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Abstract. Let G be a simply connected simple algebraic group over C, B and B_ be two
opposite Borel subgroups in G and W be the Weyl group. For u, v € W, it is known that the
coordinate ring C[G™"] of the double Bruhat cell G*¥ = BuB N B_vB_ is isomorphic to an
upper cluster algebra A(i)c and the generalized minors {A(k;i)} are the cluster variables
belonging to a given initial seed in C[G™"] [Berenstein A., Fomin S., Zelevinsky A., Duke
Math. J. 126 (2005), 1-52]. In the case G = SL,41(C), v = e and some special v € W, we
shall describe the generalized minors {A(k;i)} as summations of monomial realizations of
certain Demazure crystals.
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generalized minors
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1 Introduction

As is well-known that theory of cluster algebras has been initiated by S. Fomin and A. Zelevinsky
in the study of product expressions by g-commuting elements for upper global bases (= dual
canonical bases). Crystal bases are obtained from global bases considering the parameter ¢ at 0.
Thus, we can guess that they should be deeply related each other at their origins.

Let G be a simply connected simple algebraic group over C of rank r. Let B and B_ be two
opposite Borel subgroups in G, N C B and N_ C B_ their unipotent radicals, H := BN B_
a maximal torus, and W the associated Weyl group. In [1], it is shown that for u,v € W the
coordinate ring C[G"™"] of double Bruhat cell G := BuB N B_vB_ has the structure of an
upper cluster algebra. The initial cluster variables of this upper cluster algebras are given as
certain generalized minors on G*“".

In [11], the second author revealed the relations between some generalized minors and mono-
mial realizations of crystal bases. A naive definition of monomial realizations of crystal bases is
as follows (see Section 3 for the exact definitions): Let ) be the set of monomials in infinitely
many variables (see Section 3, equation (3.2)). We shall define the crystal structures on ) as-
sociated with certain set of integers p = (pivj)lg#jg and a Cartan matrix. And we can obtain
a crystal for an irreducible module as a connected component of . For example, for type A4 and
pij =11if i < jand p;; = 0 if i > j, we have the following crystal graph of the crystal B(A3),
where A3 is the 3" fundamental weight. The set of integers p gives the cyclic sequence of indices

*This paper is a contribution to the Special Issue on New Directions in Lie Theory. The full collection is
available at http://www.emis.de/journals/SIGMA /LieTheory2014.html
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...123412341234 ... and we associate variables {7;} as follows

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
T—4 T-3 T2 T-1 T1 T2 T3 T4 T5 T T7 78 T9 T10

Note that the skip between 7; and 7g or 79 and 719 means no corresponding variable appears in
the following crystal graph

3 T_1T2

4 T2
N T4 9
\_ 175 4 \377’5 3 T5
T6 1 T4 TN e \
\T;l 4 ‘13 RN
78

TAT8 3 T7T8 2 T9

T-2

(1.1)

where the highest weight monomial 7_5 has a weight A3 and the lowest weight monomial % has
a weight —As.

As stated above, the initial cluster variables on G are expressed by generalized minors
{A(k;i) |1 < k < I(u) 4+ l(v)}, where i is the reduced expression of (u,v) € W x W. Now, as
an example we consider the case G = SL5(C) as above. Let W = G5 = (s;|1 < i < 4) be the
symmetric group and set u := $1525354515983515281, v := €, and set a reduced word i for u as
i:=(1,2,3,4,1,2,3,1,2,1). We have for x = (z; ;) € SL5(C)

31 T32

AG () =]

= T'31T42 — T32T41- (1.2)

See Section 5 for the detailed explanation.

Now, let us consider the generalized minors on L*" := NuN N B_vB_ instead of G"" since
their difference is, indeed, only the factor from the torus part. We call L*" reduced double
Bruhat cell. For the above u, v, there exists a birational map xiL (€)1 =5 L%V given by

L
Xi(Tl,...,Tl())
=x_1(n)r_2(m2)zr_3(m3)x_a(Ta)x_1(75)x_2(76) X3 (T7)x_1(T8)T—2(T9) T —1(T10)
1
e 0 0 0 0
T1T5T8T10
T1T5T8T10
A _ 0 0 0
T2T6T9
_ T2T6TY
= B C 269 0 0] (1.3)
T3T7
T3T9 ~ TeT9 T3Ty
D E + 0
T4 T7 T4
1 10 T9 7 T4
where
TIT5TS T1Ts Ty 1
A= + + ,
ToTeT9  T2TeTL0  T278T10  T5787T10
ToTe ToTg T5T8 Ty Ts 1
B = + + ,
T3T7  T3T9  TeT9  T3Ti0  T6T10  T87T10
T27T6T10 T278T10 T5T8T10
C= + +
T3T7 T3T9 T6T9
T3 . Te | T8 1 T3T10 . T6T10 . T8T10
D=—"+4+—-4+—-4+—, E= + + ,

T4 7 79 710 T4 7 79
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Therefore, by (1.2) and (1.3) we find

| | B C
AHGD() = (D 0 a) (o) =) )
I S T T (1.4)

T4 TATe 7 TATY T7T8 79

Now, observing the crystal graph (1.1) and the Laurent polynomial (1.4), we realize that each
term in (1.4) appears in (1.1) and they constitute so-called lower Demazure crystal associated
with the element u<g € &5 [7].

Those facts motivate us to find a new linkage between the cluster variables on L*" C G""
and the monomial realizations of crystals.

