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ABSTRACT. In this paper, a classification of simple unital real C*-al-
gebras that are inductive limits of certain real circle algebras such as
C(T, M= (H)) is given. The invariant consists of certain triples of real
K-groups and the tracial state space of the complexification.
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1. Introduction

For a fized J € {{1},{3,4},{3,5}}, we say that a real C*-algebra A is a

real AT j-algebra if it is isomorphic to an inductive limit of a sequence
Al — Ay — A3 — - — A
where A; = @4, Al , j € J, and each Ai is of one of the following forms:
A} = C(T,R) ®g M, (C)
A3 = C(T,R) ®r Moy (H)
A4 = C(T,m) ®r Mnk (R)
C(T,no) ®r M (H)
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where C(T,m) = {f € C(T,C) | f(z) = f(2)}.
The invariant for the classification of simple unital real AT j-algebras
where J € {{1},{3,4},{3,5}} consists of

(Ko(A), [La]) (Ko(A®r C), [1agxc])

|

(Ko(A ®r H)/ Tor(Ko(A ®r H)), [Laggu])

qc

T(A®rC) > S(Ko(A®g C))

Ki1(A)/ Tor(Ky(A)) -+ K1 (A ®g C) 2= K (A)/ Tor(K; (A))

where qc, gu are the canonical embedding maps and ¢, 7 are defined as
follows:

The complexification map ¢ : A — A®gr C, ¢(a) = a ® 1, and the re-
alification map v : A ®g C — Ma(A), t(a + bi) = (% ) induce the maps
¢ @ Kj(A) — Ki(A®r C), ¢(la]) = [c(a)] and v, : K1(A @ C) —
K1(M2(A)) ~ K1(A), v.([a]) = [t(a)]. Since Ki(A ®g C) is a finitely gener-
ated torsion-free abelian group, Tor(K1(A)) is a normal subgroup of Ker(c,).
We define ¢ as the composition of the following maps:

K,(A)/ Tor(Ki(A))

K1(A)/ Tor(K1(A))/ Ker(c,)/ Tor(K; (A))

1

Ki(A)/ Ker(c,)

1

Im(c,) Ki(A®grC)

where the first map is the quotient map and the second map is inclusion.
We define 7 by 7 := 7w o t, where 7w : K1(A) — K;(A)/ Tor(K1(A)) is the
quotient map.

It is worth mentioning that the classification of real AT-algebras (cf. Def-
inition 2.1) is fundamentally different from the complex case in many ways.
Period eight for real K-theory and the appearance of torsion are among the
K-theoretical problems. Regarding regularity properties, there is a building
block of stable rank greater than one and consequently a real circle algebra
(cf. Definition 2.1) is not necessarily of stable rank one. Complex vector
bundles over the circle are determined by their rank and their Chern class
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while real vector bundles over the circle are determined by their rank and
Stiefel-Whitney class. The existence of a nontrivial line bundle (Mé&bius
strip) over the circle is another difficulty. Disconnectedness of the orthog-
onal group in comparison with the unitary group is another obstruction.
Furthermore, two of the eight basic building blocks of a real AT-algebra
have isomorphic K-groups (cf. Theorem 3.2).

2. Building blocks of real circle algebras

Definition 2.1. A complex C*-algebra is called a complex circle algebra if
it is isomorphic to a C*-algebra of the form C(T,C) ® F for some complex
finite-dimensional C*-algebra F. A real C*-algebra A is called a real circle
algebra if A ®g C is isomorphic to a complex circle algebra. An inductive
limit of real circle algebras is called a real AT-algebra.

Definition 2.2. Let A be a complex C*-algebra. A x-antiautomorphism ¢
of A is a x-preserving C-linear antimultiplicative bijective map from A to A.
The map ¢ is called involutive if ¢ o ¢ = id. Moreover,

Apy={acA|p(a) =a"}
is a real C*-algebra for which Ay NiAg = {0} and A = Ay +iAy.

Theorem 2.3. Let A be a prime complex C*-algebra and ¢ be an involutive
x-antiautomorphism of A. Then, A is simple if and only if Ay is simple.

Proof. Assume Ay is not simple. Then, there exists a nontrivial ideal I in
Ay, and hence I + il is a nontrivial ideal of A. Conversely, assume that
A is not simple and [ is its nontrivial ideal. Then, ¢(I) is also an ideal in
A. Since A is prime, J = I N ¢(I) is a nontrivial ideal of A and ¢(J) = J.
Thus, Js = J N Ay is a nonzero proper ideal of As. Therefore, Ay is not
simple. ([l

Theorem 2.4. Let A be a complexr unital C*-algebra, £(A) be the dis-
tributive complete lattice of closed ideals of A, ¢ be an involutive *-anti-
automorphism of A, Max(A) be the set of mazimal ideals of A and Prim(A)
be the lattice of primitive ideals of A. Then:

(i) ¢ : £(A) — £(A) is an involutive lattice isomorphism.

(ii) ¢ induces an involutive homeomorphism of Max(A).

(iii) If A is separable then ¢ induces an involutive homeomorphism of
Prim(A).

Proof. (i) Obviously, ¢ takes a closed ideal to a closed ideal, preserves the
ordering given by inclusion and the intersection operation. It also preserves
the join, linearity of ¢ implies ¢(IV.J) = ¢(L+J) = ¢(I)+¢(J) = ¢(L)V(J).
Therefore, ¢ is an involutive lattice isomorphism.

(ii) Let I be a maximal ideal in A. Assume that there exists a maximal

ideal M such that ¢(I) & M then I & ¢(M) which is a contradiction. The
map defined by ¢(I) := ¢(I) is an involutive homeomorphism of Max(A)
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because F' & Max(A) is closed if there exists a M < A such that F =
hull(M) = {P € Max(A) | M C P} and ¢(F) = ¢~ (F) = hull(¢(M)) is a
closed set.

(iii) Let O(Prim(A)) denote the lattice of open subsets of Prim(A). Define
the lattice isomorphism map h : £(A) — O(Prim(A)) by

h(I) = U = {J € Prim(A) | I ¢ J}.

Then ¢ : O(Prim(A)) — O(Prim(A)) defined by ¢ := ho ¢ oh™! is an
involutive lattice isomorphism. In particular, 5 preserves Uy = Prim(A).
By [16, Corollary A.12], if A is separable then Prim(A) is point-complete in
the sense that every closed prime (cf. [16, Definition A.1.ii]) subset is the

closure of a singleton, and therefore ¢ induces an involutive homeomorphism
of Prim(A). O

_ The above theorem insures the existence of the involutive homeomorphism
¢ referred to in the following theorem:

Theorem 2.5. Let A be a unital separable complex C*-algebra and let ¢ be
an involutive x-antiautomorphism of A. Then, Z(Ay) is isomorphic to the
following real C*-algebra

C(X,0) = {f € O(X,C) | f(d(2)) = f(2)}

where X = Prim(A) and (5 : X — X s the involutive homeomorphism
induced by ¢.

Proof. Since A = A,+iA,, we conclude Z(Ay) = (Z(A))g. By the Dauns—
Hofmann Theorem, Z(A) ~ C(Prim(A),C) and if we denote the isomor-
phism map by ¢ : Z(A) — C(Prim(A),C) then ¢ := 9o po ! is the
involutive x-automorphism of C(Prim(A),C). By Theorem 2.4, é induces
an involutive homeomorphism of Prim(A). Moreover, any maximal ideal of

C(Prim(A), C) is of the form
» = Uf € C(Prim(4),C) | f(¢(p)) = 0}

for some p € Prim(A) and ¢(I$(p)) = I35 = Ip- Let e be the unit of
C(Prim(A),C). Since for any f € C(Prim(A), C) the function
g=1—f(é(p)e
’(p), g € 15, and consequently b(g) € é(Iis(p)) = I,. Hence,
¢(f)(p) = f(¢(p)) and
Z(Ag) = (Z(A))p = (C(Prim(A),C)) 4
= {f € C(Prim(4),C) | f(¢(p)) = &(f)(p) = f(p)}. O

vanishes at
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Theorem 2.6. Let A = Cy(X, M, (C)) be a complex C*-algebra where X is
a locally compact Hausdorff space with Lebesgue covering dimension zero or
one and let ¢ be an involutive x-antiautomorphism of A, then

o(f)(z) = w () fr(Y(x))ue(x)*, fr € A,z € X

where fi(z) = (f(z))!, t denotes the transpose, u is a unitary in M(A) and
¥ is an involutive homeomorphism of X. Moreover, d(¢(f)) = d(f o) for
any f in Ay where d is a lower semicontinuous dimension function.

Proof. Define the map T : A — A by T(f) = f; such that f;(z) = (f(z))’.
Since T is an involutive x-antiautomorphism of A, T'o¢ is a x-automorphism
of A. By a result of [6], the cohomology dimension of X with respect to
the group Z is less than or equal to the covering dimension of X. Thus,
H™(X;Z) = 0 for m > 2 and the result follows by [31, Corollary 5]. By the
bijection between lower semicontinuous dimension functions and quasitraces
[3, Theorem II.2.2], using the fact that quasitraces on exact C*-algebras are
traces, and the unitary invariance of traces we conclude that

d(6(f) = dr(6(£) = Tim 7 (6()7) = lim 7 ((fov)7) =dr(fov)
=d(fov). O

Remark 2.7. In the case of the circle as a compact Hausdorff CW-complex,
the Cech cohomology is naturally isomorphic to singular cohomology and it
is well-known that H™(T;Z) = 0 for m > 2.

Theorem 2.8. Let F be a finite dimensional complex C*-algebra and ¢
be an involutive x-antiautomorphism of A = C(T,F), then Ay is of the

following form:
Ay~ P A
k

where j € {1,2,3,4,5,6,7,8}, and
A} = O(T,R) ®@g M,, (C)
A? = C(T,R) ®g M,, (R)
4} = C(T,R) ©g My (H)
A = C(T,m0) @r Mnk (R)
A} = C(T,no) ®r My (H)
AR = C(T,m) ©r My, (R)
Al = {f € C([0,1], My, (C)) | £(0) € Mp, (R), f(1) € My (H)}

Ay ={reconm,®) | 10 =35 10 (3 )

where n1(z) = —z.
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Proof. It is well-known that F is isomorphic to @, p;F’ where p; are central
minimal projections of F'. Therefore,

A=(C(T,C)® F) ~ (C’(']I‘, C)® (@pﬂ?)) ~ @(C(T,C) @ pi F')
! !
~ @elA
!

where e, = 1®p; is a central minimal projection of A (since T is a connected
compact Hausdorff space, the unit of C(T,C) is the only nonzero minimal

projection). Since A ~ &, ;A ~ P, (ex, + ¢(ex))A, we conclude
As ~ P ((ex + dler))A)g

k

where ¢ on the components is defined by restriction. There are two cases to
consider:

(1) If ¢(ex) # ex: In this case, we have
(ex + d(er))A =~ C(T, My, (C)) & C(T, My, (C)).
Since ¢ interchanges the summands, the associated real C*-algebra
{(exa, p(era)*) : a € A} is isomorphic to C(T, My, (C)). On the
other hand,
C(T, M,,(C)) ~ C(T,R) ®r M,, (C) ~ C(T,C) ®r My, (R).

(2) If ¢(ex) = ex: In this case, [29, Section 2] gives the other seven
forms. U

Definition 2.9. For a firzed J € {{1},{3,4},{3,5}}, a real C*-algebra A
is called a real AT j-algebra if it is isomorphic to an inductive limit of a
sequence
Al — Ay — A3 — - — A

where A; = @}, A, j € J, and the algebras A) are defined in the state-
ment of Theorem 2.8. The real C*-algebra A is called real AT1-algebra, real
ATs-algebra or real AT-algebra if J = {1,2,3,4,5}, J = {1,2,3,4,5,6} or
J=11,2,3,4,5,6,7,8} respectively.

3. The existence theorem

Proposition 3.1. For any exact real C*-algebra A, we have
Kn(C(T,no) @r A) =~ Kn(A) ® Ky—1(A),
K,(C(T,R)®r A) ~ K,(A) ® K,,11(A).

Proof. By [27, Theorem 1.5.4], K,,(C(T,no) ®r A) ~ K,(A) ® K,—1(A).

