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SOLITON TYPE ASYMPTOTIC SOLUTIONS
OF THE CONSERVED PHASE FIELD SYSTEM

G.A. OMELYANOV, V.G. DaniLov and E.V. RADKEVICH

Abstract: We consider the conserved phase field system with a small parameter
in the n-dimensional case (n < 3). The soliton type solution describes the first stage of
separation in an alloy, when a set of “superheated liquid” appears inside the “solid” part.
The corresponding Hugoniot type condition is obtained and the asymptotic solution is
justified.

1 — Introduction
The aim of this paper is to consider the metastable processes of solidification.

We shall consider the conserved phase field system (the non-isothermal Cahn—
Hilliard system), proposed by G. Caginalp [5]

B l
(1) 675(9+290)=kA0+f(x,t)7 (z,1) €@,
—mg‘f=£2A(£2A¢+21a(s0—903)+ﬂ19) '

Here Q@ = Q x (0,7), Q@ C R"™ is a bounded domain with smooth (C*)
boundary 09, n < 3, T < oo; A is the Laplace operator; 6 is the normalized
temperature; ¢ is the order function (that is, the values ¢ = 1 and ¢ = —1
outside the free boundary correspond to the pure phases); [ > 0, k > 0, k1 are
constants; f(z,t) is a certain smooth functions (in [5] f = 0); 7o > 0, £ > 0, and
a > 0 are parameters.

The physical meaning of 79, £, a, and of the whole model (1) for the phase
transitions was discussed in the papers by G. Caginalp [5, 6] and by A. Novick—
Cohen [17]. H. Alt and I. Pawlow [1] proposed general models for non-isothermal
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phase transitions with a conserved order function. Nevertheless, the simplest
model by G. Caginalp is of independent interest since it qualitatively describes
the actual physical processes in a binary alloy; the solutions of system (1) can be
analysed by mathematical methods.

We shall study the structure of the solution of system (1) and analyze how
to pass to the limit from the microscopic description (1) to the macroscopic
description. It is well-known that we can pass to the limit as a — 0 and £ — 0,
and that the form of the limiting problem depends on the relations between the
parameters a, £ and 7y (here we have the situations in which either 79 = const or
70 — 0). We restrict our consideration to the case

akl, §(x1, §a_1/2:const, Top = const .
Let us introduce a small parameter € — 0 and set
(2) a=¢/2, E=+e, To=#kK, K=const>0.

For simplicity, we also assume that £k = 1 and [ = 2. Completing (1) with natural
initial and boundary conditions, we obtain our basic mathematical model

g(9+90) = A0 + f(a,t),

ot

_ﬁ@i = A2 Ap+p— > +r1e6),
(3) ot

H‘t:() = 00(':678) ) @’t:() = SOO($7€) )

oo dy 0

aNle =0 Nl 0 aneel T

Here N is the external normal to the boundary 092 and ¥ = [0, 7] x 0.
Precisely as the solution of the Cahn—Hilliard equation (the second equation
in (3) with # = const), the solution of the conserved phase field system (3) is very
complicated, since its behavior varies depending on different stages of the phase
separation process in binary alloys. (For example, the solution is of the oscillating
type [15, 16] or of the Van der Waals tanh-type [4-6, 20-22, 25]). These stages
are called stable, unstable, and metastable [15, 16]. They correspond to the cases:
@Zlorcﬁg—1,and—l/\/gggégl/\/g,and—1<cﬁ<—1/\/§or1/\/§<
@ < 1 respectively. Here and below f(z) = w—ii_r)r(l) f(x,¢) denotes the weak limit
in the D’ sense. The numbers 41 correspond to the zero points of the equilibrium
chemical potential W'(¢) = ¢ — ¢3. The numbers +1/1/3 correspond to local
maxima/minima of W’. At present, the solution to problem (3) with arbitrary
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initial data can be analyzed in detail only by numerical methods. However, by
setting some special initial data, one can select and thoroughly study a certain
type of solutions.

Naturally, solutions corresponding to experimentally observed processes must
be stable at each stage, i.e., theses processes must not vary much during some
time. We shall study possible stable structures of solutions by using asymptotic
methods. Functions of the form

4)  6M(z,t,e) = ZsVS/sxt) oM (z,t,e) = Zs@S/sxt)

will be called a self-similar (formal) asymptotic up to O(eM*1) solution of system
(3). Here S = S(z,t) € C*™(Q), ®;(n,z,t), and Vj(n, x,t) are smooth functions
uniformly bounded in R}7 X @) together with their derivatives; the nonnegative
numbers K; = K;j(M), j = 1,2, are such that for any number M > 0 the
substitution of the functions 6, o™ into (3) gives a discrepancy O(eM+1)
the right-hand side of (3), here O(-) is a bound in the sense of C’(R}] X Q).
The possible types of stable asymptotic solutions differ by the form of depen-
dence on the fast variable n = S/e. As is easy to see, there is a finite number of
types for (3). To this end, we substitute 8™, o into the Cahn-Hilliard equation

and set the coefficient at €72 equal to zero. We obtain the equation

on

(5) o (|v5|2 P | g1 — @g)) ~0.

Integrating with respect to n, we obtain

8@0

(6) \VSP +®o(1—®3) =C+Cin,

where the “constants” of integration C' = C(x,t) and C; = Cy(z,t) are smooth
functions. The assumption that the function ®¢ is uniformly bounded implies the
equality C; = 0. Thus, we have obtained an autonomic second-order equation,
namely, the Newton equation. For this equation we can list all possible types of
solutions. Multiplying this equation by 0®y/0n and integrating with respect to
7, we obtain

(1) VS| 3‘1’0 — V3B - U(®,C)

where E = E(x,t) is the second “constant” of integration, and

1 1
U(®o,C) = W(®o) = Cd,  W(Po) =3 o2 — 1 P .
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Obviously, this equation has real solution if and only if £ > U. Figure 1 shows
the potential U(®g,C) is plotted in the case C' < 0 (for C' > 0 the hump on the
left is higher than the crest on the right and for C' = 0 the potential U(®g,0) is

an even function of ®g).
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We denote the maximal values of the potential by Uy and Uy, Uy < U;
(Uo = Ul(po,C) and U; = U(®F,C), where ¢o and &7 are the minimal and
maximal roots of the equation ®3 — @y + C' = 0, respectively). We assume that
Uy = U(®§,C), where ®f is the point at which U takes its local minimum.

Obviously, if E > Uy, the equation for ®g has no solutions with compact range,
which means that the corresponding mechanical system has no finite motions.

