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STABILITY AND CONTROLLABILITY OF
THE ELECTROMAGNETO-ELASTIC SYSTEM

S. NICAISE

Abstract: We consider the stabilization of the nonstationary electromagneto-elastic
system in a bounded region with a Lipschitz boundary by means of nonlinear boundary
feedbacks. This requires the validity of some stability estimate in the linear case that
may be checked in some particular situations. As a consequence we get an explicit decay
rate of the energy for appropriate feedbacks. By Russell’s principle we further get some

exact controllability results.

1 — Introduction

Let © be a bounded domain of R? with a Lipschitz boundary I'. In that
domain we consider the non-stationary electromagneto-elastic system with non-
linear boundary conditions:

O2u—Vo(u)+Ecurl E=0 in Q:=Qx]0,+o0[,

e F—curlH —€£curldiu=0 in Q,

woH +curlE=0 in Q,

dive E) =div(uH) =0 in Q,
Hxv+&ouxv+g(Exv)xvy =0 on Y:=TI x]0,+o00[,
o(u) v+ Au+ga(du) =0 on ¥,

u(0) = ug, Ou(0) =u; in Q,

E(0)=Ey, HO)=Hy in Q.
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This system models the coupling between Maxwell’s system and the elastic
one [8, 11], in which E(x,t), H(z,t) are the electric and magnetic fields at the
point x € Q at time ¢; u(x, t) is the displacement field at the point 2 € Q at time ¢.
g, p are the electric permittivity and magnetic permeability, respectively, and are
?7 j=1 is the stress
tensor given by (here and in the sequel we shall use the summation convention

supposed to be real, positive functions in L>°(€2). o(u) = (oi;(u))

for repeated indices)
oij(u) = aijr er(u) |

where e(u) = (Eij(u));{j:l is the strain tensor given by

( )_1(8ui+8u]~)
A _2 8;1:j 8332 ’

and the tensor (aijr1)ij k=123 is made of C?(€) entries such that
Qjjkl = Qjikl = Qklij »
and satisfying the ellipticity condition

(2) Aijkl €ij €kl = (UE4j E4j

for every symmetric tensor (¢;;) and some a > 0. Hereabove and below Vo (u) is
the vector field defined by

Vo (u) = (9j0i;(u)i_; -

As usual v is the exterior unit normal vector to I'. The mappings g1,g2 are
assumed to satisfy some standard properties that will be described later on.
Finally A is a positive real number and £ is a real constant which is the coupling
parameter. Indeed when & = 0 the above system decouples into two independent
problems namely the elastodynamic system and Maxwell’s system.

The above system is a particular case of the piezoelectric system of constitutive
equations [8, 11]:

0ij = ikl €x(u) — exij By
ou
D = e B+ e 5
ox;
where ey;; are the piezoelectric constants; the equation of motion is given by
(without internal forces)
OE U; = 6jcr i s
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and is completed by Maxwell’s equations
oD =curlH, p0H=—curlE .

In the simplest case, we may take

ou
erji 0jEp = &(curl B);, e 8—; = —¢{(curlu); ,

which yields our system (1).

The controllability of the above system with Dirichlet type boundary condi-
tions (different from the above one) is considered in [13], while to our knowledge
the stability as well as the controllability of the above system by means of Neu-
mann type boundary conditions is not known. Our goal is then to consider the
above problems adapting recent results for Maxwell’s system [14, 23, 7, 25] or the
elastodynamic system [1, 3, 9].

More precisely we first give a necessary and sufficient condition which guaran-
tees the exponential decay of the energy of the solutions of (1) in the case of linear
boundary conditions (i.e. ¢1(§) = ¢g2(§) = £). This condition is in fact the va-
lidity of a stability estimate called the EE-stability estimate. We secondly check
this stability estimate in some particular cases using the multiplier method. In
a third step we use the so-called Russell’s principle “controllability via stability”
to obtain new controllability results for the above system extending results from
[13]. Finally using Liu’s principle [22] (based on Russell’s principle) and a new
integral inequality from [7] we give sufficient conditions on g1, g2 which lead to an
explicit decay rate of the energy. Note that, contrary to the customary assump-
tion, go is not necessarily diagonal (i.e. (g2(£)); = g2:(&;), for some functions gg;),
therefore an approximation scheme by globally Lipschitz functions g% preserving
some appropriate properties of go is built. The strength of our approach lies in
the fact that the controllability and stability results (with general feedbacks) are
only based on the EE-stability estimate, estimate which may be obtained by dif-
ferent techniques, like the multiplier method [14, 23, 1, 3, 9], microlocal analysis
[26], a conjunction of them [10, 7] or any method entering in a linear framework
(like nonharmonic analysis for instance, see [16]). This approach was successfully
initiated in [25] for Maxwell’s system and is here extended to our system (1).
Note that we obtain new results even for the elastodynamic system since we get
stability results with different decay rates (exponential, polynomial, logarithmic,
...) and non necessarily diagonal feedbacks.
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The schedule of the paper is the following one: Well-posedness of problem (1)
is analyzed in Section 2 under appropriate conditions on g1, go. Section 3 is first
devoted to the equivalence between exponential stability of (1) by means of linear
boundary feedbacks with the EE-stability estimate. We secondly check the EE-
stability estimate in some particular situations. In Section 4 exact controllability
results are deduced from Russell’s principle. Section 5 is devoted to the stability
results of (1) for general nonlinear feedbacks gi, g2. There the approximation of
a (non globally Lipschitz) mapping by a sequence of globally Lipschitz mappings
is constructed.

2 — Well-posedness of the problem

We start this section with the well-posedness of problem (1) under appropriate
conditions on the mappings g1, g2. At the end we will check the dissipativeness

of (1).

Let us introduce the Hilbert spaces (see e.g. [20, 24, 1])

(3) J(Q,8) = {E € I*()*| div(sE) = 0 in O} ,

(4) H o= HYQ) x LA(Q)* x J(Q,2) x (1)
equipped with the norm induced by the inner product

(E,E). = /Qs(:c) E@)-Ex)de, VE,E cJ(Qe),

(w0, B H), (0, B HY)) = ()1 + (0,00 + (B, B + (B HY),
V (u,v, B, H), (W V', E' H") € H |

where we have set

with the notation

o(v) 1 e(v') := 045(v) g5 (V') .
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Now define the (nonlinear) operator A from H into itself as follows:

(5) D(A) = {(u,v,E, H) e H| Vo(u),curl E,curl H € L*(Q)3; v € H(Q)3;
Exv, Hxv € L*(T')® satisfying

(6) Hxv+voxv+ g (Exv)xy =0 on T,

(7) o(u) - v+ Au+ g2(v) =0 on F} .

For all (u,v, E, H) € D(A) we take
A(u,v,E,H) = (—v, ~Vo(u) +€curl B, —e ! (curl H + ¢ curlw), ! curl E) .