To prove K,(C(T,R) ®r A) ~ K,(A) ® K,+1(A), define the following
sequence:

0 — Co(R,R) = C(T,R) <5 R — 0.
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It is known that

SR := Co(R,R) ~ Co((0,1),R) ~ {C([0,1],R) | f(0) = f(1) = 0}
~{C(T,R) | f(1) = 0}.
Let h : Co(R,R) — {C(T,R) | f(1) = 0} denote the isomorphism map.
Define i : Co(R,R) — C(T,R) by i(f) := h(f), ev : C(T,R) — R by
ev(f) := f(1) and j : R — C(T,R) by j(\) := Ae where e is the unit of
C(T,R). Since the map j satisfies ev o j = id, this is a split exact sequence.
Therefore, it induces the following split exact sequences:

0 — Co(R,R) ®p A—C(T,R) g A—R®r A — 0
0 — K,(Co(R,R) ®r A)— K, (C(T,R) g A)—K,(R®r A) — 0
Since K, (Co(R,R) ®r A) ~ K, +1(A), we conclude that
Ko(C(T,R) 95 A) ~ Ko(A) & Kpy1(A). 0

Theorem 3.2. Let I' be a finite-dimensional complex C*-algebra and ¢ be
an involutory x-antiautomorphism of A = C(T, F), then the following table
gives the K -groups of the building blocks of Ay (cf. Theorem 2.8):

n 0 1 2 3 4 5 6 7
K.(Al) Z Z Z Z Z Z Z Z
Kn(A2> 1D lo Zo® Lo Zo Z 7 0 0 7
K.(4%) Z 0 0 7 7®ZLy To®Zy Lo Z
Kn(A4) Z LDlo LoDy Zo Z Z 0 0
Kn(A5) 7z 7 0 0 Z LD lo To®Zo 7o
K.(A%  Z Zs 0 Z Z Zs 0 Z
Kn(A7) 7 7 7o 0 7 Z 7o 0

Proof. The results for A! to A% follow from Proposition 3.1 and [17, The-
orem II1.5.19], and the results for A% to A® follow from [29, Section 2]. [

Theorem 3.3. Let X be a compact Hausdorff space and let T be a topological
involution of X. Denote the set of fized points of T by E. Then

max{| 22X) | dim(E)}

tsr(C(X,7) @r My (R)) = -

Proof. The result follows from [23, Theorem 5.9] and the proof of [26,
Theorem 6.1]. O

Corollary 3.4. Let A’ denote the building block of a real ATs-algebra.
Then, tst(A2%) = 2 and tst(AY) =1 fori € {1,3,4,5,6}.

Proof. For 7 = n; where i € {0,1}, we have dim(E,,) = 0 and clearly
dim(E;q) = dim(T) = 1. The result follows from the vector space isomor-
phism Mz (H) ~ M, (R). O
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Proposition 3.5. The real C*-algebra C(T,ng) is singly generated by the
function go(z) = z. The real C*-algebras C(T,R) and C(T,n1) are generated
by two functions g1(z) = Re(z), g2(z) = Im(z) and g3(z) = iRe(2), ga(z) =
iIm(z) respectively.

Proof. The bivariate polynomial ring R[z,Z] is dense in C(T, ng) by the real
version of the Stone-Weierstrass theorem because it separates the points of

T. Similarly, R[i(3%), 25%] is dense in C(T,n1) and R[23Z, 257] is dense in

C(T,R). O

Theorem 3.6. Let A7 denote the basic building block of a real ATz-algebra
where j € {1,...,6} and T, = {0 < 6 < 7} be the upper half-circle.
Then, the following hold:

(i) Aff(T(AY)) ~ Aff(M(T)) ~ C(9.M(T),R) ~ C(T,R)
for j €{1,2,3,6}.
(i) AF(T(AT)) = AF(My(T4)) ~ C(9.Mi(T4), R) = C(T,, R)
for j € {4,5}.
(i) Aff(T(A7 @g C)) ~ Aff(M(T)) ~ C(8.M,(T),R) ~ C(T,R)
forje{2,...,6}.
(iv)  Aff(T(A' @g C)) ~ Aff(M;(T)) @& Aff(M;(T))
~ C(0.M;(T),R) & C(0.M1(T),R)
~ C(T,R) @ C(T,R).
Proof. The proof follows from the above theorem and the identifications
C(T,m) ~{f € C(Ty,C) | f(#1) € R},
C(T,m) = {f € C(T+,C) | f(-1) = f(D)},

together with the fact that states and traces are defined to be zero on the
skew-adjoint elements of a real C*-algebra (cf. [14]). O

Theorem 3.7. Let A = C(T,R), let 61,02 € {id,no} be homeomorphisms
of T, let ¢1, o be the associated involutions of A, i.e., gZ;Z(f) = fob; and
let M : A —s A be a Markov operator with My, = ¢poM. Given € > 0 and
a finite subset F' of C(T,R), there exist N > 0 and continuous functions
Ui,y pon from T to T with ;0o = O1pons1—i for each i such that

<€

| 2N
‘M(f)—meoﬂi
i=1
forall f € F.

Proof. We just point out the important modifications to the proof of [21,
Theorem 2.1]. The proof is divided into four cases:
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If 61 = 05 = id then we can define pon41—; = p; for 1 < ¢ < N and
the result follows from [21, Theorem 2.1].

If 0; = id and 63 = o then M(f)(z) = M(f)(2). Let p; : T+ — T
be the continuous map of [21, Theorem 2.1], we can extend p; by
(pi)r_(2) = pi(z) and we define pon1-; = pgomo for 1 <7 < N.
If 61 = ny and 0y = id then M(f) = M(f ong) which implies that
M is a map from C(T4,R) to C(T,R) and [21, Theorem 2.1] is not
applicable to C'(T4,R). However, since

M(f):M(fono):M(;er;fono)7

we can apply [21, Theorem 2.1] to the elements %f—l—%fono of C(T,R)
by considering the finite set {f, fono : f € F} in [21, Theorem 2.1].
Therefore, M (f) can be approximated by

1 a1, 1

N; (2f+ 2f0770) o i
where p; : T — T4 and we define pony1-; =noop; for 1 <i < N.
If 61 = ng and 63 = 1y then we can proceed as follows:

For any € > 0, there is a 4; > 0 such that for z1,20 € X = Ty,
d(z1,72) < 61 implies that | f(z1) — f(22)| < § for all f € F. Choose
a finite subset {z1,...,z,,} C X which is d;-dense in X and z; ¢
{—1,1} for all 1 < ¢ < m. Choose a partition of X, denoting it
by {X1, X2,..., X}, such that X; contains 1, X,,, contains -1 and
with each X; being a Borel set, satisfying:

(a) z; € X; fori=1,...,m;

(b) X = U?;lXi, X; ﬂXj = @ for i # j;

(c) d(z,x;) < 01 if x € X.
We extend this partition to T by X; =X, for2<i<m- 1,
X, = No(Xom—i) for m+1 <i<2m — 2, X = XU 1o(Xm) and
X1 =XjU nO(Xl)'

Therefore,

(a) x; € X;fori=2,....,m—1; No(T2m—i) € X; fori = m+1,
o 2m =25 2y, mo(z1) € Xy and 2, no(2m) € Xm;

(b) T = Ufﬁl’QfQ, Xl N Xj = @ for i # j;

(c) d(z,z;) < 01 if z € X; where #; = z; fori = 2,....,m — 1,
Z; = no(wam—i) for i = m+1,...,2m — 2, d(z,y) < 207 if
z € X1,y € {x1,m0(z1)} and d(z,y) < 201 if = € X,, and
¥ € (T o(am)}.

We proceed as on page 62 of [21] by picking the point zy = 1 and

an integer N > 0 satisfying ﬁ < 6%, Since T, is path connected,

there are maps f; : [0,1] — T4 where j = 1,...,m such that

Bj(0) = zo and B;(1) = x;. For j = m +1,...,2m, we define

B;(t) = no(Bam—j+1(t)). The last paragraph on page 62 of [21] needs
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to be changed as well. We cover Y = T with {Vj}f:l such that 1
only belongs to V7 and -1 only belongs to Vg and y; € V; such that

M(F)(y) = D haef (@] < 5
=1

forally € V; and f € F.

Let {hi,...,hr} be a partition of unity subordinate to the cover
{Vj}f':l such that hi(1) = hr(-1) = 1.

We extend this cover to T by defining ‘7] =Vjfor2<j<R-1,
‘7]‘ = 770(V2R7j) for R+1 <35 < 2R -2, VR = VR Uno(Vg) and
Vi = Vi Uno(Vi). We define h; = hag_jom for R+1 < j <
2R — 2, hy = hyony and hg = hr ony. On page 63 of [21], we
can choose A; such that \;(no(y)) = Aam—i+1(y) for i = 1,...,2m
and consequently 1 — Gopm—jr1(no(y)) = Gj—1(y) for j =1,...,2m.
Therefore, Ggm_j(no(y)) <l-t< Ggm_j+1(770(y)) if and only if
Gj-1(y) <t < Gj(y). Hence, a; which is defined on page 64 of [21]
satisfies a;(y,t) = aam—j+1(n0(y), 1 —t). We use the Greek letter u
for the map h which is defined on page 64 of [21]. It follows that

1i(no(y)) = Bam—j+1 (O‘?m—j“ (UO(y)’ 211_\7 1))

21— 1
= Bom—j+1 <Oéj (Zh 1- AN >>

=10 (BJ’ (aj (y,l - 21]_\71 -2 +4§V— = 1)))

= no(p2n+1-i)(Y)
We can complete the proof as on pages 6466 of [21]. O

Lemma 3.8. Let pi,p2 : T — T be continuous and let 01,02 € {id,no, m}
such that pu102 = O1us. Then, there exists a x-homomorphism

Y C(T,C) — C(T,C) @ M3(C)
such that o ¢y = T o o 0 ¢ where ¢;(f) = fo0; and T(f) = f! where t
denotes the transpose.

Proof. Asin [30, Lemma 4.2], we can define ¢(f) = W diag(fouq, fous)W*
where W =1® (] ') is a unitary element of C(T,C) ® Ma(C). O

Theorem 3.9. If A = C(T,R) ®r M, (R) and p € A is a projection of rank
k then pAp Qr MQ(R) ~ C(T, R) Rr Mgk(R)

Proof. By classification of vector bundles, Vecth(T) ~ HY(T;Zs) ~ Zo.
Therefore, there are two real line bundles over the circle up to isomor-
phism, i.e., the trivial line bundle and the Mobius strip. Since Vect]%(']T) ~
m(SO(2,R)) = 0, the Whitney sum of two Mébius line bundle is a trivial
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bundle of rank 2. On the other hand, there is a one-to-one correspondence
between the isomorphism classes of real vector bundles over the space X and
the Murray—von Neumann equivalence classes of projections in C(X, K(H))
where H is a real Hilbert space. Thus, it follows that the direct sum of two
Mobius projections is Murray—von Neumann equivalent to a trivial projec-
tion. If p is a trivial projection then pAp ~ C(T,R) ®r My(R) and conse-
quently pAp @r Ma(R) ~ C(T,R) ®@g Mai(R). If p is the Mdbius projection,
then
pAp ®r Ma(R) ~ (p ® I2)(A ®@r M2(R))(p @ I2)

~ ng(C(T,R) ®]R Mgn(R))IQk

~ C(T, R) KR Mgk(R)
where we used the fact that for a (complex or real) C*-algebra A, if p ~ ¢
then pAp ~ gqAq. O

Remark 3.10. Let A be a real C*-algebra. The order structure of
Ko(A®rC)® K1(A®Rr C)

is determined by the order structure in Ky(A ®r C) together with the ideal
structure of Ko(A ®@r C) ® K;1(A ®gr C) and this is determined by the map
a(ly) = I; associating to each ideal Iy of Ko(A®gC) the unique subgroup I;
of K1(A®rC) such that I = Ip@® I is an ideal of Ko(A®rC)® K1 (A®rC)
(ct. [11, 4.27)).

