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Abstract. In the article, we describe three-phase finite-gap solutions of the focusing non-
linear Schrodinger equation and Kadomtsev—Petviashvili and Hirota equations that exhibit
the behavior of almost-periodic “freak waves”. We also study the dependency of the solution
parameters on the spectral curves.
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1 Introduction

This study was motivated by the intention to demonstrate the behavior of three-phase extreme
waves. Most recent scientific research shows that the simplest and most universal model for
such waves is the focusing nonlinear Schrédinger equation (NLS)

ipt+ Pez + 2pPp =0, =1, (1)

Since 1968 the equation (1) has been describing distribution on the surface of the ocean of weakly
nonlinear quasi-monochromatic wave packets with relatively steep fronts [44]. An application of
this equation to the problems of nonlinear optics was known earlier [7]. Since the equation (1) is
a model of first approximation, it appears in simulations of many weakly nonlinear phenomena.
This equation has a wide range of applications ranging from plasma physics [28] to financial
markets [43].

Among the properties of equation (1) there is a modulation instability that leads to the
appearance of the so-called “freak waves” (in hydrodynamics known as “rogue waves”) [2].
These waves represent amplitude peaks localized in space and time. In the last 20 years, first
in hydrodynamics and then in nonlinear optics, these waves have been the object of numerous
theoretical and experimental studies [3]. Such attention to the problem of the “freak waves” is
due to the losses at oil platforms, tankers, container ships and other large vessels caused by the
“rogue waves”.

There are many more precise and more complex models, which give a more exact description
of the “freak waves” [3]. These models can be divided into two classes. In the first class one can
solve them analyticaly while in the second class one can use numerical methods only. Analytical
methods include: inverse scattering transform method; finite-gap integration method; Backlund
transform method; Darboux transform method; Hirota method.

In the present work, we use a finite-gap integration method. The works of Dubrovin, Novikov,
Marchenko, Lax, McKean, van Moerbeke, Matveev, Its, Krichever [9, 10, 11, 12, 13, 21, 22, 26, 29,
31, 33, 35] give a description of this method (see also the review [32]). However, another method
of constructing finite-gap solutions of integrable nonlinear equations exists [23, 24, 34, 36]. Let
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us remark that first method is based on Baker—Akhiezer function but the second one is based
on some Fay’s identities [14]. In our paper, we use the first method and Its and Kotlyarov’s
classic formulas [18, 20] (see also [6]).

Our goal here is to show the behavior of three-phase algebro-geometric solutions of NLS, KP-I
and Hirota equations. Section 2 of this paper contains the basic notations and classic formulas
for algebro-geometric solutions of integrable nonlinear equations under consideration. Section 3
is devoted to the periodicity of three-phase solutions of NLS, KP-I and Hirota equations. In
Section 4 we consider an example of three-phase algebro-geometric solutions of KP-I and Hirota
equations for different values of parameters.

2 Finite-gap multi-phase solutions of the NLS equation

The nonlinear differential equations that are integrated by methods of the algebraic geome-
try, can be obtained as a compatibility condition of the system of ordinary linear differential
equations with a spectral parameter [6, 15, 16]. In particular, let us consider the following
equations [15, 19, 38]

Y, =Y, Y,=9Y, Y, =Y, (2)

where

—1 —i¢p 0
A is a spectral parameter. Using these equations and additional relations

(Yx)z = (YZ)Z‘7 (Yx)t = (}/t)x

one can easy obtain the so-called equations of zero curvature

n:-x(é 0.>+<0 “/)), U= 20+ Yo, W = 4N+ 229, + W,

-V, +UV—VU=0  and & — W, + YW — Wil = 0, (3)

which should be valid for all values of spectral parameter A. Respectively, it follows from
equations (3) that matrixes Uy, Wy, W, take the forms

