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Abstract: This is the third part of a series concerned with boundary layers in
solutions of nonlinear hyperbolic systems of conservation laws. We consider here self-
similar solutions of the Riemann problem, following a pioneering idea by Dafermos.
The system under study is strictly hyperbolic but no assumption of genuine nonlinearity
is made. The boundary is possibly characteristic, that the sign of the characteristic speed
near the boundary is not known a priori. We investigate the effect of vanishing relaxation
terms on the solutions of the Riemann problem. We show that the boundary Riemann
problem with relaxation admits continuous solutions that remain uniformly bounded in
the total variation norm. Following the second part of this series, we derive the necessary
uniform estimates near the boundary which allow us to describe the structure of the
boundary layer even when the boundary is characteristic. Our analysis provides still a

new approach to the existence of Riemann solutions for systems of conservation laws.

1 — Introduction

We continue our investigation [6, 7, 8] of the boundary and initial value prob-
lem for nonlinear hyperbolic systems of conservation laws

(1.1) Ou+ 0z f(u) =0, w=u(zt)e Bus,d) ,

where B(x, d9) C RY is the open ball with center u, and (small) radius &y, and the
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flux-function f: B(us,dy) — RY is a smooth mapping such that A(u):= D f(u)
admits N real and distinct eigenvalues denoted by

Al(u) < ... < An(u) ,

and corresponding basis of left- and right-eigenvectors [ (u) and 7;(u), 1 < j < N.

It is well-known that weak solutions of (1.1) are not uniquely determined by
their boundary and initial data. Parts I and II of this series were concerned with
the selection of admissible solutions via the vanishing viscosity method. Here,
we aim at constructing weak solutions by the zero-relaxation method. Mathe-
matical studies of the effect of relaxation on discontinuous solutions of nonlinear
hyperbolic equations go back to the works of Liu [14] and Jin and Xin [9], in
particular. See also the review by Natalini [16]. For general properties of systems
of conservation laws we refer to the monographs [10, 11, 20].

Given a constant a > 0 such that

(1.2) —a < A(u) <..<An(u)<a, wue€B(usd),

we consider the relaxation approximation associated with (1.1)
out + 0,0 =0,

(1.3) O0° + a? Bus® — é (f(ug) _ Us) 7

where u® = u®(z,t) and v® = v°(x, t) are the unknowns and £ > 0 (the relaxation)
is a parameter tending to zero. As in [8], we restrict attention to self-similar

solutions, that is, solutions depending on the variable £ = x/t only:
_é‘usl_i_,UE/:O’

(1.4a) 1

— v + % = R (f(u‘g) - 1}5) .

We search for a smooth solution (u®,v) defined on a bounded interval [b, ¢] and
satisfying the boundary conditions

(1.4b) u(b) =ur, u(c)=ugr,
where uy, and ug are given in B(uy,dp), and b and ¢ are chosen such that

—a<b<c<a,

sup An(u) < c.
u€B(ux,00)
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The first condition is fundamental for the point of view of linear stability of
the relaxation approximation. We stress that no inequality is imposed between
b and the eigenvalues A;, so that the boundary { = b may be characteristic.
On the other hand, for simplicity in the presentation and without loss of gener-
ality, we assume that the boundary £ = c is not characteristic. Our purpose is to
extend the analysis in [8] (concerned with the vanishing viscosity method) to the
relaxation approximation, which introduces new technical difficulties.

First of all, we prove in this paper that the boundary-value problem (1.4)
admits a smooth solution (uf,v®) which is of uniformly bounded total variation.
Our analysis here generalizes previous works on self-similar, vanishing viscosity
approximations by Dafermos [1], Dafermos and DiPerna [2], Fan [4], Fan and
Slemrod [5], LeFloch and Rohde [12], LeFloch and Tzavaras [13], Slemrod [17,
18], Slemrod and Tzavaras [19], Tzavaras [21], and the authors in [8].

Next, the limiting behavior of u®, as € goes to zero, is investigated by distin-
guishing between three different regimes:

(i) There is no effect due to the boundary when
(1.5a) b<inf); .

(ii) There is some effect due to the boundary, and the boundary may be
characteristic, when there exits an integer p such that

(1.5b) inf A, < b <supl, .

(iii) There is some effect of the boundary but the boundary & = b is not
characteristic when

(1.5¢) sup A\p—1 < b < inf Ay(u) .

We will see that, when b satisfies (1.5a) the limit of u® solves the standard
Riemann problem associated with the data (1.4b). In the cases (1.5b) and (1.5¢),
the boundary condition u(b) =wuy, is not satisfied (in general) by the limit-function
u since a boundary layer arises near £ = b. In fact, we show that the limit-function

u(€) = lim ue (€)

e—0
satisfies the boundary Riemann problem in the interval [b, c|
(1.6a) —&u' + f(u) =0,
(1.6b) u(c) =ug ,
(1.6¢) u(b+) € E(ur) ,
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where the boundary set &(up) is determined from the boundary data wp.
We recall that the initial and boundary value problem for the nonlinear hy-
perbolic equation (1.6a) is usually not well-posed when the boundary data are
required in the (strong) sense u(b+)=wr. This latter condition must be weak-
ened, as was pointed out by Dubois and LeFloch [3]. We will also rely here on
the technique developed in [7] for vanishing viscosity limits, to rigorously derive
the boundary set £(up) and to describe its local structure.

We conclude this introduction with the basic reduction which allows us to
reduce the first-order system of 2N equations (1.4) to a second-order system of
N equations. Taking derivatives with respect to £ in both equations (1.4a) we

find
— & —du +0" =0,

1
" / 2. nm_ r
— v —v' +a’u —E(Df(u)u v).
Eliminating v we obtain a single equation for u
1
—E(Eu" +u) —gu +a*u’ = = (Df(w)u —€u')
€
which can be rewritten in the form
(1.7) e(a? — &)’ — (Df(u)+ (2e = 1) &)’ = 0.

We will search for a solution u® of (1.7), defined on the interval [b, c| and satisfying
the boundary conditions (1.4b). The function v is recovered from u® thanks to
the relation

(1.8) v° = e(a® — ) + f(uf)

which follows from (1.2a) by computing v’ = £ v’ from the first equation and
substituting in the second one.

2 — Scalar Conservation Laws

In this section we consider the scalar case f: R' — R!. The equations (1.7)
becomes

(2.1) e(a® — ) v — (f'(ue) +(2e-1) 5) ut = 0
on [b, c] where —a < b < ¢ < a with boundary conditions

(2.2) ut(b) =ur, u(c)=ug.
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We assume that uy, and up satisfy

(2.3) f(ur) € [b,c],  f'(ugr) €[b,c] .

To solve (2.1) with the boundary conditions (2.2) we reformulate the problem
in an integral form. Precisely, we rewrite (2.1) as

en _ f/(ua)+(25_ 1)¢ e

o (a2 =€)
Setting
§(1—-2e)&— f(uf
(2.4) o = [ s
for some given « in [b, ¢|, we can integrate the above equation and get
—ge(8)
e e

—ge(s)
= ds

(2.5) w (€)' = (ur —ur) o
e

In integrating (2.5) once and using the boundary conditions (2.2), we find

€ —gp(s)
/e e ds
Jb
€ —ge(s) ’
/e < ds
b

Solving the integral equation (2.6) is equivalent to finding a fixed point of the

O]
/e = ds
Jb

¢ —ge(s)

/e < ds
b

with g given by (2.4). Let K be the set of all continuous functions on [b, ¢] which

(2.6) u(§) = ur + (ur —ur)

map

(2.7) F(u) := ur + (ugp —ur)

take values in the interval [min(ur,ur), max(ur,ug)]. This set is a bounded
closed and convex subset of the Banach space C[b, ¢] of all continuous functions
on [b, c] endowed with the uniform topology. It is clear that F' maps K into K
because the right-hand side of (2.7) is a convex combination of uy and ug. Let
us also show that the map F': K — K is compact. Let u,, be a sequence in K.
Let

§ —gn_1(s)
e = ds

(2.8a) F(up)(§) := ur + (ur —ur) /bc_T

b
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where

€(1— s — f'(uy,
(28b) ile) = [
Since
(2.9) F(u;)(§) € [min(uL,uR),max(uL,uR)]

from (2.8b) it follows that

_ 2
(1 25)a—|—a2 - 4a

a =~
2_03 a?

lgn ()] < a j )

where 0 < a, < a is a constant such that f'(ur), f'(ur) € [—a«,as]. Using the
above estimate together with

79n—1(§>
e B
F(ug)'(€) = (up —ur) —e——m—
/ef S
b
we have
e/ |uB —UL’ %
(2.10) [F(uz)'(§)] < ———— es 9

(b—¢)

Hence, for each fixed ¢ > 0 (2.9) and (2.10) provide us with uniform estimates for
uf, and its derivatives. By Ascoli Theorem, the sequence F'(u,) is compact. Now,
by Schauder’s fixed point theorem there must exits v € K such that F(u) = w.
This completes the existence of a solution to the equation (2.6). Furthermore, this
solution is twice continuously differentiable if f(u) is and u® satisfy the estimates

(2.11a) u®(¢) € {min(uL,uR),max(uL,uR)} , /bc|u5(§),|d5 < |ur —ug) .
Using (2.11a) in v*' = £u®" we get

(2.11b) /bc|v8(g)'\ds < blun —uz| .