In this paper, we shall treat the case G = SL,1(C), v = e and some special u € W = &,.41.
More precisely, we treat an element v € W whose reduced word (Definition 2.1) can be written
as a left factor of the standard longest word (1,2,3,...,r,1,2,3,...,(r—1),...,1,2,1):

u:8182"‘87’81"'87‘_1"‘sl"'ST_m+281"'Sin,

where n := [(u) is the length of v and 1 <4, <r—m+1. And we treat (reduced) double Bruhat
cells of the form G*¢ := BuBNB_ and L™ := NuNNB_, where B (resp. B_) is the subgroup of
upper (resp. lower) triangular matrices in G = SL,41(C). Then generalized minors are a part of
classical minors (Definition 4.10). This case matches well to the Demazure crystals. In fact, we
shall describe generalized minors in terms of summations over certain monomial realizations of
Demazure crystals in the main result Theorem 5.6. For example, (1.4) shows that the generalized
minor AX(6;1)(7) is described in terms of summation over certain monomial realization of the
Demazure crystal B, _4(—A2).

In forthcoming paper, we shall treat more general setting, like as, the Weyl group element
v € W is non-identity or type C. In these cases, the generalized minors are described also by
monomial realizations of crystals.

2 Factorization theorem for type A

In this section, we shall introduce (reduced) double Bruhat cells G**, LY, and their properties
in the case G = SL,41(C), v = e and some special v € W. In [2, 3], these properties had been
proven for simply connected, connected, semisimple complex algebraic groups and arbitrary
u,v € W.

For | € Z~o, we set [1,1] :={1,2,3,...,1}.

2.1 Double Bruhat cells

Let G = SL,11(C) be the simple complex algebraic group of type A,, B and B_ be two opposite
Borel subgroups in G, that is, B (resp. B_) is the subgroup of upper (resp. lower) triangular
matrices in G = SL,11(C). Let N C B and N_ C B_ be their unipotent radicals, H := BN B_
a maximal torus, and W := Normg(H)/H the Weyl group. In this case, Weyl group W is
isomorphic to the symmetric group &,41.
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We have two kinds of Bruhat decompositions of G as follows

Then, for u, v € W, we define the double Bruhat cell G* as follows
G“" := BuBN B_vB_.

This is biregularly isomorphic to a Zariski open subset of an affine space of dimension r+1(u) +
l[(v) [3, Theorem 1.1].
We also define the reduced double Bruhat cell L*? as follows

L*“? := NuN N B_vB_ c G"".

As is similar to the case G*V, L™" is biregularly isomorphic to a Zariski open subset of an affine
space of dimension [(u) + (v) [2, Proposition 4.4].

Definition 2.1. Let u = s;, - -+ 8;, be a reduced expression of u € W, iy,...,i, € [1,r]. Then
the finite sequence

i:= (Zl,,Zn)
is called reduced word i for u.

In this paper, we treat (reduced) double Bruhat cells of the form G*¢ := BuB N B_ and
L%® := NuN N B_, where u € W is an element whose reduced word can be written as a left
factor of (1,2,3,...,r,1,2,3,...,(r—1),...,1,2,1):

u:5152”'87‘81”'57”—1"'81"'87‘—m+231"'5in7 (21)

where n := [(u) is the length of v and 1 <, <r —m+ 1. Let i be a reduced word of u:

i=(1,...,r,1L...,(r=1),...; 1, ..., (r—=m+2),1,...,0p). (2.2)
—— ——
1% cycle 274 cycle (m — 1)t cycle mt cycle

Note that (1,2,3,...,7,1,2,3,...,(r —1),...,1,2,1) is a reduced word of the longest element
in W.

2.2 Factorization theorem for type A

In this subsection, we shall introduce the isomorphisms between double Bruhat cell G*¢ and
H x (C)"®) and between L*¢ and (C*)"®). As in the previous section, we consider the case
G := SL,;4+1(C). We set g := Lie(G) with the Cartan decomposition g =n_ & h dn. Let e;, f;
(¢ € [1,7]) be the generators of n, n_. For i € [1,r] and t € C, we set x;(t) := exp(te;),
yi := exp(tf;). Let ¢; : SLa(C) — G be the canonical embedding corresponding to each simple
root «;. Then we have

zi(t) = ¢i ((1) i) vi(t) = @i (71f 2)

We can express z;(t), y;i(t), as the following matrices

(2.3)

-~
~+~ =
= O
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For a reduced word i = (i1, 49,...,1i,), we define a map le :HxC"— G as

a{(ast, .. tn) = a- yi, (1) Yiy (t2) -+ Vi, (tn)-

Theorem 2.2 ([3, Theorem 1.2]). We set w € W and its reduced word i as in (2.1) and (2.2).
The map le defined above can be restricted to a bireqular isomorphism between H X ((Cx)l(“)
and a Zariski open subset of G*™€.

Next, for i € [1,7] and t € C*, we define as follows

=y b)) w0 =uwaeh —e ()

We can express z_;(t) and o’ (t) as the following matrices

;i1
th —1 v Vv
va(t) =" Y L el =diag(l,... L5, 1), (2.4)
For i = (i1,...,in) (i1,...,in € [1,7]), we define a map zF : C" — G as

l‘iL(tl, NN ,tn) = T4y (tl) T, (tn)
We have the following theorem which is similar to the previous one.

Theorem 2.3 ([2, Proposition 4.5]). We set u € W and its reduced word i as in (2.1) and (2.2).
The map mlL defined above can be restricted to a biregular isomorphism between ((CX)I(“) and
a Zariski open subset of L“°.

Finally, we define a map :T:IG c H x (C9" — G% as
8 (asty, ... tn) = azl(ts, ... ty).