Theorem 3.11. For a fired J € {{1},{3,4},{3,5}}, let A = ®]_;A; and
B = ®;_,B;j where A; and B; are the building blocks of a real AT j-algebra.
Let T(A®r C) and T'(B ®gr C) be the tracial state spaces with involutions

%, ¢ defined by ¢ (1) =To¢, and ¢(T) = To P, where 4 and ¢p are
the involutive x-antiautomorphisms of A @g C and B Qg C. Let € > 0, let
F be a finite subset of Aff(T(A ®g C)), and let

M Aff(T(A®r C)) — Aff(T(B ®r C))
be a Markov operator with MqﬁA = quM where qﬁA and gZ)/B are defined by
dalg) =go ¢ and ¢p(g) = go ¢ Let
pa: Ko(A®r C) — Aff(T(A ®gr C)),
pB: Ko(B®r C) — Aff(T(B ®gr C)),
be the canonical maps defined by pa([p]) = ra([p]) and ps(lp]) = rB([p]),

where
ra:T(A®r C) — S(Ko(A®r C)),
rp: T(B ®r C) — S(Ko(B ®r C)),

are defined by r4([p])(7) = 7([p]) and rB([p])(7) = 7([p]). Suppose given
order unit preserving positive group homomorphisms

ho : K()(A) — KQ(B),
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hS : Ko(A ®r C) — Ko(B ®g C),
hi - Ko(A ®@g H)/ Tor(Ko(A @g H)) — Ko(B ®g H)/ Tor(Ko(B @ H))
as well as a group homomorphism
hy : K1(A)/ Tor(K1(A)) — K1(B)/ Tor(K1(B))
and a group homomorphism
hY : Ki(A®g C) — K1 (B ®g C)

that is compatible with h(g in the sense of preserving the subgroups associated
with the ideals of Ky of complezification (see Remark 3.10), and suppose that
the following diagrams commute:

qc

(Ko(A), [14]) (Ko(A ®r C), [Laggc)) —— (Ko(A ®r H)/ Tor(Ko(A @r H)), [Lag,m))
ho h§ ‘(hﬁ
(Ko(B),[15)) ——= (Ko(B ®z C), [1pgxc]) — = (Ko(B ®p H)/ Tor(Ko(B ®z H)), [1 psy))
Ko(A @ C) 2~ A(T(A @g C))
ihg lM
Ko(B ®g C) 22~ Aff(T(B ®g C))
K1(A)/ Tor(K1(A)) — 2 K1 (A ®g C) — 2~ K\ (A)/ Tor(K1(A))
h1 n§ hq
K1(B)/ Tor(K1(B)) —2 > K1(B®g C) — 2~ K\(B)/ Tor(K1(B))
where qc, qu are the canonical induced maps, i.e., qc([a]) = [a ® 1] and

qu(fa ® (n+mi)]) = [a ® (n + mi + 05 + 0k)].
Then, there exists a T' € N such that for each set {r1,...,rr} of integers
with 2r; > T for each j, there is a unital x-homomorphism

N A—BerH

where H = My, (R) & Moy (R) -+ & Mo, (R), such that Ay = dy o hg on
Ko(A),\C = d,oh§ on Ko(A®rC), A = d.ohf on Ko(A®gH), A\« = d.ohy
on K1(A)/ Tor(K1(A)), \S =d, o h} on K1(A®g C) and

INS(f) —d® o M(f)]| < e

for all f € F where for 7 € T(B ®r H @ C),\C(f)(1) = f(1 0 AY), and
d. arises from the diagonal embedding d : B — B ®@r H defined by d(b) =
b ly.
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Proof. Let w; : B — Bj be the projection map and id; : A; — A be the
it" coordinate embedding. If 1; is the unit of A; then 7;, ohgoid,, ([1;]) = [pi]
where p; is a projection in P (B;). Since 7, o hg is unital we have

[1B,] = mj. o ho([1a]) = 7}, © ho([Di—1 Li]) Zw] o hg o id;, [1;]

—sz = [®_1pil-

Thus, 1p, ~ @®]_;p; and by [22, Lemma 3.4.2] there exist mutually or-
thogonal projections {g;}j_; such that 77, ¢; = 1p, and ¢; ~ p; for all
i€ {l,...,r}. Hence, m;, o hg oid;,[1;] = [g;]. We can replace A by A; and
B by qujqi to reduce the problem to a single building block. Let

af : Ko(Bj) — Ko(¢:B;),
a§” : Ko(Bj ®r C) — Ko(4:iB;g; ©r C),

afl” : Ko(B;j ©g H)/ Tor(Ko(B; ® H))
— K@(qujqi ®r H)/ Tor(Ko(qZ-qui ®r H)),
be order unit preserving group homomorphisms,
K1(Bj)/ Tor(K1(B;)) — Ki(qiBjqi)/ Tor(K1(¢:Bjgi)),
(C” : K1(Bj ®r C) — K1(¢;Bjq; ®r C)
be group homomorphisms and let
ol s AfE(T(B; @r C)) — AfE(T(¢iBjq: @r C))

and v : Ko(Bj) — Z be the canonical isomorphism maps. Then, we define
the appropriate maps

hi = ol o, o hgoids, : Ko(Ai) — Ko(qiB;q:)
hg' = a§” omj, o oidi, : Ko(Ai @r C) — Ko(q:Bjg; @z C)
W = ol omj. o hil oid, : Ko(A; ®p H)/ Tor(Ko(A; ®p H)) —
Ko(¢;Bjq; @r H)/ Tor(Ko(¢:Bjq; ®r H))
hij = af[j o), ohyoid;, : K1(A;)/ Tor(Ky(4;)) —
K1(qiBjq;)/ Tor(K1(¢;Bjqi))
B = af o o A oid. : K1(As @r €) — Ka(aiByas 53O

M — ZVY(([[};]]))OTJ o 7jo M oid; : A(T(A; @k C)) —>
Aff(T(q; B i OR C)).
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Case 1. Assume that A; and ¢;B;g; both are not of type 1, i.e., they are
not of the form C(T,R) ®@g M, (C). Since the Markov map

MY (A(T(As @2 ©)), 61y) — (AR(T(0:Bjg: 92 C)), 6})
has the property M% ¢f4 = gb%M i where
¢y = Fio gaoid;,
$l = Tiodpoidoal
if we denote the isomorphism maps (as order unit spaces) by
da s (A(T(A; @z €)), 64) = (C(T,R),6)).
Up  (AR(T(q: B0 ©r C)), ¢) = (C(T,R), d),
then we get the Markov map M : (C(T, R) gb;l) — (C(T,R), qSNj ) defined
by Mii = oMY o¢ and we have M ¢Z = ¢J M iJ where the involutions

quandqu aredeﬁnedbyd)A_q/;AogbAoq/;A andgzb 1/)30(;53 oyt W
define the relative finite set FJ := {f o' o id; € (C(T,R), qSA)\f € F}
The involutions qZ;iA and qﬁjé are of the form ¢(f) = f o 0 where 0 € {id,no}.

Therefore, for ¢ by Theorem 3.7 there exist N;; > 0 and continuous functions
A1y H2N;; from T to T with fip62 = 61 jion+1—k for each k such that

luz luz

2N,

2N D fopl[ <6

L

Mia(f) -

for all f € Fii. For 1 <1 < Nyj, let
v+ (C(T,C) 5, — (C(T,C)) 5 @r Ma(R)
be the *-homomorphisms of Lemma 3.8. Let D4, be the triple

(Ko(A4i), [14;]) (Ko(Ai ©@r C), [14,0xc])

|

(Ko(A; ®@r H)/ Tor(Ko(A; ®r H)), [14,:m1])-

We define Dy, p;q; similarly. Here,

A; = C(T,n;) ®@r My, (F;),
QiBjQi = C(T, ’I7j) QR Mnj (Fj)7
where nj = rank(qi), FZ‘7FJ' € {R,H}, and i, N € {no,id}.
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Since Dy, ~ D M., (F;) and Dy, p,q; ~ DMnj (F;)» it follows from [28, Theo-
rem 2.4] or [15, Theorem 14.1] that the homomorphism

0+ Dig,,, ) — D, ()

induces a standard *-homomorphism 7 : My, (F;) — M, (F;).
Therefore, we get a family of unital *-homomorphisms

N+ (C(T,C)) 5, ®x My, (Fi) — (C(T,C)) 5 @ M, (Fj) @n Ma(R)

where A/ is defined by A\ := ¢/ @ 8% for 1 <1< Nyj.

Let d, be the induced map from diagonal embedding in M3(R). Since
rank(wlij (p)) = 2rank(p), it follows from [13, Theorem 8.3] that (z,b;j@Bij)* =
dN* o héj.

For u € Ux(A; ®r C), we have

A ([u]) = () @ BY)s([u]) = () @ id).((id @ BY)([u]))-
Since tsr(A; ®r C) = 1, it follows from [2, Theorem V.3.1.26] that
Kl(AZ Rr C) ~ U(A, XR (C)/U()(AZ KR C)
Since U(M,(C)) ~ Uy(M,(C)), we conclude that (id @ £9).([u]) = [u].
Hence, N ([u]) = (¢} @ id).([u]) = [W diag(u o iz, uo fio) W*].

We first reduce the problem from A; and ¢;Bjg; to A, = Z (4;) and
Bi = Z(¢;Bjqi) ©r Ma(R). For each 1 < < N, if (¢ ® id). doesn’t have
the correct K7 behavior, we show that there exists a real x-homomorphisms

¢;j between basic building blocks giving rise to the following commutative
diagram (i.e., ¢;; has the correct K; behavior):

Ko (Ay) ) Tor(Ky(Ay)) —— Ky (A @ C) — - Ky (A3)/ Tor(K1 (A:))
o i z
Ky(By)/ Tor(K1 (Bj) — Ki(qsBja ©x ©) ——— K (By)/ Tor(Ky(By))

Since Ki(A;)/ Tor(K1(A;)) and K;(B;)/ Tor(K1(B;)) are isomorphic to
either Z or 0 and furthermore Kl(fli ®gr C) and Kl(Bj ®r C) are iso-
morphic to either Z or Z @ Z, any nonzero group homomorphism from
Ki(A;)/ Tor(K1(4;)) to Ki(A; @ C) and from Ki(B;)/ Tor(K1(B;)) to
K 1(§j ®r C) is injective. Therefore, if a *-homomorphism from A; to Bj
gives rise to h(lcij, it must give rise to hilj as well so that the diagram com-
mutes. We consider a case by case analysis. Note that 7 o ¢ is multiplication
by 2.

In the following cases, the commutativity of the diagram gives a zero
map from K; (Al ®r C) to Kl(Bj ®r C). Therefore, we can pick any real
+-homomorphism from A; to Bj (i.e., ¢ij = wlij ® id), since they all induce



1408 ANDREW J. DEAN, DAN KUCEROVSKY AND AYDIN SARRAF

the zero map from Kl(fli ®r C) to Kl(Bj ®r C); in the following diagrams,
k in A* denotes the type of A; or Bj:

K (A3@rC)~7Z K1(A3)/ Tor(K1(A%) ~0

| H

K1(A%Y)/ Tor(Ky(AY) ~ Z

K1(A3)/ Tor(K1(A3)) ~0

H 0

K1 (A% Tor(Ky(AY) ~ Z Ki(A'®@pC) ~ 7

K (A3@rC)~7Z K1(A3)/ Tor(K1(A%)) ~0

| H

K1(A%)/ Tor(Ky(A%)) ~ Z

K1(A3)/ Tor(K1(A3)) ~0

K1(A®)/ Tor(K1(A%) ~Z Ki(A®rC) =7

For the following diagrams, the maps ¢fj : Ak — AF where k € {3,4,5}
defined by gbfj(f) = diag(f o p, f o p) where u(z) = 2™ do the job.

K1(A3)/ Tor(K1(A%)) ~0 K(A2@rC) ~ 7 K1(A3)/ Tor(K1(A3)) ~0

K1(A3)/ Tor(K,(A%)) =~ 0 Ki(A® @pC) ~ 7 K1(A3)/ Tor(FK,(A%)) =~ 0

K1(A*)/ Tor(K1(AY) ~ Z —— K1 (A* @r C) ~ Z —— K (A%)/ Tor(K,(A%)) ~ Z

| - |

Kl(A4)/TOI‘(K1(A4)) ~7 Kl(A4 ®]R (C) ~7 Kl(A4)/ Tor(Kl(A4))

1R

Z

K1(A%)/ Tor(K,(A)) ~ Z Ki(A°@pC) ~ 7 K1(A%)/ Tor(K,(A%)) ~ Z

| - |

K1(A%)/ Tor(K(A%)) ~ Z Ki(AQrC)~7Z K1(A%)/ Tor(K(A%)) ~ Z

In order to have the right effect on K7, we can proceed as in the proof of
[10, Theorem 3], i.e., if any of our maps doesn’t give rise to h$"” and A, we
take out that map and replace it with one of the above constructed maps
and these new maps will give rise to both hij and htlcw' This replacements

will not change the average of *-homomorphisms by more than N%] We can

also make NL smaller by repeating each map more than once, each one the
ij
same number of times so as not to change the average. Moreover,
1 2Nij
S ) —do N ()| <8

L

for all f € FJ.
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We can construct A\; : A — B ®r M2(R) as in [24, Lemma 4.2] and [24
Corollary 4.3] such that

1=0
for all f € F (refer to [24, Corollary 4.3] for the definition of 7' € N and k).

