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Realising the Toeplitz algebra of a
higher-rank graph as a Cuntz—Krieger
algebra

Yosafat E. P. Pangalela

ABSTRACT. For a row-finite higher-rank graph A, we construct a higher-
rank graph TA such that the Toeplitz algebra of A is isomorphic to
the Cuntz—Krieger algebra of TA. We then prove that the higher-rank
graph T'A is always aperiodic and use this fact to give another proof of
a uniqueness theorem for the Toeplitz algebras of higher-rank graphs.

CONTENTS
1. Introduction 277
2. Higher-rank graphs 278
3. The k-graph TA 280
4. Realising TC* (A) as a Cuntz—Krieger algebra 283
References 290

1. Introduction

Higher-rank graphs and their Cuntz—Krieger algebras were introduced by
Kumjian and Pask in [5] as a generalisation of the Cuntz—Krieger algebras
of directed graphs. Kumjian and Pask proved an analogue of the Cuntz—
Krieger uniqueness theorem for a family of aperiodic higher-rank graphs [5,
Theorem 4.6]. Aperiodicity is a generalisation of Condition (L) for directed
graphs and comes in several forms for different kinds of higher-rank graphs
(see [1, 5, 6, 10, 11, 12, 13, 14]).

The Toeplitz algebra of a directed graph is an extension of the Cuntz—
Krieger algebra in which the Cuntz—Krieger equations at vertices are re-
placed by inequalities. An analogous family of Toeplitz algebras for higher-
rank graph was introduced and studied by Raeburn and Sims [9]. They
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proved a uniqueness theorem for Toeplitz algebras [9, Theorem 8.1], gene-
ralising a previous theorem for directed graphs [3, Theorem 4.1].

For a directed graph F, the Toeplitz algebra of E is canonically isomorphic
to the Cuntz—Krieger algebra of a graph T'E (see [7, Theorem 3.7] and [15,
Lemma 3.5]). Here we provide an analogous construction for a row-finite
higher-rank graph A. We build a higher-rank graph T'A, and show that
the Toeplitz algebra of A is canonically isomorphic to the Cuntz—Krieger
algebra of TA (Theorem 4.1). Our proof relies on the uniqueness theorem
of [9]. However, it is interesting to observe that the higher-rank graph
TA is always aperiodic. Hence our isomorphism shows that the uniqueness
theorem of [9] is a consequence of the general Cuntz—Krieger uniqueness
theorem of [11] (see Remark 4.3).

2. Higher-rank graphs

Let k be a positive integer. We regard N* as an additive semigroup
with identity 0. For m,n € N*, we write m V n for their coordinate-wise
maximum.

A higher-rank graph or k-graph is a pair (A, d) consisting of a countable
small category A together with a functor d : A — N¥ satisfying the factori-
sation property: for every A € A and m,n € N¥ with d (\) = m + n, there
are unique elements u,v € A such that A = pv and d () = m, d(v) = n.
We then write A (0,m) for g and X (m,m + n) for v. We regard elements
of A% as vertices and elements of A as paths. For detailed explanation and
examples, see [8, Chapter 10].

For v € A° and E C A, we define vE := {\ € E:7()\) = v} and m € N¥,
we write A™ = {A € A:d(\) =m}.We use term edge to denote a path
e € A% where 1 < i < k, and write

A= A%

1<i<k

for the set of all edges. We say that A is row-finite if for every v € A°, the
set vA% is finite for 1 < i < k. Finally, we say v € AY is a source if there
exists m € N¥ such that vA™ = ().

For a row-finite k-graph A, we shall construct a k-graph T'A which is row-
finite and always has sources. Our k-graph T'A is typically not locally convex
in the sense of [10, Definition 3.9] (see Remark 3.3), so the appropriate defi-
nition of Cuntz—Krieger A-family is the one in [11]. For detailed discussion
about row-finite k-graphs and their generalisations, see [16, Section 2].