Proposition 2.4. In the above setting, the map J?’IG is a bireqular isomorphism between H X
(C*)™ and a Zariski open subset of G*€.

Proof. Weset lo:=0,l1:=r,lo:=r+(r—1),....0p:=r+(r—-1)+--+(r—m-+1). We
define a map ¢ : H x (C*)" — H x (C*)", t = (a;t1,...,tn) = (a(t);71(t),..., 7 (t)) as

a(t)=a-ay (t) "0 (t) 7 oy ()T g (B )T

1°¢ cycle m*h cycle

(tlyir i1t otri1 1) (Blorj ity g1ty jr1)
2
tls+j (tls+1+j T tlm—ﬁ-j)

Tio+j(t) = : (2.5)

where in (2.5), if i does not include j (resp. j + 1, j — 1) in ¢*® cycle then we set t_y4j =1
(resp. te g1 =1t i1 = 1). This is a biregular isomorphism.
Let us prove

T (aste, .o tn) = (28 0 @) (a5t .., tn),

which implies that z{' : H x (C*)" — G"“° is a biregular isomorphism by Theorem 2.2.
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First, we can verify the following relations by the explicit forms (2.3), (2.4) and direct calcu-
lations:

yi(CQt)a;/(c)_l if =7,
0} (O (1) = { (e[ i Ji— g =1, (26)

for 1 <4, j<randcteC*.
On the other hand, we obtain

(aff o @) (astr, . tn) =ax af ()7 -0y (tr) - (f 1) -, (ty )™
X 1 (71(6)y2(72(t) - yr (7 (8) -~ 1 (71 12 (6) - Wi, (T 1 (1)) (2.7)
For each s and j, let us move o (t;,4;) ™", sy (b j01) 7Yy o (f,,_,44,) 7" to the right

J
of y;(7,+;(t)) by using the relations (2.6). For example,

af (trgg) "oy (tyyaje1) e (ty i)™

X oy (1) " (b i) (7145 (6))

v -1 tIQ
= af(t )ty
1

m—1-+j _
— Tls—l—j(t)) )y (t,y4j-1)""
X a_;/(tlmfl+j)7la;/+l (tlmfl‘i’j‘i’l)il e O‘z\; (tlmfl‘i’in)i *

U1 4j—100 1 4j+1

Repeating this argument, we have

=y ( (tiatg o 45)°
T\ Ctj1 - 4 —1) (gt -ty i1

)Tls-l—j(t)) ) (tr45) " 0 (b))

2
(tigagetly,_1+5)
(trgrj—1t1,, _1+i—1)(Eigrir1ti, 1+i+1

(2f 0 @) (asty,....tn) = a-yi(t1)ay (t) ™" yp(tr)ay (&) L
X Y1 (b1 1) (1) ™ Y By i )0 (B4

=a-z_1(t1) () (b 1) Ty (B atin) = T3 (@5t t). u

Note that

)Tls+j(t) = ti,44. By (2.7), we have

-1

3 Monomial realizations of crystal bases

In this section, we review the monomial realizations of crystals [6, 8, 10]. Let I := {1,2,...,r}
be a finite index set.

3.1 Monomial realizations of crystal bases for type A

Definition 3.1. Let A = (a;;)i jer be the Cartan matrix of type A,: A = (a;j); jer is defined as

2 if =4,
aij =4 -1 if |i—j]=1, (3.1)

0 otherwise.

Let II = {a;|i € I} (resp. IV = {h;|i € I}) be the set of simple roots (resp. co-roots), and P
be the weight lattice. A crystal associated with the Cartan matrix A is a set B together with
the maps wt : B — P, &, fi : BU{0} = BU{0} and ¢;, ¢; : B — Z U {—00}, i € I, satisfying
the following properties: For b € B, i € I,
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i(b) —€i(b) = (hi, wt (b)),

)
(i) wt(é€;b) = wt(b) + oy, if €;b € B,
(i) wt(fib) = wt(b) — oy, if fib € B,
(iv) ei(éib) = e;(b) — 1, @;(€:b) = ¢;(b) + 1 if €;b € B,
(v) ei(fib) = i(b) + 1, @i(fib) = @i(b) — 1 if fib € B,
(vi) fib=V < b=2¢l,ifb ¥ € B,
(vii) @i(b) = —c0, b€ B, = éb= fib=0.

Let Uy(g) be the universal enveloping algebra associated with the Cartan matrix A in (3.1),
and g = sl,41(C). Let BT(\) (resp. B~(\)) be the crystal base of the Ug,(g)-highest (resp.
lowest) weight module [5, 9]. Note that BT(\) = B~ (wo)), where wy is the longest element
of W. In particular, in the case A = M Ay, M € Z~(, we have

BT (MAg) = B~ (=MA—q11).

Let us introduce monomial realizations which realize each element of B¥(\) as a certain
Laurent monomial.
First, we define a set of integers p = (p;;)j,ier, j-i such that

1 <,
P70 6 i<
Second, for doubly-indexed variables {Y;;|i € I, s € Z}, we define the set of monomials

yi=ev= [ ¥

SEZ, i€l

Csi € Z, (s, = 0 except for finitely many (s,i) p . (3.2)

Finally, we define maps wt : Y — P, e;, ¢;: Y = Z,i€I. For Y = [] Yscjl €,

SEL, el
wt(Y) :=> Coilhi,  @i(Y) i=max{y Gils€Zp,  a(Y) = @iY) — wt(Y)(h).
1,8 k<s
We set
Ys1Ysy1 i1,
Ys o
. YsiYsi1
e . ) aj,i _ ) tsitstli i _
Asi = Yoi¥or1s HYSJFPJV"J ) Yeir1 Y1 it2gisr—l, (3:3)
J# Y. v
s,rds+1,r if i—=r
\ }/S-‘rl,’r‘—l ’
and define the Kashiwara operators as follows
-1 . .
fiY _ Anfin if (,OZ(Y) > O, &Y — Anei,iy lf €Z(Y) > 0,
0 if ¢ (Y)=0, 0 if £(Y)=0,
where

ei(Y) = Z Chyi Ne; = Max { n
k<n

Ny = min{ n

0iY) = Criyp- (3.4)

Then the following theorem holds:
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Theorem 3.2 ([8, 10]).