Case 2. Assume that A; and ¢;Bjq; are both of type 1: In this case, we
have:

7 (id,id) g2 _idtid_
lhéj ‘hg” Lh%ﬂ“
7 (id,id) g2 _idtid_

Assume hé)cij(l,O) = (k,1) and h(gij (0,1) = (k,1). By commutativity of
the above diagram,

k41 = (id +id)(hS” (1,0)) = h” ((id + id)(0,1)) = K ((id + id)(1,0))
= (id + id)(h§” (1,0)) = k +{
and (k + k, 1 +1) = hi" (id, id)(1) = (id, id)(h§ (1)) = (h§ (1), hg (1)) which

(1
implies £ = [ and [ = k. If we assume Mi(f,g) = (mi(f,g),ma(f,9))
then the equation (ml(g, 1), mg(g,f)) = (ma(f,g), mi(f,g)) follows from
(

MZjd)A = d)qz quM] ThUS Ml](fv ) ( (fa g)am g, f)) By commuta-
tivity of the following diagram,

72 45 O(T, R?)
72 25 O(T,R?)

it follows that m(1,0) = kL-i-l and m(0,1) = kL-H Therefore, the Markov
maps

mi,mg : C(T,R) — C(T,R)

defined by mq(f) = %m(f, 0) and ma(g) = #m(O,g) can be approxi-
2N 2M

mated by ﬁ Zf o fi; and ﬁ Zg o ;. If welet R =1em(2N,2M), then
i=1 i=1

R
m(f,g) can be approximated by k:+l Z lgo; + kf ofi;). If we define
=1

M (C(T,R) ® C(T,R)) @r My, (R) —
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(C(T,R) ® C(T,R)) @& My, —p, 511y (R) O Ma(R)

by Ai(f,g) = (diag(f o fi; ® I, g o i @ I), diag(g o fi; @ I, f o 1 @ ;) @ I
then
R

PRy . 1 i
d o (diag(mi(f), ma(g)), diag(mi(g), ma(f)) — = > _ A (f.9)
=1
Moreover, A ([p & q]) = dy o hgij([p] + [q]) because [p o i;] = [p] and
[q o ;] = [q]. Similarly, the effect on héj and h§" is right. For the effect
on Ki, we proceed as in Case 1 and [10, Theorem 3]. First, we reduce the
problem to Z(A;) and Z(¢;B;q;) ®r M2(R).
For the following diagram, the commutativity of the diagram implies that
the map has the form (™ ). The map ¢ : A} — Al ®g Ms(R) defined by
o(f) = diag(f o p, f ov) where pu(z) = 2™ and v(z) = 2" induces the map

(n m)-

K1 (A Tor(K; (AY) ~ Z

< 0.

=y

(id,id) id+id
_ —_

Ki(A'@rC)~ZaZ Ky(A")/ Tor(K1(A") ~ Z

m n
(TL ’H’L)

K1(AY)/ Tor(Ky (A1) =~ 7 40 idid_

Ki(A'@xC)~Z &7 Ki(A"Y)/ Tor(K;(AY) ~ Z
If any of our maps doesn’t give rise to h(fij and hij , we can take out that
map and replace it by the above constructed maps and proceed as in [10,

Theorem 3. O

4. The uniqueness theorem

Lemma 4.1. Let A and B be direct sums of building blocks of a real AT5-
algebra and let ¢ and 1 be x-homomorphisms from A to B giving rise to the
same map from Ky(A) to Ko(B), then there exists a unitary u € B such
that ¢(a) = wp(a)u* for each central minimal projection a € A.

Proof. Let e € A be a central minimal orthogonal projection. By equal-
ities [p(e)] = [¢(e)], [1 — ¢(e)] = [1 — ¢(e)], [1, Proposition 4.2.5] and [1,
Proposition 4.6.5], there exists u. € B such that ¢(e) = uetp(e)u). If we let

u=)_ o(eucy(e)
ecA
then ¢(a) = wip(a)u* for each central minimal projection a € A. O
Lemma 4.2. If ¢ is an involutive x-antiautomorphism of A = C(T, M,,(C))
and f € U(A), then w(Det(4(f))) = w(Det(f o)) = £ w(Det(f)) where w

denotes the winding number map, and v is the associated involutive home-
omorphism of T.
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Proof. By Theorem 2.6, ¢(f) = w(fr o ¥)uy. Since
w(Det(uy)) = —w(Det(uy)),

we conclude w(Det(¢(f))) = w(Det(f o)). Since 1 is an involutive home-
omorphism, it can just change the sign of winding number. (]

Lemma 4.3. Let A be a non-type-1 basic building block of a real ATy-algebra
with a unital subalgebra C' isomorphic to Myp(R) or Mz (H) for some n and
whose commutant is the center. If ¢ and v are x-homomorphisms from A to
a real algebra B which is a direct sum of building blocks with ¢(1) = (1) = e,
then there exists a unitary v € eBe with ¢(c) = vip(c)v* for each c € C.

Proof. By Lemma 4.1, it suffices to assume that eBe is a single building
block which can be written as Z ®@r Mm(R) or Z ®r Mwn (H) where Z €
{C(T,R),C(T,C), C(T,no),C(T,n1)}. Since

Dus s+ Kg(A®r C) — Ky(eBe ®p C)

are positive order unit preserving group homomorphisms, we conclude that
n|m, ie., m = nk. Since M,(F) is simple, we conclude that ¢(C) ~
P(C) ~ C (we denote the isomorphism map by h : ¥(C) — ¢(C)), and
consequently there exists a subalgebra H of eBe isomorphic to Mg (R) or
M%(H) such that eBe ~ Z @r H ®r ¢(C) ~ Z @r H ®pr ¢¥(C). We de-

fine the map v € Aut(eBe) by v = id ® id ® h. By [31, Corollary 5],
7€ € Aut(e(B®grC)e) is inner, i.e., there exists a unitary u € e(BogC)e such
that 7© = Ad(u). Let ® be an involutive *-antiautomorphism of e(B ®g C)e
such that (e(B ®g C)e)p ~ eBe. Then,

7H(@(a)) =15(a") = (4"(a))* = ®(1"(a))
for each a € eBe. Hence,
VE(@(a)) = ud(a)u* = D(v5(a)) = D(uau”) = O(u”)B(a)d(u)

for each a € eBe which implies w = v*®(u*) € Z ®g C and ®(w) = w.
By Lemma 4.2, winding number of w is either zero or even. Moreover, if
e(B®g C)e ~ C(T, M,(C)) ® C(T, M, (C)) and ¢ switches the summands,
then winding number of w will be even as well. In any case, the square root
of a central unitary with winding number even or zero always exists; hence
square root of w exists.

For f € Z®rC, if Z®@r C ~ C(T,C) then ®(f) = f o o where a €
{no,m,id} and if Z ®g C ~ C(T,C?) then ®(f,g) = (g, f) and in each case
®(w'/?) = w'/?. Thus,

(I)(wl/Qu) _ (I)(u)wl/Q _ u*w*wl/Z _ u*wl/Z* _ (wl/Qu)*

1/2

and v = w/?u € eBe is the required unitary element. O

Lemma 4.4. Let A be a basic building block of type 1 with the unital subal-
gebra C isomorphic to M, (C) and whose commutant is the center and let ¢
and Y be real-linear x-homomorphisms from A to a real algebra B which is
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a direct sum of building blocks with ¢(1) = (1) = e giving rise to the same
map from Ko(A ®r C) to Ko(B @ C) then there exists a unitary v € eBe
with ¢(c) = vip(c)v* for each c € C.

Proof. In [30, Lemma 2.3], it is enough to replace [0, 1] by T. O
Lemma 4.5. Let

O(T,R) @r My (F) where F e {R,C,H),

C(T, no) ®r My (F) where F € {R,H},

and C(T,n1) ®r Mn(R) be the basic building blocks where m € {n, 5} de-
pending on the type of the block. Then we have the following identifications:

C(T,R) @r Mm(F) ~ {f € C([0,1], R) ©r M(F)|f(0) = f(1)}
C(T,n0) @r Mn(R) = {f € C([0,1],C) @r Mn(R)[f(0), (1) € Mn(R)}
C(T,m) @r My (H) = {f € C([0,1],C) @r Mn(R)[f(0), (1) € My (H)}
C(T,m) @z Ma(R) = {f € C((0,1],C) ®r My(R)|f(1) = £(0)}.

Proof. The first isomorphism is given by the map h(f) = gy where g;(t) =
f(e?™). As we mentioned before, C(T,no) ~ {f € C(T,,C) | f(£1) € R}
and C(T,m) ~ {f € C(T4,C) | f(-=1) = f(1)}. The homeomorphism
a: Ty — [0,1] defined by a(e’™) = ¢t yields the other isomorphisms. [

Remark 4.6. From now on, we may use the above isomorphisms without
explicitly mentioning them.

Lemma 4.7. Let A belong to M, (R):
(i) If A is skew-symmetric, then there are block diagonal matrices D €
M,(R), D € M,(C) and an orthogonal matriz U € M, (R) such that
UTAU = D and W*UTAUW = D where
W =diag(Vi, ..., Vi, On_om), D =diag(D1, ..., D, 0p_om),
D = diag(D1, ..., Dim,0p—2m),

0 —1 ~ -1 0 1 1 1
(835 (3 V- (1L,

Bj >0, Sp®(A) = {£iB;,0} and \; € Sp®(A) — {0} for 1 < j < m.
(ii) If A is orthogonal, then there are block diagonal matrices

K € M,(R), K € M,(C)
and an orthogonal matriz P € M,(R) such that
PTAP=K and W*PTAPW =K
where
W = diag(Vi, ..., Vin, In—am), K = diag(K1, ..., Km, Jp—2m),
K = diag(K1, ..., Ky Jn_om)s  Jn_om = diag(£1, ..., +1),
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~_( cos(8;) —sin(0;) ~ _(m 0
Kj= < sin(f;) cos(0;) )’ Kj= 0 pu; )’
0 <0 <m SpC(A) = {e¥,+1} and p; € Sp*(A) — {£1} for
1<j<m.
Proof. The proof is well-known. Note that VD;V; = Ej and VI'K;V; =
IN(]- for1 <j<m. O
Remark 4.8. If f € A is unitary, self-adjoint or skew-adjoint, where A is
a basic building block, then its eigenfunctions are T-valued, real-valued or

purely imaginary-valued (other than zero) respectively, and its eigenprojec-
tions are orthogonal. Furthermore, assume that f has a spectral decompo-

sition, i.e.,
=Y X(2)Bi(2)

where the eigenfunctions \; are distinct and P; are the orthogonal eigenpro-
jections with sum 1. Let ¢ be an involutive *-antiautomorphism of A g C
such that (A ®r C)g = A. By orthogonality of eigenprojections, fP; = \; P;
for all ¢ = 1,..,n. The involutive x-antiautomorphism
¢ : C(T, Mn(C)) — C(T, Mu(C)),  ¢(f) = (u")(f 0 9)"(u)',
u € U(C(T, M,(C))) (cf. Theorem 2.6), is extendible to the involutive %-
antiautomorphism
¢ : C([0,1], My (C)) — C([0, 1], My (C))
as follows (the map 3 : [0,1] — T is defined by §(t) = €2™):
If¢: T — T,¥ = id then define
O(f) = (uo B)'(foa)(u*op)
where « : [0,1] — [0, 1], a = id.
If¢: T — T,¢) = ny where ny(z) = z then define
O(f) = (wo B)(f o) (u* o B)
where « : [0,1] — [0, 1], () = 1 — .
We can rewrite f as follows (note that ¢(f*) = f):

f= (f+¢> <ZAP+¢<Z%’P¢)>
i=1
Z()\ipi + (X))
i=1
Let g; € C(Sp®(\;),m0) be such that |lg;(\) — \i|| < <. Then, we can
consider the function

N |

—_

52 gl P Jrgz @b(Az))q;(Pz))
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Since gi(d(Ai)) = gi(d(\;)), we conclude ¢(f) = f*. Moreover, ||f — f|| < e.

Lemma 4.9. Let A be a basic building block of a real AT1-algebra, € > 0
and f € A be a unitary (self-adjoint) such that only two of its eigenfunctions
touch at only one point xq, then there exists a unitary (self-adjoint) g € A
such that g has distinct eigenfunctions and ||g — f|| < e.

Proof. If f(zo) € Mz (H), then we can decompose f(zo) as f(zo) = C+Dj
where C' and D are in Mz (C) and we can embed f(zo) in M,(C) as a
symplectic matrix by the injective *-homomorphism h : Mz (H) — My, (C):

h(C + Dj) = < < - )
If we define an antilinear unitary map K : C* — C" by
K(z1,22,...,2y) = (—T2,T1, ..., —Tn, Tn_1)
and an involutive s-antiautomorphism ¢ : M, (C) — M, (C) by

¢(f(z0)) = =K f(20) K" = K f(20)" K",
then U = [V4,..., Ve, KVi, ..., KVz] belongs to (M (C))g ~ Mz (H) where
Vjand KV}, 1 < j < § are the eigenvectors of h(f(zo)) and Uh(f(zo))U* =
D is the spectral decomposition of h(f(zg)) in M, (C).