From now on, we focus on a row-finite k-graph A. For A\, u € A, we say
that 7 is a minimal common extension of X and p if

d(r)=d\)Vvd(u), 7(0,d(N) =Xand 7(0,d(n)) = u.
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Let MCE (A, i) denote the collection of all minimal common extensions of
A and p. Then we write

A™ (O p) = {(Voi) € Ax A AN = pp’ € MCE (A, )}
A set E C vA! is exhaustive if for all A € vA, there exists e € FE such that
AR () e) # (.
A Toeplitz—Cuntz—Krieger A-family is a collection {t) : A € A} of partial
isometries in a C*-algebra B satisfying:
(TCK1) {tv 1V E AO} is a collection of mutually orthogonal projections.
(TCK2) tt, = ty, whenever s () =7 ().
(TCK3) 5ty = (v pwyenmin(r ) txtyy for all A, p € A.
Remark 2.1. In [9, Lemma 9.2], Raeburn and Sims required also that
“for all m € NF\ {0}, v € A%, and every set E C vA™, t, > >\ ptat}”.

However, by [11, Lemma 2.7 (iii)], this follows from (TCK1)—(TCK3), and
hence our definition is basically same as that of [9].

Meanwhile, based on [11, Proposition C.3], a Cuntz—Krieger A-family is
a Toeplitz—Cuntz—Krieger A-family {¢) : A € A} which satisfies
(CK) T, (to — tety) = 0 for all v € A and exhaustive E C vAl,
Raeburn and Sims proved in [9, Section 4] that there is a C*-algebra
TC* (A) generated by a universal Toeplitz—Cuntz—Krieger A-family
{tx: A€ A}.

If {T : A € A} is a Toeplitz—Cuntz—Krieger A-family in a C*-algebra B, we
write ¢r for the homomorphism of T'C* (A) into B such that ¢7 (ty) = Th
for A € A. The quotient of TC* (A) by the ideal generated by

{H (ty —tet?) v € A°, B C oAl is exhaustive}
eckl
is generated by a universal family of the Cuntz—Krieger A-family

{S AIAE A} ,
and hence we can identify it with the C*-algebra C* (A). For a Cuntz-
Krieger A-family {S) : A € A} in a C*-algebra B, we write mg for the ho-
morphism of C* (A) into B such that mg (s)) = Sy for A € A. Furthermore,
we have s, # 0 for v € AY [11, Proposition 2.12].

As for directed graphs, we have uniqueness theorems for the Toeplitz
algebra [9, Theorem 8.1] and the Cuntz—Krieger algebra [6, Theorem 4.7].
The former does not need any hypothesis on the k-graph as stated in the
following theorem.

Theorem 2.2. Let A be a row-finite k-graph. Let {T : A € A} be a Toeplitz—
Cuntz—Krieger A-family in a C*-algebra B. Suppose that for every v € A,

(%) Il @-1.175)+#0

ecvAl
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(where this includes T, # 0 if vA' = 0)). Suppose that ¢ : TC* (A) — B is
the homomorphism such that ¢ (ty) = T for A € A. Then

or:TC*(A) —» B
1S injective.
Remark 2.3. Every k-graph A gives a product system of graphs over N¥
and a Toeplitz—Cuntz—Krieger A-family gives a Toeplitz A-family of the
product system [9, Lemma 9.2]. Lemma 9.3 of [9] shows that, if the Toeplitz—

Cuntz—Krieger A-family satisfies (x), then the Toeplitz A-family satisfies the
hypothesis of [9, Theorem 8.1].

Remark 2.4. In the actual hypothesis, we need to verify whether

II |©->Y 1) #0

1<i<k ecG;

for every v € A?, 1 < i < k, and finite set G; C vA%. However, since we
only consider row-finite k-graphs, then for every v € A and 1 < i < k, the
set vA® is finite. Thus for a row finite k-graph, we can simplify Lemma 9.3
of [9] as Theorem 2.2.