In order to give a meaning to the boundary conditions (6) and (7) we require
that g;, i = 1, 2, satisfies

(8) 9:(E)l < M(1+|E]), VYEEeR®,

for some positive constant M. In that case for (u,v, E, H) € D(A), from Section 2
of [2] the property Vo (u) € L*(Q)% implies that o(u) - v belongs to H~/2(I')3,
Since the properties u,v € H' ()3 and (8) satisfied by go imply that Au + g2(v)
belongs to L?(T')3, the boundary condition (7) has a meaning (in H~/2(I")3) and
furthermore yields o(u)-v € L*T)3. Similarly the properties of H, v and (8)
satisfied by g; give a meaning to the boundary condition (6) (as an equality in
L?(T")?). In summary both boundary conditions (6) and (7) have to be understood
as an equality in L?(T)3.

We now see that formally problem (1) is equivalent to

8—UJFAU:O,
(9) ot
Uuo)="u0,,

when U = (u, 0pu, E, H) and Uy = (uo, u1, Eo, Hp).

We shall prove that this problem (9) has a unique solution using nonlinear
semigroup theory (see e.g. [28]) by showing that A is a maximal monotone opera~
tor adapting an argument from Section 2 of [25]. But first we show the following
density result.
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Lemma 2.1. If g1(0)=g2(0)=0, the domain of the operator A is dense in H.

Proof: By Lemma 2.3 of [25] P.D()?x P,D(2)? is dense in J(Q, ) x J (£, u)
when P. is the projection on J(,¢) in L?*(Q)? endowed with the inner product
(-,+)e. Consequently the space D(Q)? x D(Q)3 x P.D(Q)? x P,D(Q)? is dense in
H.

The conclusion follows from the inclusion
D(Q)* x D(Q)* x P.D(N)* x P,D(Q)* € D(A),
consequence of the assumption ¢1(0) = g2(0) = 0. u

Lemma 2.2. For i =1 or 2 assume that the mapping ¢;: R® — R3 is con-
tinuous and satisfies (8) as well as

(10) (gi(E) — gi(F))-(E—F) >0, VE,FeR? (monotonicity) ,

(11)  g(0)=0,
(12) g(E)-E>m|E?, VYEcR®: |B|>1,

for some positive constant m. Then A is a maximal monotone operator.

Proof: We start with the monotonicity: A is monotone if and only if
(AU - AV,U-V)y >0, VUV eDA).

From the definition of A and the inner product in H, this is equivalent to
(v—2 u—u') + (Va(u —u')—€curl(E - E'), v — U’)O +

+ / {(E —E)- (curl(H — H') + ¢ curl(v — v'))}dw —
Q
—/ curl(E— E')- (H— H')dz < 0,
Q

for any (u,v, E,H), (u',v',E',H") € D(A). Lemma 2.2 of [25] and Green’s for-
mula yield equivalently

(v—2u—u) —/Qa(u—u'):s(v—vl)dl’+
+5/ curl(v o) - (E — ') — curl(E — E) - (v — v/) } dr +

+/ (=) -v)- (0 —0) + (B~ E') xv)-(H ~ H)} do < 0,
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for any (u,v, E,H),(u',v',E',H") € D(A). Applying again Green’s formula in
the third term of the above left-hand side and using the definition of the inner
product (-, )1, we get equivalently

A/F(v—v’)-(u—u’)da—f/r(v—v')xy-(E—E’)da—i-
+

/F{(a(u—u').u).(u—v')+((E—E')XV)-(H—H’)}da <0,

for any (u,v, E,H), (u',v',E',H") € D(A). Using the boundary conditions (6)
and (7), we arrive at

/F{<91(EXZ/)—91(E’><1/)>-(EXV—E’XV)+(g2(u)—gz(v)),(v_vl)}do_ >0,

for any (u,v, E,H),(u',v',E',H") € D(A). We then conclude using the mono-
tonicity assumption (10) on g; and gs.

Let us now pass to the maximality. This means that for all (f, g, F,G) in H,
we are looking for (u,v, E, H) in D(A) such that

(13) (I +A)(uv, B, H)=(f,9,F.G).
From the definition of A, this equivalently means

w-v=f,
v—Vo(u)+&curlE = g,

E — ¢ YcurlH + curlv) = F
H+pteurlE = G .

(14)

The first and fourth equations allow to eliminate H and wu, since they are respec-
tively equivalent to

(15) u=v+f,

(16) H=G—-plcurlE .

Substituting these expressions in the second and third equations yields formally
(17) v—Vo@)+E&curlE = Vo(f)+g,

(18) eE+curl(y ' curl E) — £curly = ¢ F + curl G .

This system in (v, F') will be uniquely defined by adding boundary conditions
on u and E. Indeed using the identities (15) and (16), we see that (6) and (7)
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are formally equivalent to

(19) —p teurlExv+ v xv+gi(Exv)xv=—-Gxv—ptecurlfxv onT,
(20) o(v) v+ Av+go(v) = —o(f)-v—Af on I'.

By formal integration by parts we remark that the variational formulation of
the system (17)—(18) with the boundary conditions (19)—(20) is the following one:
Find (v, E) € V such that

(21) o((v, B), (v, E)) = F(v',E'), V(W ,E)eV,

where the Hilbert space V is given by V = H'(Q)3 x W. when W_ is defined by

W. = {E € L(Q)*| curl E € L*(Q)°, div(cE) € L*(Q) and Exv € L*(T)*}

with the norm
Hm%%:£KWP+MMHEP+\&WdMﬂdx+AJEXVP®g

the form a is defined by

a(w.B). . ) = |

Q{O’(’U) re(v) +u- v’} dx

—|—/ {/fl curl E - curl ' + ¢ E-E'+ sdiv(eE) diV(&E’)}da:
Q
+ 5/{E-curlv'—E'-curlv} dx

Q
+/{91(E X V)'E/X V—i-gQ(v)-’Ul—i-A’U-U/}da

r

— f/{(vxy)-E’—i—(Exu)-v}da,

r

s > 0 being a parameter appropriately chosen later on. Finally the form F' is
defined by

FO' E") :/{g-v’—a(f):5(U’)+€F-E’—|—G-cur1E’}dfv — A/f-v'da.
Q r
Let us now introduce the mapping
A:V-V':(v,E)— AW, E) ,

where A(v, E)((v', E")) = a((v, E), (v, E')). As F belongs to V', the solvability
of (21) is equivalent to the surjectivity of A. For that purpose we make use of



STABILITY OF THE ELECTROMAGNETO-ELASTIC SYSTEM 45

Corollary 2.2 of [28] which proves that A is surjective if A4 is monotone, hemi-
continuous, bounded and coercive, properties that we now check.

From the monotonicity of g1 and go, we directly see that A is monotone.
Moreover the continuity of g7 and g leads to the hemicontinuity of A while the
property (8) of g1 and gy implies the boundedness of A. It then remains to show
that A is coercive, i.e.,

A, B)((v, E)) _ a((v, B), (v, E)) — 400
N % AR Y S (o Bl = o

For a fixed E € L?(Q)3 we set
rh={zer |Exv@)|>1}, Tp={zer:|[(Exy(@)|<1}.