It follows that each real eigenvalue of f(z¢) after embedding in M,,(C) has
even multiplicity and the complex eigenvalues of f(xg) appear as conjugate
pairs [19]. If f(z¢) is self-adjoint, then all eigenvalues are real and we have
forced double degeneracy. Since the summation of § geometric multiplicities
should be equal to n, the eigenprojections of f(zg) are of rank two.

Assume \;, \; are two eigenfunctions of f that touch at the point xy.
If f is self-adjoint, we may choose real-valued functions ¢;,¢; € C(T,R)
with norm less than one and supported in a neighborhood of zy such that
g defined by g = f + $(ciP; + ¢; P + (¢ 0 ¥)$(P,) + (¢ 0 $)B(P;)) meets
our requirements (cf. Remark 4.8). If f(zo) € Mz (H) and f is self-adjoint,
then g(xo) has § distinct eigenvalues, each of multiplicity two and § rank
two eigenprojections.

If f is unitary, we may choose real-valued functions ¢;,¢; € C([0,1],R)
with norm less than one and supported in a neighborhood of arg(zg) such

that g defined by g = f+ £(e27% P27 Pj+ 2™V §( Py) + ™%V §( P})),
where @Z; is the involutive homeomorphism of [0, 1] induced by v, meets our
requirements. O

Lemma 4.10. Let € > 0 and let B be a basic building block of a real AT -
algebra.

(i) If f € B is a self-adjoint element and B is of type 1, 2, 4, 6 (3) then

there exists a self-adjoint element g € B such that || f — g|| < € and

g(2) has n (5) distinct eigenvalues for each z € T. If B is of type 5
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then g has 5 distinct eigenvalues at the points 0 and 1 and it has n
distinct ergenvalues everywhere else.

(ii) If f € B is a unitary element then there exists a unitary element
g € B such that ||f — g|| < € and g(z) has n distinct eigenvalues for
each z € T.

Proof. (i) Let h be the piecewise analytic approximation of f (in the com-
plex case, for unitary and self-adjoint elements, the proof of its existence is
on page 186 of [9, Theorem 4.4] and on page 75 of [5, Theorem 4] respec-
tively. In the real case, the essential difference is when h is unitary, in that
case, on a suitable subinterval h is either of the form h = e or of the form
h = e*w, depending on its winding number, where k is a skew-adjoint ele-
ment and w is a constant unitary with winding number -1. By [18, Theorem
I1.6.1], the eigenfunctions and eigenprojections of h are piecewise analytic.
It follows that unequal eigenfunctions of h coincide at finitely many points,
because if they coincide at infinitely many points then by identity theorem
they must be equal. By passing to subintervals, we may further assume
that they coincide at one point. Moreover, we can reduce to the case that
just two of the eigenfunctions coincide at the degenerate point. If at the
remaining degenerate point the eigenfunctions touch but do not cross then
we can remove this degeneracy by Lemma 4.9. If the eigenfunctions A\; and
A cross at tg € [a,b] C [0,1], i.e., Aj(a) < Ag(a) and A;j(b) > Ai(b), where
the interval [a, b] is picked such that \; Py, + APy, over [a,b] is sufficiently
close to A\j Py, + APy, at to and ); is sufficiently close to Ay over [a, b],
then let {Q(t) : ¢ € [a,b]} be a path of projections such that @ < Py, + Py,
Q(a) = Py, (a) and Q(b) = Py, (b). If we define h by replacing Aj Py, + Ak Py,
in h with min(A;, \y) @ + max(\j, A\p) (P, + Py, — Q) over [a,b] and setting
h = h everywhere else, then h(a) = h(a), h(b) = h(b), h is sufficiently close
to h over [a, b] and its eigenfunctions touch but do not cross. By Lemma 4.9,
we can construct the function g.

(ii) In this case, eigenfunctions are of the form exp(2miF) : [0,1] — T
where F' : [0,1] — [0,1] is a continuous function. If the eigenfunctions
Aj = exp(2miF') and A\, = exp(2miG) cross at tg € [a,b] C [0,1], i.e., G(t) >
F(t) for t € [a,tg), G(t) < F(t) for t € (to,b] and G(tg) = F(to), (where the
interval [a, b] is picked such that \; Py, + A, Py, over [a, b] is sufficiently close
to AjPy; + Ax Py, at to and \; is sufficiently close to Ay, over [a, b]) then let
{Q(t) : t € [a,b]} be a path of projections such that Q@ < Py, + Py, Q(a) =
Py, (a) and Q(b) = Py, (b). If we construct h by replacing Aj Py, + AkPy,
in h with exp (277 min{F, G})Q+exp(2mi max{F,G})(Py, + Py, — Q) then
h(a) = h(a), h(b) = h(b), h is sufficiently close to h over [a,b] and its
eigenfunctions touch but do not cross. By Lemma 4.9, we can construct the
function g. If eigenfunctions appear as conjugate pairs, then we replace

Nj(Py; — &(Py))) + Ae(Py, — 6(Py,))
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in h with
exp (271 min{F, G})Q + exp(27i max{F,G})(Py; + Py, — Q)
+ exp(2mi min{—F, —G})o(Q)
+ exp(27i max{—F, fG})(gZ;(PA].)

+0(Py,) — (Q))- O
Remark 4.11. Let B be a basic building block of a real AT;-algebra and
¢ : C(T,R) — B be a unital x-homomorphism. There exists a unital
x-homomorphism ¢ : C(T,R) — B such that ¢C(g; + igs) has distinct

eigenfunctions and approximates ¢(gi + ig2). Therefore, ¢(g1) approxi-

mates ¢(g1) and ¢(go) approximates ¢(g2). Since ¢(g1) and gg(gg)~have the
same set of eigenprojections, ¢(g1) commutes with ¢(g2). Hence, ¢(g1) and

¢(g2) are simultaneously diagonalizable.

Lemma 4.12. Let f € B be unitary (self-adjoint) with distinct eigenfunc-
tions where B is a basic building block of type 1, 3, 5 (or type 4 only if f € B
is self-adjoint) of a real AT j-algebra and let

f=> NP
i=1

be its spectral decomposition. There exists a unitary s € B such that sfs*
is diagonal. Furthermore, if B is a building block of type 4 and f € B is a
unitary, then there exists a unitary s € B such that sfs* is block diagonal
with two by two blocks.

Proof. Embed the building blocks of type 1 and 3 in C([0, 1], M,,(F)) where
F € {C,H},m € {n, §} respectively and embed the building blocks of type
4 and 5 in C([0,1],m2) ®r My (F)) where F € {R,H},m € {n,§},n(t) =
1 —t. The embedding map is t(f) = f o 3 where 5(t) = €>™. According
to [30, Lemma 2.5], for type 1 and 3 blocks there exists a unitary u €
C([0,1], My, (F)) such that ufu* is diagonal. As in the proof of [30, Lemma
2.5], we can set u = [ey, . . ., 5| where e; are normalized eigenvector functions
(i.e., for each t € [0,1],e;(t) is an eigenvector). Since f(0) = f(1), there
exists a permutation o € Sy, such that A, (;)(0) = A\;(1) and F,(;(0) = Fi(1).
Since Py;(0) = P;(1), we conclude e,(;(0) = e;(1). If f is self-adjoint, then
o = id and hence u belongs to the real building block (type 1 or 3). If f is
unitary then we proceed as follows:

Define p € C([0,1], M;,,(F)) by p(t) = P where P is an elementary per-
mutation matrix (a column-switching transformation) where the permuta-
tion corresponds to o € S,,. It is known that P is a self-adjoint unitary
and Det(P) = (—1)¢ where d is the number of transpositions in the de-
composition of o. For a building block of type 1 (3), there exists a path
of unitaries z € C([0,1],R) ®@r My (C) (2 € C([0,1],R) ®r Mz (H)) that
connects I to P. For example, we can connect I to i/ through the path
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u(t) = I cos(%t) + il sin(%t) and we can connect if to P through the path
ug(t) = il cos(%t) 4+ Psin(Z). Let’s denote the composition of these two
paths by u. If we set s = uz, then s belongs to the real building block (type
1 or 3).

For building blocks of type 4 and 5, we use the fact they are isomorphic
to

{f € C([0,1],C) ®r Mn(R)[£(0), f(1) € Mn(R)}

and

{f € C([0,1],C) @r Mn(R)[£(0), f(1) € Mz (H)},

respectively. If B is a building block of type 4 (5) and f € B is self-adjoint
(unitary or self-adjoint), then the unitary u = [eq, ..., e,] is not necessarily
in the building block because u(0),u(1) may not be in My(R) (M= (H)).
However, since eigenvalues are distinct, there exist unitary diagonal matrices
A1, Ay € My(C) such that Ayu(0), Aou(l) € My(R) (Mz(H)). Let A €
C([0,1], M,,(C)) be a path of unitary diagonal matrices that connects A; to
Ay. Then s = A*u is a unitary in the building block 4 (5) and s diagonalizes
f. If Bis of type 4 and f € B is unitary, the same proof works with the
difference that sfs* is block diagonal instead of diagonal. O

Remark 4.13. If A = C(T,ny), B is a basic building block of a real
ATs-algebra, ¢ and @ are unital *-homomorphisms from A to B such that
they give rise to the same maps from K;(A ®r C) to K1(B ®gr C). Then,

w(Det(¢(go))) = w(Det((g0))) because ¢(go) = (g0 @ 1) and ¢ (go) =
Y (go ®1).

Lemma 4.14. Let A € {C(T,R),C(T,no)} and B be a basic building block
of a real AT j-algebra and let ¢, 1 be unital x-homomorphisms from A to B
such that they give rise to the same maps from

Kl(A)/TOI‘(Kl(A)) — K1<A KR (C) — Kl(A)/TOI‘<K1<A))
to
K1(B)/ Tor(Ky(B)) — K1(B @g C) — Ky(B)/ Tor(K1(B)).

Let <Z~> and z; be their multiplicity-free approzimants on the set of canonical
central generators G = {go, g1, g2} such that

k k
dg) = Oipi and P(g) = Bigi
i=1 =1

are the corresponding spectral decompositions for g € G. Then, there is a
unitary V € B (V € By C if B is of type 4 and ¢(g) is unitary) such that

k k
> i = B
i=1 i=1

IVe(g)V* —b(g)| =
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Proof. (i) Let A= C(T,np):

If B is a building block of type 1, 3, or 5, then there exists a permutation
o € S, for ¢(go) such that 6;(1) = 0(i)(0) where i € {1,...,n}. Since
qg(gg) is multiplicity-free, it follows from [32, Lemma 1.7] that o is a cyclic
permutation of some order my. Moreover, there exists an integer x € Z such
that w(Det(¢(go))) = nx + my (cf. [24, Lemma 2.2]). Similarly, we have
w(Det(¢(go))) = ny + mg where my is the order of a cyclic permutation
1 € Sp. As stated in Remark 4.13, w(Det(¢(g0))) = w(Det(¢(go))) and we
conclude that m; = my or equivalently ¢ = p. By Lemma 4.12, there is a
unitary V' € B with the required property. If B is of type 4, then there is a
unitary V € B ®r C with the required property.

(i) Let A = C(T,R):

If B is a building block of type 1, 3, 4, or 5 and if Z 0;p; and Z Biq; are
i=1 i=1
the spectral decompositions of ¢C(gg) and 1 (go) respectively, then there
exist cyclic permutations o, € Sy, such that 6;(1) = 0,(;y(0) and 3;(1) =
Bu()(0) where i € {1,...,n}. Hence,

$(g1) = Y Re(0:)pi, $(g2) = Y _Tm(0:)pi,
i=1 =1

b(g1) =) Re(Bi)ai, ¥(g2) =Y Im(B)as-
i=1 =1

Therefore, 0 = p. By Lemma 4.12, there is a unitary V € B with the
required properties. [l

Lemma 4.15. Let A € {C(T,R),C(T,n0)} and B be a basic building block
of a real AT j-algebra and let ¢ and v be unital *-homomorphisms from A
to B such that they give rise to the same maps from

Ki(A)/ Tor(K (A)) — K1(A®gr C) — K1(A)/ Tor(K1(A))
to

K1(B)/ Tor(K(B)) — Ki(B ®gr C) — K;(B)/ Tor(K1(B)).
Moreover, let qg and @Z) be their multiplicity-free approrimants on the set of
generators. Let gy be the canonical unitary generator of C(T,C) and let X
be the characteristic function of I = {e>™|t € [I=2, D)), If for every pair

T T

m,n € N with n > 12 there is a finite subset F C C(TU{0},[0,1]) and § >0
such that:

(i) T(X}"(gz;(c(go))) > % forallj=1,...,m and 7 € T(B ®g C),
(i) T(X;i”(qg(c(go))) > 20 forallj=1,...,3n and 7 € T(B ®r C),

(iii) Det(¢C(g0))(z) = A1z" and Det(C(go))(z) = Aoz" for some con-
stants A, Ao € T and r € Z,
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(iv) [T(6%(f(90))) = T(¥C(f(90)))| < 6, f € F and 7 € T(B @ C),
then there is a unitary V € B such that

HV&@V”~M@H§WCf+6)

n

where g € {90, 91,92} is one of the canonical central generators of A.