On the other hand, Lewin and Sims in [6, Theorem 4.7] proved that the
Cuntz—Krieger uniqueness theorem only holds for k-graphs which satisfy the
following aperiodicity condition: for every pair of distinct paths A\, u € A
with s (\) = s(u), there exists n € s(A\) A such that MCE (An, un) = 0 [6,
Definition 3.1]. (For discussion about the equivalence of various aperiodicity
definitions, see [6, 12, 13, 14].) Now we state the uniqueness theorem as
follows:

Theorem 2.5 ([6, Theorem 4.7]). Suppose that A is an aperiodic row-finite
k-graph and {Sy : A € A} is a Cuntz—Krieger A-family in a C*-algebra B
such that S, # 0 forv € A°. Suppose that mg : C* (A) — B is the homomor-
phism such that wg (sy) = Sx for A € A for A € A. Then wg is an injective
homomorphism.

3. The k-graph TA

Suppose that A is a row-finite k-graph. In this section, we define a k-graph
TA; later we show that TC* (A) = C* (T'A) (Theorem 4.1). Interestingly,
our k-graph TA is always aperiodic (Proposition 3.5).

Proposition 3.1. Let A = (A,d,r,s) be a row-finite k-graph. Then define
sets TA? and TA as follows:

TA? ;= {a(v) :v e A’ U{B(v): vA' £ 0} ;
TA:={a(A\): A€ AYU{B(N) : Ae A s(N)A" #0}.
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Define functions r,s : TA\TA? — TAY by
r(a(A) =a(r}), s(a(A) =a(s(A),
r(B(A) =a(rA), s(B(A) =B(s(N)
(r,s are the identity on TAY). We also define a partially defined product
(T,w) — Tw from
{(ryw) eTAXTA :s(1) =1 (w)}
to TA, where
(a(A), () = a (i)
(a(A), B (1) — B (M)

and a function d : TA — NF where
d(a(X)=d(B(X)=d(A).
Then (TA,d) is a k-graph.

Proof. First we claim that TA is a countable category. Note that TA is
countable since A is countable.

Now we show that for all paths n,7,w in TA where s(n) = r(7) and
s(1) = r(w), we have s(Tw) = s (w), r (tw) = r (1), and (n7)w = 7 (Tw).
If one of 7,w is a vertex then we are done. So assume otherwise, and we
have n = a(\), 7 = a(u), and w is either a(v) or 5 (v) for some paths
A, i, v in Ao In both cases, we always have s (A\) =7 (u), s (u) = r (v), and
A)v=A(uv). If w=«a(v), we have

and
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Thus, TA is a countable category, as claimed.

Now we show that d is a functor. Note that both T'A and N* are categories.
First take object x € TA?, then d (z) = 0 is an object in category N¥. Next
take morphisms 7,w € TA with s (7) = r (w). Then by definition of d,

d(rw) = d (1) +d(w).

Hence, d is a functor.

To show that d satisfies the factorisation property, take w € TA and
m,n € NF such that d(w) = m + n. By definition, w is either o (\) or
B (A) for some path A in A. In both cases, there exist paths p,v in A such
that A = pv, d(pu) = m, and d(v) = n. Then, we have d(a(pn)) = m,
d(a(v)) =d(B(v)) =n, and w is either equal to a (u) a (v) or a (p) 5 (v).
Therefore, the existence of factorisation is guaranteed.

Now we show that the factorisation is unique. First suppose

w=a(pa)=a(y)a)
where d (a(p)) = d(a () and d(a (v)) = d(a(v')). We consider paths
A=pvand N = p/v'. Since a(\) = w = a(N), then A = X. This implies
i =y and v = v/ based on the uniquness of factorisation in A. Then
a(p) =a(y) and a(v) = a (V). For the case w = a(u) B (v), we get the
same result by using the same argument. The conclusion follows. ([
Remark 3.2. For a directed graph E (that is, for £ = 1), the graph TE
was constructed by Muhly and Tomforde [7, Definition 3.6] (denoted Ey ),

and by Sims [15, Section 3] (denoted E) Our notation follows that of Sims

because we want to distinguish between paths in T'A (denoted « (A) and
B (A)) and those in A (denoted \).