Additionally, by (1.8) we find

(2.12) v° — f(uf) = e(a® - %) u .

This completes the proof of existence of the solution (uf,v%) to the problem for
(1.2), together wih the uniform total variation estimates.
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Now, to study the singular limit ¢ — 0 we proceed the following way. Because
of the estimate (2.11a) the right-hand side of (2.12) tends to 0 in L!. So, it follows
that (f(u) —v°) — 0 as ¢ — 0 in L' and, hence, almost everywhere in (b, c)
along a subsequence. But, by the estimates (2.11), u® is compact and there is a
subsequence which converges almost everywhere to a function u. It follows that,
along a subsequence, v® converges and it limits coincides with f(u). In fact, by
(2.11a) and (2.12),

[v* = f(u)|pap,g < Ce.

Then, from the first equation in (1.4a) we get
—{u' + f(u) =0

in the sense of distributions in (b, ¢). Furthermore, the limit u satisfies the entropy
condition

—Ep(u)e +q(u)e < 0

for all entropy pairs (p(u), ¢(u)) with p(u) convex. This follows on passing to the
limit in
(2e = 1) €Ep(uf)e +q(u)e < e(a® —a?) plu)ge -

With regard to the boundary condition for u, we distinguish between sereval
cases. When b < A™ = min(f’(ur), f'(ugr)), u satisfies the boundary conditions
(2.2). In fact, we even have the property

{uL7 ‘5 < )\m’

UR, §>)\M.

(2.13) u(€) =

To prove this, consider some small § > 0. It is easy to see (see Theorem 3.1,
estimate (3.16b) below) that, in the region £ < A™ — ¢,

C &€ —(@=x™)?
|u€(€)_uL| < ‘UR—UL’—/ e 2:ea2  dx
(2.14a) € Jo

C =52
< |lug —ur| — (c —b) e2ea? .
€

Similarly, for & > A+ 6, AM = max(f'(ur.), f'(ur)),

¢ (M2

‘ug(f)—um < ‘UR—uL’g/ e~ 22  dx
(2.14Db) € Je

C —s2
< |lugp —ug| — (c —b) e2=a? .
€
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From the estimate (2.14) it follows that u® converges uniformly outside the inter-
val [A\™— §, A\M 4+ 4] to the function given by (2.13), for each § > 0. This proves
(2.13). So, the limit function u can be extended by continuity to the left of \™
and coincides with uy and to the right of AM with ug. We arrive at a weak
solution to the Riemann problem with left- and right-hand initial data u; and
uR, respectively.

We now treat the case A™ < b < AM. In this case, the boundary condition
u(b) = uy, is generally not satisfied and, in the passage to the limit, a boundary
layer is formed and the admissible boundary value belongs to a boundary set
defined from the boundary layer. The corresponding ODE will be rigorously
derived later in section 4, for general systems. Here, we content ourselves with
a leading-order perturbation argument. Introduce the new variable y = % and
set VE(y) = uf(b+ey) for 0 <y < <. From (2.1) we get

(215) e = (ey+ b))V = (F(V)+(2e—1)(b+ey)) V' = 0.

Expanding in the form V¢ = V + o(1) and keeping higher-order terms only, we
get for y > 0

(2.16t) (a> =) V"'= f(V) =bV'.

Since u€ is of uniformly bounded variation, so is V. Thus, there exist Vi and Vi
such that V(o0) = Vi and V(0+) = Vj. It can be seen from (2.6) that Vo = up.
Integrating (2.16) from y to co we arrive at the equation for the boundary layer:

(@®> =)V =f(V) = f(Voo) =DV +bVs, y>0,
(2.17)
V(O0)=ur, V(o) ="V .

Consider the special case when the flux f(u) is genuinely nonlinear, in other
words f(u) is strictly convex. Let f*(u) be the convex dual of f. Let u* = f*'(b).
Given ur,, let u7 be the unique solution of

f(u)—bu = f(ur) —bur, ,

which is not equal to uy, itself. A straightforward application of Theorem 4.1 in
[7] shows that the set of all states Vo for which (2.17) has a solution is the set

(2.18) Eup) = { (—o0,up) Ufurh, urL > u.,

(—00, uy], ur < Us .



BOUNDARY LAYERS IN WEAK SOLUTIONS. III 461

We know from [7] and the references therein that, for convex conservation laws,
the problem (1.6) together with the boundary set E(ur) = E(ur) U {uj}, is well
posed. A more careful derivation of the boundary layer (carried out in section 4)

would show that the boundary value of the limit namely u(b+) satisfies
f(Voo) = Voo = f(u(b+)) = bu(b+) ,

which shows that indeed the trace u(b+) belongs to the set £(ur).

3 — Wave Interaction Estimates

In this section, we study a linearized version of the system of equations (1.7).
Given data uy, and ug € B(us, d) for some 6 < Jp, the unknown function u® takes
its values in the ball B(u,, Cy0) with C,d < dg. For g sufficiently small the
eigenvalues of D f(u) are separated, in the sense that

5) —a < AP <A (u) < AT <A << M < AT < Ay (v) < MY < a,
3.1
u € B(us, do) -

Since D f(u) depends smoothly upon u, one can ensure that AM — A7 = O(&).
Given ur,ur € B(us, ) for some 6§ < dp, we are going to construct a solution u*
of (1.7) having uniformly bounded variation, i.e.,

(3.2) V() = [ u)lde < C

This is done in several steps by dealing, in this section, with a linearized version
of (1.7) and, then in Section 4, with the fully nonlinear problem.
The second-order equation for v = u®: [b,c] — RY is

Df(w) + (- V)¢

"
(3.3a) cu’ = R
and the boundary conditions read
(3.3b) u(b) =ur, ulc)=ug.

On the other hand, recall that v® (appearing in (1.4)) is recovered from (1.8) and
that a uniform bound on TV (v¢) will be a direct consequence of (3.2) and

v = €d.
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We aim at proving the existence of the solution u® of (3.3), taking values in
B(us, Cy d) (with Cy § < dp) and satisfying the estimate (3.2). Following Tzavaras
[21] we set

N
(3.4) u?'(€) = D ai (&) ru(w(9))
k=1

where the “wave strengths” af are determined by a% (&) = lx(u®(€)) - u='(£).
From (3.3a) and (3.4) we deduce that

N (Ap(u®) —(1—2¢)¢& N
Z( i = ) aprp(u®) = € (Zairﬂuﬂ)
k=1

k=1

N N
(3.5) = 5Zai/ r(u®) +6Za§ ag, Dri(u®)-rj(u®) .
k=1 k=1

/

Multiplying (3.5) by Ix(u®) (k =1, ..., N) successively and setting
(36) ﬁijk(us) = lk(ug) . D'I“Z‘('LLE) : rj(us) s
we find

(1—-2¢e)& — Mp(u
Epa)

N
)ai => Bippw)aias, k=1,.,N.
i,j=1

(3.7) ai +
The boundary conditions (3.3b) yield

N (&

Z / airr(u®)d§ = urp —ug .

k=170
The uniform BV bound (3.2) on uf is equivalent to the uniform L' bound

N c
> [laila < C.
k=1 "0

The relations (3.6)—(3.7) form a first-order system of coupled, ordinary differen-
tial equations. The function u® arising in the coefficients Ay (u®) and ;5 (u®) is
determined implicitly by (3.4) and (3.3b), namely

Noog
(3.8) u (&) = uL+Z /b ag(z) r(u®(x)) do .
k=1
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We start by studying a set of decoupled, linearized homogeneous equations.
Consider the equation

1-2 — Ap(w

for k=1,..., N, where w: [0,00) — B(ux,dy) is a given, continuous function.