Proof. Note that ¢ (go) and ¢/C(gg) are well-defined because we can write
Ggo=91R1+¢g2®1, or go = go ® 1 depending on the type of A. By spectral
mapping theorem,

Sp°(6%(91)) = Re(S“(6%(90))), Sp“(6°(92)) = Im(Sp“ (6" (90)))-

We use the notations A} = Re(\;), u} = Re(ui), \? = Im(\;), 12 = Im(p;),
where \; and p; are the eigenfunctions of qg(c(go) and € (go) respectively.

(i) If A= C(T,np) and B is a basic building block of type 1, 3, or 5 then
by Lemma 4.14 there exists a unitary V' € B such that

k k
> Nigi = > padil| -
i=1 i=1

If B is a building block of type 4, then we proceed as in the last paragraph
of [30, Proposition 2.6]. We block digonalize ¢(go) and 1(go) by unitaries
U 3 € B and U& € B taking into account the following:

1V é(90)V* = 1(g0)|| =

1U5U56(90)U3 U5 — 9(g0) | = 1U6(90)U; — Ugh(90) Ul
= [IW(Uz6(90)U} — Ugdh(90)U)W*||
= || diag(A1 — g1,y Ak — i) |

where W is the constant unitary of Lemma 4.7.
(ii) If A = C(T,R), then by Lemma 4.14 and Remark 4.11 for g € {g1, 92}
there exists a unitary V' € B such that

IVé(g)V* —(g)| =

k k
S Ma = wla
=1 =1

where j € {1,2}.

Note that if Det(¢€(go))(2) = A12™, Det(C(go))(2) = A2z" and 71 # ro,
then w(Det(¢C(go))(z) # w(Det(1)C(go))(z) which is a contradiction. Thus,
under our assumption, the continuous function « in condition (3) of [24,
Lemma 2.3] is zero and g = A\, "

In all cases, conditions (i)—(iv) and [24, Lemma 2.3] implies that

28 6
n&—mn3w(+)
m n
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for all 1 <7 < k. Hence,

k k
S Ng =" e

i=1 i=1

<max{[| X — ] :1<i <k}

gmaX{H)\i,ui||:1§i§k}§7r<28+6). 0
m n

Theorem 4.16. For a fized J € {{1},{3,4},{3,5}}, let A and B be di-
rect sums of basic building blocks of a real circle-quotient algebra associated
to a real AT j-algebra (cf. Definition 5.2) and let ¢ and v be unital *-
homomorphisms from A to B giving rise to the same map from the pair
Ko(A) — Ko(A®g C) to the pair Ko(B) — Ko(B ®g C) and from

Ky(A)/ Tor(K;(A)) — K1(A®r C) — K;1(A)/ Tor(K1(A))
to
K(B)/Tor(K(B)) — Ki1(B ®r C) — Ki(B)/ Tor(K1(B)).

If the images of € and YT on the basic building blocks having circle as their
spectrum satisfy the conditions in the hypothesis of Lemma 4.15 and on the
basic building blocks having interval as their spectrum satisfy the conditions
in the hypothesis of [30, Proposition 2.6], then there exists a unitary u € B
such that ¢© and (Ad(u))yC agree to within (2 + &) on the canonical
generators of A®p C.

Proof. This is the analogue of [10, Theorem 4] and its proof follows from
Lemma 4.1, Lemma 4.3, Lemma 4.4, [30, Lemma 2.1], [30, Lemma 2.2], [30,
Lemma 2.3], Lemma 4.15 and [30, Proposition 2.6]. O

Remark 4.17. As it is pointed out on page 129 of [10], the determinant
hypothesis in Lemma 4.15 can be weakened to the requirement that the
images of canonical unitary generator under the two (complexified) maps
have the same determinant.

5. The reduction theorem

Lemma 5.1. Let A = C(X, $) ®r M, (F) and B be a real unital C*-algebra
where F € {R,C,H}, X is a compact Hausdorff space and ¢ is the involutive

homeomorphism of X. If ¢ : A — B is a unital x-homomorphism, then
PY(A) ~ C(FU@(F), p) ®r My(F) where F is a closed subset of X.

Proof. Clearly, ¢¥/(A) ~ A/ Ker(v)) and Ker(¢) as a closed ideal of A is of
the form I ®g M, (F) where

I={f€CX.0)| fir =0} = {f € C(X. D) | fipoier =0}
for some closed subset F' of X. The map
h: (C(X,9)/T) ©r Mn(F) — C(F U (F), §) ©r My (F)
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defined by h([f] ® ¢) = fipog(r) © ¢ is an isomorphism and
A/ Ker(y) =~ (C(X, 9)/1) @r My(F). O

In the above lemma, the space F' is compact but it is not a CW-complex.
Therefore, we need the following definition inspired by [24, Lemma 1.3] to
reduce the problem to so-called good quotients:

Definition 5.2. A real C*-algebra A is called a real circle-quotient algebra
associated to a real ATs-algebra if A = @Tzl Aj, where i € {1,...,6} U
{9,...,16} and A; are of one of the following forms:

C(T,R) ®r My, (C)
A2 = CO(T,R) ®r My, (R)
C(T,R) @g My (H)
C(T,no) @r My, J(R)
A5 = C(T,no) ®r M (H)
A% = C(T,m) ®r Mn]. (R)
A9 n] (C>
A = M, (R)
Al M% (H)
A}? = C([0,1],R) ®r My, (C)
A =C([0,1],R) ®r My, (R)
AP =C([0,1],R) ®r M%J (H)
AJ® = C([0,1],n2) ®r My, (R)
Aj® = C([0,1],m2) ®r Mn; (H)

where () = 1 —t (cf. [30]). If C(T,m) ®r My, (R) is not in the list
of building blocks then A is called a real circle-quotient algebra associated
to a real ATi-algebra. Moreover, A is called a real circle-quotient algebra
associated to a real AT j-algebra if j € J and

J e {{1,9,12},{3,4,10,11,14,15},{3,5,11, 14, 16} }.

Remark 5.3. The functions g5 € C([0,1],R) and g € C([0,1],72) defined
by g5(t) = t and g(t) = i(3 —t) are generators of C([0, 1], R) and C([0, 1], 72)
respectively (cf. [30]).

Lemma 5.4. Let A be a real C*-algebra and 7 : A — B(HF) be a finite-
dimensional representation of A where F € {R,C,H}. Then, 7 is unitarily
equivalent to a direct sum of irreducible representations.
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Proof. For complex C*-algebras, this is proved on page 36 of [8, 2.3.5]. The
proof carries to the real case as well. Note that a nondegenerate represen-
tation is a direct sum of cyclic representations. For Hr = Hg, combine
[20, Proposition 5.8.8, (2)], [20, Proposition 5.2.7, (3)], and [20, Proposition
5.3.7, (3)]. O

Lemma 5.5. Let A be a real commutative C*-algebras and let B = A Qg
M, (F) where F € {R,C,H}. Then, every irreducible representation of B is
unitarily equivalent to m1 ® wo where w1 is an irreducible representation of
A and my is an irreducible representation of M, (F).

Proof. For complex C*-algebras, this is proved in [25, Lemma B.48] and its
proof carries to any real GCR (postliminal) C*-algebra including the real
C*-algebra B. O

Proposition 5.6. Let ¢ : C(X;,1;) @r My, (F;) — C(Xj,1;) @r My, (F;) be
a x-homomorphism, F;, F; € {R,C,H}, X;, X; be compact Hausdorff spaces
and n;,m; be the involutive homeomorphisms of X;, X;, then given

and y € Xj, there exist x1, ...,z € X;, a standard homomorphism (cf. [13,
Definition 3.1]) p : My, (F;) — M (Fj) and a unitary v € F @r M, (F;)
where F € {R,C} and n; > mk such that

(b(f)(y) = Ad(u)(diag(g(xl) ® /A(CL), R >g($k) ® N(a)a 0., 0))

Proof. By Lemma 5.4, the representation
mi=evyo¢: C(Xy,n) @r My, (F;) — FQr M, (F;),

F € {R,C}, is unitarily equivalent to @lem where each 7; is irreducible
(note that some of them may be zero). By Lemma 5.5, each m; is unitarily
equivalent to 7} ® 72 where 7} is an irreducible representation of C(X;,;)
and 7?7 is an irreducible representation of M, (F;). An irreducible represen-
tation of C'(Xj,7;) is a point-evaluation map. By [13, Lemma 3.5, any homo-
morphism (including irreducible representations) from M, (F;) into another
real matrix algebra is unitarily equivalent to a standard homomorphism. In
summary, there exist a unitary u € F ®r M, (F;), F € {R,C}, a standard
homomorphism p : My, (F;) — My, (F;) and points z1,...,z; € X; such
that 7(f) = ¢(f)(y) = Ad(u)(diag(g(z1) ® p(a), ..., g9(zk) @ p(a),0,...,0))
where f = g ® a. Note that there is no incompatibility or inconsistency
issue because nonexistence of the representation 7w implies nonexistence of
the homomorphism ¢. O

Definition 5.7. In Proposition 5.6, the set {z1,...,xx} is called the spec-
trum of ¢(f) at y, and is denoted by Spec(¢(f)(y)). We define the spectrum

of ¢(f) by
Spec(¢(f)) := Uyex; Spec(e(f)(y))-
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Moreover, if A = ®;c1A; where A; and B are of the type defined in Propo-
sition 5.6, ¢ : A — B is a *-homomorphism, and y € X; then

Spec(¢(f)(y)) = Uier Spec(¢'(f)(y))-

Theorem 5.8. For a fizred J € {{1},{3,4},{3,5}}, let A ~ 1131(147;,@,1-“)
be a simple unital infinite-dimensional real AT j-algebra. Then,

(i) A is also the direct limit of a sequence of real circle-quotient algebras
associated to the real AT j-algebra A with unital injective connecting
maps.

(ii) The above inductive sequence with injective connecting maps can be
perturbed so that its complexification satisfies the uniformly varying
determinant property (preserving the injectivity and agreeing with
the above sequence approximately at the level of traces):

Det (4741 (90))(2) = Az*

for all i where X\ € T, k € Z are constants, and go(z) = z is the

generator of C(T,C) and Det(gbgﬂ(gg,))(t) = c where c € R is a

constant and gs(t) =t is the generator of C([0,1],C). Moreover, A
1s also the direct limit of this new inductive system.

Proof. (i) We divide the proof into three steps:

Step 1. Let I} C Ker(¢1,2) be an ideal of Ay such that the spectrum of I
is a union of finitely many arc-segments and points. If we define

Yro: A1 7 A/ 2, A/ Ker(p12) 25 Ay

where 71, 81 are the unital surjective canonical homomorphisms and ~; is

the canonical unital injective homomorphism, then 112 = ¢12. Next, we
define

Pag: As 75 Ag/Iy N Ay/ Ker(daz) 22 As
and
OéLQ . Al/Il M AQ/IQ.

Therefore, we have the following intertwining diagram:

A0 g A
Y1081
T ™2
1,2 2.3
Al/Il AQ/IQ ......... A

Hence, A = lim(B;, v i+1) where B; = A;/I; are real circle-quotient alge-
%

bras.
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Step 2. If there exits an Bf in B; = 6921:135 such that spectrum of Bﬁ is T
and oaé}oo is injective, then we leave it untouched. However, if there exists an

Bg in B; = EBZLZIB;I€ such that spectrum of Bg is T and agﬂ. 41 is not injective,

then we choose an ideal I; C Ker(az’i_s_l) such that Bg/Ij is a direct sum
of blocks with spectrum the interval or point. Define D; by replacing sz
in B; with Bf/Ij and ozg,l-Jrl in a; 41 with v; o 8;. Therefore, we have the
following intertwining diagram:

1,2 @23

By By ———......... A

Al,2 A2 3
Dy Dy —— . ........

A

Hence, A = lim(D;, A; i+1) where the maps \; ;41 are injective on the sum-
*)

mands with spectrum the circle.