If E € (Uy, Uy) (see Fig. 1), &g has a compact range such that U(®y,C) < E.
Hence, to each such value of E there corresponds a periodic solution ®¢(n, x,t)
(see also [15-17]). Finally, for E = Uy the point ¢¢ at which U = U is an
isolated solution of the equation for ®(y and, under the condition %| Bo=; #0
(i.e., C # 0), the point ®; such that U(®,,C) = Up and &, # o is a turning
point and the corresponding solution is shown in Fig. 2.
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It is easy to see that as |n| — oo this solution exponentially tends to ¢g. This
solution will be called a soliton-type solution. Finally, if C' = 0, then Uy = U; and
®g = P is also an isolated solution. In this case, the solution ®( is a separatrix
and the explicit expression for this solution is well-known: ®o = tanh(n/v/2|VS|),
i.e., g is the Van der Waals tanh solution.

The physical setting of our problem is the following: to simplify the problem
we assume that the initial concentration ¢%(x) € (1/v/3,1) for all x € Q. The
set, of such points with concentration will be called “solid”. At first sight, since
the interval (1/4/3,1) belongs to the domain of attraction to the point iy =1,
the concentration would seem to increase and tend to gogl. But it is impossible
to obtain the situation in which ¢(z,t) = gqu at each point of €, since the global
mass m(p),

mie) = [ pda,

conserves in time and m(¢®) < |Q]. Thus, one must assume the appearance
of subdomains QF such that @ € (1/v/3,1] as € Q and ¢ € [-1,-1//3)
as x € €, . After that, the next stage of the solidification starts at which the
subdomains Qfﬁ transform. The soliton type asymptotic solution, constructed in
the present paper, describes the first stage at which the “liquid” part €2, appears
inside the “solid” part, but the volume of €, is still small enough (note that the
domains Qfﬁ are fulfilled by a substance that, in fact, is not solid or liquid).

The Van der Waals type asymptotic solution [21] describes the motion of Qfﬁ
when the volumes of Qi are not small. Our construction allows us as well to show
that the temperature remains a smooth function (in the leading term with respect
to €) during these processes. Therefore, the solidification process, described by
the conserved phase field system (3), differs, in principle, from the dynamics of
“solid” / “liquid”, described by both the phase field model and by (1) for small
relaxation time 7y [20].

Actually, according to the phase field model and to (1) for 79 ~ £, the temper-
ature has a weak discontinuity on the free interface, whereas, according to model
(3), the temperature is almost the same on the “solid” and “liquid” domains (for
both |Q; | < 1 and |, | ~ const). So we can say that the appearing set §2; is a
domain of “superheated liquid”. We shall consider only the case ¢° € (1/v/3,1].
Nevertheless, it is clear that our construction also allows us to describe the similar
processes in the case @0 € [—1,—1/V/3).

The multidimensional Cahn—Hilliard equation with a small parameter was
considered by B. Stoth [25] (in the spherical case) and by R.L. Pego [22]. The
conserved phase field system (1) was considered by G. Caginalp [5, 6] and by
G. Omel’yanov [20,21].
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Here we use the method for constructing asymptotic solutions, which is a
modification of the two-scale method for obtaining solutions with localized “fast”
variation. It was developed by V. Maslov, V. Tsupin, G. Omel’yanov, V. Danilov,
and K. Volosov [11-14] for constructing soliton-type and traveling wave-type
asymptotic solutions. A modification of this method for phase transition problems
(to the phase field system and to the conserved phase field system) was proposed
in the works by E. Radkevich, V. Danilov, and G. Omel'yanov [7, 8, 18-21,
24]. The main idea of this method is to construct some analogs of the internal
and external expansions assuming that they are defined in the whole range of
independent variables. This implies that there are no summands polynomially
increasing in the “fast” variable. Obviously, no matching is needed.

Here we have the following important points. Suppose the “fast” variation of
the solution u is localized in a small neighborhood of the smooth surface I'y, for
example, u = A(z,t)cosh™2 (S(z,t)/e), Ty = {x € Q, S(x,t) =0}, S,A € C,
Then, to calculate the function S at each instant of time ¢ > 0, it is sufficient to
define only its zero surface {z, ¢¥(z) =t} = {x, S(x,t) = 0} and the first normal
derivative S’ on I'y, since in an e-neighborhood of I'; the smooth function S cannot
vary more than by O(e) and outside an e'~%-neighborhood of I'; (0 < § < 1) the
solution varies slowly with precision up to O(¢*°) (u = 0 for the above example).
Here we speak about a polynomial (with respect to the parameter €) asymptotics,
and hence, the discrepancy O(¢*) (i.e., O(e™) for any M > 0) is much less than
the discrepancy O(e*!) arising at the ith step for each fixed i.

Furthermore, in the traditional two-scale method we first construct a rapidly
varying solution u(S/e, x,t) in the “extended” space R! x Q x [0,T], assuming
that u = u(n,z,t) and that the variables n and z,t¢ are independent. Then we
calculate the trace u(n, x,t)]nzs = This approach is absolutely justified for fast
oscillating solutions. However, for solutions with localized fast variation we can
construct the rapidly varying components only in the subspace R! x Tzé , where Tzé
is an e'~%-neighborhood of the surface 7p = {(z,t) € Q, t = ¥(2)} = Uiep,m Tt
That is, we know beforehand that our final goal is only the trace u(n, z, t)|n: S/e-

In its turn, since u(n, z,t) smoothly depends on “slowly” varying variables x
and t, we can calculate the solution in two stages: in the first stage we define
the trace @ = u(1, z,t)[;_ () of u on the section R x Tr, in the second stage we
construct a sufficiently smooth continuation of @ outside R! x 77. Needless to say,
this continuation must be constructed sufficiently accurate, nevertheless, there is
some freedom in choosing this continuation. Namely, this freedom provides the
boundedness (uniformly in n € R!, z,t € Q) of all terms of the asymptotic
expansion. In § 2 we formalize these considerations, which are obvious enough,
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and in detail describe the method for constructing the soliton-type asymptotic
solution.

We have discussed only a formal asymptotic solution. However, in the strict
sense, this does not imply that the discrepancy between the explicit solution and
the asymptotic one is actually small in a certain sense. Therefore, in particular,
one cannot use formal asymptotics for obtaining the limiting (as ¢ — 0) problem.
Thus, in §3 we rigorously justify the asymptotics constructed.

2 — Soliton type asymptotic solution
Let us formulate the main result of this section. By 6y = 6y(x,t), @o =

wo(x,t) € (1/+/3,1), ¢ = 1)(x), we denote the solutions of the following model
problems

/ﬁ;%:A(gpg—wo), reQ, t>0,
) g )
_ 0 geol _
@O‘tzo_(p(gj)7 aN’E_O’
%:AaoJrf(:c,t)—%, €qQ, t>0,
ot ot
(9) I
90’@0:9(@’ 8—N2_0’
1 5 0o
(10) nvyzglCt(l—l—G((po))—i-GoE, WFOZO-

Here v, = 1/|V| is the normal velocity of motion of the surface I'y = {z € Q,
Y(z) =t}; Ky = div(v) is the mean curvature of 'y, v = V4 /| V| is the vector
normal to T'y; F' = F(z,1(x)) for all continuous functions F(z,t); 8/0v = (v,V);

1Q? Go = G(¢o) 0o
2(Q — I) ’ @0 ’ 8y

Q=1/3(¢0)2—1, I=vV2¢InJ, J=(2¢+Q)/Vb, b=1-¢}.