—i¢ —%) W, — ( bup — by 20%¢ — Wm)
_¢x Z¢¢ ’ _2i¢¢2 + Z¢xx ¢¢x - ¢x¢ ’
Also, 2 = 2XY + ;. Conditions (3) lead to additional system of equations (parities). The
first system is the coupled nonlinear Schrédinger equation
i + thae — 206 =0,
ZQZ)Z - ¢xa} =+ 2¢¢2 =0,

and the second system is the coupled modified Korteweg—de Vries equation

wt + wxmm - 61/1@%: = 07
These two systems of the nonlinear differential equations are closely related to two other
ones. Specifically, differentiating equations (4) with respect to x and substituting them in (5),

one obtains the coupled modified two-dimensional nonlinear Schrédinger equation in cone coor-
dinates [27]

W+ Yaz + 2i(Y P — Phz)Yp = 0,
i¢t - (Z)J»‘Z + 22(@% - ¢¢x)¢ =0,

QU0:%02<

(4)

()
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Also, the functions ¢ (z,t, —at) and ¢(z,t, —at) are solutions to the coupled integrable Hirota
equation («a € R)

iwt + wa:ac - 21/}2¢ - Za(wxxx - 61/’4”/&) = 07
it — bua + 200° — i(Prze — 6YPD,) = 0,

if ¢(x, z,t) and ¢(z, z,t) are solutions of (4) and (5).

Systems of the nonlinear differential equations (4), (5) are the first two integrable systems
from the AKNS hierarchy [15]. One of the features of finite-gap multi-phase solutions of the
integrable nonlinear equations is that fact that in some sense they are the solutions of all
hierarchy. Particulary, our solutions can be used for constructing solutions of generalized non-
linear Schrodinger equation [42]. By substituting ¢ = 4+ into equation (4) we get a standard

(6)

form of the nonlinear Schrodinger equation. Particularly, for ¢ = — equations (4) transform
to (1) [11, 18, 19] and equations (6) transform to the integrable Hirota equation [4, 8, 17, 30]
Wt + Voo + 212U — i (Yaae + 69 ) = 0. (7)

It is also easy to check that for any ¢ and ¢, that satisfy both (4) and (5) simultaneously,
the function u(z, z,t) = —21¢ is a solution of the Kadomtsev—Petviashvili-I equation (KP-I)

Bz, = (dup + Ugpy + 6UUL) 5. (8)

In case ¢ = +1) this solution is a real function.
Finite-gap solutions of systems (4), (5) are parameterized by the hyperelliptic curve I' =
{(x,\)} of the genus ¢ [15, 38]:

2942

r: =TT =M,

j=1

The branch points (A = A;, 7 = 1,...,2g+2) of this curve are the endpoints of the spectral arcs
of continuous spectrum of Dirac operator (2). Infinitely far point of the spectrum corresponds

two different points PE on the curve I'. In case ¢ = —¢ the curve I' has the form
g+1 B 2g+2 '
Lox® = [IO =) =) = X024 3 a2 27 Gy =0, S(y) #0. (9)
j=1 j=1

Following a standard procedure of constructing finite-gap solutions [6, 11, 38], for I' let us

choose a canonical basis of cycles 7' = (a1,...,ag4,b1,...,by) with matrix of intersection indices
0 I
)
To satisfy the condition ¢ = —), it is necessary [6, 11] that this basis of cycles is transformed

according to the rules

Tia = —a, Tib=b 4+ Ka, (10)

where 77 is anti-holomorphic involution, 71 : (x, A\) = (3¢, \).
Let us also consider normalized holomorphic differentials di4;:

f du]:(Sk], k,j:].,...,g,
ag



4 A.O. Smirnov, S.G. Matveenko, S.K. Semenov and E.G. Semenova

and a matrix of periods B of the curve I':

Bkj: dZ/{j, k,jzl,...,g.
by
It is well known (see, for example, [5, 11]) that the matrix B is a symmetric matrix with positively
defined imaginary part.

Let us introduce g-dimensional Riemann theta function with characteristics n,¢ € RY [5, 11,
14]:

O[n";¢"(pIB) = Y exp {mi(m +n)'B(m + n) + 2ri(m + n)'(p + ¢)},

meZ9

©[0%0'](p|B) = ©(p|B),

where B is a matrix of periods, p € CY and summation passes over an integer g-dimensional
lattice.

