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Abstract. We obtain via Béacklund transformation the Hamiltonian representation for
a Lax type nonlinear dynamical system hierarchy on a dual space to the Lie algebra of
super-integral-differential operators of one anticommuting variable, extended by evolutions
of the corresponding spectral problem eigenfunctions and adjoint eigenfunctions, as well as
for the hierarchies of their additional symmetries. The relation of these hierarchies with
the integrable by Lax (2|1 + 1)-dimensional supersymmetric Davey—Stewartson system is
investigated.
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1 Introduction

Since the paper of M. Adler [1] there was an understanding that Lax forms for a wide class
of integrable nonlinear dynamical system hierarchies on functional manifolds [2, 3, 4, 5] and
their supersymmetric analogs [6, 7] could be considered as Hamiltonian flows on dual spaces to
the Lie algebra of integro-differential operators. Those flows are generated by the R-deformed
canonical Lie-Poisson bracket and Casimir functionals as Hamiltonian functions (see [1, 8, 9]).
For a concrete integro-differential operator every Hamiltonian flow of such a type can be written
as a compatibility condition for the corresponding isospectral problem in the case of an arbitrary
eigenfunction and the suitable evolution of this function. Thus, the existence problem of a
Hamiltonian representation for the Lax type hierarchy, extended by the evolutions of a finite
set of eigenfunctions and appropriate adjoint eigenfunctions, arises. In [10, 11, 12] it was solved
for the Lie algebra of integro-differential operators by use of the Casimir functionals’ invariant
property under some Lie-Béacklund transformation. Analogously we obtain in this paper the
Hamiltonian representation of the extended Lax type system hierarchy for the Lie algebra of
super-integro-differential operators of one anticommuting variable.

The hierarchies of additional or “ghost” symmetries [13] for the extended Lax type system are
also proved to be Hamiltonian. It is established that every additional symmetry hierarchy is gene-
rated by the tensor product of the R-deformed canonical Lie—Poisson bracket with the Poisson
bracket on a finite-dimensional superspace, possessing an odd supersymplectic structure [14, 15],
and all natural powers of one eigenvalue from the mentioned above finite set as Hamiltonian
functions. The additional symmetry hierarchy is used for introducing one more commuting va-
riable into (1|1 4+ 1)-dimensional supersymmetric nonlinear dynamical systems with preserving
their integrability by Lax. By means of this approach a (2|1 + 1)-dimensional supersymmetric
analog of the Davey—Stewartson system [5, 16, 17] and its triple linearization of a Lax type are
found.
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2 The general algebraic scheme

Let G be a Lie algebra of scalar super-integral-differential operators [6] of one anticommuting
variable 6 (62 = 0):

a:=0"+ Zang, m € N,
j<2m

where the symbol 9 := 9/0x designates differentiation with respect to the independent variable
v € R/27Z ~ S!, a; = aj(x,0) = a?(x) + Ga} (), j € Z, are smooth superfield functions
(superfunctions), and the superderivative Dy := 3/00 + 00 /0z, for which D2 = 0, satisfies the
following relation for any smooth superfield functions u and v:

Dy(uwv) = (Dgu)v + (—1)PWu(Dyv),

where p(u) is a parity of an arbitrary superfunction u, which is equal to 0 for u, being even, and
one for u, being odd.
The usual Lie commutator on G is defined as

[a,b] :==aob—boa

for all a,b € G, where “o” is an associative product of super-integro-differential operators. On
the Lie algebra G there exists the ad-invariant nondegerated symmetric bilinear form:

2m
(a,b) := / resp, (aob) du, (1)
0
where resp,-operation for all a € G is given by the expression:
resp, a == a_—1.

By means of the scalar product (1) the Lie algebra G is transformed into a metrizable one. As
a consequence, its dual linear space of scalar super-integro-differential operators G* is identified
with the Lie algebra G, that is G* ~ G.

The linear subspaces G4+ C G and G_ C G

2m—1
Gy =Ra:=0"+ Z angi J=02m—-1,,
=0
G_ = {b =Y "bDyl: L€ N} : (2)
>0

where a; and b; are smooth superfunctions, forms Lie subalgebras in G and G = G, © G_.
Because of the splitting of G into the direct sum (2) of its Lie subalgebras one can construct
a Lie—Poisson structure [1, 8, 9] on G*, using the special linear endomorphism R of G:

R = (Py — P-)/2, P.G:=04, P, G+ =0.