(3.9) o5 +

It admits a unique (positive) solution with “unit mass”, i.e.,

(3.10) / pp(r)de =1,
b
namely
c e € — 2&)T — Ap\W\T
(3.11) AGQES T Thpm) hi(€) :/ 2 _ 2 dz
/ e = dv Pk @
b

with py € [b, ¢] still to be determined. Now, hj can be written in a more conve-

nient form:
§((1—2e)z— \(w(x))
h :/ dx
k(g) ok ( a2 — 52
£ — £ r—
(3.12) :/ cLLIpN +/ v lwlz))
pp @7 — X Pk a® —x
a* = & ¢ — Mp(w(x))
— ¢ 2T AT
50ga2_pi+/pk 22 dx

Using (3.12) in (3.11) we get
(a2 B 52)_1 6—91;(5)

)
Iks

¢ —9gp(z)
I, :/ (a? —x2)_1e = dx,
b

o= [ (S5

a T

When emphasis will be needed, we write explicitly ¢} = ¢%(&§; w) and g, = gi(§; w).
Observe that ¢, does not depend on the scalar py. It will be convenient to choose
Pk € [b, ] to be any point achieving a global minimum of gy, i.e.,

gr(pr) = ming .
[b,c]

Since w is continuous, when py € (b, c] we have

(3.14) gk(§) >0 forall &,  gr(pr) =0, gi(pr) =0.
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However, p;, may also be the boundary point pr = b, but p; < c as can be checked
from our non-characteristic assumption sup Ay < c.

Observe that the behavior at £ = b depends on the position of b with respect
to the eigenvalues A;. For instance, if b < AT* then we have p;, >b. In general, we
can define

(3.15) p(b) = min{k /b < A} .

If p(b) > 1, p = b for all k < p(b) but py is bounded away from b for all k& > p(b).
The characteristic case k = p(c) with )\Z"(” o) <b< )\%c), for which we may have
pr = b or pp > b, will require careful estimates in the forthcoming analysis.

Given b, c it is convenient to choose a4 such that —a < —a, <b< )\]]\\/,[ <c<ag<a.
This choice of a is useful in the proof of the main properties on the functions ¢j,
and their interactions stated in the following theorem.

Theorem 3.1. For dy small enough, there exists a constant C' > 0 indepen-
dent of ¢ for which the following estimates hold. Let dj = )\ka — A" > 0, then for
all k < p(b)

C _(-p _
(3.16a) 0 < pf(§) < Ze mmr CHEND L pcgce,

while for k = p(b)
(3.16b) 0 < (&) <

and for all k > p(b)

(e=am)?
ge‘ﬁ, b< &< AP,
C
(3.16¢) 0 < ¢i(6) < - AP < <A,
C D2
€e 2ea? , )\24<£<c.

Suppose that \i is a constant. Then, if k < p(b), we have

C _ (£=b)? (€4+b—2X1)
(3.172) gi() = & o~ S (eroan
e



BOUNDARY LAYERS IN WEAK SOLUTIONS. III 465

and if p(b) < k,

(3.17b) 0r(€) = —=e 2ea?

Set
{Aﬁﬁ k> p(b),
C —
0, k<p(b),

and consider the wave interaction coefficients (k,m,n =1,2,...,N)

o _w® € 9k
(B18) Bl = (@ -7 [ et et o pnda
Cl

Then the following uniform estimates hold

N
(3.19) Fipm <C 365
j=1

The terms F; =~ will arise in estimating the coupling terms in the right-hand
side of (3.7). Theorem 3.1 implies that, roughly speaking, the limiting measure
@k =lim._ ¢, is supported in the interval spanned by the k-wave speed:

(3.20a) supp ¢ C {0} for all k£ < p(b),
(3.20b) supp @p(c) C [0, AM]  for k=p(b),
(3.20c) supp @x C (AL AM] for all k> p(b) .

In particular, for k£ < p(b), @ either is a Dirac measure supported at & = b, or
else vanishes identically.

Proof of Theorem 3.1: For simplicity we omit the explicit dependence in
e throughout this proof. We will first derive (3.16) in the case k < p(c). First we
get a lower bound for the integral

¢ (=)
I ::/ (a? — 2?)7! e dw
b

(3.21) " .
- \/E[,,,f (® — (o +0vE?) e

NG

o 9k (PR +nVE)
15

n .




466 K.T. JOSEPH and P.G. LEFLOCH

Since k < p(c) we have p, = b, using the change of variable x = pj + /e T we get

gk (pr + 1 V%) 1/*’*”“5(90—&(@0(17)))@
b

€ a? — x2

o T+ﬁ(b—)\k(w(b+\/57))>
_/0< T (bt JEr)? )dT.

Since b > )\{CV[ and we are interested in n > 0

F(b-p)

n T+
gr(pr + 1 V) S/O c\f—oﬂ dr

7 U
< b— A7) .
_2(a2—a3)+\/§a2—a2( ¥)

Using this in (3.21) we get,

\/— c—b 772 b*)\'}rcn
Iy > 2782 /ﬁ e 2a?-ad) \/E(“L“z)nd??
(a _a*) 0
c—b 2 b—AT
— € € 72(a311a2)7ﬁ7]
= 5 e ; *dn
(3.22) a2 —a2 Jo

e
> 6/0 e 2(a*—aZ) a*—aj dn

=Ce,
as € is small. Since & > b,
(3.23)
Erx — \ Erp — \M E—b

The estimate (3.16a) now follows from(3.21) and (3.22).

Consider next the case k > p(c), for which either pi, > 0if & > p or else pr, > 0
if Kk = p. When pp = 0, the same proof as above yields I, > Ce. When pg > 0,
we have g;.(px) = 0 and thus py — A (w(px)) = 0. So we obtain

grlpe +nve) _ 1 /p’““’ﬁ(x—ﬂkﬂka—M(N@))dx
p

5 € Jop a? — x?
Now if > 0,
il + 1 /%) 1 (/Wg 1 m )
< dz + = (pr — A
£ ~ g(a®—a2) \o ! $+€(pk E)nve
2
< Ui n dy, .

2(a? — a2) * VEa? — a?
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Similarly, if n <0,

gelpe +nvE) _ g
€ = 2(a2—a2) eaZ—a2 "

These lead us to the lower bound:

c—

2

0 ot n dy, \/pgk ___n + n dy,
I, > /e /)_ e 20a%-a2) VE(a2-d2) d77+/ e 2(a2-a?)  Ve(a?-a?) dn
0

c—pp

0 en? n_dq —= en? n
- - k - + dy;
= 5<[) e 2a’=ad) (a®=ad)" gp +/ T e 2a?-a?)  (a®-ad) dn)

2Pk 0
€

0 __ _ n_dq c—pr _ n? n__ 4
> 5</ e 202=ad) @-aD) gp +/ ¢ 2@ @-ad) " dn
b—Pk 0

=Ce.

(3.24)

©
Since 0 < e~ "5 < 1, the estimate ¢ < C'/e in (3.16b)—(3.16¢) is established.

On the other hand, for & > )\,]y we have

(=M

¢ (z— € Ly M
B2 @ =)+ [ 5 > [0 (T 4= B0

AM a? — x? M a

Combining (3.24) with (3.25a), the estimates (3.16b)—(3.16c¢) in the region & > A\M
are proven. Finally for p, > b and b < § < A" a similar argument shows that

13 —\m —\m 2
(3.250) w@) 2 [ E g - C2AES

This leads us to the estimates (3.16b)—(3.16¢) in the region b < £ < A}*. The
proof of (3.16) is completed.

When Ay, is a constant a direct calculation gives the estimate (3.17). In fact
we have a better lower estimate for ., namely

In the rest of this proof we will often use the lower bound I > C'e. We will
also need the upper bound for I;. An easy direct calculation shows that

1 a+ca—">
3.26 I < —1 .
(3.26) o< g log| ]

a+ba—c
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We now estimate the interaction coefficients Fl,,, given by (3.18). First,
suppose that at least one of m or n coincide with k, for instance n = k. Then we
find

a® [§ g
Foni(©) = @ =€) " [ (@ =) e g pndo
Ck

(3.27)
= ok /gsomd:v < () .

Ck

To estimate FJ,,, when both m and n are not equal to k, we observe that
1
(3'28) |kan| < i(ka + Fkn) )
where for all k

3
(@-) 1™ [ e et gyPds, E2a

(3:29)  Fiy() = "
(@ =) e [N o)t gy e, E<ar,

for j = m,n. So, it is sufficient to estimate now the coefficients F}, , for & < m
and k > m.

Case k < m: In the region b < ¢ < & we have

-1 (€ (v ¢ 1T A
Finl®) = (a2 = €2)71 e G [ (a2 = a2y G o 02 o
Ck
= L@ gyt Lt
Z

3 =1 (& Am—Ag -1 [T (y—Am
/ (a*> —x*)te= TG = L el WG 2L
ck

IN

E — £/ Am—A
o) @m(f)/ (371 fz( 54 ) dy da
ck

e
€ 1 am M .