Remark 3.3. Every vertex (3 (v) satisfies 3 (v) TA' = (). Then if A has a
vertex v which receives edges e, f with d (e) # d (f), then there is no edge
g€ B(s(e)TAN) (or g € a(s(e)) TAYN) if s(e) A = ), and hence TA is
not locally convex.

To give an illustration how we construct the k-graph T'A from a k-graph
A, we first recall coloured graphs of [4]. By choosing k-different colours
c1,...,CL, we can view paths in A as edges of colour ¢;. For a k-graph
A, we call its corresponding coloured graph the skeleton of A. For further
discussion about k-graphs and their skeletons, see [4].

Example 3.4. Consider the 2-graph A which has skeleton

—————
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where e;f; = fie; for all i,j € {1,2}, the solid edges have degree (1,0) and
the dashed edges have degree (0,1). Then the 2-graph T'A has skeleton

a(f2) B (f2)
Lo T
« 1:5‘!0"")’: ........ ."‘iﬁ (v)
@ B(e1)
a(ez) B (e2)

where o (e;) o (fj) = a(fi) a(ej) and a (e;) B (fj) = a (fi) B (e5) for all i, j €
{1,2}, the solid edges have degree (1,0) and the dashed edges have degree
0,1).

The following lemma, tells about properties of the k-graph TA.

Proposition 3.5. Let A be a row-finite k-graph and TA be the k-graph as
in Proposition 3.1. Then,

(a) TA is row-finite.

(b) TA is aperiodic.

Proof. To show part (a), take x € TAY. If x = 3 (v) for some v € A?, then
xTA' = () by Remark 3.3. Suppose z = a (v) for some v € A?. If vA! = (),
then zTA' = (). Otherwise, for 1 < i < k such that vA® # (), we have

|xT A% < 2|vA%],

which is finite.

For part (b), take 7,w € T'A such that 7 # w and s (1) = s (w). We have to
show there exists n € s(7) TA such that MCE (7n,wn) = 0. If s(7) = 8 (v)
for some v € A, then choose n = 3 (v) and MCE (71,wn) = 0. So suppose
5(1) = a(v) for some v € A% If vA! = §, then choose n = «(v) and
MCE (t1,wn) = (. Suppose vA! # (). Take e € vAl. If s(e) Al = (), then
choose n = a'(e) and MCE (7n,wn) = . Otherwise, we have s (e) At # 0.
Then choose n = S (e) and MCE (71, wn) = (). Hence, T'A is aperiodic. 0O

4. Realising TC* (A) as a Cuntz—Krieger algebra

Let A be a row-finite k-graph and T'A be the k-graph as in Proposition 3.1.
In this section, we show that T°C* (A) is isomorphic to C* (T'A).

Theorem 4.1. Let A be a row-finite k-graph and TA be the k-graph as
in Proposition 3.1. Let {ty : A € A} be the universal Toeplitz—Cuntz—Krieger
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A-family and {s,, : w € TA} be the universal Cuntz—Krieger T A-family. For
A€EA, let

Ty = Sa(\) T 58N if 5 () Al 20
: Sa()\) lfS ()\) Al — @

Then there is an isomorphism ¢ : TC* (A) — C*(T'A) satisfying
or (ta) =T

for every A € A.
Furthermore, sy = ¢r (t2) if s (\) Ab = 0. Meanwhile, if s (A\) A # 0,
we have

say =01 [ ta—tx [ (o —tetd) ],
e€s(A)AL

sgon) = o1 | ta H (ty — tetl)
e€s(A)AL

Proof that {T) : A € A} is a Toeplitz—Cuntz—Krieger A-family. To
avoid an argument by cases, for A € A with s (\) Al = (), we write