For any smooth by Frechet functionals v, u € D(G*) the Lie—Poisson bracket on G* is given by
the expression:

{7 1tr () = (L [V (D), VeD]r) (3)
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where [ € G* and for all a, b € G the R-deformed commutator has the form:
[a,b]r := [Ra,b] + [a, RY]. (4)

The linear space G with the commutator (4) also becomes a Lie algebra. The gradient V(1) € G
of some functional v € D(G*) at the point [ € G* with respect to the scalar product (1) is defined
as

6y(1) = (V(1), 1),
where the linear space isomorphism G ~ G* is taken into account.

Every Casimir functional v € I(G*), being invariant with respect to Ad*-action of the corre-
sponding Lie group G, obeys the following condition at the point [ € G*:

[, VA(D)] = 0. ()

The relationship (5) is satisfied by the hierarchy of functionals v, € I(G*), n € Z, taking the
forms:

1
w(l) = —— (1™, /™). 6
Tnll) = @ (6)
The Lie—Poisson bracket (3) generates the hierarchy of Hamiltonian dynamical systems on G*:
dlfdtn = [RV7(1), 1) = [(Vya (D), 1], (7)

with the Casimir functionals (6) as Hamiltonian functions.

The latter equation is equivalent to the usual commutator Lax type representation. It is easy
to verify that for every n € Z, the relationship (7) is a compatibility condition for such linear
integral-differential equations:

Lf =Af, (8)

and

df /dtn, = (Vyn(l))+ 1, 9)

where \ € C is a spectral parameter, f € W10 .= Loo(STx Ay; (C1|0) if f is an even superfunction
and f € WOt := Lo (S* x Ay; COM) if f is an odd one. Here A := Ag@®A; is a Grassmann algebra
over C, Ag D R. The associated with (9) dynamical system for the adjoint superfunction f*
takes the form:

df*/dt, = —(Vm (D)1 7, (10)
where (f, f*)T € W := Loo(S'xA1; CHY) or (f*, £)T € W and superfunction f* is a solution
of the adjoint spectral problem:

The objects of further investigations are some algebraic properties of equation (7) together with
2N € N copies of equation (9):

dfi/dtn = (Vyn(1)+ fi,
dq)i/dtn = (V’yn(l))+q)z‘, (11)

for even f; € WHO and odd ®; € WOl eigenfunctions of the spectral problem (8), corresponding
to the eigenvalues \;, i = 1, N, and the same number of copies of equation (10):

dfi*/dtn = _(V’Yn(l))i i*7
A} [ty = —(Vn(1)) 07, (12)

for corresponding odd f* € WO and even OIS WO adjoint eigenfunctions, as a coupled
evolution system on the space G* ® W2N2N
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3 Tensor product of Poisson structures
and its Backlund transformation

To compactify the description below one shall use the following designation of the left gradient
vector:

5" 5f; 60 6fr 00
where i = 1, N, at a point (I, f;, ®F, f5,®:)T € G* @ W2NI2N for any smooth functional v €
On the spaces G* and W @ W*V there exist a Lie-Poisson structure [1, 8, 9]

&y 57]
5v/d1 := = [ 13
g [ (M )J [ 1 13)
where © : G — G*, at a point [ € G* and the canonical Poisson structure [14, 15]
T T
o0y Oy by v ) J oy oy oy 0y
) o x Bt B R R B ) ) (14)
of; 6®F ofr 6, ofF 0®; 6f; 0P

- N -
J: T*(W?2NR2NY — T(W2NI2N) | corresponding to the odd symplectic form w® = S (f; A =

D; A DY), at a point (f;, B, £, ®)T € W2VEN | Tt should be noted that the Poisson structure (13)
generates equation (7) for any Casimir functional v € I(G*).

Thus, on the extended phase space G* & W2N12N one can obtain a Poisson structure as the
tensor product £ := © @ J of (13) and (14).