OS) (Pm(f)/ o FCam e gy
Ck

IN

)

- ﬁ Pm(8) (1 = “‘Ck))

where we used ¢y < x <&, I, > Ce and that due to the choice of p,,

/ (y_/\m)dy Z 0.
P

m
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Since A" — )\{C\/l > 0, it follows that

(3.30) Fim(§) < O(1) pm(§)  for all &> cp .

Next, consider the region b < £ < ¢g. If ¢ =05, there is nothing to prove.
If £ > p(b) and thus ¢, > b, we proceed as follows. An easy calculation based on
the expression (3.29) of Fj,, gives

Ihe
Fom(€) = 3= #n(6)

Ck —1 [Pk z=Am g, =L [P z2Am g, =L [T AmZAk g
/ (a® —2*)te Jom B T, B Jo, B dx
3

(3.31)

=1 [Pk z=Am cr =1 [T Am—Ag
O g e [ e,
€ §

Here again we used Ip. > Ce. Now since b < ¢ < )\,jgw <A < py, and
pr < x < ¢k, we have,

/”’" (W =Am) 5 = N
p

. a?—y? - 2a? ’
T (Am = A) M (A& =)
— e dy < (N =AY
/pk aZ — y2 Yy = ( m k ) a2 — az
Observe finally that
A = A)? my AR = A7) (A — A?
B =~ i Sy (g R P S o) < 0.

Using this and the fact that ¢, —& < c¢—bin (3.31) it follows that

(3.32) Fim(§) < C 05(21) or(€) €™ < o(1)py(6) forall €< cy .

Combining (3.30) and (3.32) we get

(3:33) Fim(€) < 0(1) [o(€) + om(§)]  forall b<é<e.
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Case k > m: Suppose first that also & > p(b) and thus ¢; = /\,y.

First consider the region £ > ¢, > b. A simple calculation yields

Iy,
m
z (Am—AL _ y—Am _ —Am
R
ck
_ “Am T Am—Xp)
< o) ©r(§) 671[:; (327;/2)@ /g e% Jo “EE dx
= 62 o
g2 ch
o(1) © e b S A O D)

= e — A TR

where we have used pp < ¢ < x < . An easy calculation gives

(=AM AM S
/pk (y—)\m)d < 2a? (Pre = A )% m =0
— ~ 7 y_

o 02— 3 M) ()
a?

, AM <p

This estimate will allow us to conclude in the case k > p(b). When k = p(b)
and therefore m < p(b) we also use the second term in the above expression, as
follows:

—(b =20 (o) = 0) — Mty = Am) Ay = o) < =Mty = A ) (Ap(py— b) < 0.

Defining
1
—5 OF = A2, k> p(b)
Vem =
—(Aply = A Ay —0), ke =p(b) ,

we arrive at

(3.34) Fim(§) <O(1)e=a? @p(§) forall £>¢ .
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Now consider the region b < & < ¢; under the assumption of course that
¢k > b. From (3.29) we obtain

ka(é) — 807}1(5) /Ck(ag f.g (Agl__yAQk) 6_51 ;m (32 /\;n) dy dx
m JE
(3.35) < S) om(€) / Ckeﬁ(w EE) g
3
o)
< — .
Combining (3.34) and (3.35) we get, if ¢ > b,
(3.36) Fim(§) < O(1) om (&) +0(1) pr(§)  for b<E<c.

The last remaining case is k <p(b). In this case A\p <b, Ay, <b and
¢k = pr = pm = b. Hence we find
I, [¢ 1 <Am—Ak> = m)d
ka(f) = (pk(g) I_;A (a2 _ x2) 1 ec fb a2 f a2 yd:L’
e Iy pi(§) (AM _ym)€=b
< SITRPRAS) g Om X
Sop-ang U
o) I
TR = AR I

(3.37)

Pk (g) ’

using that I, > Ce. Since )\fcw < b, an easy calculation yields

M
c—A
k 2

o pfio ()"
(338) [k :A e ° f d§ < \/Ee 2¢ea? b—\)\/{;/[ ei% dy .
Vea

Now, the integral

c—aM

Tk 2 ) 2 ) 2
/)7;\/{;{ e T dy = %)7%»4 e T dy — /kazkv] e T dy
Jea Vea Vea
Vea  Z0onD? Vea  ZenD?
3.39 = e ea? <1+05)— e ea? (1+05)
Vea o 0=y

- ()

since (b — AM)? — (¢ — AM)% < 0. From (3.37)-(3.39) and using I, > C'e we get
Fiem () < O(1) p(€)  for b<E<c.

This completes the proof of the interaction estimates (3.19). u
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4 — Existence Theory and Structure of the Boundary Layer

We now establish the existence of the solution of (1.4). As explained earlier,
it is equivalent to construct the solution u® of (3.3), since then, by (1.8), v® and
TV (v®) are deduced from the relation v’ = &u’.

Throughout this section, all the estimates are uniform in the limit ¢ — 0.
The presentation given here follows [21, 13], and omit all the proofs of the basic
existence theorem.

First, we analyze the coupled system (3.7) but still with u® replaced with a
fixed function w: [b,c] — B(us,Cyd). We are given the boundary value uy, €
B(uy,0) and, instead of using a right-end state ug, we first describe the Riemann

¢

solutions using a “wave strength” vector 7 € RY. The coefficients ay, are sought

in the form of an asymptotic expansion in the wave strength:

ap(&w, ) = TR (§w) + 0 (§w,T)

where 7 = (71,...,7nv) € B(0,d1), the ball in RY having center 0 and radius
01 > 0. The remainder 607,(&;w, ) is sought to be second-order in 7. Next for
each uy, and each vector of wave strengths 7, a solution u® is constructed for (3.7)
with boundary condition (3.3b). Finally for the problem (3.7) with boundary
conditions (3.3b) with fixed uz, and upr, we get the following theorem.

Theorem 4.1. There exist §,C,,C > 0 with the following property. For
every ¢ > 0, ur,ur € B(uy,0), the problem (3.7) admits a solution £ — u®(§)
connecting uy, = u®(b) to ur = u(c) and satisfying u®(§) € B(uy, Cy0) for all
& > 0. It satisfies also the expansion

N
(4.1) ' = 3 af () |
k=1

N
ap(&7) = e R (&) FORE ), R(ED S Clr? Yo w5(&T)
7j=1

95 (&7) B
e e

c 95 (#37) ’
/ (a2 —2?)le 7= dx
b

13 _/\ € .
(&) =/p€ = ag(it éf’”) dz ,

k

(4.2) GE(&7) = (a2 — €2
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for some T = ¢ with
1
(4.3) ol I7¢] < |up —up| < C|7°| .

Furthermore, u® is of uniformly bounded total variation and satisfies
N

(4.4) W'l < O |7] Y5
j=1

and, thus, in view of (3.10) and (4.3)
(4.5) TV (u®) < O(1)|up —ug| .

These results for u° together with (1.8) and v’ = &u/ give uniform L and
TV estimates for v°. So (uf,v) is compact family in L' and also pointwise

almost everywhere. We shall prove the following theorem regarding (u,v) =
lim._,o(u®, v®).

Theorem 4.2. There exist §, c,, C' > 0 with the following property. For every
ur,ur € B(uy,d), a subsequence of the solution (u®,v®) of (1.4) constructed in
the previous section, converges to (u, f(u)) and satisfies the equation

(4.6) —éu + f(u) =0

and we have the estimate

(4.7) TV(u) < Clur —ur| .

Furthermore, there exits constant vectors uy, k = p(b),..., N—1 such that

M A k= p(b), N—1
(4.80) u(€) = {Uk <& <A p(b)

up, A\ <¢<c,

and if b < A", then

(4.8b) w(§) =wur for b<E<A".
Finally, u satisfies the entropy condition

(4.9) —Ep(u)e +q(u)e < 0,

for all entropy pairs ((p(u),q(u)) with p(u) convex.
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Proof: By (1.8) we have
(4.10) "= f(u) | 1) < €20 U L1(pe) -

By the estimates (4.5) and (1.8) and v’ = &/, (uf,v%) is compact in L' topology
and there exists a subsequence which converges pointwise almost everywhere to
a function (u,v). This together with (4.10) give v® converges to f(u) and the
estimate (4.7). Further from the first equation of (1.4a) we get

—&u + flu) =0.

in the sense of distribution.
The limit u satisfies the entropy condition (4.9) for all entropy pairs ((p(u), g(u))
with p(u) convex follows from after passing to the limit in

(2e = 1) Ep(u)e + q(u)e < ep(u)ee -

To prove (4.8), first consider the case p(b) > 1, it follows from (3.8b) and
(4.1)-(4.2) that u®’'(§) converges to 0 as € goes to 0 uniformly on intervals
M+ 6, A, — 6], k = p(b),...N—1for § > 0 and small and so u takes con-
stant values on these intervals.