G(go) = = (v, Veol(z,v)) ,

Theorem 1. Let I'g = {z € Q, ¥(x) = 0} be a sufficiently smooth closed
surface of codimension 1. Let sufficiently smooth solutions of problem (8)—(10)
exist, and g € (1/v/3,1), and let dist(T'y, dQ) > const for all t € [0,T]. Then,
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for any M > 0, there exists a formal asymptotic (up to O(eM*+1)) solution of
equations (3). The leading term of this asymptotic solution has the form

(11) 9(1’,t,€) :90($3t)7 QD(:L',t,E) :¢0($»t)+X(77a33) .
Here

-1
(12) X:—8Q2{65+8be—5+8@0} ,

§=Bm+vi(x), n=0E—-v()/e, B=0Q/VYl,

11 is a smooth function, the method for calculating this function is given below
(see formula (31) and Lemma 2).

Remark. It is not too difficult to prove that equation (10) is a quasilinear
parabolic equation, in which z, (along the vector v) is a time like variable, and
x; (tangential to I'y) are space like variables. So, the additional condition in (10)
is actually the initial condition [7, 8]. The classical solvability and uniqueness of
solutions of quasilinear parabolic problems with smooth coefficients are the result
of the realization of some matching conditions between the initial and boundary
data [10, 23].

At first let us consider the statement of Theorem 1. Formulas (11), (12) and
the solutions of problems (8)—-(10) describe the motion of the soliton y on the
smooth “background” ¢¢ (a soliton type solution was obtained also in [9] by nu-
merical simulations for the one-dimensional Cahn-Hilliard equation). Obviously,
the surface I'y is the set of maximum magnitude of ||

~1

A= max|x| = —x|, = QZ{z + o — 33}

It is easy to prove that this solution exists if and only if pg € (1/v/3,1). The
amplitude A is a monotonically increasing function, AZbo > 0, and trivial calcu-
lations show that A — 0 and G — 0 as ¢9 — 1/ V3. Tt is also clear that there
exists a value p* € (1/v/3,1) such that A < @ as Pg € (1/v3,¢*), and A > &g
as ¢o € (¢*,1). Thus, moving into the domain with ¢g € (¢*,1), the soliton
solution describes how the set ;. = {x € Q, ¢o + x < 0} with negative concen-
tration arises [Q2; | ~ ¢. Let us consider the behavior of the solution as (g tends
to 1. Setting o = 1 — @(z,t) exp (—1/9), 0 < 1, we get the following relations
A=16/9+ O(e V%), G = —1 + O(4). Hence, v, ~ § and the velocity of the
soliton motion decreases as § — 0. On the other hand, the volume of the set €
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increases, since b ~ exp (—1/9) and [€2; | ~ |Q;a/5| ~ ¢/6 for 6 <« 1. Thus, this
solution describes the appearance of a sufficiently large domain of “superheated
liquid”, since the concentration ¢ ~ —7/9 on Q;E /s and the temperature 6y is
almost independent of g at these points. Nevertheless, this asymptotic solution
is correct only if \QZ€/5| —0ase—0.

We shall also see that the first corrections of the asymptotic expansions for
the temperature and concentration have the form of smoothed shock waves. So,

.1 .1
w—lim-—(0—00)=A419H(t—v), w—-lim-(p—po—x)=A1,H({t—1),
e—0 ¢ e—0 ¢
where H is the Heaviside function, A9 = 21/(Povy), A1, = 2k1 /(PpoQ*v,) are
the amplitudes of jumps on I';. It is easy to calculate that A, g, A, are bounded
as ¢g — 1.

Let us prove Theorem 1 and consider the general method for constructing the
asymptotic solution of problem (3) (with special initial data) up to an arbitrary
precision.

First, we introduce some classes of functions, which we shall need for con-
structing asymptotic solutions with localized fast variation. That is,

H= {f(n,x,t> € C™(R % Q), 3f* € C(Q),
i L ortlelty
n—lgloon on" 0z® oty

{fmetyen, r=f =0},

(f(T],:I?,t) —fi(a;,t)) =0, Vm,r,a,v > 0} ,

S

- {f(T, 2t) € C®(RL x %),
grtle’l+y

. . /
lim, ™ Sy g | () =0 me%a,wo} .

Lemma 1. Let S(z,t) € C*(Q) be such that 9S/0t|r, # 0, where I'y =
{z € Q, S(z,t) =0}, t > 0. Then, for any function f(n,z,t) € H, we get

f(S(g;’t),a;,t> _ f(ﬂ(x) %m) + 0

where t = 1(x) is the equation of the surface S(x,t) = 0 and B(x) = 0S5/ 0t|i—y(a)-
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2. Let pu(n,z,t), ((n,z,t) € H be such that y* = +1, (* =1, (~ = 0. Then,
for any function f € H, we have the representations

f= U I U = ) +ean,)
f:f_+(f+—f_)C(nviU,t)+w2(777iU,t) ’

where w; are functions from S.

3. The relations

-0 () =06, k20,
m,x,t) m

9 9

o t) 1 — gl (e £ 2,0(@)) +06)

hold for any functions f(n,z,t) € S, g(z,t) € C®(Q).

The proof obviously follows from the definition (see also [12]).

Let us note that the representation S = ¢ — ¢(z) does not mean that the
solution must move with velocity of order O(1). Actually, since the function
Y (z) can increase rapidly along the direction normal to the surface I't = {x € €,
Y (x) = t}, the motion of the solution can be arbitrary slowly.

Let us begin to construct the self-similar asymptotic solution of problem (3).
One can show that the leading term of the asymptotic expansion for § must be
a smooth function, since the leading term of ¢ is a soliton. This implies that the
asymptotic solution has the following form

0(z,t,e) =9 (z,t,¢e) —i—EVM(S(x’t),x—N,a:,t,E) ,

9 9
(13) SD(IL‘,t,c?) = (I)M(mvtﬁg) + WM<S(.Z’t>7 x;;vvx,tag) )

where the functions 9", ®M (uniformly smooth with respect to ¢ € [0,1],
x,t € @, the so-called “regular part” or the “background”) give an analog of
the external expansion,

M

M
WM (x,t,e) = Zej 0;(z,t), @Y(x,t,e)= Z&j oi(z,t),
j=0 §=0
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the functions VM, WM (rapidly varying near I'; and the external boundary) give
an analog of the internal expansion,

VM(n,1,x,te) = Zeﬂ 1{ (n,z,t) + Yj(, 2/, t)}

M
WM (n, 7z, t,e) = x(n,x,t) —|—Z€J{ (n,x,t) + Zj(1, 2, t)}
7j=1

Here x, is the distance from a point z € Q to a point 2’ € 9Q along the
internal normal,

S, 0;, ;€ C®(Q), Yj(r,2',t), Zj(r,2',t) € P,
X(nvxat)e‘S? Uj(n7x>t)7Wj(n7$at)EH>

and

oS

= Ept#o’ r={zeq, S@1=0}.