Let us also define on I' normalized Abelian integrals of the second kind (£;(P), j = 1,2, 3)
and the third kind (wo(P)) with the following asymptotic at infinitely distant points PZ:

%dleyg dQ2=% dﬁgz% dwoy = 0, k=1,...,9,
ag ag ag a

U(P)=Fi(A\-Ki+0(\"), P—PL,
WP)=Fi 22 - K +0(\Y)), PP,
QBP)=Fi W\ -K;+0 (X 1Y), PP,

wo(P)=F (A —ImKy+0(AY)), P—PE,
x=x(\"+oW)), P-PL

Let us denote the vectors of b-periods of Abelian integrals of the second kind Q4 (P), Qa2(P),
Q3(P) by 2miU, 2miV, 2miW respectively.

Theorem 1 ([6, 38]). Function

y1(P,x,z,t) yl(TOP,x,z,t))

Y(P2,21) = <y2(73,x,2>t) y2(1oP, x, 2, 1)

where 1y is hyperelliptic involution, 1o : (x, A) = (=X, A),

OWU(P)+ Uz + Vz+ Wt —X)O(Z)

OU(P) —X)0(Uz + Vz + Wt + Z)

x exp{Q1(P)x + Q2(P)z + Q3(P)t + i®(x, 2, 1) },

_ OUMP)+Uz+Vz+Wt+A-X)O(Z—-A)
(P2 ) = P8 1P) — X)O(Uz + V= + Wt + Z)

x exp{Q1(P)zx + Qa2(P)z + Q3(P)t — i®(x, z,t) + wo(P)},

y1(737$7 2 t) =

is the eigenfunction of the Dirac operator (2) with functions

2Ky ©(2)0(Uz + Vz + Wit + Z — A)

p O(Z—-A)O(Uzx+Vz+Wt+Z)

O(Z-A)0(Uz+Vz+Wt+Z+A)
©(Z2)©0(Uz+ Vz+ Wt +7Z)

¢($,Z,t) = exp{Zi@(w,z,t)},

¢(x,2,t) = 2pKo exp{-2i®(z, 2, 1)}, (11)
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for any z, t and p # 0. The functions (11) satisfy the equations (4) and (5). Here A ‘s the
vector of holomorphic Abelian integrals, calculated along a path connecting Py, and PL, without
crossing any of the basic cycles,

A =U(PL) -U(PL), ®(z,2,t) = Ky + Koz + Kst,
g
X =K+ UP), Z =U(PL) - X,
j=1

K is a vector of Riemann constants [5, 11, 14, 25]; P;, j = 1,...,g is a non-special divisor. If
the spectral curve T' satisfies the condition (9), then the following equalities hold

,OUz+Vz4+Wit+Z—-A)O(Us+Vz+Wt+Z+A)

2
= —4K, 12
vl 0 02(Uz+Vz+ Wt +Z) ’ (12)
JU =SV =3W = 3Z =0, K2 <.
It is easy to see that the corresponding solution of KP-I equation (8) has the form
OUr+Vz4+Wt+Z-A)O(Uz+Vz+Wt+Z+ A
u(z, z,t) = —8K3 (Uz+Vz+ il JO(Uz + V= + TZ+4) (13)

02Uz +Vz+ Wt+7Z) ’
and that the square of amplitude of solution of Hirota equation (7) equals

_ _4K2@(Ua:—|— (V—aW)t+Z-A)O(Uzx+ (V-aW)t+Z+ A).
0 02(Uzx + (V —aW)t + Z)

[l (w,t)

3 Features of three-phase solutions

In case g = 3, the basis of normalized holomorphic differentials is defined by the formula [6, 11]:

dA
duk = (CklAQ + Ckg)\ + Ckg) ;,

where
C=(AY" A, :74 As-m
a; X

It follows from equation (¢ is an arbitrary path on I')

/ dw = /T*dw,
T4 4

that

S— dx d\ d\ dx
Ajm —f A3—m == _}1{ T <A3—m> _7{ N2 = —74 Nl = A
a; X aj X Tia; X a; X