The properties of g; and go imply that

o((v. ). (v, B)) > /Q{U(v) () + o]} de
+/Q{,u_1|cur1E\2+5|E|2+s|div(sE)\2}da:
+m/11+|E><V]2dU.

Moreover from the definition of I'y, the ellipticity assumption (2) and Korn’s
inequality, there exists ¢ > 0 such that

@B} < e[ {o(w):e() + o} do
Q
+/(\E|2+|cur1E|2+|div(5E)]2) dz +/ |E x v[2do + T .
Q r

These two inequalities show that there exists a positive contant 3 (independent
on v and E) such that

a((w, B), (v, B)) = B(ll(w. B —T) -

This leads to (22).

At this stage we need to show that the solution (v, E) € V of (21) and u, H
given respectively by (15), (16) are such that (u,v, E, H) belongs to D(A) and
satisfies (13) (or equivalently (14)). We first show that eE is divergence free by
taking test functions v/ = 0 and E' = V¢ with ¢ € D(APT), where D(APY) is
the domain of the operator AP™ with Dirichlet boundary conditions defined by

. ol
D(APY) = {p € H ()] Ao = div(eVg) € LX)},
AP =Acp, Voe DADPT).
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In that case (21) becomes (the boundary terms disappear since ¢ and v’ are equal
to zero on I)

/{5E-V¢+sdiv(5E)Ag¢}dx :/ep.ws de, Vée D(APT)
Q Q

Since € £ and ¢ F have a divergence in L?(f2), by Green’s formula in the above
left-hand side and right-hand side (allowed since ¢ is in H'(2), see for instance
[2]), we obtain

/Qdiv(eE) {p+s5A.0}dx =0, VY¢e DADPT,

1

since € F' is divergence free. Taking s > 0 such that —s™" is not an eigenvalue of

AP (always possible since AP is a negative selfadjoint operator with a discrete
spectrum), we conclude that

div(eE)=0 in Q.

Using this fact and the identities (15) and (16), we see that (21) is equivalent
to

/{a(u) e(v)) —I—U-U'} dx —|—/{—H-cur1E’ +5E-E'} dr +
Q Q
+ §/ {E'curlv’—E’-curlv}dx —I—/{gl(EXV)-E’Xy+g2(v)-U’+ Au-v’}da
Q r
- f/{(vxu) -E'+ (Exv) -v'} do = /{g'v/ +5F-E'} dr, V', E)eV.
r Q
First taking test functions v’ in D(Q)? and E' = 0, we get
Vo(u) +v+€curlE=¢g in D'(Q).

This implies the second identity in (14) as well as the regularity Vo (u) € L?(Q)3
(from the fact that v, curl E' as well as g belongs to that space).

Second we take test functions v/ = 0 and E'= P.x with x € D(Q)? by Lemma
2.3 of [25] we get

eE—curlH —€curlv = ¢ F in D'(Q),

since one readily checks that

/ng-curlv dx :/X~curlv dx .
Q Q
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This means that the third identity in (14) holds as well as the regularity curl H €
L2(9).

Thirdly taking test functions v’ € H1(Q2)? and E' = P.x with x € C*(Q)3
by the property curl P.y = curly (see Remark 2.4 of [25]) and Green’s formula
(see Section 2 of [2] and Lemma 2.2 of [25]), we get

(rlw)v, o) ~ |

r
+ /{Ql(EXV) “E'xv+ go(v) - v + Au v'}da
r

(Hxv) - E'do + f/(Exz/) v do
r

_ g/r{(vxz/)-E’Jr(Exy)-v’}da =0,

where (-,-) means here the duality bracket between H~1/2(I")3 and H~Y/2(I").
Since E'xv = P.x x v = xxv onI' (cf. Remark 2.4 of [25]) the above identity
is equivalent to

(o(u)-v, o) — /F(qu).x do + §/F(E><y)-v’ do
+ /F{—gl(Exu) XV*X—FgQ(U)'UI—I—AU’U/}dO'

- €/F{(v><l/)-x+(E><v)~v’}da =0.

This leads to the boundary conditions (6) and (7) since v’ (resp. x) was arbitrary
in HY(Q)? (resp. in C*(Q)3) whose trace belongs to a dense subspace of L?(I")3.

Finally from (16) and the fact that uG is divergence free, pH is also divergence
free. m

Nonlinear semigroup theory [28] allows to conclude the following existence
results:

Corollary 2.3. If g1 and go satisfy the assumptions of Lemma 2.2, for all
(uo,u1, Eo, Hy) € 'H, the problem (1) admits a unique (weak) solution (u, E, H)
satisfying (u,Ouu, E,H) € C(Ry,’H), or equivalently u € CY(Ry,L?(2)3)N
CRy, HY(Q)?), E€C(R.,J(Q,¢)) and H € C(Ry,J(,u)). If moreover
(ug,u1, Eg, Hy) belongs to D(A), the problem (1) admits a unique (strong)
solution (u, E,H) satisfying (u,0u,E,H) € WbH®(R,,H) N L¥(Ry, D(A)),
or equivalently satisfying u€ W2 (Ry, L3(Q)%) nWhe(Ry, HY(Q)3) N
L®(Ry,Dp(Q)), E€WL2(Ry, J(Q,8))NL>®(RL, W), HEWL® (R, J(Q, 1))N
L>*(R4,W,), and satistying (6)-(7) for a.e. t, where the space Dg(Q) is defined
by

Dp(Q) = {u e H'(Q)| Vo(u) € L*(2)°} . u
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Remark 2.4. If we assume that gs is globally Lipschitz, then for (u,v, E, H)
in D(A), the regularities u € H'(Q)? and v € H(Q)? imply that Au + g2(v)
belongs to H/2(T")3. Consequently from the boundary condition (7) one gets

o(u)-v e H/2()? .

For a smooth boundary I' (C? is sufficient), standard regularity results (see for
instance [6]) imply that
u € H*(Q)? .

If Q is a Lipschitz polyhedron, in the sense that ) is a bounded, simply con-
nected Lipschitz domain with piecewise plane boundary, and if the tensor (a;jx)
corresponds to the Lamé system, then the results of [17] yields

ue H¥Y#O(Q)3

for some § > 0 small enough. In both cases we actually have the continuous
embedding

(23) {ue H Q)| Vo(u) € LX(Q)* and o(u)-v € BT} — H/2H(Q)*
for some § > 0. Under this assumption the strong solution (u, E, H) satisfies
ue L®(Ry, H/*9(Q)?) .

This regularity result will be used in Section 5 as a sufficient condition for the
application of Liu’s principle. o

We finish this section by showing the dissipativeness of our system.

Lemma 2.5. If g1 and gy satisfy the assumptions of Lemma 2.2, then the
energy

(24) E(t) = % /Q (10w, )2 + o (u)(@,1) : e(u)(x, 1)) da
+ g /F (e, 6)|? do(z)

+ 5 [ (@ E@OP + @) [H ) da
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is non-increasing. Moreover for (ug,u1, Eg, Hy) € D(A), we have for all 0 < S <
T < oo

() &) -1) = [ ' J{ B0 xv)- B x v+ 020l @) - (0)) doa

and for all t >0

26) E£(t) = - ./F{gl(E(t) xv) - E(t) x v+ g>(u/ () /() b do .