Let us consider the region £ > A + 6. By (4.1)-(4.2) and the estimates
(3.18),

C [e Zt=y)?
[u®(§) —ur| < IuR—uL|—/ e dx
(4.11&) £ J¢
C —52
< |ugp —ur| — (b—c)e2ea? .
13

Similarly, if p(b) < 1 then b < AT", in the region £ < A" — 4.

C (& —E?
[u(§) —ur| < IuR—uL|—/ ez dr
(4.11Db) € Jo

C =52
lugp — ur| — (c — b) e2=a® .
€

IN

From (4.11), it follows that u® converges uniformly on the interval [b, \]* — 4] to
uy, if b < AT* and on the interval [AY + 4, ¢] to ug, for each § > 0. This completes
the proof of the theorem. n

Note that by (4.8) the condition u(c) = ug holds and if b < AJ?, then u(b+) =
ur,. In fact this case solve the standard Riemann problem. However when b > A7
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the condition at u®(b) = wuy, does not pass to the limit in general and must be
relaxed and expressed in the weak form (1.6¢c). The rest of this section is devoted
to determine the value u(0+). We will distinguish between the characteristic and
the non-characteristic case, the former being comparatively easier to deal with.
We start with the derivation of the equation describing the boundary layer near
x =0b.

Theorem 4.3. The trace u(0+) of the Riemann solution constructed in
Theorem 4.2 satisfies the following property. There exist a vector Vo, and a
smooth function y > 0+ V(y) such that

(@ =) V'(y) = fF(V(®) = bV (y) = f(Veo) + b Voo ,

(4.12)
V(0)=up, V(x)=Vy,
and
(4.13) f(Voo) =0V = fu(b+)) —bu(b+) .

Proof: Let & be a sequence of positive numbers such that

(4.14) e =o(e) ,
i.e. & tends to 0 faster than €. Define the function

—b
(4.15) VE(y) =u(b+& +ey), foral 0<y< C? .

Since v is uniformly bounded and of uniformly bounded total variation (see
(4.5)), the functions V¢ are also bounded and of uniformly bounded total varia-
tion. So there exists a function V(y) of bounded total variation defined on the
interval [0, 00) and there exist two constants V and Vi, in R™ such that

(4.16) lir% Ve(y)=V(y) forall y>0
£—
and
(4.17) lin(lJ V(y) =W, ylim V(y) = Voo -
Yy— — 0

In fact, Vy = up, to see this note that

(4.18)  |V(0) —ug| = lir%]V(y) —ur| < lir%limsup\ua(b—i-ﬁg +ey) —url .
y— y—0 50
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Using the pointwise estimate (3.16)
lu’(¢)| < g forall b<¢<ec,
we have,
b+&e+ey ,
wb+E +ey) —ur| < / (s)| ds
(4.19) b

O [btéetey
< €/b ds = Cy+€/e) .

From (4.14), (4.18), and (4.19), we deduce that V(0) = up.
Next we derive the boundary layer equation (4.12). Integrating (1.7) from
some point b+ « to b+ & + ey, we get

e(a® = (b+& +ey)?)u b+ & +ey) —e(a? = (b+a)?)u(b+a)

b+&etey ,
+2 6/ zu® (z) dx
b+a

b+Eetey , . B .
_ (25_1)/b+a v (2)dr + f(u b+ & +ey)) — f(ubra)) .
Simplifying this we get,
5 (a2 —(b+& + Ey)z) u'(b+&+ey)—¢ <a2 —(b+ a)2) u®' (b+ «)
= f(uFb+e&+ey) - f(uw (b +a)) »
AR
—(b+&+ey)u(b+&+ey)+ (b4 a)u(b+ a) —|—/ ’ us(s) ds.

After integration with respect to a varying from 0 to some ¢ > 0 and then dividing
by ¢, this identity becomes

0

(a® = (b + & +ev)?) di(uf(bJrgEJrey)) - 5 (a* = b+ @)?) w'(b + o) da

= _(b+§a+5y)u€(b+€a+5:‘/)+f<u€(b+£€+5y))
+% /5 (b+a)u€(b+a)—f(uf(bm)))da

b+€s+5y
5 / / s) dsda.

We now integrate this with respect to y, starting at 0, we get

(= b+ & +e9)?)wb+&+ey) — (a2 — b+E)?) (b +&)

é
—}—25/0y(b—|—§s+5m)u(b+§g+5x)dx - %y/o (a2—(b+a)2) u¥'(b+a)da =
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_/ b+&+en)u'(b+&+ea)+ f(C(b+ 6 +en)))da

+%/ (b+a)u5(b+a)ff(uf(b+01)>)da

b+§s+€$
(5 / // s)dsdadx .

Letting ¢ — 0 and using V(0) = ur, and the uniform L* and TV estimates on
u®, we arrive at

(a®= %) V(y) = (a® = b*) ur

::A%—m«m+fw@m)mp+%A%@+amw+a%<ﬂM“+MDda

y o rb
+ = / / u(s) dsda
0 Jo Jota

for all 4,y > 0. Next when & — 0 it follows that
(@> =0 V(y) = (a® = ") ur
-/ (“bV (@) + V(@) do + y(bulbt) - F@(+))) -
On differentiating this we get the equation
(4.20) (@ =0*)V'(y) = f(V(y)) = bV (y) = f(u(b+) +bu(b+) .

Next we shall prove (4.13). Integrating the equation in (4.20) from n to n+1,
it follows that

n+1
(4.21) /n (F(V(@) = bV (2)) dz — f(u(d+)) + bu(b+)
= (@=t)(V(n+1) = V() .

Since V' has bounded total variation and converges to V, at infinity, we have

n+1 n+1
[ 1) - f)lds < ¢ [T V() - Vil da
< CTV(V,[n,n+1))+C|V(n) = Vx| — 0.

Therefore letting n tend to oo in (4.21), we obtain f(Vy) — bV = f(u(b+)) —
bu(b+), which is the condition (4.13). Now using (4.13) in the differential equa-
tion (4.20) and V(0) = ur, we get (4.12). The proof of the Theorem is completed. m
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Our objective now is to characterize u(0+). Here after we use the nota-
tion p instead of p(b) as we are dealing with a fixed b. Consider first the non-
characteristic case that is when

(4.22) M <b< A

Denote by

E(ur) the set of all admissible boundary values Vo

(4.23) determined by the problem (4.12) .

Then we claim that the trace u(0+) of the Riemann solution constructed in
Theorem 4.6 belongs to this set. Thus u(z,t) solve (1.6) with boundary condition
(1.6c) given by the set £(ur). Further we shall show that £(ur) has the correct
dimension. More precisely we have the following result.

Theorem 4.4. Suppose that the non-characteristic condition (4.22) holds.

(1) (Existence) There exist §,C > 0 with the following property. Given
ur,ur € B(us,d) there exists a weak solution with bounded total varia-
tion of the Riemann problem (1.6), associated with the set of boundary
values (4.23).

(2) (Uniqueness) Assume that, for j = p, ..., N, each j-characteristic field of
the matrix D f is genuinely nonlinear. Then the above Riemann solution
is unique in the class of piecewise smooth self-similar solutions.

(3) (Local structure) Then the set £(uy,) defined in (4.23) contains the point
uy, and, locally near uy, is a manifold with dimension p—1 whose tangent
space at uy, is spanned by the eigenvectors rj(ur), j = 1,2,...,p — 1.

Proof: The property (3) follows from Theorem 3.4 in [7] when the flux f(u)
is replaced by %.
To prove (1), we note that by implicit function theorem and by the condition,

the flux-function f(u) — bu is locally one-to-one and so,
u(b+) =V -

In other words, the solution satisfies the boundary condition (1.6¢), with £(up)
being given by (4.23). This concludes the proof that the Riemann problem (1.6)
admits a weak solution satisfying the boundary condition in the relaxed sense
(1.6¢c).
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To show (2), we observe that the standard Lax wave curves associated with
the wave families j=p+1,...,N generate a smooth manifold with dimen-
sion N — p, which contains up and whose tangent space at ug is spanned by
Tp+1(uR), ..., N(ug). The two manifolds are transverse and by a straight for-
ward generalization of Lax’s construction of the Riemann problem give a unique
intersection point is the desired trace u(0+). u

Theorem 4.4 provides a complete characterization of the boundary layer in the
non-characteristic case. Of course in the interior £ > 0, the Riemann solutions
also satisfy the Lax and Liu entropy condition, as is the case for the Riemann
problem in the whole line.