Consider the following Backlund transformation:

T F &% F* F B T F &% f* F Fonk Tk pk £k T
(lafuq)zafzaq)z)T = (l(laf27q)7,7fz7q)z)vfz :fzaq)z :(I)z7fz :f1a®z:¢z)T7 (15>

generating on G* @ W2NI2N 4 Poisson structure £ with respect to variables 1, fi, @F, fF, @),
i = 1, N, of the coupled evolution equations (7), (11) and (12). The main Condltlon for the
mapping (15) is coincidence of the dynamical system

(dl/dt, dfi/dt, d®F/dt, dff/dt, d®;/dt)" = —LV Y (1, fi, F, f7, ;) (16)

with equations (7), (11) and (12) in the case of v, € I(G*), n € Z4, i.e. when the functional v,
is taken to be not dependent of variables (fi, ®7, f* ,®)T e W2V 12N To satisfy that condition,
one should find a variation of some Casimir functlonal Y € 1(G*), n € Z4, at 8l = 0, taking
into account the evolutions (11), (12) and the Bécklund transformation (15):

5’)%(5, f‘“ &):(7 fz*a (i)z)

§1=0
N
= 0Yn = % 0n e 0Yn z 0
— 51;,7,, —|— 5@1, = —|— 52', = + 5¢Z,T
Z<< Fo ) (0%, 520+ O T2+ 0% 22

I
.MZ

@
I
—

- dff . dP; - dP;
<<(5fi,_dtn> <6©“dt> (3fF,dfi/dt,) + <5(I)i’_dtn>>

‘MZ

<<5fz, (VDY F7) + (092, (VD) 13} + (67 (D)1 £

=1
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N

+ 00, (T390 ) = 3 (0045 17) + (T 1)

=1

(VD)4 (52), B7) + {(Vyn D)1 B, 6@:>)
N

= 3 ((9l0.0:05 1) + (V). (@05 05)))
=1

N
— (V0.8 D5 + 0.5 190)) = (T )60, (17)

=1

where v, € I(G*), n € Z4, at the point | € G* and the brackets (-,-) designate paring of the
spaces W9 and WO, As a result of the expression (17) one obtains the relationships:

N
0llsi_g =06 (fiDy " fi + @Dy ' ®;).
i=1
Having assumed the linear dependence of I from | € G* one gets right away that
N
L=1+ (fiDy ' ff + ®:Dy'®}). (18)
i=1

Thus, the Biacklund transformation (15) can be written as

N T
* * B 7 —1 px - * * *
(U, fi, ®F, [, @) = (l =14+ (fiDy'f; + ©:D;'®), f:, 97, f; <I>) : (19)
i=1

The expression (19) generalizes the result obtained in the papers [10, 11, 12] for the Lie algebra
of integral-differential operators. The existence of the Bécklund transformation (19) makes it
possible to formulate the following theorem.

Theorem 1. The dynamical system on G* & W2NI2N being Hamiltonian with respect to the
Poisson structure £ : T*(G* @ W2NR2N) - T(G* @ W2NRN) in the form of the following
evolution equations:

(), -5
dty ol ), ol 1L

dfi by AR} Sye  dff Sy d®i Oy
dt, — §fr’  dtn  6®; dty  6f;  dtn 587

where i = 1, N and v, € I1(G*), n € Zy, is a Casimir functional at the point | € G*, con-
nected with I € G* by (18), is equivalent to the system (9), (13) and (14) via the Backlund
transformation (19).

By means of simple calculations via the formula:

L= BLB"
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where B’ : T(G* @ W?2NI2N) — T(G* @ W2NI2N) is a Frechet derivative of (19) one brings about
the following form of the Poisson structure £ on G* @ W2NI2N 5 (1, f; @, f* @;)T:

[F(3) - (5] 0o

OV o1 e _1 0y oy 1
— D f 4+ 9;D Dy, o
aff " fi+ @iy 55, 507

a5,
0P; 6l ), "
(Y
7o+ (5), 5

oy oy

C0DF (&) P
where v € D(G* @ W2NVI2N) i an arbitrary smooth functional and i = 1, N, that makes it
possible to formulate the theorem.

Theorem 2. For every n € Z4 the coupled dynamical system (7), (11) and (12) is Hamiltonian
with respect to the Poisson structure L in the form (20) and the functional v, € I(G*).