(i) For the set p = (p;;i) as above, (Y, wt, i, €i, i €i)icr 15 a crystal. When we emphasize p,
we write Y as Y(p).

(ii) If a monomial Y € Y(p) satisfies €;(Y) = 0 (resp. p;(Y) = 0) for all i € I, then the
connected component containing Y is isomorphic to Bt (wt(Y')) (resp. B~ (wt(Y))).

Definition 3.3. Let Y € )V(p) be a monomial and let B be the unique connected component
in Y(p) including Y. Suppose that A is the highest (resp. lowest) weight of B. We denote the
embedding

py : BT(\) =B C Y(p) (resp. py : B~ (A) — B).
Note that if Y and Y’ are in the same component then py = uy-.

Remark 3.4. The actions of & and f; on Y are determined by wt(Y)(h;), ©i(Y) and ;(Y),
which are determined by the factors Ysil, s € Z. Thus, when we consider the actions of ¢;

and f;, we need to see the factors {Ysjil} scz only.

Example 3.5. For A = BAy (resp. A = —fAy), B € Z~g, d € I, we can embed BT ()\)
(resp. B~ (X)) in Y as a crystal by

1
x> YpiqdYs—14y.d " Y14, <reSp- Up > >7
At o Ya4,aYs-147d " Yitrd
where vy is the highest (resp. lowest) weight vector of BT()) (resp. B~()\)), and « is an ar-
. . . - . 1
bitrary integer. For Y+ := Y., q¥3 14q 4 Yiqyyq (vesp. Y = YBdeYBiH%dH_YH%d), Ly +
(resp. py—) denotes the embedding in Definition 3.3. Then Y* (resp. Y ) is the highest (resp.
lowest) weight vector in py-+ (BT (X)) (resp. py— (B~ (\))).

Wesetlp =004 =r,lp =r+@—-1),....0s =r+(r—-1)+---+(r—s+1),...,
lp:=r+(r—1)4---4+2+1 and changing the variables Y; ; to 7,4, 1 <j <r —s. For s <0,
we transform the variables Ys j to 7_(41_5), 1 <j <,

r 1 oor—=1 T 1 oooor=1 r 1 2
T-1 Tip+1 --- Tio+r—1 Tlo+r Tihi+1 -+ Tii+r—1 Tio+1  Tio+2

Remark 3.6. In the above setting, the variables {Y, ;|7 —s < j} do not correspond to any
variables in 7. As we have seen in (1.1), these variables do not appear in the crystal base which
we treat in this paper. In other words, we only need variables associated with

j=Q,...,n1,...r—1,...,1,2,1),
which coincides with a specific reduced word of the longest element of W.
Remark 3.7. For the variables 7;_1¢, 7, 4r+1 (0 < s <m — 1) we understand
Tlo+0 = Tlotr+1 = L.
For example, if ¢ = 1 then

Tls+i—1 = 1
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1

Example 3.8. Let us consider the action of €; on the monomial — Following the method

lp—1+1 ’
. . 1 _ 1 — 1 —_ 1 _
in Section 3.1, we have Wt(ﬂ,.,lﬂ) = —Ay, SOl(Tl,.,l-&—l) 0, 51(7l7»71+1) 901(71,.,1“)
_ o : _ az,1 _
Wt(ﬂr,lﬂ )(h1) =1, and ne, = r — 2. Thus, since we have A, ;1 = oot 1Tl a1, ) 0 =
Tl _o+1Tl,._1+1
M7 we get
Tlr—2+2
~ ]‘ 1 Tlr'72+1
€1 =A 21 =
Tl'r 1+1 Tl’!‘ 1+1 7—l'r 2+2

~ o~ 1 _ Tlr—2+1 _ Tl’l‘—3+2 _ Tlr—3+27—lr—2+2
€2€1 = Ar_32 = ; Apgo=——"—"—,
7—17714»1 Tl7'72+2 777'73“1’3 Tl7'73+37—l7'72+1
~ ~ 1 Tlr73+2 Tlr74+3 Tlr74+37—lr73+3
€3€2€1 =A_43 = , Apy3=—"——"7-"7T"—.
Tlrfl“l‘l Tlr73+3 Tlr74+4 Tlr74+47—l7‘73+2

Applying é; repeatedly, we obtain

~ ~ ~ 1 ~ ~ ~ 1 Tl 1 _p+k
€L - €2€1 = AT,1,k7k€k,1 cere9€q = - y k= 1, ey Ty
Tl7-71+1 Tl7'71+1 Tlrflfk+k+1
Tl kTl +k .
where, A,_1_pr = rol-k T rok Ti_j4r = Ty Tl_y+r+1 = 1. For i € I, we have

Tl +k+1Tl k-1

pi(——) = 0. Hence f;i(~—1—)=0

Tlrfl""l Tlr71+1

Example 3.9. For a giveni € [ and Y = [] Tlisj:i, we define vy (n) := Y (5.
SEL s<n

For j € Z~q, we set

1
Y = ; 0<q<@<---<g¢g<r-—1L
Tlgy +iTlgy+i """ Tlg; +i

First, let us calculate n., (3.4). We obtain wt(Y) = —jA; and

vy(n) =0 for n <0,
rww0)=w(l)=--=ww@-1)=0, w@)=w@+l)==w(e-1)=-1,
vy(@)=rvy(ge+1)=-=vy(gz—1)= -2, vy(@3) = =vy(qu—1) = =3,

Thus, we get ¢;(Y) = max{vy(n)|n € Z} =0 and

ne, = max{n|vy(n) =0} =q — 1.

