
¢), (aVb+aVb+aVec+b+c)V(d+(aVb+aVe+bVe)V3aV3b)V(2d+2aV2bV2c)| =
[—(aVvbVevd),(aVb+cVd)V(c+d).

The reader can verify the last equality by computation.

Also, ab acd bed = [—((aVb+cVd)V (c+d),aVbVecVd). These pairs consist of
a tetrahedron and a pyramid. Similar pairs represent 12 selections.

Take abcd = [aVbVe+d,aVbVeVvd] and ad bd cd = [—(aVbVeVvd), —(aVbVe)—d).

These minimal pairs consist of a triangle and a tetrahedron. Similar pairs represent
8 selections.

acbd=[aVec+bVd,aVvbVeVd also abbe cd da = [—(aVbVeVd),aVe+bVd.
These minimal pair consist of a square and a tetrahedron. Similar pairs represent 6
selections.

bVetaVvd)] = [avd—d—(aVbVe),2aV(a+b)V(atc)V(b+c)V(a+d)V(b+d)V(c+d))].
(See the pair (A, B) of Figure 2.1)

Moreover ab bc @@ ad = ab @c ad bc = bV c— (aVbVevd),(bVe— (bVeVd) —
a)V(—=(avbVvevd)]=[bVe—(avVbVevd),b—c—a)V(b—d—a)V(c—b—
a)V(c—d—a)V (=b)V (—c)V (=d)]. (See the pair (C, D) of Figure 2.2)

The minimal pairs represented in Figures 2.1 and 2.2 are equivalent and not trans-
lations of each other.

ab be ca ad = ab be ca ad = [(a+b)V (a+c)V(b+c)+aVvd, (a+b)V(at+c)V(b+c)V(aV
Vd—
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Similarly ab @c bed = [(a+b)V (a+c)V (b+c)V(a+d)V (b+d)V(c+d)V(—2a), aVbVc+

d—(aVvd)] = [(c+a—b)V(d+a—b)V(b+a—c)V(d+a—c)VbVevd,aVbVvevd—(bVe)).
Similar pairs represent 24 selections.

A A B

Frontv Back v

Figure 2.1

C

/ b b

Frontu Back \

Figure 2.2

(15) Take ab bc cd = abbc cd = [(a+b)V (b+c)V (a+c)+cVd, (a+b)V(b+e)V (c+
a)V2cV(d+c)V(d+a)]=[dVe)—d—(aVbVe),aVe+bVeVd]. (See the pair
(A, B) of Figure 2.3)
On the other hand ab bc cd = dc cbba = [aVb—a— (bVcVd),dVb+aVbVd.
(See the pair (C, D) of Figure 2.4)
The two pairs represented in the Figures 2.3 and 2.4 are equivalent and minimal
and they are not translations of each other.

Similar pairs represent 12 selections.

Frontv Back \/

Figure 2.3
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Front Back

Figure 2.4

(16) abcadbd cd=[aVbVec+aVd+bVd+cVd (aVvbVe+(a+b)V(atc)V(b
c)V(d+aVvbVe+aVbVve)V(2d+aVbVve)V3d =[(avbVe+a+b+c)V(d
aVbVe+(a+b)V(a+c)V(b+c))V(2d+aVbVet+aVvbVe)V (3d+aVbVe),(
bVe+(a+b)V(a+c)V(b+c)V(d+aVbVe+avbVe)V(2d+aVbVe)Vv3d
[(aVbVeta+b+c)V(d+aVbVet(a+b)V(a+c)V(b+c))V(2d+aVbVe+aVbVe), (aV
bVe+(a+b)V(a+e)V(b+c))V(d+aVbVe+aVbVe)V (2d+aVbVe)] = [(a+b+c)V
((a+b)V(a+c)V(b+c)+d)V(2d+aVbVe), (a+b)V(a+c)V(b+c)V(d+aVbVe)V2d].
A similar pair as in Figure 2.5 was studied in [5] and [11]. The minimal pair (C, D)
of Figure 2.6 is an example of a minimal pair which is equivalent to the pair (A, B)
of Figure 2.5 and which is not a translation of (A, B). Similar pairs as in Figure 2.6
represent 4 selections

||<++

|

Frontv Back

Figure 2.5

D D

/ : : \

From N/ Back

Figure 2.6

]

Remark 2.2. (1) In the cases (1)—(10) and in case (12) of the proof the minimal pairs
are uniquely determined except for translations

(2) In the cases (14)—(16) of the proof the minimal pairs are not uniquely determined
except for translations
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(3)
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In the remaining cases (11) and (13) of the proof we do not know whether the
minimal pairs are unique determined except for translations.
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