Using the expression (18) one can construct the hierarchy of Hamiltonian evolution equa-
tions, describing commutative flows, generated by involutive with respect to the Lie—Poisson
bracket (3) Casimir invariants v, € I(G*), n € Z,, on the extended space G* @ W2NI2N at
a fixed element [ € G*. For every n € Z, the equation of such a type is equivalent to the system
(7), (11) and (12).

4 Hierarchies of additional symmetries

The evolution type hierarchy (7), (11) and (12) possesses another set of invariants, which includes
all natural powers of the eigenvalues \;, ¢ = 1, N. They can be considered as smooth by Frechet
functionals on the extended space G* @ W2N2N due to the representation:

= (I fi, fr) + (PP, ), (21)
where s € N, taking place for all £ = 1, N under the normalizing condition:

(fr, 1) + (Dp, @F) = 1.

In the case of

N

L=l + Y (fiDg ' fi + @Dy ®]) (22)

i=1

the formula (21) leads to the following variation of the functionals \; € D(G* @ W2NI2N),
k=1,N:

0Ap = ((O1°) fi, fr:) + ((01°)®p, )
+ (PO fr), i) + (I fr, 65) + (17(0Pr), @) + (I° P, 6P)
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N

= (004, M) + ) ((6fi, (=M + OLL) 1) + (87, (=M + 6,0°) f3)
i=1

+ (00, (=M} + 61°)"®]) + (097, (— M + 5;1°) ),
where 5}; is a Kronecker symbol and the operator M}, s € N, is determined as

s—1
Mi =" (P fr) Dy (P f) + (PR, Dy (157172 @)) = A~ ML
p=0

Thus, one obtains the exact forms of gradients for the functionals \j € D(G* @ W2N12N),
=1, N:

Mg
(=M + 0,1°)" 7

(=M + 6i1°) fi
(=M +61%)" @5

where i = 1, N. By means of the expression (23) the tensor product £ of Poisson structures (13)
and (14) generates the hierarchy of coupled evolution equations on G* @& W2V 2N,

dly Jdr = =M, 1], (24)
df;/drey = (—M§ + 5L1°) fi, dff /drey = (M} — 5L1%)* fF, (25)
d®;/dry, = (—Mj + 541%)®;, d®} /drs ), = (Mf — 61°)* @}, (26)

where i = 1, N, for every k = 1, N. Because of the Bécklund transformation (19) the equa-
tion (24) is equivalent to the commutator relationship:

dljdrsy = —[Mg, 1] = =X\ MU = A5 dl /dry g, (27)
and the following theorem takes place:

Theorem 3. For every k = 1,N and s € N the coupled dynamical system (24), (25) and (26)
is Hamiltonian one with respect to the Poisson structure L in the form (20) and the functional
)‘Z c D(g* @ W2N|2N).

The coupled dynamical systems (24), (25) and (26) represent flows on G* @ W2NI2N  com-
muting one with each other.

Theorem 4. For k = 1, N the coupled evolution equations (24), (25) and (26) form a set of
additional symmetry hierarchies for the coupled dynamical system (7), (11) and (12).

Proof. To prove the theorem it is sufficient to show that
[d/dty,,d/dr ;] =0, [d/dTy ,d/dT1 4] =0, (28)

where k,q =1, N and n € N. The first equality in the formula (28) follows from the identities:

AV D)+ /iy = (Vv D)+, Ml dM{/dty = [(Vya D)+, M{]-,
the second one being a consequence of the relationship:

dM,; /dryq — dM, [dryj = [M}, M,]. [
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K
When N > 2, a new class of nontrivial Hamiltonian flows d/dT;, i := d/dt,, + ) d/dm ,
k=1

neN, K =1,N—1,in a Lax form on G* ® W2NI2N can be constructed by use of the set
of additional symmetry hierarchies for the Lie algebra of super-integro-differential operators.
Acting on the functions f;, f, ®;, ®F, i =1, N, these flows generate ((1+ K)|1+1)-dimensional
supersymmetric nonlinear dynamical systems.