Next, since wt(Y')(h;) = —j, we have &;(Y) = p;(Y) — wt(Y)(h;) = j > 0. Therefore,

Tlg -1+

~ _ q1—1 _

eiY = Aql—l,iY = y Aql—l,i = .
Tlgy —1+i4+1Tlgy +i—1Tlgy+i """ Tlg, +i Tl —1+i+1Tlg, +i—1

Tlgy—1+iTlgy +i

Similarly, for k =1,2,...,j, we get

k
~k quk*H'i 1
&Y = Ag—ri- - Ag1idg 1Y =[] :
=1 \ Tlap—1+i+1Tlg +i—1 | Tlg, +i" " Tlg,+i
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3.2 Demazure crystal

For w € W, let us define an upper Demazure crystal B} ()\). This is a subset of the crystal
Bt () defined as follows.

Definition 3.10. Let uy be the highest weight vector of B*()). For the identity element e
of W, we set Bf () := {uy}. For w € W, if s,w < w,

Bi(A) = {fFfb|k >0, be Bf,(N), &b=0}\{0}.
Similarly, we define a lower Demazure crystal B, (\) as follows.

Definition 3.11. Let vy be the lowest weight vector of B~ (\). We set B, (A) := {vy}. For
w e W, if s;w < w,

By (\) = {&fb|k >0, be B, (\), fib=0}\{0}.

w

Theorem 3.12 ([7]). Forw € W, let w = s;, - -+ s;, be an arbitrary reduced expression. Let uy
(resp. vy) be the highest (resp. lowest) weight vector of BT(X\) (resp. B~ ()X')). Then

B = {720 fiuy a(1), ... a(n) € Zso} \ {0},
By (V) = {&r V.. &My a(1), ... a(n) € Zso ) \ {0},

w i1 in
Let P™ be the set of dominant weights. We set P~ := —P™.

Definition 3.13. Let )Y(p) be the monomial realization of crystal associated with p = (p; ;).
Suppose that Y € Y(p) be a highest (resp. lowest) monomial with a weight A € P*. Thus, Y
is included in py (BE(N)). Let us define the Demazure polynomial D[\, Y; C] associated with
a monomial Y, w € W and coefficients C = (C(b))bEBfE()\) (c(b) € Z~p),

DiAY;Cli= Y c(b)uy(b).
beBE ()

Remark 3.14. In this paper, we only treat the case that the coefficients ¢(b) are equal to 1
for all b € B,;(\) (see Theorem 5.6). But when G # SL,41(C) (for example, G = Sp,,.(C)), we
need to treat the case ¢(b) is not necessary equal to 1 for some b € B, (\). Therefore, we need
non-trivial coefficients ¢(b) € Zs( in Definition 3.13.

4 Cluster algebras and generalized minors

In this section, we shall review the notions of cluster algebras. For all definitions in this section,

see, e.g., [1, 4].

We set [1,1] :={1,2,...,l} and [-1,—1] :={—1,-2,..., =1} for | € Z~g. For n,m € Z~, let
Tly.- s TnyTptl,-- -, Tntm be variables and P be a free multiplicative abelian group generated
by Tpit, ..y Tntm. We set ZP = Z[xfil, .. ,xf}rm] Let K :={{|g,h € ZP, h # 0} be the

field of fractions of ZP, and F := K (z1,...,xy) be the field of rational functions.

4.1 Cluster algebras of geometric type

Definition 4.1. We set n-tuple of variables x = (x1,...,z,). Let B = (bij)1<i<n, 1<j<n+m
be n x (n 4+ m) integer matrix whose principal part B := (b;j)1<ij<n is sign skew symmetric.
Then a pair ¥ = (x, B) is called a seed, x a cluster and z1,...,z, cluster variables. For a seed

> = (x, B), principal part B of B is called the ezxchange matriz.
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Definition 4.2. For a seed ¥ = (x, B = (b;;)), an adjacent cluster in direction k € [1,n] is
defined by

xi = (x\ {x}) U {a},

where ) is the new cluster variable defined by the ezchange relation

b —bp;
TET) = H x4 H x; M

1<i<n+m, bg;>0 1<i<n+m, bg;<0

Definition 4.3. Let A = (a;;), A’ = (a};) be two matrices of the same size. We say that A’ is
obtained from A by the matrix mutation in direction k, and denote A" = puy(A) if

—aij if i=k or j:k,
Gij = laik|arj + aix|ag;]

a;j + 5 otherwise.

For A, A', if there exists a finite sequence (ki,...,ks), ki € [1,n], such that A" = pg, - - - px, (A),
we say A is mutation equivalent to A’, and denote A = A’

Next proposition can be easily verified by the definition of uy:

Proposition 4.4 ([4, Proposition 3.6]). Let A be a skew symmetrizable matriz. Then any matrix
that is mutation equivalent to A is sign skew symmetric.