Proof: Since D(A) is dense in H it suffices to show (26). For (ug,u1, Eo, Hy) €
D(A), from the regularity of u, E, H, we have

(1) = /Q{afu.atuﬂ(u) e(0) ) de + A/Ff)tu-u do
+/Q{EE-atE+uH.atH}dx.
By (1), we get
E'(t) = /Q{Btu- (Vo(u) — € curl E) + o(u) : e(dyu) s der + A/Fatu-u do

+ / {E - (curl H + ¢ curl Oyu) — H- curlE} dx
Q

= - (A(u(t), ou(t), E(t), H(t)), (u(t), dpu(t), E(), H(t)))H .

We conclude by Lemma 2.2. n

3 — Exponential stability in the linear case

Let us start with the following definition.

Definition 3.1. We say that () satisfies the EFE-stability estimate if there
exist T' > 0 and two non negative constants Cy,Cy (which may depend on T)
with C1 < T such that

(27) /OTS(t)dt < CLE0) + Cy /()T/F(]u’(t)]2+E(t) < vf?) dodt |

for all solution (u, E, H) of (1) with g1(§) = g2(§) = €. o
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We now show that the EE-stability estimate is a necessary and sufficient
condition for the exponential stability with linear feedbacks.

Theorem 3.2. (Q satisfies the EE-stability estimate if and only if there exist
two positive constants M and w such that

(28) E(t) < Me ™ £(0)

for all solution (u, E, H) of (1) with g1(§) = g2(§) = €.

Proof: As in Lemma 3.2 of [25] we prove that the EE-stability estimate is
equivalent to the so-called observability estimate

£(T) < 0/()T/F(|u'(t)|2+ |E(t) x v]?) dodt |

for some positive constant C' (which may depend on T'). This estimate, the
identity (25) of Lemma 2.5 and standard arguments about uniform stabilization
of hyperbolic system (see for instance [27, 25]) yield the conclusion. u

Using the so-called multiplier method we give examples of domains satisfying
the EE-stability estimate for some particular coefficients a;;; and €, p.

Theorem 3.3. Assume that €2 is a bounded, simply connected Lipschitz
domain with a C%-boundary and that Q is strictly star-shaped with respect to
the origin. Suppose further that the coefficients e, p and a;;,; are constants in
the whole domain 2. Then ) satisfies the EE-stability estimate.

Proof: It suffices to show that the estimate (27) holds for any strong solution
(u, E, H) of (1) with ¢1(§) = g2(&) = £ and appropriate constants T, Cy, Cs.

We take the standard multiplier m(z) = x and prove that the following iden-
tity holds for all T' > 0:

(29) /OTE(t)dt - 11+12+5[/Q(m-V)u-de]T

- [/Q((mV)qutO -Opudx

0
T

)

0
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where we have set

1

L= 2/ET{m-y(5|E|2+,u]H|2> —92c(m - E)(E-v)

- 2,u,(m-H)(H-y)—2§M(H-u)m-6tu} do dt ,

I = ;/ET{2(<m~v>u+u)-<a<u>-u>

vl - ow) s e(w)) + A|uy2} do dt .

Indeed starting from the identity (consequence of (1))

0= / {((m : V)u+u) : (8fu — Vo(u) —l—{curlE)
T
+ pu(m x H) - (e 0:E — curl H — £ curl 0yu)
+ (e(Bxm) —¢((m-V)u+u))- (u@tH+cur1E)} dz dt
and using some Green’s formulas we arrive at (29) as in [1, 25].

We have now to estimate each term of the right-hand side of (29). For the
estimation of I; we remark that (see Lemma 8.21 of [15])

m-v (e|E|*+ p|H|?) — 2e(m-E) (B-v) —2u(m-H) (H-v) —2& u(H-v)m - dpu <
m, - F.)? mL-H, m - Ou)?
((mu)g +M( (T:-gy)Q )

where m; = m — (m - v) v denotes the tangent component of m. Consequently

< (m-v) {5]E7|2+M|HT|2}+5 on Y.

using the boundary condition in (1) there exists a positive constant C'3 such that
(30) n < 03/ (1B x v + & 0ul*} do dt
X

Following the arguments of [3] (since the second boundary condition is the
same than for the elasticity system) we can show that there exists a positive
constant Cy (depending on  and the constant « in (2)) such that

I, < C4<5(0)+/ {|u\2+|8tu|2}dadt> :
3

By Lemma 3.4 below we conclude that for all 8 > 0 there exists a constant
C(0) > 0 (which does not depend on T but depends on 6, the domain, the
coefficients a;jp;, p and £ ) such that

(B1) L < (Ci+C(0))E0) + 04/2 Oyul? do dt + e/ng(t) dt .
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Finally Cauchy—Schwarz’s inequality, the definition of the energy and since the
energy is non-increasing we get

{{/ﬂ(m-V)u-Hd:z:}:— [/Q((mV)u—l—u> -8tudaj}j

for some positive constant C5 independent of T'.

The estimates (30), (31) and (32) in (29) yields for all & > 0 a constant
C(f) > 0 (which does not depend on T but depends on 6, the domain, the
coefficients a;jx;, 1 and §) such that

(33) /OTE(t) dt < C(0) (5(0)+/E {|E><z/|2+£|6tu|2}dadt) + a/OTg(t) dt |

Taking 0 < 1 we arrive at the estimate (27). m

(32) < C5€(0)

Lemma 3.4. Let (u, E, H) be a strong solution of (1) with g1(§) = g2(§) = €.
Then for all 8 > 0 there exists a constant C(0) > 0 (which does not depend on
T but depends on 6, the domain, the coefficients a;ji, v and the parameter &)
such that

(34) /Z ul? dodt < 0(9)8(0)+9/0T5(t)dt.

Proof: As in [5] for each ¢ > 0 we consider the solution z (depending on t)
of

(35)

z=u on I'.

{ Vo(z) =0 in Q,

This solution is characterized by z = w + u where w € H}(2)3 is the unique
solution of

/Qa(w) ce(v) do = —/Qa(u) ce(v) de, Vo€ HH(Q)?.
This identity implies that
(36) /Qa(z) ce(u) de = /Qa(z) te(z)de > 0.

Moreover the ellipticity assumption (2) and Korn’s inequality yield a positive
constant Cg such that

(37) / 22 dz < cﬁ/ wf2de < 2% g1y |
Q r A

(38) / 1022 dar < 06/ B> do < —CsE'(1)
Q T

this last estimate coming from the identity (26).
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Now multiplying the first identity of (1) by z and integrating on Q7 we get
/ z - <8t2u — Vo(u) +§cur1E> dedt = 0.
T
By Green’s formula we obtain
/T(z Pu+to(u):e(z)+Ez- curlE) dx dt — /2 z-(o(u)-v)dodt = 0.