For the first time the additional symmetries in the case of N = 2 were applied by E. Nissimov
and S. Pacheva [13] to obtain a Lax integrable supersymmetric analog of the (2+ 1)-dimensional
Davey—Stewartson system. If

1:=0+ fiDy ' fi + f2Dy t f3 + ®1D, 1@ + &2D, 1 05 € G,

where (f1, f2, ®%, ®3, f1, 5, ®1, ®2)T € W4, the flows §/07 := d/dr and d/dT = d/dT»; =
d/dty + d/dm 1 on G* @ W44, acting on the functions f;, 1, @, @7, ¢ = 1,2, by the following
way:

fir = fiz turfo— a1 P, for = —turf1 + a®y,
fir=fis+unfs — a3, for = —urfi — a®,
D1 = Py, — aafa + us®s, Qo7 = —arfi — u2®r,
r= 0l - Aafs —w®, 03, = aiff —wd, (29)

and

J11 = free + fior w1 Do f1 +wo f1 + 2017 f1 — 26: Py,

for = fope +wi1Dgfo +wofo — 1 fir + 02P1 s + U1, f1 — @2 7P 7,

fir = —flaoa = flzr — Do(wifi) —wofi —2v1r fi + 25,97,

for = o0 — Do(wify) —wofy +urfi, +®]  —ui fi + a7,

D17 = P14y + P1rr + w1 Dg®y + wo®y + 2137 + 209, P,

Gy 7 = Py 4p + w1 DyPo + wo P2 — an f1,7 — U2 Py + Q17 f1 + U2, P17,

ir =97 . — P17 — Dy(w19]) — wod] — 27 Br — 202 - P7,

Py = =P pp — Do(w193) —wo®y — a1, +u2®; + a1 fi —u2r P71,

Douy = f1f5, Dougy = &193, Doty = f7 fo, Doy = O]9,

Dyv1 = f1f7, Dyvy = 9,97, Dyay = f195, Dyag = @4 f5,

Do = f{®,  Dpay =®ifo,  Def=fi®],  DgfB= fid, (30)
where (V2(1))+ := 8% + w1 Dy + wy, represent (2|1 + 1)-dimensional supersymmetric nonlinear
dynamical system. The system (29) and (4) possesses an infinite sequence of local conservation

laws, which can be found by the formula (6), and a Lax representation, given by the spectral
problem (8) and the evolution equations:

fr=-M]f, (31)
fr=((Vy2(1)+ — M), (32)

for an arbitrary eigenfunction f € W or f € WO, The relationships and (32) lead to
additional nonlinear constraints such as

wo,r = 2w1(f1f] — ®197) + 2(f1(DofT) + P1(D 7))z
wy,r = _Z(flff)a: + 2(@1(I)T)x (33)
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When f1 =, f{ == 600", fo = f3 =0 and & = &] = &3 = &} = 0, the equations and are
reduced to the Lax integrable (2 + 1)-dimensional Davey—Stewartson system [5, 16, 17]:

V1,1 = Yrae + Y1 + 205 — 2907)1),
wT,T - _wixw - wiTT - 2(5 - wa*)¢*7
Sar = (0/0x + 8/87)21/”/)*,
where 25 1= w{ + 2v{ | 4+ 4¢0*, wo := wf, v1, =1} and 1, Y* € Loo(S!;C).

The Lax representation (10), (4) and (32) for the (2|1 + 1)-dimensional supersymmetric
nonlinear dynamical Davey—Stewartson system (29), (4) and (4) has equivalent matrix form:

0 0 0 0 0 1
0 0 0 0 0
> 0 0 0 0 0
Dol = @2’{ o o o o o]|P
% 0 0 0 0 0
A =fi =fo =P =P 0
0 i 0 —® 0 0
Dgfik —A U1l 0 aq —ik
dj _ 0 —U1 0 a9 0 0 F
dr D@‘If{ 0 Qi —A U9 ‘IY{ ’
0 —Q 0 —Uu9 0 0
Q197 — fiff —Doftv 0 —Dy®y 0 0
dF
a7 = CF,

where F = (FO:= f, F2, F* F', F3 F%)T ¢ W33, C := (Crun) € g1(3]3), m,n =1,6, and

1 * *
O =\ + S Wo + f1Do f{ + @1 Dp®7, Cio=—-2 i+ fiz+ fir),
Ciz = —(Afa + fou) + U1 fr — ax®y, Ciu=—Q2A\P1 + @1 5, + 1 7),