For a seed ¥ = (x, B), we say that the seed ¥ = (x/, B') is adjacent to X if X’ is adjacent to x
in direction k and B’ = p(B). Two seeds ¥ and ¥y are mutation equivalent if one of them can
be obtained from another seed by a sequence of pairwise adjacent seeds and we denote 3 ~ Xg.

Now let us define a cluster algebra of geometric type.

Definition 4.5. Let B be a skew symmetrizable matrix, and ¥ = (x,B) a seed. We set
A :=Z[xp41,. .., Tnim]. The cluster algebra (of geometric type) A = A(X) over A associated
with seed 3 is defined as the A-subalgebra of F generated by all cluster variables in all seeds
which are mutation equivalent to X.

For a seed X, we define ZP-subalgebra U(X) of F by
UE) =zP[x™| nZP[xf' n-- NnZP[x}].
Here, ZP[x*!] is the Laurent polynomial ring in x.

Definition 4.6. Let ¥7 =
an upper cluster algebra A
¥~ Y.

(x,B) be a seed such that B is skew symmetrizable. We define
= A(Xy) as the intersection of the subalgebras U(X) for all seeds

Following the inclusion relation holds [1]:

A(D) C AD).

4.2 Cluster algebras on double Bruhat cells of type A

As in Section 2, let G = SL,4+1(C) be the simple algebraic group of type A, and W = &, be
its Weyl group. We set u € W and its reduced word i as in (2.1) and (2.2):

u:8182"‘5r81"'87=_1"'81"'87'_m+2$1"'8in, (41)
~——

1% cycle  2nd cycle (m — 1)t cycle mth cycle
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i=1,...,r, 1L, (r=1),...,1,...,(r—m+2),1,...,ip). (4.2)
N—— / N——
15t cycle 2nd cycle (m — 1)t cycle mt cycle

We shall constitute the upper cluster algebra A(i) from i. Let 4y, k € [1,1(u)], be the k'}
index of i from the left.
At first, we define a set e(i) as

e(i) :== [-1, —r] U {k | there exist some | > k such that i = i;}.
Next, let us define a matrix B = B(i).
Definition 4.7. Let B(i) be an integer matrix with rows labeled by all the indices in [—1, —7]U

[1,{(uw)] and columns labeled by all the indices in e(i). For k € [—1,—r] U[L,l(u)] and [ € e(i),
an entry by, of B(i) is determined as follows

—sgn((k —1) - ip) if p=gq,
bt = ¢ —sgn((k = 1) -ip-ap,s) if p<q and sgn(ip-ig)(k — DT —1T) >0,
0 otherwise.

Proposition 4.8 ([1, Proposition 2.6]). The matriz B(i) is skew symmetrizable.

By Proposition 4.4, Definition 4.6 and Proposition 4.8, we can construct the upper cluster
algebra from B(i):

Definition 4.9. We denote this upper cluster algebra by A(i).

Now, we set A(i)c := A(i) ® C and F¢ := F®C. It is known that the coordinate ring C[G"*]
of the double Bruhat cell is isomorphic to A(i)c (Theorem 4.11). To describe this isomorphism
explicitly, we need generalized minors. For k € [1,1(u)], let 4, be the k" index of i (4.2) from

the left, and we suppose that it belongs to the m’™ cycle. We set
u<p = u<p(i) == 5182+ Sp 81 - Sp_1--S1 - S, - (4.3)
15t cycle  2nd cycle m’th cycle

For k € [—1, —r], we set u<y, := e and i}, := k. In the case G = SL,11(C), the generalized minors
are nothing but the ordinary minors of a matrix:

Definition 4.10 ([1]). For z € G = SL,41(C) and k € [-1,—r] U [1,I(u)], we define the
generalized minor A(k;i)(z) as the minor of x whose rows (resp. columns) are labeled by the
elements of the set u<([1,|ig|]) (resp. [1, |ix]]).

Finally, we set
F(i) :={A(k;i) |k € [-1,—r] U [L,l(u)]}.

It is known that the set F(i) is an algebraically independent generating set for the field of
rational functions C(G"*) [3, Theorem 1.12]. Then, we have the following theorem.

Theorem 4.11 ([1, Theorem 2.10]). The isomorphism of fields ¢ : Fc — C(G™°) defined by
o(zr) = A(k;i), k € [=1, —r]U[1,1(u)], restricts to an isomorphism of algebras A(i)c — C[G%€].
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5 Generalized minors and crystals

In the rest of the paper, we consider the case G = SL,11(C), and let v € W and its reduced
word i as in (4.1) and (4.2):

u = 8152 o oe e S’r‘Sl .. ST‘—l o oe . 81 .o oe. Sr_m+281 .. S/Lnj (5'1)
i=1,...,n, 1., (r=1),...,1,...,(r—m+2),1,...,i), (5.2)
——— —_———
15 cycle 2nd cycle (m — 1)t cycle mt cycle

that is, i is the left factor of (1,2,3,...,7r,1,2,3,...,(r —1),...,1,2,1). Let iz be the k*" index
of i from the left, and belong to m/™ cycle. As we shall show in Lemma 5.4, we may assume
.