By Lemma 1, without loss of generality, we can assume that S =t — ¥ (x),
X = x(n, z).

Furthermore, outside small neighborhoods of the soliton support and the ex-
ternal boundary, i.e., as 7 — +o00, and 7 — oo, we have 0; + U; +Y; < 0; + Uji.
Since all the functions in the latter relation are arbitrary for the moment, we can
redefine ; (for example, by setting 6;:=6; + UjJr orf;:=0; + Uj*) and thus set
one of the limiting values U ]+ or U i equal to zero. For definiteness, we set U i
and, similarly, W;~ = 0.

Substituting (13) into equations (3), we get the relations

Y
8_?7W}_

0 0
_ Mo M _ Y \ym
{< +£1>v + oW }+5(A$ at)v 1

2 M MY M _ E{A M
(15) o (0 + @) =AY — f = | =3 L5V

)

n=>S/e, T=xn /e
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(16) [5—12 Ly (22 WM WM — (DM 4 WM)3> +
(kg = Lo L)W = La(Law W — @ W)}

+ {(ﬁg Ap + LHYWM 4 51 Ly VY + & gt(@M + W)

+ Ay (Lo @Y 4 WY — (@M 4 W) |
— e iAWY+ it W) DG (La WM — k1 9 |+

&2 A { AL (@Y + W) 4 1y VM =0.

n=S/e, r=xnN/e

Here, as usually in the two-scale method, the expressions in square brackets are
considered as functions of independent variables n, x, and t,
A 0? 0? 4 d - 0 -
Lo = VY| = + |Vay|? =— , = =
2= VUl g+ Vel 5 oy or
=2V, V) + Ay, I, =2(Vay, V) + Ay .

First, let us obtain the regular terms of expansion (13). Passing to the limit
as 1 — Foo, T — 00, from (15), (16) we get

0 M+
EW —€<

%(WJF@M)—MM—f:— %—A)VMi,
17 & %(@M +WHE) 4 A(BM 4 WHE — (OM 4 WHE)P) =
= 1 AUV 4 2 A(A@Y 4 WHE) 4 VIE)
Introducing the notation
(18) 07 =0,+U;, &7 =p;+W;, j=12,..,M,

and setting the terms of the order O(¢/) equal to zero, we get equations (8), (9)
for the leading terms, as well the following equations for the lower terms of the
asymptotic expansion

(%—A)Gf:f,fe(a:,t), reDE, t>0,
(19) 5
K E@f — A((?) g — 1) @f) = f,io(ac,t) .



SOLITON TYPE ASYMPTOTIC SOLUTIONS 483

Here k=1, ..., M, Dti are subdomains of 2 such that
Df ={zecq v <t}, Dy ={weq v@)>t}), Q=DfUD; UL,

f,fe(a:, t), f,ip(x, t) are functions of the previous terms of the expansion and their
derivatives. In particular, fffe = —afbf /Ot, ffio = k1 Abg.

Now we note that the supports of fast variations of boundary-layer functions
and of functions rapidly varying on a neighborhood of I'; do not intersect (up to
terms O(e>)), since dist(9€2,I'y) > const. Hence the solution in a neighborhood
of T'y and in a neighborhood of 052 is constructed differently.

Let us consider a neighborhood of I';. Passing to the limit as 7 — oo, we
obtain that the terms in (15), (16) belong to the space S, since relations (17)
hold. So we can use the method developed for phase transition problems by
V. Danilov, G. Omel’'yvanov and E. Radkevich [7, 8, 20, 21, 24]: step by step we
decompose the coefficients at ¢/ in (15), (16), 5 = —2,—1,0, ..., into the Taylor
expansion at the point ¢ = v¢(z) and use the relation n = (¢t — ¢)/e. Further,
passing to the functions of independent variables n, x, we obtain the asymptotic
solution on the surface 7;. Finally, we define a sufficiently smooth extension of
these functions on R}7 X @, so that the lower terms of the asymptotic expansion
exist and belong to the space H.

Let us denote ' = F(n, z, t)|t=y () and consider the terms O(e?) in (16):

H? 5 0% . 3 3
W{rw 6772+X*(900+X) }—0-

After the integration, for y € S we get
(20) VI 5 T X~ (G007 = e, X =0 asy— oo

Choosing ¢ = —@3, we get that the solution on 7; has the form (12), where the
“constant” of integration 11 = 11 (z) is an arbitrary function from C*°().

Let us extend X (defined on the section (z,1) € Tr = Ucor 't 0 € RY) by
the identity to x = x(n,x) for all (z,t) € Q, n € R'. Now, setting the terms
O(e72%F) equal to zero, from (15), (16) we get the following equations

.
(21) . L TR

2 A ~ ~ ~
(22) —LWp,=F’, Wp—0 asn— —o0.
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Here
2

a 0
L:\V¢|28—7]2+1—3(¢0+X)27

F Y, F,f are functions of g, ©q, ..., Up_1, Wr_1 and of their derivatives at the point
t=1(z), k=1,2,..., M. In particular,

o O [ OX L
(23) Fy :W{H&?JF?’(SOO-FX)Q%}
9v0 919 2 _ 2 Ox
+3 22 o gL o P - RIVOI |
V , Ox
24 FO = 221

It is not too difficult to prove that the following statement holds (see also
[7, 12]).

Lemma 2. The solutions Uy € H, Wy, € H of (21), (22) exist if and only if

(25) eSS, Ffes,

(26) /F;fdnz(h /szanO,
oo aX

27 y—"dn=0

(21) | Fe =0,

where

y noomo.
t= [ Fretanay
—00 —0oQ

Using (23), (24), it is easy to see that the conditions (25), (26) hold automat-
ically for k = 1.
Further, since

. ~ 0
ff =150 + 3001 +Epn) 200X +X°)|,_ +VIKO (IR

~1
R ={et+ 490 - 2v2Q} {ef +4¢0 +2v2Q}
where notation (12) is used, simple calculations yield the statement

Lemma 3. For k =1 condition (27) is equivalent to equation (10).
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Now, since (25)-(27) are satisfied for k = 1, we can obtain the functions Uy,
Wli

Uy = UlJr(x) 4(77, I‘) ) Wl = Wfr(x) C(nv :C) + w1 (na x) .

Here

Q:?In(JQR)EH, (t=1, ¢ =0,

Uf:—av,,, WfL:Uf%/QQ ,
wi(n, ) = wi1(n, ) +Y2(z) xn(n,z) € S,

19 is the “constant” of integration, a = 21 /.