T

Using the second boundary condition in (1) and the boundary condition in (35),
we obtain

A/ lu|? do dt = —/ u-Opu dadt—/ (z-@fu—l—a(u):e(z)+£z-curlE) dz dt .
by S

T

Owing to (36) we arrive at

A/ lu|? do dt < —/ u - Opu do dt —/ 2 (0%u + Ecurl B) dx dt .
ET Z:T

Qr

The third equation of (1) then leads to

A/ |u|? do dt < —/ u - Opu do dt —/ 2 (0%u — EpdH) dxdt .
ET ET

Qr

Integrating by parts in ¢ we finally have
(39) A/ luf? do dt < —/ w- O do dt
ET Z:T

+/ Dy - (Oyu — & p H) da dt
Qr

T
—{/ z-(Ou—EpH)dr
Q 0
It remains to estimate each term of this right-hand side. For the first term
applying successively Cauchy—Schwarz’s inequality, Young’s inequality (ab <
fa? + 2—29 for all # > 0 and all real numbers a,b) and the identity (26) we may
write

IN

/u‘ﬁtu dodt'
b

T

= ul?dodt + — Ayu|? do dt
2/2T’ | 5 /. 1o

IN

A ) 1 (T
- dodt — — | E'(t)dt .
2/2Tru\ odt — 52 [
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Since the energy is non-negative, we arrive at

(40)

A 9 1
: < = — .
/ETU 8tudadt‘ <5 /ZT]u\ do dt + 2AS(O)

For the second term we use successively Cauchy—Schwarz’s inequality, Young’s
inequality, the estimate (38) and the definition of the energy to get for all 6 > 0

1
’ atz.(atu—guﬂ)dxdt‘ < 7/ 0,2 dw dt + 9/ O — & p H|? d dt
Qr 40 Jor Qr

IN

06 T / 2 T
—7/ E(tydt + (1+¢ u)e/ £(t) dt .

40 Jo 0
Changing 6 into (1 + &) 6 we conclude for all § > 0 that

(41) Bz (Byu — € p H) dxdt‘ < %5(0) + 9/T5(t) dt |
0

’ Qr
for some positive constant C7 (depending on the domain, the coefficients a;jx, p
and the parameter ).

For the third term the application of Cauchy—Schwarz’s inequality, the esti-
mate (37) and the definition of the energy directly get C's > 0 (with the same
dependance as above) such that

T

< Cs(£(0) +£(T)) < 2C5€(0)
0

(42) H/Qz~(8tu—§uH)da:

since the energy is non-decreasing.
The estimates (40) to (42) into the estimate (39) yields the conclusion. m

Remark 3.5. Extension of these results to the case of a nonsmooth boundary
or piecewise constant coefficients can be obtained using the ideas from [13, 25]. o

4 — Exact controllability results

Using the exponential decay in the linear case and Russell’s principle we de-
duce the exact controllability of our electromagneto-elastic system extending pre-
vious results from [13]. More precisely for all (ug, u1, Eoy, Hy) € H, we are looking
for a time 7' > 0 and controls Ji,Jo € L?(I" x ]0,T[)® such that the solution
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(u, E, H) of

Pu—Vo(u)+€curlE=0 in Qr:=Qx]0,T[,

e —curlH —&curldiu =0 in Qr,
wotH+curlE=0 in Qr,

(43) div(eE) =div(pH) =0 in Qr,

Hxv—E&0wuxv=Jy on Yp:=Ix]0,T[,
ou)-v+Au=Jy on X,

u(0) =wug, Owu(0) =wuy, E(0)=Ey, H0)=Hy in Q,

satisfies
(44) w(T)=0wu(T)=E(T)=H(T)=0.

Theorem 4.1. If Q) satisfies the EE-stability estimate, then for T' > 0 suffi-
ciently large, for all (Eg, Hy) € H there exist controls Jy, Jy € L?(Xr)? satisfying

(45) Ji-v=0 on Y7,

such that the solution (u,0wu, E,H) € C([0,T],H) of (43) is at rest a time T,
i.e., satisfies (44).

Proof: The proof is quite standard [4, 12, 18, 19, 21], we give it for the sake
of completeness. Moreover for further purposes we prefer to solve the inverse
problem: Given (yg,y1, Py, Qo) in H, we are looking for K1, Ko € L?*(X7)3 where
K satisfies (45) and such that the solution (y, 0y, P, Q) € C([0,T],H) of
2y —Vo(y)+€&curlP=0 in Qr,
eyP —curlQ —&curldiy =0 in Qp ,
no@Q+curlP=0 in Qr,

(46) div(e P) =div(pQ) =0 in Qr,

Qxv+E&oyxv=K; on X,

oly)-v+Ay=Kys on X,

y(T) =yo, Oy(T)=yo, P(I)=F, QT)=CQ0 in Q,

satisfies
(47) y(0) = dy(0) = P(0) = H(0) = 0.
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If the above problem has a solution the conclusion follows by setting
u(t)=—y(T'—t), E{)=-PT-t), H(t)=QT-t).

We solve problem (46) and (47), using a backward and an inward electro-
magneto-elastic system with linear boundary conditions: First given (vg, v1, Fo, Ip)
in H, we consider (v, 0y, F,I) € C(]0,T], H) the unique solution of

0?v—Vo()+€curlF=0 in Qr,

eeF —curll —€&curldpw =0 in Qr,
wol+curlF =0 in Qr,

(48) div(eF) =div(ul) =0 in Qr,
Ixv+E0wxv—(Fxv)xv=0 on X,

o) -v+Av—0w=0 on X,

v(T) =vo, Ow(0)=v1, F(T)=Fy, I(T)=1Iy in Q.

Its existence following from Corollary 2.3 by setting a(t) = —v(T —t), E(t) =

|
=
~
&
~—
o
B
o,
]
=
N~—
I
~
—
I\
=
o
=
@
Q
<
]
=
o
]
=
=
=}
o
H
=
@
o
=
]
=
hod
[\S)
=+
o
=
—~
=
eyl
=
:_/
]
=

its energy is exponentially stable, i.e.,
(49) E(v(®), 0 (1), F(t), 1(t)) < M e™T=D & vy, v1, Fo, Iy) ,

where E(v(t), 0 (t), F(t),I(t)) is the expression (24) when w, du, E, H are
respectivelly replaced by v, Oyv, F, I.

Second we consider (w,dw,G,J) € C([0,T],H) the unique solution of
(whose existence and uniqueness still follow from Corollary 2.3)

02w —Vo(w)+EcurlG=0 in Qr,

€0yG —curlJ —€curlw =0 in Qr,

woJ +curlG=0 in Qr,

(50) div(eG) =div(pJ) =0 in Qr,

Ixv+E0wxv+ (Gxv)xv=0 on X,

ow) - v+Aw+dw=0 on Xr,

w(0) = v(0), Gw(0) = dw(0), G(0)= F(0), J(0)=1I(0) in Q.
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We now take y = w—v, P=G—F and Q = J —I. From (48) and (50), (y, P, Q)
satisfies (46) with
(51) Ky =—(Gxv)xv— (Fxv)xv,
(52) Ky = —0w — Oyv .
Let us further consider the mapping A from H to H defined by
A((vo,v1, Fo, Ip)) = (w(T), 0pw(T),G(T), J(T)) .