By Theorem 4.11, we can regard C[G"™¢] as an upper cluster algebra and {A(k;i)} as its
cluster variables belonging to a given initial seed. Each A(k;1i) is a regular function on G*¢. On
the other hand, by Proposition 2.4 (resp. Theorem 2.3), we can consider A(k;i) as a function
on H x (C*)!® (resp. (C*)!®). Then we change the variables of {A(k;i)} as follows:

Definition 5.1. For a € H and t, 7 € (C*)"%) we set
t) == (A(k;i) o QEIG) (a,t),

(A(k;1) 0 2y') (1),

i

>
h
—~
5
—_
N—
~—~
\]
N~— -
I

where t = (tl,. . .,tl(u)), T = (7‘1,... 7Tl(u))‘

We will describe the function A% (k;i)(7) by using monomial realizations of Demazure crys-
tals.

5.1 Generalized minor A% (k;i)(a,t)
In this subsection, we shall prove that A% (k;i)(a,t) is immediately obtained from A (k;1i):
Proposition 5.2. We set d :=ij. For a = diag(ay,...,a,41) € H,
A (k3 1) (a,t) = Qg - - Qg A" (3 1)(6).
This proposition follows from the following lemmas:

Lemma 5.3. In the above setting, AC(k;i)(a,t) (resp. AL(k;i)(7)) is given as a minor whose
row are labeled by the set {m’ +1,...,m’ + d} and column are labeled by the set {1,...,d} of
the matrix

az_1(t1)z—a(tz) - x—r(ty) 11 (ti,41) - @1y (b1 1) -

15% cycle 2nd cycle

X x_l(tlmfl“l‘l) e x_in (tlmfl“l‘in)’

mth cycle

resp.

ro1(r)r—2(72) v () 21 (T 41) - T (1) (T 1) -

15t cycle 2nd cycle

X x_l(Tlnz—l+l) e x_in (Tlm—l"l‘ln) : (53)

mt? cycle
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Proof. Let us prove this lemma for A”(k;i)(r) since the case for A% (k;i)(a,t) is proven simi-
larly. By the definition (4.3) of u<j and iy = d, we have

uSk[l,‘iﬂ] ZUSk{l,...,d}:81'--8T-"81"'8T,m/+2 81"'8d{1,...,d}
15¢ cycle (m’ — 1)th cycle m/th cycle

={m +1,...,m +d}.

Hence, by Theorem 2.3 and Definition 4.10, A*(k;i)(7) is given as a minor whose row (resp.
column) are labeled by the set {m’ +1,...,m' +d} (resp. {1,...,d}) of the matrix

z_1(r)z—2(72) - 2r () o1 (T 1) T (1) (Tl 1) -

15t cycle 2"dtyc1e
X &1 (Th_141) T (Tl i)
mth\;ycle
which implies the desired result. |

In the rest of the paper, we will treat A”(k;i)(7) only by Proposition 5.2.

5.2 Generalized minor AL (k;i)(7)

Lemma 5.4. Letuw andi= (1,...,i,) be as in the form (5.1) and (5.2) respectively. For iny1 €
[1,7] and v := us;, ., € W (I(u') > l(u)) we set the reduced word for v’ asi' = (1,...,in,iny1).
We also set 7 = (11,...,7) and 7" = (T1,...,Tn, Tnt1). For an integer k, 1 < k < n, if
d:=iy # iny1, then AU(k;i)(7") does not depend on 7,41, so we can regard it as a function on
H x (C*)™. Furthermore, we have

A¥ (ks )(7) = AR (k; 1)(7).
Proof. We denote the matrix (5.3) by T" = (Ti ;) je[1,r+1):

T = (Tij)ijeprr) = v—1(11)r—2(T2) - - i), (T0)-

We also define the submatrix T;, of the matrix 7" whose rows (resp. columns) are labeled by the
set {m' +1,...,m' +d} (vesp. {1,...,d}), that is

Tm'+171 . Tm’+1,d
Tu — . . .

Towtd1r - Twrtdd

By Lemma 5.3, AL(k;i)(7) is the determinant of T,.

Similarly, we define the submatrix T, of the matrix 7" := T - x_; ., (Tp+1) whose rows
(resp. columns) are labeled by the set {m' + 1,...,m' +d} (resp. {1,...,d}). By Lemma 5.3,
AL(K;1')(7') is the determinant of T,.

Using the explicit form of x_;(t) in (2.4), we have the following relation: If i,4; < iy = d,
then

—1
Twgrg - Tt ¥ Tt 1 Toet D ia+1 -0 Tirgra
T,L/L/ — . . : . . .
—1
Towtdyr - Tpitlw+1ine + Ivitiina+1 Tt Dot oo Tovtdd

If iny1 > i = d, then T), = T,. Therefore, it is clear that for both cases, detT,, = detT,,
which means AL (k; i) (7") = AL (k;1)(7). [ |
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By this lemma, when we calculate AL (k;i)(7), we may assume that i,, = i;, without loss of
generality.
i
Weset [; = > (r—k+1)(1 <i<m—1), and change the variables {Y;, ;} to {7,,4;} as in
k=1
Section 3.1.

Remark 5.5. For

i=1,...,r, 1, (r=1),...,1,....,(r—m+2),1,...,ip),
—— ~ ——r
1% cycle 2nd cycle (m — 1)t cycle mt cycle

(1; + 7)™ index of i from the left is j which belongs to (i + 1) cycle (1 <j <r—i—1).

The following theorem is our main result. We describe AL(k;i)(7) as a Demazure polyno-
mial D, in Definition 3.13.

Theorem 5.6. In the above setting, we set d = ij, = i, and suppose that i, belongs to m/*

cycle in i (5.2). We also set

1

Tln—14+dTlm—2+d """ Tl1+d

Y =

Then we have

At (ks;3)(r) = > py (z) = Dy, [(m" —m)Aq, Y1,

xEBJSk ((m'—m)Aq)

ugk((m’ —m)Aq) as in Ezample 3.5, and 1 means all

where py (x) is an embedding of x € B
c(b) = 1 (Definition 3.13).