1 *
Cis = —(APy + P ;) — U Py + a1 f1, Ci6 = JWL — fuff + @197,

Co1 = —wiff +2Dg(—f{, + Mi) — i1 Do f5 — 61 Dp®3,

Coo = =X = 2Dg(f1f]) — w1ty + v ay, Cag = =Dy (f2fT) + My — U r,
Cos = —2Dp(®1 ff) + g —updy,  Cos = —Dg(P2fy) + Aay — @,
Co6 = 2(=AfT + fla) + Urfy — 6195,

C31 = —%wlfg + Do(—f2. + Af3) +ur Do f{ + 2 Dp®7,

Csy = —Dyg(f1f5) — Mg — ui 7, Cs3 = —Dy(f2f3) + urt — a2,

C34 = —Dg(P1f3) + Az + a7, Cs5 = —Dp(P2f3) + u1on — Uza,

Cs6 = (=Afy + fo.) —uafi + 2®7,

Cy = —w @} + 2Dp(—PF , + A®}) + U2 Dp®5 — a2 Dy f5

Cyz = —2Dg(f1®]) — wrdp — oy,  Cuz = —Dy(f2®]) + Aag — dar,

Cup = —\? = 2Dy(®1®}) — uglia — aada,  Cus = —Dy(P2®F) + My — a7,
Cis = 2(—=A®} + @} ) + 2®5 + G f3,

1 * * * * *
Cs1 = —§w1<I>2 + Do(—=P5 , + AD3) + a1 Dy fi + uaDg®7,
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Cso = —Do(f193) — A1 — o r, Cs3 = —Dg(f2®3) + a1ty — dpusa,
Csq = —Dg((I)lq);) — Aug — U2 r, Css = —D@(@Q(I);) + 11 + ugUsg,
Csg = (—APy + 05 ,) — a1 fi +ux®7,

1
Co1 = 5 Dowo + (Do f1)Da f1 + (Dg®1)Dp®]
— (firfi + foufs — P1,P] — P2, P3) + Ui f1fs — @1 f1D5 + i fy + U P P,
1
1
CG3 = —D9(>\f2 + f27m) + §w1f2 + ﬂl(DQfl) + @2<D9@1)

1 «
Cos = —Dg(2AP1 + 1, + @1 7) + §w1<1>1 — fifi P,

1
065 = —De()\q)z =+ <I>2’x) + 5’[1)1@)2 — aQDG‘I)l - 0_51D9f17

1 1 " "
Ces = A2 + Jwo + §D9w1 — (Do f) f1 + (Dp®1)®7.

In fact, one has found a triple matrix linearization for a (2|1 + 1)-dimensional dynamical system,
that is important for the standard method of inverse scattering transformation [3] as well as
for the reduction procedure [18, 19] upon invariant subspaces of associated spectral problem
eigenvalues.

The method of additional symmetries is effective for constructing a wide class of (2|1 + 1)-
dimensional supersymmetric nonlinear dynamical systems with a triple matrix linearization.

5 Conclusion

By now several regular Lie-algebraic approaches existed to constructing Lax integrable (2 + 1)-
dimensional nonlinear dynamical systems on functional manifolds, which were presented in [12,
20, 21, 22]. In this paper a new Lie-algebraic method is devised for introducing one more
commuting variable into (1|1 + 1)-dimensional dynamical systems with preserving their integra-
bility by Lax. It involves use of additional symmetries [13] for a Hamiltonian flow hierarchy on
extended dual space to some operator Lie algebra.

Any integrable (2|14 1)-dimensional supersymmetric nonlinear dynamical system obtained by
means of the method possesses an infinite sequence of local conservation laws and a triple mat-
rix linearization of a Lax type. These properties make it possible to apply the standard inverse
scattering transformation [3] and the reduction procedure [18, 19] upon invariant subspaces.

If N > 2 in the representation (22), the hierarchies of additional symmetries can be used
for constructing Lax integrable ((1 + K)|1 + 1)-dimensional supersymmetric systems, where
K=1,N—-1.

Analyzing the structure of the Béacklund type transformation (19) as a key point of the
method, one can observe that it strongly depends on an ad-invariant scalar product chosen
for an operator Lie algebra G and a Lie algebra decomposition like (2). Since there are other
possibilities of choosing ad-invariant scalar products on G and such decompositions, they give
rise naturally to other Backlund transformations.
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