In the rest of this section we aim at extending the conclusion of Theorem 4.4
to the characteristic case. Thus we return to the situation where

(4.24) be (LA,

PP

and we assume that the boundary data is “entering” in the sense that
(4.25) Ap(ur) >0 .

We must introduce a set of admissible traces similar to (4.23). Here again follow-
ing Joseph and LeFloch [8], we introduce the following set of admissible values:

E(up) = {VOO/ there exists a solution to (4.12)}

(4.26) U {‘700/ there exists a solution to (4.12) for some V4
with f(Vao) = bVao = f(Vao) = bVao and Ap(Vao) > b} |

and a straightforward generalization of Theorem (4.7) of [8] leads us to the fol-
lowing conclusion.

Theorem 4.5. Suppose that the characteristic condition (4.24) holds and
that {\,(u) =b} is a smooth manifold with dimension N—1, and the
p-characteristic field is genuinely nonlinear. Let u, be in this manifold. Then
there exist 6 > 0 with the following property. Given ur,ur € B(ux,0) there ex-
ists a weak solution with bounded total variation of the Riemann problem (1.6),
associated with the set of boundary values (4.26), i.e.

(4.27) u(b+) € E(up) .
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5 — Examples from Continuum Physics

The results obtained in this paper are now illustrated with the help of two
examples.

The p-system of gas dynamics. We consider the p-system in the case
that the flux-function takes the form f(uy,us) = (—ug,p(uy))t, with p'(u1) < 0
and p”(u1) > 0. More specifically, werestrict attention to the case p(uy) = %,
~ > 1. Here, u; > 0 is the specific volume and us is the velocity. The equations
take the form

(51) 8tu1 — 8wU2 = 0, atUQ + 8xp(u1) =0.

The relaxation approximation (1.4) for the system (5.1) becomes
_£u§/+0§/:07 _gugl_{_u;/:(]’

(5.2a) 1 1
— & +a*u§ = - (—u§ — vf) . =S 4§ = R (—p(ui) - vg) ,

on a bounded interval [b, ¢] with the boundary conditions

(5.2b) ui(b) = uir, ui(c)=wir,  u5(b) =uar, u5(c)=ugR .
After reduction to the second-order equations (see (1.7)) we find

e(@® - &) u" = —ujy + (2e — 1) €,

e(a® =) u" = plur) + (2e — 1) Euy

on the interval [b, ¢] with the boundary conditions

(5.3a)

(5.3b) uf(b) = uir, ui(c)=wir,  u5(b) =uaor, u5(c)=uap .
The function v® = (v§,v5) is recovered from the relation (1.8):
(5.3¢) vi=e(a® - ui' —ug, i =e(a® —€)uy + p(ui)

where u;r, j=1,2 and u;gr, j=1,2 are given constants. Our aim is to get a large
data result for the p-system (5.1). Let uig = min(uir,usr) > 0. First we show
the existence of solutions to (5.3).

We largely follow the ideas of Slemrod and Tzavaras [19] for their study of
Riemann problem for isentropic gas dynamics equation in Eulerian co-ordinates.
Consider the one-parameter family of problems:

e(a® =) w" = —puy + (2 — 1) €ul,

(5.4a) 2 2 7 / /
e(a® =& )u" = pp(ur) + (2e —1)§ug’,
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on the interval [b, ¢] with the boundary conditions

e

7(0) = w0+ p (urr, —wio),  ui(e) =uio+ p(ur — u10) ¢
(5.4b)

W5(b) = pus,  u5(e) = pusg -

Here, the parameter p lies in [0,1]. We note that the equation (5.4a) can be
written as

!/

(th(a® = €)7%) = —p(a® — )% .
(uhla® — €22’

An easy computation shows that solving (5.4) is equivalent to solving the integral

(5.5) -
= p(a® — &)= p(u)’ .

equation:
¢ 2 2\ —1
u(©) = ub)+ A [ (= y)E " dy

+6K£LW —ﬁ//“:;%zmm»ww

with the constant A given by

(5.6a)

u(e) = u(t)+ 4 [ (@ —yH)E " dy

+§§Acé§f@ -5 ﬁ;igg—fizf@4@>dz@/

and u(b) and u(c) given by (5.4a). Let X = CY([b, c], R?) be the Banach space of
continuous functions endowed with sup-norm, and

(5.6b)

(5.7 Q= {u € X: brggigcul(g) >0 >0, brg?%cc\w(fﬂ +ui(§) < M+ 1} .

Consider the map T: Q — X by
€ 2 2\ &1
Tu(§) = uL—I—A/ (a®* —y“)2e " dy
b

+§f$%2 //“:; %ﬁmmw@

with A determined by (5.6b) with 1 = 1. It is easy to see that T: Q@ — X is
a compact map. Fixed point of T' gives solution of (5.3). Using a fixed point

(5.8)
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theorem we prove the following existence theorem for the system (5.4) and hence
in particular for (5.3).

Theorem 5.1. There exists a solution (uj,u3) of (5.4) such that, for all
0<p<1,

(5.9) sup {w€) + (O} <M, inf () 29

for some constants M > 0 and 6 > 0 (which may depend on ). Furthermore, uj
and u5 belong to one of the following class:

(a) w1 and ug are constant functions,
(b) w; and ug are monotone functions,

(c) wuy is monotone increasing (decreasing) and then ug has exactly one critical
point which is a maximum (minimum),

(d) we is monotone increasing (decreasing) and then w; has exactly one
critical point which is a maximum (minimum).

To prove this theorem, we will rely on several a-priori estimates for the solu-
tions of (5.4). We start with a technical lemma.

Lemma 5.2. Let (uj,u3) be a solution of (5.4). Then, there exist M and
6 > 0 such that, for all 0 < p <1,

(5.10) Jup {ui(€) + s} <M. inf wi(©) 20

Proof: We start by showing that any solution (uj,u5) of (5.4a) belongs one
of the classes (a)—(d) stated in Theorem 5.1. For simplicity in the notation we
supress the dependence in €, that is, (ui,u2) = (uj,u§). Clearly, (5.4) admits a
solution for p = 0 namely (u1,u2) = (u10,0). We assume that p # 0. We note
that, by uniqueness of the solution of the initial value problem for (5.4a) with
initial conditions (u1(&),u2(&o)) and (u) (&), u5(&0)), (u1(€),u2(§)) is uniquely
determined on its interval of existence. From this, it follows that either u; and
ug are constant functions or both must be non-constant functions with at no
point derivatives which vanish simultaneously.

Now, consider non-constant solutions w1, ug of (5.4a) and suppose that one
of them is not monotone, say us has a critical point at . Then, u5(&) # 0,
otherwise at that point w)j would also vanish by (5.4a), which is impossible for
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a non-constant solution by our earlier observation. Assume that uf (&) <
If (c) is true, then we are done. If not, there are two possibilities:

(i) wug has two consecutive critical points with a maximum at £, and a min-
imum at &7,

(ii) we has exactly one critical point with maximum at &, and u; has atleast
one critical point in (b, c).

In case (i), assume for definiteness & > & (the case & < & is similar),
then u4(£) > 0 on (&1,&). From (5.4a) it follows that p(u1)'(&) < 0 and, since
P(u1) < 0, it also follows that u}(§) > 0. By a similar reasoning we have
u) (&) < 0. So, uy has a critical point at some point & satisfying & < & < o,
which is a minimum and so v} (£2) = 0 and u}(£2) > 0. Using this result in (5.4a),
we get uh (&) < 0 which contradicts the property ub(£) > 0 on (&1, o).

For the case () 5(&) > 0on (b, &) and uh(&) < 0 on (&, c). As before, using
ubh(&) = 0 and uf (&) < 0 in (5.4a), we get uj (&) > 0. This, together with our
assumption that u; has a critical point, shows that w1 has a minimum at a point
& with b < & < & or a maximum at & with § < & < ¢. From (5.4a) we get
uh(&3) < 0 or uh(&4) > 0 which contradicts uh(€) > 0 on (b, &) and ubH(£) < 0 on
(&o: ).

The analysis for the case uj (&) > 0 is similar. In that case we can conclude
that w; is monotone decreasing. Thus, we have proved that ug can have only (at
most) one critical point §y and that (c) holds. Proceeding similarly with u; we
get (d). This completes the structure of the solutions of (5.4a).