For T > 0 such that d := Me 7T < 1, the mapping A — I is invertible since
Al crm) = Vd. Indeed using successively the definition of A, Lemma 2.5, the
initial conditions of problem (50) and the estimate (49) we get

IA((vo, v1, Fo, To)) 1% t), 0w, G(T), J(T))
E(w(0),,w(0), G(0), J(0))
2&(v(0),9¢v(0), F/(0),1(0))

2 Me T (vg, vy, Fo, In)

= d||(vo, v1, Fo, To) 13, -

E(w

(
(

INIA
)

IN

Since A — I is invertible for any (yo,y1, Po, Qo) € H, there exists a unique
(vo, v1, Fo, Iy) € H such that

(53) (y07y17P07Q0): (A_I) (U07U17F07IO) .

This means that given an initial datum (yo,y1, Po, Qo) € H for problem (46),
there exists a unique initial datum (vg,v1, Fy, Io) € H for problem (48), which
allows to build (v, F, I') solution of this last problem, (w, G, J) solution of problem
(50) and finally (y, P,Q) = (v, F,I) — (w, G, J) solution of (46)-(47) (with final
datum in accordance with (53)).
We complete the proof by showing that K; and Ks belong to L?(Xr)3.

For that purpose, we remark that Lemma 2.5 (identity (25) applied to (i, E, H)
and (w, G, J)) yields

E(T), 0pu(T), F(T), [(T)) — E(v(0),0,v(0), F(0),1(0)) =

= [ {IF® x v +00w(®)?} dodt ,
X

E(w(0), 8yw(0), G(0), J(0)) — E(w(T ),&:w( )G( ), J(T)) =

= ) x v+ |Ow(t)} dodt .
ET
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Summing these two identities and using the initial conditions of problem (50),
the final conditions of (48) and the definition of A, we obtain

/2 {\F x v]? + |G x v]2+|0w(t)]? + \atw(t)P} dodt =
= E(T),0w(T), F(T),1(T)) — E(w(T), 0pw(T), G(T), J(T))
< %H(vo,thoJo)H% :

Using the identity (53) and the boundedness of (I — A)~! we finally arrive at the
estimate

(54) / [IF x v +1G x v> + [D(t)? + |0 (t)*} dodi <
b

T

1 -
< 5”([—/\) 1(907?;171307@0)‘@{
1

P —
~ 2(1—+/d)?
This proves that Kj (resp. K3) given by (51) (resp. (52)) belongs to L*(X7)3. u

(50, y1, Po, Qo) |3 -

5 — Stability in the nonlinear case

Here we use Liu’s principle, a new integral inequality and an adequate approx-
imated scheme of gy by globally Lipschitz functions g5 preserving the properties
of go to deduce decay rates of the energy for nonlinear feedbacks g1, go.

We first recall the integral inequality obtained similarly to Theorem 9.1 of [15]
and proved in detail in [7].

Theorem 5.1. Let &: [0,+00) — [0,+00) be a non-increasing mapping
satisfying

(55) / S(E(L) dt < TE(S), ¥S>0,
S
for some T' > 0 and some strictly increasing convex mapping ¢ from [0, +0o0) to

[0, 4+00) such that ¢(0) = 0. Then there exist t; > 0 and c; depending on T and
£(0) such that

-1
(56) E(t) < sb‘l(wq(jfltt)), V>t
where 1 is defined by
57 t) = 1 dt Vt>0
( ) w( ) _/t % s >0.n
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We now give the consequence of this result to our electromagneto-elastic sys-
tem.

Theorem 5.2. Assume that ¢, and g satisfies the assumptions of Lemma
2.2, as well as

(58) |E|*+|g:i(E)? <G(g:(E)-E), VIE|<1, i=1,2,

for some concave strictly increasing function G :[0,00) — [0,00) such that
G(0) = 0. Suppose further that gy satisfies (12). If Q2 satisfies the EE-stability
estimate and if the embedding (23) holds for some § > 0 (see Remark 2.4 for
sufficient conditions which guarantee this embedding), then there exist ¢y, c3 > 0
and Th > 0 (depending on T, £(0) and |I'|) such that

(59) Et) <3G
for all solution (u(t), E(t), H(t)) of (1), where 1) is given by (57) for ¢ defined by

(60) o) =TI G ()

Proof: First we prove the theorem under the additional hypothesis that g5 is
globally Lipschitz continuous. This assumption will be removed at the end using
an approximation scheme (cf. Lemma 5.5).

Thanks to Lemma 2.1 it suffices to prove (59) for data in D(A). In that
case let (u, E, H) be the solution of (1) and consider (y, P, Q) the solution of
problem (46) and (47) with y(T) = u(T), Ow(T) = Owu(T), P(T) = E(T) and
Q(T) = H(T) with T > 0 sufficiently large (whose existence was est ablished in
Theorem 4.1). By (1) and (46) we may write (this identity is meaningful thanks
to Remark 2.4)

0= / {&gy : <8t2u — Vo(u) + & curl E)
T
+ Owu - (Ofy — Vo(y) + £ curl P)
+cP- (8tE — e Y(curl H + ¢ curl 8tu)) +1Q - (0:H + p ! curl E)

+eFE- (atP — e Y(curl Q + £ curl 8ty)) +puH - (0:Q + p L curl P)} dx dt .
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By Green’s formula (integration by parts in z, cf. Lemma 2.2 of [25]) this identity
becomes

0 :/ {0y - OFu+ Oyu- 2y + e(P-O,E + E-0,P)
+TN(Q-8tH + H-0,Q) + 0(w):£(dy) + 0(y):e(Dp) b dadt
- /. {0 ) @)+ (o)) - @)} dod
+ ZT{(qu) P+ (Qxv) B+ £((0w x v) B) + (Qux v) - P) } dodt.
Using the boundary conditions in (1) and (46), we get
0 = /Tﬁt{y-&gu tePE+pQ-H+o(u):ely)} deds
+ /ZTAat{y u} dodt

+ [ {0w - 92(0) — O Ko — P+ (qu(Exv) x v) + E-K1} dodt .
X

Now integration by parts in ¢ and taking into account the initial/final conditions
in (1) and (46), we obtain
£(T) = —5/ {00 Kz — 0y - g2(0) — (Pxv) - i (Bxv) — B-K)} dodt .
3