SB(/\) = 0,
so that
Th = sa(n) + 5800
First, we want to show {7 : A € A} is a Toeplitz—Cuntz—Krieger A-family
in C*(TA). For (TCK1), take v € A°. Since {s4(y)} U {s4(,)} are mutually
orthogonal projections, then T}, is a projection. Meanwhile, for v,w € AY
with v # w,
ToTw = sa@w)Sa(w) T Sa(v)$(w) T () Sa(w) + 56(0)5p(w) = 0-
Next we show (TCK2). Take p,v € A where s () =7 (v). Then
TuTy = Sa(uSa(v) + Saw$s) T $a(u)Salv) T $6(x)5pw):
If v is a vertex, the middle terms vanish and we get
TuTy = Sa(u) + 55) = Ths
as required. Otherwise, the last two terms vanish and we get
Ty = Sa(u)Sa(w) T Sa(u)S8w) = Sa(u) T Sa(uw) = T,
which is (TCK2).
To show (TCK3), take A\, u € A. Then

(41)  IXTh = sanSate) + Sa) S0 + 5500 Sats) S50 58()-
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We give separate arguments for A™® (X, ) = 0 and A™® (\,u) # 0. For
case A™ (X, 1) = ), we have

0 = TA™ (o (\), a(p)) = TA™™ (o (N), B (1))
= TA™™ (B(\), a(n) = TA™™ (5 (N), 8 (n) .-

Hence, s;()\)sa(ﬂ) = s(’;(/\)sﬁ(#) = sg(k)sa(#) = SE()\)Sﬂ(u) = 0 and then Equa-
tion (4.1) becomes

5T, =0 = Z T\T.
(N ) EAmIn (X pr)

Now suppose A™m" (X, ) # (). Take (a,b) € A™" (X, ). We consider
several cases: whether a equals s(A) and/or b equals s(u). First sup-
pose a = s(A) and b = s(p). So A = As(\) = us(p) = p. Because
a(N) and B (\) are paths with the same degree and different sources, then
TA™® (o (X)), B(N) = 0. Thus,

SpySan = 0= a0 %50y
and Equation (4.1) becomes

TXTx = spnySa(n) T 55005800
= Ss(a(N) T Ss(8(N) = Sa(s(\) T SB(s(\)
-7 =T, T*

s(A) s(AN) T s(N)

= Z T\T,, (since AT (A = {s(\),s(N)}).
(N, u)EAMIR(AN)

Next suppose @ = s (\) and b # s (u). Then A = pb and
TA™ (a(A), B () =0 =TA™™ (B(\), 8 (n))
since s (8 (u)) TA' = (. Hence
Sa()58() = 0= 5500)58()
and Equation (4.1) becomes
TXTy = San)Sa(u) T S0 Sa(u)-
Every (a (s (A)),n) € TA™® (a (A),a (1)) has 5 = a (i) with

(s(A), 1) € A™™ (A, ).



286 YOSAFAT E. P. PANGALELA

Similarly, every (8(s(\)),n) € TA™ (B (\),a(u)) has n = B (i) with
(s (\), ') € A™™ (X 1). Thus, by using (TCK3) in C* (TA),

T;T,

= SaSaln) T 500 5an)

= > Sa(s(\) Sy T > SB(s(A)5n

(a(s(N)meTA™™ (a(N),ox(p)) (B(s(A),m €T A (B(A) (1))

Sa(s(0) () + > S(s(N) (')
(S0 2/ EAmIn (A 1) (52 EAmIn (3 g0
N

Z (Sa(s(x))sz(u') + SB(S(A))SE(M’))
)EAmin()\,H)

= > (St + 88600 (Shiw) + i)
(s()\),/,L')GAmin()\,H«)

