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Abstract
We investigate the integer sequence (t,), o, defined by t, = 0 if n < 0, t; = 1,
and t, = Z;:ll tn—t, for n > 2. This sequence has the following properties: if we
consider f,(X):= -1+, X" and take z, to be the real positive number such that
fn(zn) =0, then

lim b = lim z, = 0.410098516 - - -

n—00 tn+1 n—00

Moreover, if u is the real positive number such that 1 = >°°; ™%, then there is a
positive constant M such that t,, ~ Mu".

1 Definitions and main results

If we look in the Dnline Encyclopedia ol Integer Sequenceq of N. J. A. Sloane [[l, we find a
remarkable sequence by (), ., defined by ¢, =0ifn <0, ¢, =1 and

n—1

th = D tu, (1.1)

=1

for n > 2. This sequence is due to Robert Lozyniak ([RU52107 in Sloane) and is a cousin of
the Hofstadter-Conway $10,000 challenge sequence ([A001007] in Sloane).

We find ty = 1,t3 = 2,t4 = 5,t5 = 12,t6 = 30,t7 = 73, Observe that if n > 2 5
tpi1 = 2t, +--- > 2t,. Since ty =4+ 1, we have

t,>n+1 (n>4) (1.2)
The serie Y ) X% =2X + X2+ converges for | X| < 1. Let u be the real positive number

such that .
duti=1 (1.3)
i=1

1


mailto:emmanuel.preissmann@lth.epfl.ch
http://www.research.att.com/~njas/sequences/index.html
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A052109
http://www.research.att.com/cgi-bin/access.cgi/as/~njas/sequences/eisA.cgi?Anum=A004001

We easily see that 2 < u < 3. Indeed we have Y .-, (%)tl =i+3+-->land ) 7, (l)ti <
2 1N\ (1) _ 5

St (3) =%

Theorem 1.1. There exists a positive constant M such that

ln
lim — = M.
n—oo "

Corollary 1.1. Let n > 2 be an integer. Let f,(X) = —1+ >, X" and take x,, the real
positive number such that f,(z,) = 0. Then

L1
lim — = Ll 2, = 0410098516 - |

n—00 tn+1 U n—o00

Proof. By the theorem, t,, ~ Mu", therefore lim,,_,,, - = 1

tn41 u
In addition, the sequence (x,) -, is strictly decreasing. Indeed,

n+1

n
t 1 t;
§ z, =1= E Ty
i=1 i=1
so that
ti t; _ tn+1
E (T —ay) = =205 <0

i=1

This proves that x,, .1 < x, for every n. Moreover, this sequence is bounded, so it converges

to an element, say v. The function fo(z) = —1+ > ;7 2% is continuous. Let ¢ > 0. We
have -
0 < foolmyn) = Z Tl < e
i=n+1

if n is big enough. Finally,
foo(v) = lim foo(z,) =0.

That is, v = i, because % is the only positive zero of f.. |

2 Proof of the Theorem

We begin with a lemma:

Lemma 2.1. If 0 < v, < 1 for every integer n > 0, then the following inequalities are
equivalent

ivn < 00 (2.1)

n=1
%)

(1—v,) > 0. (2.2)

n=1



Proof. Without loss of generality, we can suppose that v, < % If an infinite number of

> £, the claims 7] and 7] are both wrong, otherwise we can take out the finite number
of v, > % By Taylor expansion, we have for 0 < x < %

log(l— ) = + = i 0<6<1;
8 =R 2(1—0x)% - =
hence z < —log(l —z) <2z for 0 <z < % It follows that for every integer N > 0 we have
N N N
D ta<—log[T(1-wva)<2) un
n=1 n=1 n=1
So the lemma is proved. O

Lemma 2.2. There exists a constant d such that
tn .
0<d< — for every integer n > 0.
un
Proof. Suppose that n > 4 and d,, is such that 0 < d,, < Z—’z for 1 < k <n. Then we have

n
E : E : n+1—t;
n+1 tn+1 t; — dnu L

n+1l—t;>0

By Eq. (L), n +1—t, <0. Hence

n oo
tn-l—l Z dnun+1 Z U_ti = dnun-l—l Z U_ti = dnun+1(1 — Un)

n+1—t;>0 n+1-t;>0

_ e —t; L
where v, = > 7, , -, , u" by definition of u. So we have

t
dy(1—v,) < — for 1<k <n+l. (2.3)
U
The series
o0 o0 (o] o0
SUED 9 SRS SIS DRED STRUR)
n=4 n=4 tv‘>n+1 i=1 4<n<t;

is convergent; just compare this sum with ﬁ =Y 2 i X for | X| < 1. Set dy =
min;<y<q 2%. By Lemma P and (F), d = dy [[,~,(1—v,) is such that 0 < d < £ for every
positive integer n. O

Lemma 2.3. For every integer n, one has t, < u"!.