Step 3. In this step, all the partial maps on the summands with spec-
trum the circle or point are injective where the former is the consequence of
Step 2 and the latter is the consequence of the simplicity of matrix algebras.
Suppose that D7 is an interval building block summand of D; and that

)\]1700 = Al,oo‘D]. is not injective. Let U, denote the spectrum of Ker(A{’n)
1 .

and U the spectrum of Ker()\]lyoo) identified in the canonical way as open
subsets of the spectrum of D{ . Then, we have U, C Uy, for all n, and
U = Up2 Uy Let K denote the spectrum of X{  identified as a closed sub-
set of the spectrum in the canonical way, i.e., K is the compliment of U.
Choose a summable sequence {d,} of positive real numbers. Choose a finite
set Ji,...,J; of pairwise disjoint closed subintervals of the spectrum of Df
with the following properties:

(1) The endpoints of the J;’s are in U.

(2) The compliment of J; U Jy U --- U J; is contained in U. Denote this
compliment by V.

(3) The set V is invariant under the involution.

(4) The set K which by (2) is contained in the union of the J’s, is
01-dense in this union.

It follows that the closure of V is contained in U. Since the closure of V is a
compact set, it follows that for some m, we have this closure being contained
in Up,, and consequently V' is contained in Uy,. Let Iy, denote the involution
invariant ideal of DJ corresponding to the open set V. We then have that
D{ /Iy is a finite direct sum of interval algebras, having spectra the J;’s.
Furthermore, the map A{m factors through this quotient in the canonical
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way: D{ — D{ /Iv — D,,. Now, we do this for each interval summand of
D7 (possibly having to increase m). We get a new circle quotient algebra C
and maps m : D1 — C7 and ¢ : C1 — D,, with the following properties:

(1) C1 has the same circle summands as Dy, and the map 77 is just the
identity on all of the circle summands.

(2) ¢1 oM = )\1,m-

(3) For each interval summand, C, the spectrum of A\, o © Y1 18 01-
dense in the spectrum of C}, when these latter spectra are identified
with the J’s.

Now, we relabel D,, with Dy, and proceed to find Cs, me, and 1) in the
same way with do. Therefore, we have the following intertwining diagram:

where the D,, all have the same maps into the limit as they did before. Thus,
all of the partial maps involving circle type summands are injective. Fur-
thermore, passing to the subsequence of the C’s, we have that the spectrum
of the image in the limit is §,,-dense in each interval type summand. In the
new inductive system, suppose C7 is an interval type summand of C, and
let g5 be the central generator of C5. Then, x12(gs) is a self-adjoint (skew-
adjoint) element of Cy whose spectrum is contained in the appropriate J,
and, since it gets mapped to the image of the same old A3 . in the new sys-
tem, its spectrum is d1-dense in this J. Thus it may be perturbed to a new
generator, commuting with the matrix units of the image of x1 2(C7) having
the whole of J as spectrum, and being still within some fixed multiple of §
away from x12(gs). This defines a new partial map from CY into Cs, which
we may assume takes the unit of C to the same projection of C as the old
one, is injective, and agrees with the old map to within some fixed multiple
of 1 on the generators. Define a map p12 : C1 — C3 to be these new maps
on the interval type summands of C1, and equal to x1,2 on the circle type
summands. Then pq 2 is injective, and agrees approximately on generators
with X1,2-
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Now, we have a new inductive system {Cj, y1; 41} with injective connect-
ing maps and the following approximately intertwining diagram:

4 Cy — 12 A
id id
o — X2 Lo, X0 A

(ii) Note that injectivity of ¢ implies injectivity of the complexification
map ¢C := ¢ ® id. We can perturb the injective maps such that their
image on the set of canonical central generators has distinct eigenfuncions
and this perturbation has no adverse effect on Ky-groups, Ki-groups of
complexification, traces and injectivity of maps. It suffices to consider the
center of a single building block in the source algebra which we denote it by
A and a single building block in the target algebra which we denote it by B.

(1) If A= C(T,R) and B = C(T,R) ®g M,(C), then

¢%(g0) = B(g1) © 1+ d(ga) @ i
and by spectral decomposition:

- 90 + 95 (90— 9
S AOR0) = o a0 = o (258 ) 0 +io (255 ) )

= ¢(g1)(t) +1id(g2)(t)
=> Re(AN)(H)P(t) +i Y Im(N) () Pi(t).
=1 i=1

D c Dy T
Let a = % = e27™F where F € C([0,1],R) and k =

w(Det(¢%(go))) so that winding number of o becomes zero. Let v
be the involutive *-antiautomorphism of B ®g C such that

(B ®r (C)?!J =B

and 1 be its extension to its ambient interval algebra. Pick an eigen-
function \;(t) = e?™%i) € Sp(¢C(go)(t)) where G; € C([0,1],R)
and perturb it as follows:

Hg) (1) = 5 | S RO P(E) + DR I(P()
| i

+ 3 [Re(a)) ()P (1) + P(Re(a;))(1)3(F3) ()]

Bg2)(t) = 5 | > Im(N) () Pi(t) + P (Im(N;) (1) () (1)
[ i#i
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[Tm(ady) (8) 5 (1) + 4 (Tm(ad;)) (8 (P5) (¢)-

w\»—u

Hence,

Det (6% (g0)) { IT A ] Aj(z) = Det(¢"(go))(1)z".

i=1,i#7]

(2) If A= C(T,R) and B = C(T,R) ®r Mz (H), then we have double
degeneracy. Let ¥ be the involutive x-antiautomorphism of B ®r C
such that (B ®gr C)y, = B. Since winding number of a (o is de-
fined in case (1)) is zero, the fractional powers of « exist (here, we
set @* = a). On the other hand, one can check that 1; permutes
the eigenprojections (cf. Remark 4.8), i.e., ¥(P}) = P, ;) for some
permutation o where P; is an eigenprojection in the spectral decom-
position. We can consider the following perturbations:

Mo =5 D ReQIOPM) + IR
iQ{jZU( )01}

+ 5 Re(@A)(0)(P(1) + 3(P3) (1)
+ 5 Re(@h0)) (0P (1) + B(Paiy) (1)

- ;RG(CY)\Z)( t)(Fi(t) + $(F) (1))

+ 5 Re(@) ()P () + 9P (1)
where Re(\;) = Re()\;) due to the double degeneracy.
Mo =1 | S mOIOEM +HE))
i#{3lo(d),0()}
5 Im(@) (O (B0 + 9P (1)

3 (@0 (1) (Pagy (8) + D Pos) (1)

5 Tm@N)(O(PE) + H(7) (1)
(@) (1) Py () + 9 o)) (1)

(A\;) due to the double degeneracy. Hence,

+

I
2
where Im()\;) = Im

n

Det(¢%(g0))(2) = ! 11 Az‘(z)] (@(2))* X5 (2) Ao () (2)M(2) Aoty (2)
iZ{j,l,o(5),0()}
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— Det(¢%(g0)) (1) 2.

(3) If A = C(T,R) and B = C(T,n) ®r M,(R), and 1 is the invo-

¢<gl><t>§{ S° Re(W)(OP(E) + H(Re(A) ()G (P)(¢)

lutive x-antiautomorphism of B ®r C such that (B ®r C)y = B,
then ¢(P;) = P,;) for some permutation o where P; is an eigen-

projection in the spectral decomposition. According to the diagram
of Ki-triples, the map ¢* : Ki(A @g C) — K;(B ®g C) is zero.

. . C
Therefore, w(Det(¢%(g0))) = 0 implying that a = % and

a(z) = a(z). Since winding number of « is zero, the fractional pow-
ers of a exist (here, we set &> = ). We can consider the following
perturbations (cf. Remark 4.8):

iZ{5,0(3)}
+ 3 Re(@A)(1)P;(1) + 5 D(Re(aA) (115 (P) (1)

£ 3 Re(@h()) (1) Py (8) + 35 (Re(@Ao0))(9(Po) 1)

¢<92><t>§{ ) Imw)(tm(t)w(lmu@-))(twm)(t)}

iZ{j,0(5)}
5 TP (1) + S d(m (@A) (1)) (1)

+ %Im(d/\a(j))(t)P o) () + ¢(Im(a%(g)))( YO (Poi))(1)-

[\DM—t

Hence,

Det (6% (g0)) [ H Ad( ] (@(2))2X(2)Ag (5 (2) = Det(¢" (g0)) (1)

iZ{j,o(4)}

(4) If A = C(T,R) and B = C(T,no) ®r Mz (H), and ¢ is the invo-

lutive x-antiautomorphism of B ®r C such that (B ®r C)y = B,
then 1[1(]3]) = P,(;) for some permutation o where P; is an eigen-
projection in the spectral decomposition. According to the diagram
of Kj-triples, the map ¢* : Ki(A ®r C) — Ki(B ®g C) is zero.

. . e C
Therefore, w(Det(¢%(go))) = 0 implying that o = % and

a(Z) = a(z). Since winding number of « is zero, the fractional pow-
ers of a exist (here, we set @* = ). We can consider the following
perturbations (cf. Remark 4.8):

n

1

Slgn(t) = 5 > Re(N)(OPi(t) + P(Re(M\)) (B)P(P)(2)

i#{jLo(),o()}



SIMPLE REAL AT ;-ALGEBRAS 1429

w\»—u

+ 5 Re@) (OB 1) + S D(Re(@X) (1) (P)()
+ %Re(d)‘a(j))( ) Py (t) + 51/7(Re(07>\a(j)))(t)qz(Pa(j))(t)
§w<Re<aAl>><t>¢?<m<t>

+ = Re(a)(t)P(t) +
Re(aAq (1)) (1) Poy (1) + §¢(Re(d>\a(1)))(t)lz(Pa(Z))(t)

—_

+

N~ N~

+ S (Tm(@\;)) ()3 (Py)(t)
Im (@A, () () Py (£) + §¢(Im(d)‘a(j)))(t)lz(Pcr(j))(t)
(@A) (1 AL) + 6 (Im(@A) (F(R) (1)

Im(d)‘a(l))(t)Po'(l) (t) —+ %@(Im(&)‘a(l)»(t)Q;(Pa(lﬂ(t)

+ 4+ o+
l\D\l—‘[\D\l—‘l\ﬁM—‘[\')\H

_l’_

Hence,

n

Det(¢(g0))(2) = [ I1 Az'(’z)] (@(2))"A (2)A0(5) ()N (2) A0 (2)
ig{5lo(d),e(D)}

= Det(¢%(90))(1).

(5) If A = C(T,n) and B = C(T,R) ®g M,,(C), then consider the
following perturbation:

a(z)\j(2)Pj(z).

= { > Ni(2)Pi(z)

i=1,i#]

(6) If A = C(T,n) and B = C(T,R) ®r Mz (H), then eigenfunctions
appear as conjugate pairs and the determinant is automatically con-
stant.

(7) It A=C(T,no) and B = C(T,no) @r M, (R), and ¢ is the involutive
s-antiautomorphism of B ®@r C such that (B ®gr C);, = B, then
@(Pj) = P, ;) for some permutation o where P; is an eigenprojection
in the spectral decomposition. Since winding number of o (« is
defined in case (1)) is zero, the fractional powers of « exist (here, we
set @(z)* = a(z)@(z)). We can consider the following perturbation
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(cf. Remark 4.8):

Mo =3 | D NOPG) + SR)WHE)E
i#{j,0(5)}

@) OF ) + SH@ER) )

Hence,

Det(6%(g0))(2) = | TI M) | (@=)*N(2)he()(2) = 2"
iZ{j,0(4)}
(8) If A = C(T,no) and B = C(T,no) ®r M= (H), then we proceed
similar to case (7) taking into account the double degeneracy.

If A is the center of a basic building block of a real Al-algebra and B is
a basic building block of a real Al-algebra (the map from A to B must be
allowable, see the definition of circle-quotient algebra associated to a real

AT j-algebra, Definition 5.2), then we can proceed similar to the above (a
n

case by case argument). If Z AjP; is the spectral decomposition of #%(gs)
j=1

i
o) =3 (5-)

The other cases, i.e., when A is a basic building block of a real AF-
algebra or A is the center of a basic building block of a real Al-algebra (real
AT j-algebra) and B is a basic building block of a real AT j-algebra (real
Al-algebra, real AF-algebra), can be handled similarly (note that the map
from A to B must be allowable, see the definition of circle-quotient algebra
associated to a real AT j-algebra, Definition 5.2).

The above perturbation has the following properties:

then

(I) It has no effect on Ky-groups because it changes the eigenfunctions
and not the eigenprojections.
(IT) Since w(a) = w(@&) = 0, it has no effect on the induced map from
Kl(A QR (C) to KI(B Rr (C)
(ITI) The perturbed sequence agrees approximately at the level of traces
of the complexification (cf. [10, Theorem 6]).