= > Lahi= > D
(S(A)’#/)eAmin()\’#) (A’,u’)eAmi“(A,u)

By taking adjoints, we deduce (TCK3) when a # s(\) and b = s (u).
Now we consider the last case, which is a # s(\) and b # s(u). This
means we have neither A = pb nor p = Aa. Hence,

TA™ ((N), 8 (1)) = TA™™ (B(A),a (n)) = TA™™ (B (), B (1)) = 0
since s (B (\)) TA =0 = s (8 (n)) TA! = 0. Hence,
Sa(n)58(n) = S5n Salu) = S5n) 56 = O-
On the other hand, we have
TA™ (a (), (k)
(@ (¥) s () (5 (¥) .8 () (Vo) € A% (3, )}
Therefore, Equation (4.1) becomes

INT, = 33(/\)5&(#) = Z Sw s,
(w,m)€TAMIN (a(A),0(p))

= 2 (a0 + 55005500
()\/ ,,LL/)EAmin ()\»H)

— Z (sa()\/) + Sﬂ(k’))(SZ(;ﬂ) + SE(H’))
(/\/,,LL/)EAmin(/\,,u‘)

= Z Ty Ty
(V) EA™In (X, p1)
So for all cases, we have
T, = > T\T
(W, )eAmin (X )
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and {T) : A € A} satisfies (TCK3). O

Proof that ¢ is injective. Now the universal property of TC* (A) gives
a homomorphism ¢7 : TC* (A) — C*(T'A) satisfying ¢r (t)) = Ty for every
AeA.

We show the injectivity of ¢ by using Theorem 2.2. Take v € A?. We
show

[T @ -1.175) 0.
ecvAl

First suppose vAl # (). Take 1 < i < k such that vA% # (). We claim

[ @ -T.17) > sp0)-

e€vA\©i

Since vA% # (), then a (v) TA% # () and by [11, Lemma 2.7 (iii)],

Sa) = D 545,

g€a(v)TA%
= D Sa@Sae T D 585
ecvA&i ecvA\Ci
s(e)AT£D

= 2 <Sa<e>53<e>+ 55(e>52<e>>+ D Sa@Sa
ecvA€i ecvA
s(e)A1#£D s(e)A1=0
= Y rrr+ Y T

ecvA€i ecvACi

s(e)AT#£D s(e)A1=0
= > T.T;.

ecvA©i

Meanwhile, since every e € vA% has the same degree,

II @-115)=7.- > T.T:

ecvAi ecvA©i
= (Satw) +550) = ) LIV
ecvA©i
= 53(v) + <3a(v) — Z TeTe*>
e€vA\©i
> SB(v)»

as claimed. This claim implies

[ @-71)> T ss0)=s80) #0

ecvAl {i:vA% #Q}

since vAl # (), as required.
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Finally, for v € A with vA! = 0, we have

Tv = Sa(v) 7& 0.
Hence, by Theorem 2.2, ¢ is injective. O

Proof that ¢ is surjective. Now we show the surjectivity of ¢p. Since
C*(TA) is generated by {s, : 7 € TA}, then it suffices to show that for every
7 € TA, s; € im(¢r). Recall that for every 7 € T'A, s; is either s,(y) or
sg(x) for some A € A.

Take v € AY. First we show Sa(v) and sg(y) (if it exists) belong to im (¢r).
If vA' = (), then

Sa(v) = T, € im (¢T) :

Next suppose vA' # . First we show that sz = [Tocopr (Lo — TeTy).
Note that for every f € a(v) TA!, the projection Sa() — S§SF < Sa(v) 18
othogonal to sg(,). This implies