Cauchy-Schwarz’s inequality in R3 and the property (45) satisfied by K; yield

1
E(T) < 5 /E {100u] | Kol + 0y |g2(0u) | + | Pxv| |1 (Exv)| + | Exv| [Ki|} dod.
T

Now Cauchy-Schwarz’s inequality in L?(X7) yields

1/2 1/2
61) &) < (/ yatu\2dadt) (/ ]Kg]Qdadt>
ET ZT
1/2 1/2
+(/ \6ty]2dadt> (/ \gg(@tu)\Qdadt>
ZT ZT
1/2 1/2
+</ \qu\zdadt) (/ ]gl(Exu)|2dadt)
ET ET
1/2 1/2
+</ yEqudadt> (/ |K1|2dadt> .
ET ZT
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Let us remark that the estimate (54) and the final conditions on (y, 0wy, P, Q)
yield

1
Fxv?+|G x v +|0w]* + |0w]* | dodt < ———— E(T) .
Jo, L X 0P 16 X 0l + |} dodt < g €T)
This estimate, the definition of y (y = w — v), of P (P = G — F'), the definition
(51) (resp. (52)) of K (resp. of K3) and Cauchy—Schwarz’s inequality lead to

2
KiPdodt < ——— &(T), i=1,2,
Jo P dodt < s £
2
PxvPdodt < ———— &(T),
[ 1P v as S v
2
oyl dodt < —=—— &(T) .
/;T| ty| g — (1_\/8)2 ( )

These estimates in (61) lead to

(62)  &(T) < 04/2 (l92(00) 2 + 100ul® + |91 (B x v)? + | B x v[?) dodt ,

T

for some positive constant ¢4 depending on d (so depending on T).
We now estimate the right-hand side of (62) as follows: Introduce

% = {(2,) € 21| |B(a,t) x v(@)] > 1},
57 ={(@,t) €S| [E(@,t) x v(z)| <1} .

By the assumptions (8) and (12) satisfied by g1 we may write
/ (191(B % ) +|E x v?) dodt < 05/ (E % v)- gi(E x v) dodt ,
S 5
for some positive constant c¢5. By (25) and the property g;(£)-£ > 0 (consequence
of (10) and (11)) satisfied by g;, i = 1,2, we arrive at

(63) /Z+(|91(E x V)24 B x vf?) dodt < cs(£(0) — E(T)) .
T
Similarly by the assumption (58) satisfied by ¢g; we have

/27(|g1(E><V)\2+\E><1/|2) do dt g/ G((Exz/)-gl(Exz/)) do dt .

X



62 S. NICAISE

Jensen’s inequality then yields
1
/ (lg1(ExV)]? + [Exv]?) dodt < |3 G</ (Exv) - g1(Exv) dadt> .
o 27| Jen
By (25), the property g;(§)-& > 0, i = 1,2, and the monotonicity of G, we arrive
at

(64) /2_<]g1(E><1/)|2+|E><1/\2) dodt < ]ZﬂG(%) :

In the same way using the properties of g9, the property g;(£)-£ >0,i=1,2
and the identity (25) we can prove the estimate

(65) /ET{!gz(atu)er Oyl } do dt. < c6<5(0) _&(T) + |2T|G(%5(T)>> ’

for some positive constant cg.
The estimates (63), (64) and (65) into the estimate (62) give

£(T) < C7<5(0)—5(T)+G<6(0)‘£TT(T))> ,

for some positive constant ¢; (depending on 7" and |I'|). This finally leads to

£(0) = £(0) — E(T) + E(T) < max{1, cr} (5(0) g(THG(g(O)'E—TT(T))) .

Using this argument in [t,t+7] instead of [0,7] we have shown that

£(t) < max{l,cr} (5(t)—5(t+T)+G<w» |

As W < EL;) < %, the concavity of G yields a constant cg (depending

| = Br
continuously on 7', £(0) and |I'|) such that

E(t) - E(t+T) E(t) = E(t+T)
= SCSG( =0 )

These two estimates lead to

E(t) — E(t+T)
||

(66) E(t) < ch( ) = o7 (EW —EX+T)), VE=0,

when we recall that ¢ was defined by (60) and c3 > 0 depends only on 7', £(0)
and |T'|.
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We conclude by Theorem 5.1 since Lemma 5.1 of [7] shows that the estimate
(66) guarantees that £ actually satisfies (55).

If g2 is no more globally Lipschitz continuous, by Lemma 5.5 below there exists
a sequence of globally Lipschitz continuous mappings g5, k € N* satisfying (8),
(10), (11), (12) for |z| > 2 as well as (58) for |z| < 2 with G instead of G which
is simply a multiple of G (independant of k). For each k let (uy(t), Ex(t), Hx(t))
be a solution of (1) with go replaced by g5. Applying the above arguments for
each k we get the estimate

(67) Ek(t) <cs G<¢1(C2t)> , Vi>Ty,

where & (t) denotes the energy of (ug(t), Ex(t), Hi(t)), the constants and the
functions G' and ¢ hereabove being independent of k. We conclude thanks to
Lemma 5.6 below which shows that

(ur(t), Orur(t), Ex(t), Hy(t)) — (ur(t), Opun(t), Ex(t), Hp(t)) in H ask — oo,

forallt € Rt. n

Remark 5.3. Examples of functions g; and go leading to an explicit decay
rate (59) are given in [7, 25]. Let us notice that exponential, polynomial or
logarithmic decays are available for appropriate feedbacks. o

Remark 5.4. As already mentioned, for £ = 0 the system (1) is split into
the elastodynamic system and Maxwell’s system. In that case the conjunction of
Theorems 3.3 and 5.2 gives stability results for any strictly star-shaped domain
with a smooth boundary for the elastodynamic system with general nonlinear
feedback go satisfying the assumptions of Theorem 5.2. This result improves
some earlier results from [1, 3, 9] where g9 is chosen diagonal and exponential or
polynomial decays only are available. o

We now prove the approximation scheme of a non globally Lipschitz continu-
ous mapping g by a sequence of globally Lipschitz continuous mappings, adapting
Lemma 9.9 of [15] to the vectorial case and other growth properties on g.

Lemma 5.5. Let g: R® — R? be a continuous mapping satisfying (8), (10),
(11), (12), as well as (58). Then there exists a sequence of globally Lipschitz
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continuous mappings gi: R3— R3, k € N*, satisfying (8) (with the same constant
than g), (10), (11), as well as

(68) gr(z) -z >m' x>, VzeR3: |z]>2,
(69) 2)* + |ge(2)]* < v Ggr(z) - z), V]z|<2,
for some positive constant m’ and ~ independent of k and satisfying furthermore

(70) lge(z)| < |g(z)|, VaeR’ keN+,
(71) gr(z) — g(z) as k—oo, VrecR3.

Proof: Similarly to Lemma 9.9 of [15] we take
gk(z) = g((I + k:_lg)_l(x)) , VzeR3 keN*.

Note that this definition is meaningful since I + k~'g is invertible due to the
monotonicity of g. The definition of g directly leads to (71).
Let us now show the monotonicity of g;. For z; € R?, i = 1,2, we set

(72) yi={I+k g Na), i=12.
This directly yields

(73) 9(Wi) = ge(xi), =12,

(74) yi+klg(y) =z, i=1,2.
By difference we obtain

(75) - (9() = 9(02)) = @1 — 2 — (1 — 1) -

Taking the inner product with z1— x2 and using Cauchy—Schwarz’s inequality we
obtain

(76) k' (9(1) = 9(e)) - (a1 = w2) = Jar — w2l (a1 — 22| = |1 — ) -

In (75) taking the inner product with y; — y2 and using the monotonicity of g,
we get
(77) [y1 — g2l < fa1 — a2 .