Let us fix the functions 0y (x,t), ¢1(z,t) so that 61, ¢ are sufficiently smooth
on @Q and that 61 = 6, p1 = ®] on D; for all t > 0. Let us define the functions
01.(x,t), ®L(w,t) as 0, = 61, &1, = ¢1 for all (z,t) € Q, and let 7., &, be
sufficiently smooth extensions of 87, <I>;r in D;f Ul s, such that the heat equations
(19) are satisfied for k = 1. Here 0 < § < 1 is an arbitrary number and I'ys CDp

is a layer of width § adjoined to I';. Now we can define the extensions U, Wy

(28) Uy = U1($,t) C(Uan) ) Wy = Wl(xat) 4(7771‘) + wl(nvx) )

where
_ ot - _ &t -
ul_elcialc? Wl_q)lc*q)lc .

Note that outside I'; we have
01+ U = 0F + (0. — 0) O], weDE, n=(t—¥)/e+1,
1+ Wi = OF + (@, — @7,) O(e¥)| +wy .

This implies that the expressions in square brackets are of maximal value O(¢) in
an e!~#-neighborhood of I'y, 0 < i < 1, and they are exponentially small outside
this neighborhood. Hence, the freedom in choosing the extensions Gi, <I>1j[C results
in corrections of order O(g) which automatically are taken into account when we
construct the next approximations.

Thus we have the following conditions for jumps of Gli, <I>1i on I';

(29) [67]

. + . Ra
Ft_av”’ [q)l}‘rt_@vu-
Here we use the notation [f*]|r, = f~|r,+0 — f*|r,_o and note that the vector v

is directed from D} to D; .
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Let us consider equations (21), (22) in the case k = 2. The right-hand sides of
these equations belong to S, since equation (8) and the first equation (19) hold
for kK = 1. Further, after some calculations, we get the following statement

Lemma 4. For k = 2 conditions (26) are equivalent to the equalities

0071 K 4 9¢g
—81/ Ft——avy{(l—l—@)vy—i-lCt—abQ—aV},
0 2 + _ dipo T a 0¢g
o (@e-vat)]| =-12va S| ok - dviev + § 50

—i—vf%(ﬁ—i—QzAw) .

Finally, for & = 2, after some trivial but cumbersome calculations condition
(27) can be transformed to the following linear inhomogeneous equation for the
phase correction )1:

O _ o 1 —
(31) Rt =GiK o [V (@), wl\ro_o.
Here K’ is the variation of the operator K; from (10), the right-hand side f**(z)
depends on the functions v, 6y, ©o, 9{5, (Iﬁc.

The following constructions are performed similarly:

1. Calculating U ,;t, Vv[/,;t, we get conditions for jumps of the functions 0F, q)]ﬂct
on Ft;

2. By using formulas similar to (28), we define the extensions Uy, Wy on Q.
Since 0;, ®F is the solution of (19), we see that conditions (25) hold;

3. Conditions (26) imply conditions for the normal derivatives of 6" |, ® ,
on Ft;

4. Condition (27) yields an equation (similar to (31)) for the “constant” of
integration .

In fact, since

F(BO+0)) +e B frbate® B fy st = f(B+r+e do+e® Yat..) ) +O(?) |

the functions ¥, k > 1, are the lower corrections to the principle phase ¥. So,
these functions describe the front of the soliton wave more precisely.

We must also pose the initial conditions for the equations (3) as well as for
the heat equations (8), (9), (19). Since 6y, o are smooth functions on 2 x [0, 7]
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and 92,:, @f are smooth functions on DtjE x [0,T7], let us define the initial data as
follows

90—w—hm9( g), V= —hmap(wa) r e,

e—0 e—0
O = w1 i(eo( )— 0 —kf 10, +U; +Y5)| ) € DE
A AN A j:15 TVt ) TEPo
—+ 1 o
0" _ ; 0 (s 4 . +
A =w—lim (o (w,e)—wo—x—;ej(%ﬂLWg+ZJ)L:0), z €Dy .

These formulas yield the initial data (8), (9) and the initial data for equations
(19):

— 4+ S
(32) Hl:ﬁt|t:0 = 9]2 (l’), (Pfhzo = 802 ($), T € Dét .

Furthermore, a natural form of the initial value of ¢ is ¢|,_, = ¢°(ro(2) /e, z, €),
where 7y is the distance function. Nevertheless, the constructed asymptotic de-
pends on the variable n = (¢ — ¢(x))/e + 11 with functions ¢ and 1; unknown
beforehand. Note that ¢[r = 0 and ¢1|p, = 0, the unit vector V(¢/|Vy[)[p,
is normal to I'y and directed opposite to VT0|FO. Therefore, for any function
f(n,z) € H we have

()= o)

=15 ) e i(wr =) {ramh,

where g1 = 1o +1/1/|V¢|7 92 = —1/11/|V¢|= 6/8y = |V¢|_1<V¢,V>a and n =
—/e + 1 for t = 0. We also take into account that f,’7 € S, and hence, the
functions |n* fy| are bounded in C for all k¥ < M.

Moreover, in §3 we prove that the initial perturbations O(g?) (in the sense of
L?(€2)) do not lead the soliton-type solution out of the stability domain. There-

1 2 %01
2" 2l

} +0(e%)

0

fore, we fix the initial data only up to the terms O(g?). The above constructions
imply that the behavior of smooth (for the ¢ > 0) functions 8°(x,¢), ¢°(x, €) may
be arbitrary outside an e-neighborhood of I'y, but ¢° and the lower terms of #°
(w.r.t. ) must be of a special form in this neighborhood.

Now let us consider the boundary conditions on the external boundary 0f2
and calculate the boundary-layer functions. The soliton part of the asymptotic
solution satisfies both boundary conditions in (3) up to O(¢*°). So, for ¢ on X,
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a discrepancy in the second boundary condition arises only from the regular part
of the solution, since dist(I't, 92) > const and, in general,

0
Let us put Z; = 0 for j = 1, 2 since
iAE S/ (— x) =0(1)
ON ’ v ‘

Then, using the construction common for the boundary layer asymptotic solu-
tions, we obtain the equation for Zs:

82

(32) 9.2

Z3s—qZs=0, Z3—0, 7T— 00,

where ¢ = 3 ¢3|s — 1 > 0. Obviously,

Z3 = c3(2',t) exp(—/qT) .