T (Gaw +s80) =5757) =580+ I (Saw —sr57)
fea(v)TAL fea(v)TAL

= 5B(v)»

since vA! is an exhaustive set. Hence,

sp) = 11 (Gaq) + s80) = 5757)

fea(v)TAL
= I @ -sasae) TI (T —ss0sie)
ecvAl ecvAl
s(e)AT£D
= I T=sa@sie) I (T = sa@sae) T = 550 55)
ecvAl ecvA!
s(e)A1=0 s(e)AT£D
= H (T, — Sa(e)SZ(e)) H (T, — (Sa(e)SZ(e) + 85(6)82(8)))
ecvA! ecvAl!
s(e)A1=0 s(e)AT£D
= I @-rr) [[ @-11)
ecvAl ecvAl
s(e)AT=p s(e)AT#£0
= ][ @-11),
ecvAl

as required, and sg(,y belongs to im (¢7). Furthermore,

Sa(v) = Ty, — $8(v) = T, — H (Tv — TeT:) € im (d)T) R

ecvAl

as required.
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Now take A € A. We have to show s,(y) and sg(y) (if it exists) belong to
im (¢7). If s (A\) Al = 0, then

Sa(x) = Sa(n)Sa(s(n) = T\Ts) = T € im (¢7) .

Next suppose S()\) Al 75 @ Then Sp(N)Sa(s(\) — 0 and Sa(MN)SB(s(\) — 0.
Hence,

Sa(A) = Sa()Sa(s(n) = (Sa(r) + 55(1)) Sa(s(v)

=T\ (TS(A) - Il @ -1.18 ))

e€s(A)AL
=T\ —T) H (Tyn) — Te17) € im (1)

ecs(A)AL
and
S = S8 5B = (Sa(n) T 580) 88(s(1)
=T) H (Tyny — TeT;) € im (@) -
e€s(A)AL
Therefore, ¢ is surjective and an isomorphism. ([

Corollary 4.2. Let A be a row-finite k-graph and TA be the k-graph as
in Proposition 3.1. Let {ty : A\ € A} be the universal Toeplitz—Cuntz—Krieger
A-family and {s,, : w € TA} be the universal Cuntz—Krieger T A-family. For
T € TA, define

t\ if T=a(\) withs(A)Al =0
Sr= 9t = [ Teesoyar (bo = tetd) if 7= () with s(A) AV A£D
) HeEs()\)Al (ty — teth) if 7= B(\) with s(\) Al # 0.

Suppose that ¢ : TC* (A) — C*(TA) is the isomorphism as in Theorem 4.1
and g : C* (TA) — TC* (A) is the homomorphism such that g (s;) = S
for € TA. Then d)}l =T7g.

Proof. Take A € A. By Theorem 4.1, we get gb;l (sa()\)) =tyif s (A\) Al = 0.
Meanwhile, if s (A\) A! # (), by Theorem 4.1, we have
¢7" (sapy) =tr—ta [] (to —tet?),

ecvAl

07! (sson) =ta T (0o —tet?).

ecvAl

Hence, ¢! (s;) = S, for 7 € TA. This implies that {S,:7 € TA} is a
Cuntz—Krieger T'A-family, and then gb}l =T7g. U
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Remark 4.3. Proposition 3.5 says that T'A is always aperiodic, and hence
the Cuntz—Krieger uniqueness theorem always applies to T'A. This helps
explain why no hypothesis on A is required in the uniqueness theorem of
[9, Theorem 8.1]. Indeed, we could have deduced that theorem by applying
the Cuntz—Krieger uniqueness theorem to T'A. With our current proof of
Theorem 4.1, this argument would be circular, since we used [9, Theorem
8.1] in the proof of Theorem 4.1. However, we could prove Corollary 4.2
directly by showing that {S;:7 € TA} is a Cuntz—Krieger T'A-family in
TC* (A), hence gives a homomorphism 7g : C* (T'A) — T'C* (A), and using
the Cuntz—Krieger uniqueness theorem to see that mwg is injective. Then
we could deduce [9, Theorem 8.1] from Corollary 4.2, and this would be a
legitimate proof. We worked out the details of this approach, but it seemed
to require an extensive cases argument, and hence became substantially
more complicated.
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