Using this structure we get the a priori estimates (5.8). Integrating (5.5) from
any point &1 to £ we get

B110) (6 (@ - ' F = () (@ - D' F —u (=) ) dy

and

_1 3 1
(5.11b) uh(€) (a®~ €2)172% = uh(€1) (a®— €))% + p g(aQ—y2) = p(u1)'(y) dy -
1
The only cases in which the estimate (5.10) is not obvious is on non-monotone
component. Thus, suppose that us is monotone but that u; has a critical point
at &. Taking &= &y in (5.11a) we get

1

GO - E = [ )y
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Using the monotonicity of us we get

1

a&—1

luy(&)] < p——— |uar —uar| .
(a2 —a2) %
From this we get
1
3 , a1
(5.12a) |u1(§)] = \U1L|+/ lur(y)'dy < |urp|+(c—b) p————5 [uar —u2r| .
b (a?—a2)2=

Similarly, from (5.11b), if u; is monotone and uy has a critical point we obtain

(5.12b) [u2(§)] < fugr] + (c = b) % Ip(uir) — p(uir)| -
(a2—a2)z=

The estimates (5.12) and the monotonicity properties yield precisely (5.10).

Now, we need to show u1(£) > 0 for some 6 > 0. This is not obious only in
the case that ug is decreasing and that w1 has a minimum. Assume that p > 0.
Integrating the second equation in (5.4a) we get, for any &; < o,

p(p(ur(&2)) = p(ur(&r))) = e(a®— &) uh(&) — e(a®— &) up(&r) +/;2yué(y) dy .

Since the above right-hand side is finite, the left-hand side also must be finite.
Since p(up) = kul_v, ~ > 1 it follows that u; cannot be 0. Since we have given
positive boundary conditions, we get u; > 0 for p > 0. For p = 0 clearly
u1 = u1p > 0 as observed earlier. Now using continuous dependence of solution
of (5.4) on the parameter ;1 existence of 6 > 0 (which may depend on €) bounding
u1 below follows. The proof of the lemma is complete. n

Proof of Theorem 5.1: Let u* = (uq0,0), u1g = min(uiz,u1r). Consider
the map F': ¢l(Q2) x[0,1] — X defined by F(u,p) =u—pTu—(1—p)u*. F(u,p)
can be written as u + G(u, u) with G compact as T is compact. The esimate
(5.10) shows that for suitable choice of M and ¢ in the definition of Q F(u,pu # 0
for all u € 99, for all 0 < p < 1. Also F(u*,0) = 0 and the constant function
u=u*is in . Then, by Theorem (4.1) of [15], the desired result follows. u

Next, we are interested in the limit lim._,o(uj, u5). We start by obtaining a
total variation bound independent of €. From Theorem 5.1 the solutions has to
satisfy (a),(b),(c) or (d). It is enough to consider only two cases, namely (c) and

(d).
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Lemma 5.3.

(i) Let uj be strictly increasing and suppose that u§ has exactly one critical
point which is a maximum at £.. Then

(5.13) WS (EL) < uar, + / =P () ds .

(ii) Let uj be strictly decreasing and suppose that u§ has exactly one critical
point which is a minimum at &.. Then

(5.14) u5(&e) > uog — /MR\/:p’(s) ds .

uirL

(iii) Let u§ be strictly increasing and suppose that uj has exactly one critical
point which is a maximum at .. Then

u1 (€e)

(5.15a) uap — u5(&:) > V—=p'(s)ds ,
uiR
u1 (&)

(5.15b) u5(&) — uar, > V—=p'(s)ds .
uir

(iv) Let u§ be strictly decreasing and suppose that uj has exactly one critical
point which is a minimum at &.. Then

u1(€e)
(5.16a) uj(€e) — ugr > — V=r'(s)ds
ulrL
u1(&e)
(5.16b) usr — u3(&e) > — V=p'(s)ds .
UIR

Proof: For simplicity we supress the dependence of € and call (uf,u5) as
(u1,u2). In the case of (i) and (ii) w1 () is invertible in [b,c|. Call this inverse
& (u1). Differentiating

dug  ub
1 R
(5:17) du; )

with respect to £ and using (5.3a) in the resulting expression we get

(5.18) e(a® ~ 52)(@)/ =P+ (%)2

du1
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and
G19) el -)(52) = plul + 2(e6+ 52) (2

We prove (i), the proof of (i) being similar. Since u5(&:) =0, we have
dus (15(¢.)) = 0 and from (5.18) (222)/(&,) = p(“”@;) < 0. Define

duy duy

dus

2
& = inf [50 e bl )@+ (52) ©<0 e <es ga].

If & > b then we have (9%2)'(¢;) = 0 and ($2)"(¢1) < 0. But by (5.19) we have

duq
e(a® = €2)(52)"(&) = p"(w)(wr)'(€1) > 0. So & = b and p/(ur) + (§22)* < 0 for
all £ < &.. Factorizing this we have

(Z:Z + (u1)> (;le - —p’(u1)> <0,

Using the monotonicity of u; and ug on [b, &, we have the first factor is positive
and so the second factor

@_ —pl(ul)<0, ge[bagei) .

du1
Multiplying this with u} and integrating from b to & gives (5.13). The proof for
(5.14) is similar.

Now, we take up the case (iii). The proof for (iv) also is similar. Here ug is
strictly increasing and w; is strictly increasing on [b,&.) and strictly decreasing
on (&, c] with a maximum at . We treat the intervals [b,§) and (&, ¢] seperately
and denote the corresponding inverse of u; by &(u1). On each of these intervals
the derivatives (%) and (du2 )" are given by (5.18) and (5.19). Because of the
monotonicity properties of u; and us we have d—” > 0 on [b,&) and d“2 < 0 on

(&, c]). Furthermore, % — 00 as £ — & from the left. Define

d’LL2

& = inf{§0 € bued: pm)© + (G

2
) (&) >0, €o<€§§e}

and

dUQ

2
& = maX{fo € e P + (52) (1) >0, & <€ < fo}-
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As before it follows that & = b and so

dUQ

2
Pa)©+ (52) © >0, b<e<e

and & = ¢ and so

dUQ

2
Y@+ (52) © >0, &<e<c

from which it follows that

dUQ P
— <
G >, bse<é
and p
ﬂ —/ =7 <
Jur < pur), &<&<ec.

Using v} > 0 on [b,&.) and u} < 0 on (&,¢|, as before multiplying the first
inequality by u} and the second by —u} and then integrating, (5.15) follows.
The proof for (5.16) is completely similar. u

We know that the Riemann problem for the p-system does not have solution
for arbitrary data (Smoller [20], Chapter 17, for instance). and that a non-vacuum
condition is necessary on the initial data for the existence of a solution. However,
for v = 1 no conditions are required.

Theorem 5.4. Assume that the data is such that

(5.20) U — uzr, < / \/—P'(s) ds .
u1o0

Let u® = (uj,u$) be a solution of (5.3) and let v® be given by (5.3¢). Then, these
functions are of uniformly bounded variation. The limits u(§):= lim._ou®(§)
and v(§) : = lim._,0v°(&) exist pointwise along a subsequence and vi = —ugy and
vy = p(uy). Furthermore, u satisfies £ u' + f(u)’ = 0 in the interior.

Proof: Since uj and u5 has at most one maximum or one minimum L*
estimate gives uniform BV bound for u°. It is enough to consider non-monotone
cases and so we consider the four cases in Lemma (5.3). Cases (i) and (ii) the
bound follows from (5.13) and (5.14). For the case (iv), adding (5.16a) and
(5.16b) we get

Ul(gs) ul(éi)
UgR — U, > —/ \/ =P (s) ds —/ /=P (s) ds .
UIR uirL
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Since usr — uor, < 0 and uyg, > 0, usy, > 0, it follows that there exists ¢ > 0 such
that u5(&;) > c¢. The remaining case is (iii), where we use (5.20). From (5.15) by
adding we get

Ul(gs) ul(gi)
UgR — UaL, >/ \/ =P (s) ds —I—/ \/ =P (s) ds .
UIR uir
In this case uggr — uzr, > 0. We want to show uj (&) < ¢, for some ¢ > 0. If not

UgR — UL, > A/ —p/(S) ds +/ \/ —p’(s) ds .
ulL

UlR

we have

which contradicts (5.20). The rest of the proof is as of Theorem (4.2). u

As observed earlier boundary conditions may not be satisfied by the limit. We
consider the interesting case where the boundary is characteristic. Let A;,As are
the eigenvalues of the system (5.1). Then A\; = —(—p/(v))"/? and Ay = (—p(v))"/2.
Assume the characteristic condition

(5.21) AP <b< A

The boundary layer equations (4.12)—(4.13) after a scaling of the independent
variable y to —*3> becomes

(5.22a) ) = —ug — buy + Ugeo + bUIeo, Uy =p(ur) — bus — p(uieo) + bUzeo
with boundary conditions