J
Therefore A = —A and C = —C. Similarly, with integrals on b-cycles, we obtain

B=-B-K or %B:—%K.
It follows from bilinear relations of Riemann (see, for example, [5, 6, 11]) that the coordinates

of the vectors U, V, W can be written as
)
§4=0

2
A el ;o V=2 %
&+=0 dgz

U, _ dUy B d*Uyy,
dé— e —o  d&t

£.=0 &3
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AU,
Wy = 2 ( U ) ,
&+=0

de3
where &4 = 1/ are local parameters in the neighborhood of infinitely distant points PZ.
Calculating the derivatives we obtain the relations

AU,

3
e—o 4%

Un = —2icpa, Vin = 2ix16m1 — 4icma, Wi = i(4x2 — 3x3) cm1 + 4ix16m2 — 8icms,
or

=2 2x1 4x2 —3x3
U V,W)=iC| 0 -4 4u |. (14)
0 0 -8

It follows from (14) that the vectors U, V, W are real and linearly independent. Therefore,
U, V, W are the basis vectors in R3. Hence, any vector from R3 can be presented in the form
of the linear combinations of these vectors. In particular, for the vectors of the periods of the
three-dimensional theta-functions e} = (1,0,0), e}, = (0,1,0), €}, = (0,0,1) we can write the
following relations

e, = LU+ Z,V+T,W.

Therefore, three-phase solutions (13) of equation KP-I (8) are the periodic functions in a three-
dimensional space

U(IE + X, 2+ 2, t + 77€> = U(SE,Z,t).

If a three-phase solution of (8) has a form of freak waves, then the maxima of its amplitude
are located in nodes of a three-dimensional lattice with edges (Xj, Z, Tx). These edges can be
found by an inversion of the matrix (U, V, W):

Xy Ay Az 1/2 x1/4 x2/4—x3/16
Z 2y Z3|=(U, VW) =il 0 1/4 X1/8 Al
T T2 T3 0 0 1/8

Therefore, for three-phases solutions of equation KP-I (8) it is possible to describe their behavior
in the following way: after a time interval At = T a surface of solution u(z, z) reproduces itself
with a shift on the XOZ plane by the (X}, Zi) vector.

As the three-phase solution of the equations (1) depends on two coordinates, x and z, and
the third coordinate t is considered to be a parameter, the value of amplitude of this solution
depends on the distance between the nodes of the given three-dimensional lattice and a plane
t = to. Hence, in contrast to the case of the two-phase solution [39, 40, 41], where the change of
initial phase Z led to trivial shift of the solution on X OZ plane, the amplitude of the three-phase
solution (11) of equations (1) depends on a choice of initial phase Wty 4+ Z in a slightly more
complicated fashion.

4 An example of three-phase solution
Let us consider a spectral curve I's = {x, A} of genus g = 3:
T3 x% = (A= Xo)* —2a*(A — Ao)?cos 2¢ + a*) (A — Ao)* — 2% (A — Ao)? cos 2 + b?),

where 0 < a <b, 7/4 < <7/2.
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Figure 1. Canonical basis of cycles on I's.

Let us choose the basis of cycles on I's as it is shown on Fig. 1.

It is easy to check that the anti-holomorphic involution 7 transforms the canonical basis of
cycles using the rule (10) with the matrix

0 1 1
K=11 01
110

There are also three holomorphic involutions on I's:

7o - (X7 >‘> — (_XvA)7
2 - (X7 )\) — (X>2)\0 - )‘))
30 (6 A) = (@®6* (A — X)X, Ao + ab(A — Xg) ).
As a corollary, the curve I's covers the following two curves:
1) Ty =T3/m of genus g =1

T1: X2 = (7 — 2a%tcos 2 + a*) (2 — 26t cos 20 + b*),

2) Ty =T'3/(1072) of genus g = 2

Iy: x2 = t(t2 — 2a%t cos 2¢ + a4) (t2 — 20t cos 2¢ + b4)7

where t = (A — Xo)?, X+ = X, x= = (A= Xo)x, and

At 2(A = Ao)dA tdt 2(X — Ao)%dX dt - 2dA

X+ X T x- X oXx- X
The curves I'y and I'y are shown on Figs. 2 and 3, where ¢; = b2e?¥  ty = a?e?¥.