Now we can see that the boundary condition

93 0
33 —7 —A
(33) 97343 Y 8 N 900
leads to the formula 5

g =—q ? N A@o

Further, we note that the appearance of the boundary—layer function €373
necessarily implies a correction of the Neumann condition in the term O(g?).
Let, for definiteness, 02 N 9D, = 0f2. Then the Neumann condition for ®, has
the form
0d,
ON |,

oz

(34) or

7=0 B q ON

The appearance of the boundary-layer functions Z; implies the boundary-
layer terms Y in the 6 asymptotic expansion. Since the boundary 0f is fixed,
for j = 1,...,4 we have Y; = 0 and for Y5 we have the equation:

0*Ys 0

(35) 9 o

Z3(7',$/,t), }/5_>07 T—00.
Therefore

2
= — _5/2 —
Ys q 8NatAcpo exp(—/qT) .
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Conversely, the appearance of Y5 leads to a correction of the Neumann condition
for the temperature in the term O(e*). Thus, the Neumann condition for 6, has
the form

1 02

007
P - 7 A
o Z N~

ON

0%

(36) > - 87’

3

Finally, the asymptotic expansion in a small neighborhood of 9 has the
following form

4 M
0= bo(x.t) + > 0; (2,) + > (05 (2,8) + V(r, @', 1)) + O,
j=1 J=5

2 M
¢ =po(z,t) + Zej P (1) Z ( (x,t) + Z;(T, :L",t)) + O(eMFy
j=1 =3

Here Z3,Y5 € P are described above, Z), € P, k > 4, and Y; € P, j > 6, are
calculated from linear inhomogeneous problems like (32), (33), (35). In turn, we
obtain the boundary conditions for problems (19):

1. Conditions (8), (9) for 0y, ¥o;
2. Conditions
90y | foli>y
ON |, ON |5
for Hj_, j=1,..,3, ®;
3. Conditions (34), (36) for @, , 0;;

4. Conditions

0607

ON |y,

_
or

09y | 0Zp

or

)

=0

7=0

for (9]-_7j25and ¢, k>3

Theorem 1 is proved. n

Moreover, analyzing our construction, we obtain the statement.
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Theorem 2. Let the assumptions of Theorem 1 hold. Then for any integer
M > 0 there exist the functions

M
0% =00+ > e (0; + Uj + V) + M (Unsr + Yar)
j=1
37
(37) .
O =0+ x+ Y i+ Wi+ Z) + M (Wi + Zurn)
j=1
such that
0 as as as M 60
at(eM +Q0M) — Aby; — f(x’t) =" Fu
38
( ) 890 as as\3 as M r—p
ot (5 A¢A1+(PA1_<90A1) +€"<‘3191W) =" Fu,
0637 cM+1 o Iph] 0 M1
F —0, ~—Ap¥| =MIFE
(39) 8N M 6N 5 07 aN MZ M >

(40)  O%lmo = +e(67F +6),  @ilio=9" +x|_ +e(eT+9) .

Here 0, ¢, .7-";@’9, FM are (smooth for e > 0) functions such that

(40°) 16; L2()| + lIg; L2 ()] < eo VE
172 CQQ)I + [ FE: C@Q)) < en
(41) IEw CE+IEHCE) < e

Hffw;Lz( W+ 15 L2 < esve

where the constants c; are independent of .

3 — Justification of the soliton type asymptotic solution

In this section we shall obtain estimates for the differences between the exact
0, ¢ and asymptotic 63, ¢35 solutions of problem (3). Let us introduce the
notation o = 0 — 6%, w = p — ¢ and let the initial data °, ©° exhibit a special
behavior. Then, from (3) and (38)—(40), we get the following problem for the
remainders o, w:

0
—(04w)— Ao =—-MFl

(42) ot
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0
(43)  nHA(PAv (-3¢ —3pyw—u?) +emo) = —eM A

0o ow 0

| =M+t —| =0 —A = M-l gy
(44) 8NZ € M 8NZ 9 GN WZ € M >
J’t:() _ _€M+1/2 f]?/]) w‘tZO _ _€M+1/2 f]s\é; ]

Here 72, F%% are smooth functions satisfying (41), 0% are functions such that

(45) 1£%s L2 + LA Q)] < e Ve

with constant ¢ independent of €. To simplify the notation, we omit the super-
script denoting asymptotic solutions.
The main result of this section is

Theorem 3. Let there exist a sufficiently smooth solution of problem (3)
on the time interval [0,T], where the quantity T > 0 is independent of €. Let
also the assumptions of Theorem 1 be satisfied, M > 2 and there exist a constant
v > 0 such that o —1/v/3 > ~ uniformly in x € , t € [0,T]. Then the estimates

(46) lw; L=((0, T); LX) + llo; L=((0, T); LA(Q))|| < e,
IVw; L2(Q)|| + | Vo; LX(@Q)]) < ce™ T2 |[Aw; L2 Q)| < e 1/?
hold with constant ¢ independent of €.

The main obstacle to the derivation of a priori estimates (46) is a rapidly
varying coefficient ¢,s in (43). This is typical for nonlinear equations and the

following summand
t
J://(Vw,V(w?ww)) da df’
0.J0

appears on the right-hand side of the energy inequality, while on the left-hand
side we have only |jw; L°(0,T; L*(Q))|? and &2||Aw; L2(Q)||?. Tt is clear that
trivial estimates, for example,

7] < e(max|Agd | |w; L(Q)? + [ Vew: LX(Q)1?)
Cc
< G s QIR + ¢ Ve LAQ)I

allow us to prove that the discrepancy is bounded only for the time T, ~ 2. The
first point of observation is that, to overcome this difficulty, we can rewrite the
“bad” summand (Vw, V(p3,w)) in the form

—(3p5 — 1) |[Vw|* —e 2w Uy + |[Vw[* xg1 + e 2w? Uy (Vs + e T3) ,
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where nonnegative ¥y belongs to S, ¥y € S, U3 € H, ¢ is a bounded in C
function. Let us recall that g > 1/v/3++, where v > 0 is a fixed number. Thus,
we obtain the summand ||y/3¢2 — 1|Vw|; L2(Q)||? +e72||v/¥1 w; L2(Q)||? on the
left-hand side of the energy inequality and the expression

t 1t
le//Xgl\lezda:dt’—i——Q//w2\I/1(\I/2+5‘113)dxdt’
0Jo e Jo Ja

on the right-hand side. Obviously, if we again estimate the functions xg; and
Uy (¥y+eW¥3) by the maximum of the modulus, there is no result, but we now can
use the fact that the functions x and ¥; are bounded by a constant (in C') and
localized (with precision up to O(e)) in an e-neighborhood of the free interface
I'y. Here the main point is Lemma 6 about estimating integrals of the form

= [ o

where v(n) € S is a known function exponentially vanishing outside the point
n = 0. To estimate f we can use the norms in LF(R') only for ¥ = 1 and
k = 2. Lemma 6 implies that for sufficiently small ¢ the first summand in Jj is
bounded from above by o(R,), where R, = 7||Vw; L?(Q)|]? + £2||Aw; L*(Q)]|?.
Since on the left-hand side of the energy inequality we have kR, with a constant
k > 0 independent of €, we see that the first summand in J; is no obstacle to the
derivation of a priori estimate for all finite 7.