(5.22b) ui1(0) = uyr, u1(00) = Ulso, w2(0) =ugp, u2(00) = Uss ,

where (u1(b+),uz(b+)) are related to (4100, U200) by the equations

(5.23) wug(b+)+bui(b+) = u2eo +buroo, p(ur(b+)) —buz(b+) = p(uiss) —buaes -

Eliminating us from (5.23), we get b?u(b+) + p(u1(b+)) = b*u100 + p(U100)-

Note that the function k(u1) = b?u; + p(u1) is convex since p”(uy) > 0. This
function is bounded below and has a minimum by (5.21). Let uj* is defined by
the minimum of this function that is b2 = —p/(u}*). For any u1g # u}* define uj,
as the unique solution of the equation b?u; + p(u1) = b?uip + p(u1o) other than
uyo itself. Eliminating us from (5.22), we get the equation

(5.24a) u) = =2bu) + k(u100) — k(uq)
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with boundary condition
(5.24b) ui(b) =wir, ui1(00) = Ul -
For a given (uir,usr) define the sets

(5.25a) A(uip,usr)= {(u1, ug): b2(U1L* u1) < —b(uzr — u2) < —(p(uir) — P(Ul))}

and

(5.25b) B(uip,usr)= {(ul, ug): b2(u1L— u1)>—b(ugp—u2)>—(p(u1r) —p(ul))} .
Differentiating (5.22a) we get its solutions (u1,us) satisfy the equation
(5.26) uf = —ubh —bul,  ul =plu) —buf .
As in the proof of the structure of solutions of (5.4a) in Lemma(5.2) we have a
solution (u1,u2) of (5.26) must be of one of the following type:

(a) w; and ug are constant functions,

(b) wu; and ug are monotone functions,

(c) wj is monotone increasing (decreasing) and then us has exactly one critical
point which is a maximum (minimum),

(d) w; is monotone decreasing (increasing) and then us has exactly one crit-
ical point which is a minimum (maximum).

We want to rule out (c¢) and (d). Consider the case (c¢) where w1 is monotone
increasing and wuy has a maximum at & in (b, 00). Since & is maximum we have
uy > 0 on (b,&) and uy < 0 on (&, 00). Now from the equation (5.26) we have,
on integration

uh(00) = uh(&0) = p(ur(00)) = p(€0) — blua(o0) — ua(&)] -
Using ub(00) = u5(&o) = 0 and rearranging terms we get
p(u1(50)) = plun (€0)) = blua(o0) = ua(&o)] -

As ug is decreasing on (&p,00), b < 0 and p/(u1) < 0 this gives us uq(00) < u1(&p)
which contradicts the fact that u; is monotone increasing. Now take the case
u1 decreasing; similar reasoning give ug cannot have a minimun in (b, 00) and
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thus (c) is ruled out. The posibility (d) is also ruled out by similar argument.
Now we write (5.2a) in the following form

Up — Upeo = —UY — b(U1 — Uloo),  —P(u1) — P(U1ce) = —uh — buz — U2s) -

This shows that either both w; and ug are strictly increasing or both are strictly
decreasing

(5.27) wy >0 and ub >0 or wuj <0 and ) <O0.

Using this monotonicity properties we determine the set (u100,U200) such that
(5.22) has a solution.

Suppose u}* < ujr, < U10. We prove there is no solution for this case. If there
is a solution by (5.27), u}j > 0 for all y > b and so u}* < u1;, < U100. Then we get
k(u1(y)) < k(u1o0) for all y > b. Integrating (5.24a) we get

wi(5) = [T (b ) ~ ko)) dy

which says v} (y) < 0, a contradiction.

Now take the case ul* < U100 < uyr. Following exactly as before it follows
that there is no solution in this case.

Next take the case u]; < U100 < uj* < u1r. Suppose there is a solution for
(2.24) then u(y) < 0, for all y > b by using (5.27), u(y) < 0 for all y > b.
So from (5.22a) we get

(5.28)  —ug —buj + useo + bUioo <0, plur) —bug — p(uiee) + buzee <0,

for y > b. Multiplying the first inequality by —b and adding to the second we
get k(u1) < k(uioo) for all y which contradicts our initial assumption k(u1r) >
k’(uloo)

Now consider the case ujr, < uj* < ujo. Repeating a similar argument as
before gives non-existence of solution.

Now consider the case ui;, > ui® and u10 < uj;,. We show that there is
solution to the problem (5.22) iff

(5.29&) —uor, — buir + Useo + D1 < 0, p(ulL) —buyyr, —p(uloo) + bUugee < 0

and

Uloo p uloo) + b(u2<>o - UQ(S))
(5.29b) U200 — UL, = / Unoo — u2( )+ b(u100 — u1(s)) ds .
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From the equation (5.22a) we have
(5.30) w2 — upoo = —uy— b(u1—Uioo) ,  —p(u1) — P(utco) = —uy — b(uz —u2e0) -

This shows that either both u; and we is strictly increasing or both are strictly
decreasing on the interval of existence and

dup _ p(s) = p(uroe) + bluzee —ua(s))
AUt (ugog — ua(s) + blurne — ur(s))

It follows that (5.29) is necessary for existence. To prove sufficiency we consider
the problem (5.22) with data satisfying (5.29). From (5.22a) we get on the interval
of existence (5.28) holds. As before this leads to k(u1) < k(u100). This shows that
U1 < Ujeo. Using this in (5.28) we get ug is also bounded below. So we have u; and
u2 bounded decreasing solution of (5.22a) with initial conditions u;(0) = u;z, and
u2(0) = ugr, with u1 and ugs satisfying (5.29). Clearly limy o0 (u1(y), u2(y)) =
(u11,u91) exists. We claim that (u11,u21) = (U100, Ulco). First consider u;. There
exits y, € (b+n,b+n+1) such that uy(b+n+1) —ui(b+n) = u'(y,). Letting
n tends to infinity we have u} (yn) goes to 0 as y,, go to infinity. For any sequence
zp, going to infinity we have from (5.22a)

W (20) = i (ga) = (u2(yn) = ua(z)) +0(wr(yn) = i) -

Letting n tends to infinity we get lim,, .o u](2,) = 0 and so lim, . u}(y) = 0.
Similarly limy_, u5(y) = 0. So from (5.22a) we get

(5.31) —ug1 — bui1 + Useo + DU =0, p(UH) —bugy — p(uloo) +bugse =0 .

From this we get k(u11) = k(uico). As u11 and uje are less than ui* it follows
that u11 = u10. Using this in (5.31) it follows that w1 = u20.
By a similar reasoning we get existence for the cases u1r, < U100 < uj* iff

(5.32a) —wuop —buip + Useo + bUieo >0, p(uir) —buar — p(Uico) + buzee >0

and

e p(s) — p(unce) + b(ugeo — ua(s))
(5.32Db) U2oo — UL, = /Uu U — 1 (5) T Bltire — un(s)) ds

and for the case ui0o < uir, < uj* if (5.29) is satisfied. Thus we proved the
following Theorem.
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Theorem 5.5.

(i) Let (u1,u2) be a solution of (5.22). Then either u; and uy are constant
functions or uq and ug are strictly increasing functions or both are strictly
decreasing functions.

(ii) The set of (U100, U200) for which (5.22) has a solution is the union of
(u1r,uer) and a curve

o — Uy — /”1” P(s) = p(U1co) + b(u2e0e — u2(s)) ds
2o0 2L Uoo — u2< ) + b(t100 — 1 (5))

lying in the set
[0<U1<UTL]QB(U1L,UQL), u1L>u’{*,

C(uir,uar) = {(UIL’ “2L)} U9 [uin <wy <uj] N A(uig, uar)
Ulup <uir <ui] N B(uip,uar), win <uj*.

Isentropic gas dynamics equation. Consider now the one-dimensional

isentropic gas dynamics equation in Eulerian co-ordinates
815,0 + 890[)“ =0 9

(5.33) )
O (pu) + Oz(pu” +p(p)) =0,

with p(p) = kp?, v > 0. The relaxation aproximation of (5.33)

— &7+ =0, —€pu +05 =0,
(5.34a)
—fv +a25/ 1(55_5 - 255/_1 e, €2 €
ptatpt=— (pu—ef), —guptat(ptut) = - (pup(p) - vy

on a bounded interval [b, ¢] with the boundary conditions

(5.34b) p(b) =pr, plc)=pr, uwb)=uL, ulc)=ug,
leads to

e(@®—=&)p" = 2e-1)¢p +m',
(5.35a) 2 /
o —em' = e = Dem’ + ("= + ()

on [b,c] with m = pu and the boundary conditions

(5.35b) p(b) = pr, p(c)=pr, m)=prur, mlc)=prur,
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with
2 2\ 7 2 2 / m?
635w =cla =) +m, w(©)=c@= ) pu) + (" +(0))

With minor modifications of the analysis of Slemrod and Tzavaras [19] we could
also prove the existence of solutions with uniformly bounded variation indepen-
dent of €. The details are omitted.
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