The coverings generate the following transformations of cycles:
al al bl by al bt

ag | = S|a} | +P 03], bo| =Q|a? | +R|[V2],
a3 a3 b3 b3 a3 b2
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Cx

bl St b% St
~ o~
tl tl
t t
2 B 2
X A a%
1 Rt A L J _____ B Rt
1 2 i
“s ey :
N e /
Figure 2. The curve I';. Figure 3. The curve I's.
where
-1 1 0 0 -2 0
S=11 0 —-1], P=|0 0 21,
1 0 1 0O 0 =2
-1 1 0 00 0
=0 0 -11, R=[11 1
0 0 1 1 1 -1

Recall that these matrices should satisfy the relations
StQ = Q'S, R'P = P'R, S'R— QP =nlI,

where [ is identity matrix, n = 2 is the number of covering sheets.
Due to involution 73, the curve I'y covers two elliptic curves I'y (Figs. 4 and 5):

Iy : 2 = (s =+ 2ab) (52 — 2(@2 + b2)scos 20 + a* + b* + 2a2b% cos 4@),
where

a’b? t+ab ds  (tFab)dt
8:t+77 Ve = —(5—X—» - = -
t 12 Vi X—

The coverings of I's on 'y generate the following cycles mappings

(- (o)) @) 6,

As a result, we have

ap -1 1 1 at 0 —2 -2 by

a|l—=|(1 1 -1 ar | +10 -2 2 by |, (15)
as 1 -1 1 a_ 0o 2 =2 b_

by -1 1 1 al 0 00 by

byl =0 1 —1|lax]+([1 0 2| b4 (16)
b3 0 -1 1 a_ 1 2 0/ \b_
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s
P >
b — a?
T e Rl b-
S1 \\\\
N
3
X
A N
2ab Y2+ a?
T
\ b Rs
N\ e 7’ /
A
7/
Pe
//
\\ST s
S S I
a_

Figure 4. The curve I';,. Figure 5. The curve I'_.

From (15), (16) and relations

AA  1dt | Mo ds X ds

dx 1 ds 1 ds ds ds
dabv_  4dabvy’

dabe. dabe x2x
M\ ﬁ_{_)\?ﬁ—ab@_/\%—abﬁ
X OX+ dab v_ dab vy

it follows that

c1 +¢3 —2)\0(C1 + C3) ()\% — ab)q + ()\3 + ab)tg
C = C1 Co — 2)\0C1 ()\3 — ab)c1 — )\otg s
C3 €y — 2)\0(3 (/\% + ab)C3 — /\0C2

i(by + b3) ibl—l/Q ibg—l/?
B = ’L'blfl/Q ’L(bl+[‘12) 7;[)2*1/2 ,
ibg —1/2 iby —1/2 i(bg + b3)

where
1 1 1
(G==——, 0= —", (3= ——,
! 2(0[1 — Qﬁl) 2 20[2 3 2(0(3 — 253)
. aq . 2 . Qg
b= —"—-—, by = —, by = ———,
e 2(a1 —261) 2 209 e 2(a3 — 2/33)
17{ ds 1 dt 1% ds
a1 = = — Qg = — - a3 = = )
2 Ja, vt 2 Jo x+ 2 ), vo
1 ds 1 dt 1 ds
fr=5¢ —, fo=2P —, fg==¢ —.
2 b+ V4 2 pl X+ 2 b V-

From the structure of the matrix B and from the matrix version of Appel’s theorem [37] it

follows that the Riemann theta function of curve I's equals:

O(p|B) = f(p1,p2,p3) = ¥3(p1|h1)V3(p2|h2)I3(D3|h3) + D4(p1|h1)P1(p2]h2)V1(p3|h3)