Similarly, by Lemma 6, we now can prove that for sufficiently small € the sec-
ond summand in J; has the upper bound k(R,+3e~2|lwv/W1; L?(0,¢; L2(Q))||?) /4.
Therefore, the second summand is no more an obstacle to the derivation of a priori
estimate for all finite 7T'.

It should be noted that, justifying a boundary-layer asymptotics for the semi-
linear Dirichlet problem, M. Berger and L. Fraenkel [3] proved a statement similar
to Lemma 6. However, in the boundary-layer situation the fast varying asymp-
totics v is localized in a small neighborhood of the external boundary. Moreover,
the discrepancy vanishes on the boundary. The condition f|;, = 0 used in [3]
considerably simplifies the estimation of the integral I. In the phase transition
problems the remainder does not necessarily vanish on the free boundary, so, in
these problems one cannot use the estimate derived by M. Berger and L. Fraenkel.

To prove Theorem 3 we first need to obtain an auxiliary result.
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Theorem 4. Under the assumptions of Theorem 3, the following estimates

(47) [l L0, T); L) + [los LX((0,T); LH(Q) | < e +1/2
IV6; L2(Q)]| + Ve Q)| < e 412, | Aws IA(Q) < e 12,

hold with constant ¢ independent of €.

Proof: Multiplying equations (42), (43) by o, w respectively and integrating
on €2, we get the relations

1d
(48) ——Ha|12+/ wrodi+ |Vol|? = —EM/ afgdx—gMH/ o 0 da’ |
2 dt Q 9 o0

d
(19) 5 I+ Awl? +3wVul? = [ (Y, V(w1 - 3¢3))) da -

il
2
—3/ (Vw,V(cpr2)) dm+5i€1/(Vw,Va)dx

Q Q

—EM/w}']ﬁdx—i-eMH/ wF}f}dm’—l—EMH/ﬁ/ wFY da' .
Q o9 o9

Here and below || f|| denotes the L2(2) norm of f.
Further, multiplying (42) by w, integrating on 2 and summing with (48), we
obtain

d
(50) 5 { Il + ||a||2+2/ wadx}+HVUH2+/(Vw,VU)d:U:
dt Q Q

DN =

:—EM/(w+U).7:]€,dx—£M+1/ (w+0) Fo da' .
Q oN

Let us fix a constant K > 1/+. Multiplying (49) by K and summing with (50),
we get the equality

1d
5 L A RE) Wl + o] +2/dex} + Vol + K| Aw|® + 3K |lw Vo=
= K/ (w, V(w(1 —3%))) dx—SK/ (Vw, V(@sz)) dx
Q Q
(5.1) +(551K—1)/(Vw,VU)d;E—sM/{(w—l—a)f&—{—wK]ﬂﬁ}dm
Q Q
— M+ /89 {(w—i—a) FO —wK(F§ + ek F](\’f[)}dx’ :

We shall analyze the terms in the right-hand side of (51).
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Lemma 5. Let ¢, be the asymptotical expansion (37). Then
1
(52)/ (Ve, Vw1 = 3¢3))) dz = — / (3p2 — 1) |Vw|? dz — g/ WU dr+ T,
)

I—/|Vw\ (g1 x +eg2)dx+ — / Uy (Uy + e U3) 4 £ \114)d

where

cosh® p+ Acoshp + (1 +24)/«
(cosh p + a)*

=g msh,  a=go\2/b, A=Q\2b, A= A6,

(53) Uy = Al e S s

gi, Yy, are smooth functions such that

lgil <const, WyoeS, WY3eH, |¥y]<const .

Proof of Lemma 5: Using the expansion (37) and rewriting ¢,, in the form
pu = o + X + ey, we get

(54) /Q<Vw, V(w(l - 3¢3%))) da = —/Q(3<p(2)—1)\Vw[2dx+
2 3 2 2
—i—/Q\Vw| (g1x+5gg)dx+§/gw A(p3,) dz

where g1 = —=3(x + 2¢0), g2 = (200 + 2x + € ¥%,) ©%,. Obviously, g; are bounded
functions. Further, simple calculations yield the relation

69 5800 = (5 V6P {8+ @0+ xm) + 2 T+ W)

n=(—w)/e
Here
¥ = =2y, (1Y Wiy + (Y, Vo))
+ (0 + %) (I Wiy = Txy) + (1 + W1) [V 2

W, is bounded (in the C-sense) and II is the operator described in (16). Let us
rewrite the function x in the form xy = —A{cosh(p) + a} 1, where p, 4 > 0,
a > 0 are described in (53). Now it is easy to calculate that

31V (X2 + (90 + X) x } = 1(1— W) |
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where U has the form (53) and

A+1 -1
Uy = { + cosh? p+ (a?+2) COShp—i—QOz} {cosh3 p+ Acoshp+(24+ 1)/04} .
e
Obviously, ¥y € S. Finally, let us note that the term U can be written in the
form ¥ = Wy W3, where ¥3 is a function from H, since Wy satisfies (22) and x,,

Xy vanish like 1/ cosh p as 1 — £oo. This equality, (54), and (55) complete the
proof of Lemma 5.

Now, using (44), (52) and integrating (51) with respect to ¢, we get
1 t
(56) 5 {1+ RE) [l + lo]* ) + /0 {\WH2+E2KHAwH2+
K
+ 3K ||lw Vw|? + K/ (302 — 1) |Vw|? dz + —2/ w? Uy d:):} dt’ =
Q e Jo
1
= 5 M+ RE) G+ IR+ 2 [ 1 da} — [ wods
Q Q
t
+/ {KI—SK/ (Ve, V(pww?)) de + (er1 K — 1)/(Vw,Vcr) da
0 Q Q
—EM/Q{(w—FU)fﬁ[—i—wK]:]ﬁ] dx
— eMHL /m [(w +0)F? —wK(Ff + ek Fﬂ)} da:'} dt’ .
It is easy to see that
1
2 ]/ woda| < o ]+ — [lo]?
Q aq
1
2| [ (V. Vo) da| < o [Vl + = Vol
Q a2
1 1
—— 2 - - _ _1)2
a1—2(/§K+ (kK)? + ), a2—2(vK 1+4/(vK —-1) +4).
Let us choose the constant K large enough, so that vK —ag > 1/2. It is possible,

since YK — ag varies from 0 to 1. Further, by the embedding theorem (see, for
example, [10]) and (41), we get

&.M-i-l <

/8 [(w—i—a) FAH/, —wK(FY +er Fﬁ;)} dz’
Q

1 1
< e (Jlws L@ + los L2@)]]) < e+ L wllf + 4 o]} -
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Here and below ¢ denotes a universal constant, || f||x is the H*(Q) norm of f, and
H* denotes the Sobolev space.