Moreover, A is also the direct limit of this new inductive system because
the approximate intertwining argument used in [10, Theorem 6] is exactly
applicable to the diagram of complexifications and the maps constructed
there are all real C*-algebra maps preserving the real structures (of course,
we are dealing with different generators but the key point is the relationship
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of other generators (g;, i = 1,...,4) with the unitary generator go). The
only significant change is the replacement of Theorem 4 in that proof with
Theorem 4.16. O

6. Approximate divisibility

Definition 6.1 ([4]). A C*-algebra A is said to be approximately divisible
if for any finite subset F' C A, any € > 0 and any integer N > 0 there is a
finite-dimensional sub-C*-algebra Ay C A and a finite subset Fy C A such
that Fy commutes with Ao, F C. Fy (i.e., for any f € F, dist(f, Fo) < €)
and each simple direct summand of Ag is of order at least V.

Theorem 6.2. Let A be a simple unital infinite-dimensional real AT ;-
algebra. It follows that A is approximately divisible.

Proof. By Theorem 5.8, A ~ lim(A,,, ¢ n+1) where each ¢, 41 is injective
%

and unital, and each A, is a real circle-quotient algebra (associated to the
real AT j-algebra A). We do not discuss the summands that involve basic
building blocks of real interval algebras as the argument for these building
blocks is not different from what is discussed in [30, Proposition 3.6], see
also [10, Theorem 2]. We need to prove that for each n € N, each N €
N, each finite set FF C A, and each ¢ > 0 there exists m > n and a *-
homomorphism ¢ : A, — A, such that ¢, m(f) — ¥(f)|| < efor f e F
where ¢, m = Om—1,mOPm—2,m—10"-0Pn n+1, and a unital finite-dimensional
C*-subalgebra H of A, N (¢(Ay))" such that each summand of H has order
at least N.

It suffices to consider A,, to be the center of a single basic building block
(i.e., a basic building block of a real AT j-algebra). Simplicity of the limit to-
gether with injectivity of the connecting maps gives the approximate density
of the eigenvalues in the primitive ideal space of the source algebra. In the
complex case, this is proved in [7, Proposition 2.1]. We sketch the proof here
to affirm its validity for real C*-algebras. Let Bs(z) C Prim(A,,) be open and
nonempty. Take any f € A,, with ) # supp(f) C Bs(z). Assume that for any
m > n there exists y,, € Prim(A4,,) such that Spec(¢n,m(f)(ym)) is not J-
dense in Prim(A4,,). In other words, Spec(¢nm (f)(ym))NBs(z) = 0 or equiv-
alently ¢ m(f)(ym) = 0. Hence, I, = {bnm(f) € Am | Snm(f)(ym) = 0}
is a nontrivial proper closed two-sided ideal of A,, (it is nontrivial because
[ # 0 implies ¢, m(f) # 0 by injectivity). Set J = (J;2, Iy,, then J is a
nontrivial proper closed two-sided ideal of A because if J is not proper then
14 € J which implies 14, € I, at some finite stage.

Once we established d-density, we no longer need injectivity of connecting
maps and we can define the map ¢ : A, — A%, by ¢ := 7 0 ¢y, Where 7,
is the projection map and A}, = C(T,n;) ®r M,,(F), n; = id, F € {C,H}
or nj =mno, F € {R,H}, is a single basic building block of A,,.
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If p is an eigenprojection for the map ¢/ : A, — A}, of multiplicity #,
then, as in the complex case, we may find a subalgebra of A7, isomorphic to
My (R) and commuting with the image ¢/ (A4,,) by taking as matrix units k
trivial projections whose sum is p, and partial isometries implementing the
equivalences.

We divide the proof into two cases (by K1, we mean the K; of the com-

plexification):

(i) Ap =C(T,n):

Case 1. We approximate ¢(go) by ¢(go) with distinct eigenfunctions
such that this approximation does not change the Ki-class. If the
Ki-class of the ¢(gg) or equivalently w(Det(¢(go))) is a multiple of
the rank of the unit of the target algebra, then the coalescing process
produces eigenfunctions with large multiplicity, i.e., we can repeat
each one at least N times (eigenfunctions are 2/Nd-dense) and this

perturbation will not change w(Det(¢(go))) or equivalently the K-

class.
If <z~5(g0) does not belong to a type 4 building block, then we can
consider its diagonalization ¢(go) = udiag(A1, ..., Ay, )u* and define

w(g()) = Udiag(:ul ® Illv ces U@ Ilk)U*

where pu; are the perturbed eigenfunctions and [; > N | and ¢(A,)
commutes with a finite-dimensional sub-C*-algebra

k
H = M, (R)
=1

ofAi,l.
Since ||p; — As|]] < 2N0 where i =1,...,k, s =1,...,n;,

14(g90) — ¢(g0)]|
= |ludiag(p @ Iy, . . ., g @ Iy Ju™ — udiag(Ay, . .., A, )u’||

< max{||ui — As||} < 2N6 < %

Hence,

6(90) = w(g0)ll < l18(g0) = #(g0) | + l¥(g0) — Slo)ll < 5 + 5 =e.

If q@(go) belongs to a type 4 building block A,,, then we can pro-
ceed as in [30, Proposition 3.6], i.e., instead of diagonalizing gg(go)
which may not be in A,, anymore, we perturb it such that the di-
mension of each of its eigenprojections P; is at least N and we then
cut it by the projections of the form (P; + P;) € A, (if a is an invo-
lutive x-antiautomorphism of A,, ®r C such that (A4,, ®r C)q = 4,
then P; = a(F)).
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Case 2. If K;-class of the image of the canonical central generator is
not a multiple of n;, then we can reduce this case to Case 1 through a
procedure called ”eigenvalue crossover”. The eigenvalue crossover is
explained on pages 101-107 of [10]. The difference with the complex
case is that we can now have two types of eigenfunctions: those
that satisfy &(\;) = A; and those that do not, but they undergo a
permutation such that &()\;) = A; for some j # i. Nevertheless, this
issue can be resolved as follows:
Let m: A — B be a map of the form

7(f) =D FoXPi+) (foyQj+ [o(PpoyoPa)Pp(Q;))
i j

where the P; have even multiplicity, and {P;, Q;, ¢p(Q;)} is a pair-
wise orthogonal system. Form a (not necessarily real) homomor-
phism m; as follows. First split each P; into two equivalent subpro-
jections P; = pi1 @ p?, and take the first one from each pair. Then
take one projection from each Q;, p(Q;) pair. Take as m; the cut
down of m by the sum of the selected projections. We then have
T = w1 @ my, were mo is completely determined by 7. Now use El-
liott’s method on 7 to get a new 7} with all eigenvalues having a
certain multiplicity, and use the correspondence to do exactly the
matching perturbation to 7, so that 7} @ 7} is real. Notice that the
eigenvalue density of w9 is exactly the same as that of .

We provide a sketch of the “eigenvalue crossover” process for the
sake of completeness. Let w(Det(¢(go))) = pnj + ¢ and r = [3]
where p,q € Z, |q| < %, and choose n; large enough, i.e., n; > 16.
Divide Sp®(¢(go)) into three subsets where each of them is strictly
%—dense in T; namely

Gl = {Al, ceey )\|q|_;'_7,}7
Gy = {/\|qH—r+17 s 7)‘\q|+27“}7
Gs = {/\|q\+2r+la R )\nj}

First, cross over each element of G's with Ajgjq2,, Ajgl42r—15 -+ > A2r 41
of G5 (and possibly G depending on |g|). Next, cross over

)‘|q|+2rv )‘\q|+2r—1a s >\27"+1

with the remaining 2r elements of Gy and GG;. We always cross over
with the closest eigenvalue to G3 (by relabeling as necessary) in the
clockwise direction. In other words, we consider the sub-algebras
Mg (F), M;(F) and M,,, g —2,(F) of M,,(F) and inside of each
sub-algebra the Kj-class of the image of the canonical generators
(namely, p + sign(q), p — sign(q) and p respectively) is a multiple
of the rank of the unit of that sub-algebra and consequently we are
back to Case 1.
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(ii) Ap, = C(T,R): In this case, it is sufficient to repeat the above ar-
gument for ¢€(go). We consider ¢C(go) = ¢(g91) @ 1 + ¢(g2) ®i. As
above, we have two cases, for Case 1 we perturb both Re();) and
Im(A;). For Case 2, we perturb the functions F; € C([0,1],R) in
;i = €2™Fi such that we have the appropriate coalescing of \; with
other eigenfunctions of ¢ (gp). O

7. The classification theorem

Theorem 7.1. For a fized J € {{1},{3,4},{3,5}}, let A ~ li_I>n(An,d)n’n+1)
and B ~ li_I}l(Bn,%,nJrl) be simple unital real infinite-dimensional AT ;-

algebras. Suppose the following diagrams commute

(Ko(A), [1a]) — (Ko(A @r C), [Lagyc]) — (Ko(A ®p H)/ Tor (Ko(A @ H)), [Lagym))

h t hg

(Ko(B), [18]) = (Ko(B ®x C), [1axc]) —— (Ko(B @r H)/ Tor(Ko(B @ H)), [1 e,H])

ho

CA TA

K1 (A)/ Tor(K; (A)) K1(A®g C) K1(A)/ Tor(K:1(A))
ha h¢ hq
K1(B)/ Tor(Ky(B)) —2~ K{(B @ C) — 2~ K1 (B)/ Tor(K;(B))

Ko(A @ C) 2~ A(T(A @g C))
ihg lM
Ko(B ®g C) 22~ Aff(T(B ®g C))

where the maps hy, hg, hgﬂ are positive order unit preserving group iSOmor-
phisms,

hi : K1(A)/ Tor(K1(A)) — K1(B)/ Tor(K1(B)),
hY K (A g C) — K (B ®g C),

are group isomorphisms, ¢r : T(B ®r C) — T(A ®r C) is a continuous

affine isomorphism and ¢Tdp = ¢%or.
Then, there exists a *-isomorphism ¢ : A — B giving rise to the maps
hOahga h](l)-H7 h17 h(g; and ¢T'

Proof. For each i, let qu, ng, Ef4, EfB be the followings triples respectively:
(Ko(Ai), [14,]) — (Ko(Ai ®r C), [14,85c]) (Ko(A: @r H)/ Tor(Ko

|

(AZ ®RrR H))? [1A¢®RH])
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(Ko(Bi), [14]) (Ko(Bi ®@r C), [15,exc])

|

(Ko(B; ®r H)/ Tor(Ko(B; ®@r H)), [1,2pm])

K1(A)/ Tor(K1(A)) — K1 (A ®g C) — Ki(A)/ Tor(K1(A))

K,(B)/ Tor(K (B)) = K1(B ®r C) — K1(B)/ Tor(K1(B))

The diagrams in the statement of the theorem induce the following three
diagrams. The argument in sections 5.1.1-5.1.3 of [10] applies directly to the
current situation (this step is the analogue of [30, Lemma 5.1]).

DY Dy ——— . ... Dy

Dk Dy ———— ... Dp

E} Ef— E4

E} B ———— ... Ep
Aff(T(A; ®g C)) AfF(T(Ay @ C)) —————......... Aff(T(A ®g C))
Af(T(B; ®r C)) AF(T(By g C)) ————......... Aff(T(B ®g C))

where the first two diagrams are commutative and the third diagram is ap-
proximately commutative and the three diagrams giving rise to the diagrams
in the statement of the theorem. Furthermore, exactly as in [10], since the
limit algebra is simple, we may assume, by passing to subsequences if nec-
essary, that the condition in the existence theorem (Theorem 3.11) on the
K groups associated to ideals of Ky is met.

In applying the existence theorem, we use approximate divisibility and by
passing to subsequences and relabeling, we get the following diagram such
that the induced diagrams at the level of K-groups commute and at the level
of affine function spaces approximately commute. The argument in sections
5.1.4-5.1.7 of [10] applies directly to the current situation (this step is the
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analogue of [30, Lemma 5.2]).
Ay Ag——— .

By By ———.........

By reduction theorem, we can write A and B as the inductive limit of
direct sums of real circle-quotient algebras with injective connecting maps
satisfying the uniformly varying determinant property at the level of com-
plexification.

The above diagram is not approximately commutative, by the unique-
ness theorem and passing to subsequences and relabeling we however get
the following approximately commutative diagram which is commuting at
the level of K-groups and approximately commuting at the level of affine
function spaces and satisfying the necessary compatibility conditions. The
argument in sections 5.2.1-5.2.4 of [10] applies directly to the current situa-
tion (this step is the analogue of [30, Theorem 5.3.]).

Ay Ag ———— .. A O
B, By —m— . ..., B
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