+ D1(P11h1)Va(P2lh2)V1(Pslhs) + D1 (P11h1) D1 (P2lh2)Va(Pslhs), (17)

where p; = p; + pjr1 — Pjy2, Pj+3 = Py, hy = exp(—4bj).
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Figure 6. Three-phase solution of KP-I equa- Figure 7. Three-phase solution of KP-I equa-
tion for \g =0, t = 0. tion for A\ =0, t =0.1.

t=0.3
25
20
25 i 25
20 2 20
15 15
10 =9 10
5

Figure 8. Three-phase solution of KP-I equa- Figure 9. Three-phase solution of KP-I equa-
tion for \g =0, t = 0.2. tion for A\ =0, t = 0.3.

The functions ¥;(p|h) are Jacoby elliptic theta functions [1]:
91(plh) =2 ()™ A2 sin[(2m — D)mp),
m=1

Da(plh) =2 Y "2 cos((2m — 1)mp),

m=1

U3(plh) =1+2 Z h cos(2mmp),

m=1

Ya(plh) =1+2 Z (—l)mhm2 cos(2mmp).
m=1

Using the reduced form of theta function (17) and values for the vectors of periods, one
obtains the following formula for a squared absolute value of the three-phase solution (12) of
the focusing NLS equation (1)

1)* = —4KZ f(k1z + kit + 61, koz + 0o, ks + w3t + 3) (18)
X f(kla: + kit — (51, kgz — 52, k3:17 + k3t — (53) X {f(klm + K1t kgz, /{:3117 =+ Kigt)}_2,
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Figure 10. Three-phase solution of KP-I equa- Figure 11. Three-phase solution of KP-I equa-
tion for A\g = ko/(4k1), t = 0. tion for Ao = ko/(4k1), t = 0.1.

t=0.2 t=0.3

Figure 12. Three-phase solution of KP-I equa- Figure 13. Three-phase solution of KP-I equa-
tion for A\g = ko/(4k1), t = 0.2. tion for Ao = ko/(4k1), t = 0.3.

where the function f(p1,p2,p3) is defined by equation (17), and

kl = —4it1, kz = —8’iC2, kg = —4iC3,
k1 = 4k1 (3N\§ — ab + (a® + b?) cos(2¢)), Ky = 4k3 (305 + ab + (a® + b?) cos(2¢)).

(17), (18) imply that for Ao = 0 the amplitude of the constructed solution of NLS equation (1)

is a periodic function of z, and for A\g = 0, ¢ = %arccos (%) it is a periodic function of z
and t.

Recall that the three-phase solution u(x, z,t) of the KP-I equation (8) and the square of am-
plitude of three-phase solution of Hirota equation (7), |¢u(x,t)|%, can be constructed from (18)
by using relations u(x, z,t) = 2|i(z, z,¢)|* and |z, ) = |z, t, —at)*.

The three-phase solution of KP-I equation for ab =1, \/b/_a = 1.3, ¢ = 0.37 at the different
moment of time ¢ and for Ag = 0 is presented on the Figs. 6-9. One can see the same solution
for Ao = ka/(4k1) on the Figs. 10-13. It is easy to see all three phases of solution on Figs. 6-13.
Two phases are shortwaves and the third phase is a long-wave envelope. One can see also on
Figs. 6-9 that the solution for A\g = 0 is periodic in z, and that the long-wave envelope moves
to the right side.

The three-phase solution of Hirota equation for ab =1, \/b/_a =13, ¢ =0.37, a = 0.1 and
for different values of \g is presented in Figs. 14-17. It is easy to see all three phases of solution
only in Fig. 15.
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D R WA

S D W A
SN

Figure 14. Amplitude of three-phase solution Figure 15. Amplitude of three-phase solution

of Hirota equation for A\g = 0. of Hirota equation for Ay = 4.
4
3
2
1 4 4
0 3 3
2 2
-3
1 1
-2
0 0

Figure 16. Amplitude of three-phase solution Figure 17. Amplitude of three-phase solution
of Hirota equation for A\g = ko/(4k1). of Hirota equation for A\g = ko/(4k3).
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