Proof. If n < 1, this is evident. Suppose that n > 1 and by induction that ¢; < u*~! when
i <n. Then by ([T]) and ([.J), we have

n n o
tup1 = Y togroy, < YUY w T =t
i=1 =1 =1
]

Remark 2.1. Let N > 1. Set Cy = sup,>y (&) and Dy = inf,>y (2). Lemmas [
and prove that C' = limy_. Cy and D = limy_.o, Dy with 0 < D < C' are meaningful.

Define (t,,),,c, by t; =0 when i <1, t5 = 1 and for n > 3 define

h=3 1. (2.4
=1

Define also (ay) by a, =0 whenn <0, a; = 1 and for n > 2:

neE”L
o)

an =1+ s, (2.5)
=1

Lemma 2.4. Let n, N, k be positive integers such that n > N > 1. Then we have

/

t
turk < tpatn +u" Oy (1 - ’;*,;2) + apu®.

Proof. By induction on k. For k = 0, the claim is true. Suppose that [ > 1 and that the
lemma is true for k =0,1,...,(l —1). By Eq. ([L)),

n+l—1 [e's)
bnt1 = Z tn+l—ti < tn+l—t,- =21+ 2+ X3
i=1 i=1

where

[e.9]

X = Z tn-‘rl—ti

=1
n+l—t;>n

o)

Z2 = Z thrlfti

i=1
N<n+l-t;<n

o0
23 = § tn—}—l—ty
=1
n+l—t; <N
By induction we have
o0 t/
§ : / n+l—t; I—t;+2 N
21 S <tl—ti+2tn +u CN(l — ul*ti ) + al_tiu ) .
=1
1—t;>0



By the definition of Cy
Y, < Z CNUn—H_ti.

i=
N<n+l—-t;<n

By Lemma P and the fact that u > 2,

=2
L
=
|
—_

gM
gﬁ
|
—_
A
£
=

Finally
§ / E n+l—t; § nyl E N N
tn—‘—l S tn tl*ti+2 + CN u b= CN u tliti+2 + al_tiu + u .
i>1 i>1 i>1 i>1
1—t;>0 ntl—t; >N 1—t;>0 1—;>0

This means by (P.4)), (2:3) and ([[J) that

/

t
tnt < ) otn +u"CON(1 — ;*2) + au™

Lemma 2.5. There ezists d > 0 such that d' < % for every n > 2.

Proof. Suppose that d], < % for every 2 < k <n. Then

o0

/! n+l1—t;
n+1 § :tn—f—l —t 2 E d,u ‘.

i=1,n+1—t;>1

So we proved ’;ﬂ > d (1 =322 spu ") = d,(1 —v,1), with v, defined as in Lemma

P Hence, 0 < d' = 5 [],>,(1 — v,) is such that d' < % for every n > 2. O
Lemma 2.6. We have a,, < u™ — 1 for every integer m > 0.
Proof. For m = 1, this is true. if m > 2, we see by induction that

_1+ Z amtlgl"i_ Z mtz_

=1, m>t; i=1,m>t;

Since Y7, .5, 1 > 2 and by (L),

Ay, < 1 — Z 1+u™ i i< u™—1

=1, m>t; =1, m>t;



Proof of the Theorem. According to Lemmas (£-4), (1), (P-0)) and the definition of Cl,
we have, for 1 < N <n and k > 0:

b < Opu™™ — teso(Cyu™ —t,) + apu’y < Cyu* — d/ukH(CNu" —tn) + AR

Let € > 0. There exists N such that C < Oy < C + ¢, and n > N such that uV ™" < € and
Z—C; < D + €. In these conditions, we have

tn k

unik <CH4e—du*(C—D—¢€)+e.
There exists k such that i’;ﬁ’; >(C —¢€ Then C—e < C+e—du*(C — D —¢)+e. Letting
e tend to 0 gives C < C' — d'u*(C' — D). Hence d'v*(C — D) < 0. This implies C' < D and
thus C' = D.
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