Therefore, choosing € small enough, from (56) we obtain the following inequal-
ity
a1 — 1

(57) Yo

tr1 1
(ol + 11 + [ {51901+ IvolP +
0

K
—|—€2KHAwH2+3KHwVwH2+—2/ w? Uy dx} dt’ <
€7 JQ

t
< oM +/ {K 1]+ ([P + o)) + 3K ]/ (Veo, Vi(par &?)) dx\} it .
0 Q
To estimate the integral I we shall need the following
Lemma 6 ([13], [18]). For any nonnegative functions f, v,
f(z) e L*(R")NLY(RY), wv(z)€S(RY),

where S is the Schwartz space, there exists a constant €9 > 0 such that, for all
e € (0,¢e9],

| s@yo(2) de <815 LR+ eald) 22 ple) 155 1 RY]

— 00

where § is a constant such that § > ke'/>=# 1 € (0,1/2), and k > 0 is a constant.
Here c¢,(6) is a constant depending on § and on ||v(x); L*(RY)N L' (RY)|| such that
0 < ¢,(6) < const /62, and p(g) — 0 as e — 0.

Let us estimate the principal terms of I.

Lemma 7. Let € be small enough. Then
(58) /Q Vol lg1] x dz < 61 [V ||” + ey (81) 2 | Aw|?
1 2 02 2 2 2
(59) s Qw Uy Uy de < 2 Qw Uy dr + ¢y (62) € Jwl|T

where 0; > 0 are arbitrary constants.

Proof: Denote by NV, a p neighborhood of the interface I';, where p > 0 is
a constant independent of . Since y = O(¢*°) outside N, we have

/ ]Vw|2|g1|xdx§co/ |Vw\2xdx+szco/ |Vwl|? dz |
Y N, 0

where ¢p = max |g1].
z€eQ
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Choosing p sufficiently small, we pass to the variables y = (y1, ..., yn) in N,
where y; is the coordinate normal to I'y = {x € Q, t = ¢)(z)}. Then in N, = {y,
i) <p, Y <y <Yt i=2,...,n} we have

O e
Vw|?ydx = / / V| v, y,t) Jdy dy; |
/N!!x I/ Vel o(Zoy,t) T dy dy

Iz =2 i —H

where J is the Jacobian of this change of variables,

Vol = Vowl| _ o o0n9.0) = x(B01+ 1))

z=xz(y,t) '

By Lemma 6 and the embedding theorem for n = 1, we get

nooeyt b 9 o 4 1/2
/ ]Vw|2xdx < H/, {51/ |Vw| Jdy; +c€3/2p(s)(/ |Vw] J? dyl) }dyi
N i=27Y; —H —H

< 61 [| V|| + e R p(e) {173 | Vo |? + a2 (| V| + [ Aw]?) }
<61 [V + ce'/? p(e) {[|Vwl* + £* Aw]*}

where we choose ko = 14 k1/3 and use that J > 0 is a bounded smooth function.
This implies estimate (58). Here and below we omit the dependence of ¢, (d) on
the function x and on the constant §. It is clear that, choosing &, we take into
account that ¢, (6) — oo as § — 0. Similarly,

1

e2 Jw,

WA |y dr < i;/g(f Uy de+cple)e 2 x
<1 /?Hw RATE Lz(—u,u)Hg/2 [=RYEAZE Hl(—u,u)Hl/2 dyi <
=2 i

< & o VB +epl) { o [ VI + 2 el + 19}

Lemma 7 is proved.

Further, choosing ¢ small enough, we have the trivial estimate
1
(60) s/ |Vw|2|gg|d9:+g/w2\111|\113+5‘li4|d33§
Q Q
1
< 24651 Vw]? —/ 2, d
< cllwl® + b {|IVwl* + 5 | w? ¥ da]

with an arbitrary constant dg > 0.
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Let us estimate the last term in the right-hand side of (57). Using the
Galliardo-Nierenberg inequality, we get that

Q — ;w

Choosing §; = min{1/12,1/24K}, i = 1, ...,4, and using (58)—(61), we can trans-
form (57) as follows

(62) Ut)+e /0 t{uwuuuwuue? HAwHQ+HwVwH2+€—12 Vo w\f} dt' <
< eMH L /0 t{U(t’) e U ar
Here
U ={ll?+loI?}®), rA=4/@-n), r=2(4+n)/(4-n).

Let us fix a number T} € (0,T], T < oo, and let ¢ € [0,71]. Then, according to
the Gronwall lemma, (62) yields

T
Ut) < C<€2M+1 _i_gfr/ A dt’) .
0

Let z = max U(t). Then
te[O,Tl]

(63) z<c (52M+1 +e "' zH)‘) .

To analyze the last relation, we need the following lemma proved by
V.P. Maslov and P.P. Mosolov.

Lemma 8. Let positive numbers p, q, A satisfy the estimate

(64) q<1i)\< a+n)""

Then the solutions of the inequality 0 < z < q+pz't* belong to the set [0,Z_]U
[Z4,00), where the numbers Z, Z_ are such that 0 < Z_ < q(1+ \)/A < Z.
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T

In our case p = ¢T1e~". Therefore, since € is small enough, the inequality

(64) holds for any M > 2. Since z = z(71}) continuously depends on 77 and
2(0) < ce®MHL < 2MH1(1 4 \) /A, we obtain the estimate

65 U(t) < ce?MH!
(65) nax (t) <ce

with a constant ¢ independent of .
It is easy to see that (65) and (62) yield the estimates (47). This completes
the proof of Theorem 4. n

Proof of Theorem 3: Let us choose the number M’ = M +1, where M > 2.
Then, by Theorem 4, we get

0 =0y + eM+3/2 on, =@yt eM+3/2 W'

where 0,, w,y are functions from L°(0,T; L*(2)) uniformly bounded in e.
Nevertheless,

as M+1 M+1
M’ - GM +e yM+1 ) (101\4/ - SOM +e

y]b1+l = H]u_t,_l(l',t) + UM+1(n7x7t) + YA4+1(T7 Hﬁ'/,t) )

M+1 ’

y]5\3+1 = (Iolbf-i-l(xut) + W1V1+1(777$7t) + Z]V1+1(T7 "B/,t) )

where n = (t —¢(z))/e, T = xx/e. It is easy to calculate that

y]?f—i—l; LOO(OaT; L2 H + HyM-&-lv LOO 0,7 L2 H

Therefore,
_ pas M+1 _x M+1, *
0_91\1—’_6 O‘I\/I’ SO S0M+€ wl\/[’

where
0
L:y]\/[+1+\/50'1\4/, w;t{:y;@+1+\/gwM/

are functions such that the estimate
Hyf/z—&-l; Loo(()?T; L2 H + Hij—‘,—17 LOO(O T L2 ))H +

opirs L0, T5 L)) | + [wnrs L0, T5 22(9))| < const

+|

holds uniformly in . This estimate and Theorem 4 complete the proof of Theo-
rem 3.
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