Using this estimate in (76) and using the identities (73) we conclude the mono-
tonicity of gg.
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For the globally Lipschitz continuity of g, in (75) we take the inner product
with g(y1) — g(y2) to obtain

E M gwn) — g(w)l® = (@1 —2) - (9(1) = 9(v2)) = (1 — ) - (9(v1) — 9(1)) -

The monotonicity of g and Cauchy-Schwarz’s inequality allow to conclude that

K g(y) — g(y)| < |z — a2 ,

which shows the globally Lipschitz continuity of g owing to (73).
Let us now show that (70) holds: As before for a fixed x € R3, we set

(78) y=I+k"g9) (),

which yields

(79) 9(y) = gr(z)
(80) y+klgy) =z .

In this last identity taking the inner product with g(z) — g(y) we get
E o) - (9(@) = 9v) = (z—9) - (9(x) —9(w)) -
From the monotonicity of g and Cauchy-Schwarz’s inequality we arrive at

lg(y)| < lg(z)| ,

and we conclude by (79).

The estimate (8) with the same constant than g (resp. the property (11)) for
gi follow from (70) and the estimate (8) (resp. (11)) satisfied by g.

Before going on let us establish the estimate (with the above notation)

(81) gr(x) -z = g(y) -y -
Indeed thanks to (79) this is equivalent to
9()-(x—y) 20,

which holds owing to (80).
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We are ready to prove the estimate (68). For a fixed |z| > 2, let y be given
by (78).

(a) If |y| < |x|/2, then by (79) and (80) we may write

K lgr(@) o = k7lg(y) 2 = (x—y) =
By the above assumption on |y| we obtain
Elgn(x) -z > |z*/2,

which proves that
(82) gr(x) @ > |z[*/2..

(b) If |y| > |z|/2, then |y| > 1 and by (12) satisfied by g we get

m
9w) -y = mlyl* = 7 al* .

Owing to the estimate (81), we arrive at

(83) gr(x) x> — |z

In conclusion the estimates (82) and (83) show that gj satisfies (68) with
m’ = min{1/2,m/4}.

It remains to show (69). First we remark that the properties (8), (12) and
(58) satisfied by g imply

(84) 2 + |g(2)|* < ¢Gglz) - x), V|z| <2,

for some positive constant ¢ depending only on G. Indeed for 1 < || < 2 by (8)
and (12) we have

1+4M?
z)* + |g(2) > < TQ(CL’)‘@’ )

lg(z) - x| < 6M .

Moreover the concavity of G yields a constant C' (depending continuously on 6M )
such that
(85) 2 < CG(z), VY0<z<6M.

These last three estimates lead to (84) with ¢ = max{1,C %}
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For a fixed |z| < 2, let y be given by (78). By (77) we have |y| < |z| and
therefore |y| < 2.

(a) If |y| < |z|/2, then (82) still holds and moreover
lgx(2) - 2| = |g(y) - x[ < M(1+[y])[z] < 4M .
Therefore by (85) and (82) we conclude

(86) 2 < 2CG(gi(x) - ) -

(b) If |y| > |z|/2, then by (81) and the monotonicity of G, we have
Glgr(x)-x) = Glg(y) - y) -
By (84) (valid since |y| < 2) we obtain

(87) 2> < 4|y]> < 4cG(g(y) -y) < 4cGlgp(x)- ) .

The estimates (86) and (87) show that
(88) o < 3Glg(2) -w), Vel <2,

with 4 = 2max{C, 2c}.
For the estimation of |gx(x)|?, we simply remark that (79) and (84) yield

lge(@)1* = 1gW)I* < cGlg(y) - y) -
From (81) and the monotonicity of G, we conclude
(89) gk (@)* < cGlgi() - 2),  V|z[<2.

The sum of (88) and (89) yields (69) with v =4 + c.
The proof is complete since all the requested properties on g were estab-
lished. n

Let us finish this section by the convergence result needed in the proof of
Theorem 5.2.

Lemma 5.6. Let g1 and go satisfy the assumptions of Lemma 2.2, and let
g%, k € N* be a sequence of mappings satisfying the assumptions of Lemma 2.2
(with constants independent of k) and such that

glg(x)—>92(m) as k — oo, VreR:.
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For (ug,u1,Eq,Hy) € H, let (u, E, H) be the unique weak solution of problem (1)
and for all k € N* let (uy, Ex, Hy) be the unique weak solution of problem (1)
with g§ instead of go. Then for all t € R*, it holds

(uk(t),atuk(t),Ek(t),Hk(t)) — (uk(t),8tuk(t),Ek(t),Hk(t)) in H ask —o00.

Proof: For all k€ N* let us denote by Ay, the operator introduced in Lemma 2.2
associated with our system (1) with g; and g&. By Theorem 7.3 of [15], we only
need to show that

(90) (I+ AW '(f,9,F,G) = (I+A)"(f,9,F,G) in H ask— oo,

for all (f,g,F,G) € H. If we denote by (u,v, E,H) = (I+A)"'(f, g, F,G) and
(ug, v, B, H) = (I+A)7Y(f, 9, F,G), then Lemma 2.2 showed that (15) and

(16) hold, as well as

(91) up = vk + [,

(92) H,=G—p ‘curl B .
and that

93)  a((, B), ', E)) = a((vr, Br), (v, E)), VW, E)eV.

By taking the difference between (15) and (91) as well as the difference be-
tween (16) and (92), and using the fact that e(E — Ej) is divergence free, we see
that the convergence (90) holds if

(94) v — vkl + [ £ — Ek:”H(curl) —0, as k— oo,

where || E| gcurty = [|Ello + || curl E||g and || - [|; means the H'(€2)*-norm.
For that purpose we remark that (93) is equivalent to

ar (v, Bx), W', B")) = a((v, B), (v, E)) =
= o((v, B), (v, B)) — ax((v, B), (v, B)), ¥ (v, E) €V,

Taking v’ = vy — v and E' = Ej, — E, and using the monotonicity of g; and g5,
we get

[ {rton =) et =)+ o~ o} e +
+/ eurl(By — B)P +e| By~ B)P}de <

< [ (o200) = 5() - (0= v) dor
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By Korn’s inequality, Cauchy—Schwarz’s inequality and a standard trace theorem,

there exists a positive constant K (independent of k) such that

(95)

o = vklls + |1 E = Exllgr(eurty < K llg2(v) — g5 (o)l r2(ry -

As the property (8) satisfied by g as well as g’2“ implies

|92(v(2)) — g5 (v(@)] < 2M (1 + [v(@)]) ,

we conclude that the right-hand side of (95) tends to zero as k goes to infinity

by Lebesgue’s bounded convergence Theorem. n
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