We shall prove this theorem in Section 6. In particular, we can explicitly write down
AL (k;i)(7) in the case i = 1.

Theorem 5.7. If i, = 1 and i}, is in the m"™ cycle in i (5.2), then we have

ji—1 1 jo—1 . mel )
L e m—l—i“l‘l m—1—s+m
A% (ki)(r) = ) HT 11 - 11 - /
01 <<y <m—1 i=0 tm=t=itlZiing Tmorat2 G g it/ 1
1
— !
= Du<k[(m —m)Ay, ;1]
- Tlm_1+17—lm_2+1 e Tlm/+1+1Tlm/+1

We will prove this theorem in Section 6.5.

6 The proof of Theorems 5.6 and 5.7

In this section, we shall give the proof of Theorems 5.6 and 5.7. In Sections 6.1-6.4, we will

prove Theorem 5.6. In Section 6.5, we prove Theorem 5.7. We use the same notation as in
i
Section 5.2: [; = Y (r—k+1),1<i<m-—1.
k=1
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6.1 The set X4(m, m’) of paths

In this subsection, we shall introduce a set X4(m, m’) of “paths” which correspond to the terms
of AL(k;i)(7). Let m, m/ and d be the positive integers as in Section 5.2.

Definition 6.1. Let us define the directed graph (Vy, Ey) as follows. We define the set V; =
Vi(m,m') of vertices as

) i= {(m = s, a..... o) |
0<s<m, a ez 1<al” <ay) < - <al) <d+s}.

Note that ag ) = =1, (0) =2,. ag)) =dbyl< ag ) < ago) << aglo) < d. And we define the
set Eq = Eq(m,m ) of dlrected edges as

Eq4( :—{( m — s; al ye ang))_)(m_s_1;a§s+1),“"ags+1))}
1<s<m, 1<i<d, o’V =al or a§8)+1}.

Definition 6.2. Let X;(m,m’) be the set of directed paths from (m;1,...,d) to (0;m' + 1,
m' +2,...,m' +d) in (Vg, E4). In other word, any path p € X4(m,m’)

p= (m ago)’ ..,a((io)) — (m— l;agl),...,ag)) — (m—2;a§2>,...,a£l2)) —>
— (1;a§m U,...,agm*l)) — (O;agm),...,aflm))

are characterized by the following conditions

(s)

(i) a;” € Z>1,

(ii) ags < aé <) - < agl ),
(iii) afs ( ) or ags) +1,
(iv) ago = Z(m):m’+i.

Remark 6.3. By Definition 6.2(ii), (iii) and (iv), we have

0 < 0l < al™ — ' 1 d

g‘m
U

forany 1 <i<dand 0 <s<m
Let us define a Laurent monomial associated with each path in X4(m,m’).

Definition 6.4. Let p € X (m,m’) be a path

p= (m;ago),...,aéo)) — (m— 1;a§1),...,ag)) — (m—2;a§2),...,a£l2)) — e
— (1;a§m_1),...,a((im_1)) — (O;agm),...,afim)).
(i) For each 0 < s < m, we define the label of the edge (m—s; ags),ags), cee afis)) — (m—s—l;
agsH), agsﬂ), e ,a&sﬂ)) as the Laurent monomial

4ol

d 1
1= .y (6.1)

=1 lm s— 1+a<)
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(ii) And we define the label Q(p) of the path p as the product of them

(I

i=1 lm s— 1+a()

Example 6.5. Let m = 3, m’ = 2, d = 2. We can describe X5(3,2) and its labels as follows
(3;1,2)

Tlo+1

(0;3,4)
Each edge has the label written on the left side of it. The paths in X»(3,2) are as follows
=(31,2) = (%1,2) = (1;2,3) = (0;3,4),
= (3:;1,2) = (2:1,3) — (1;2,3) — (0;3,4),
= (31 2) - (2,1,3) — (1;2,4) — (0;3,4),
=(3;1,2) = (22,3) = (1;2,3) — (0;3,4),
— 3 1,2> = <272,3> S (1:2,4) 5 (033,4),
= (31,2) > (22,3) > (1;3,4) = (0:3,4)
We have
1 T i
Q(pl) - ) Q(pQ) = ﬁ? Q(p?)) == ¢7
Tlo+2 Tlo+1T1143 Tlo+1Tlg+4
Qpa) = L Q(ps) = T g (pg) = Tot2,
Tll+3’ Tl1+27—l0+4’ Tlo+4

Definition 6.6. For each path p € X (m,m’)

p= (m;ago),...,aéo)) — (m—l;agl),...,ag)) — (m—2;a§2),...,a£l2)) — .
= (a7 d ) = (05al™, L al™)
and 7 € {1,...,d}, we call the following sequence
ago) — agl) — a§2) — e agm)

an i-sequence of p.
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Example 6.7. In the setting of Example 6.5, p1 := (3;1,2) — (2;1,2) — (1;2,3) — (0;3,4).
Then, 1-sequence of p; is

1-1—-2-3

and 2-sequence of py is
2—+2—-3—-4.

6.2 One-to-one correspondence between paths in Xg4(m,m’)
and terms of AL (k;i)(7)

Proposition 6.8. We use the setting (5.1), (5.2) and the notations in Section 5. Then, we
have the following

Ay r) = ) Q).
pEXq(m,m’)

To prove this proposition, we need the following preparations. For s (0 < s < m — 1), we
define a matrix (¥ (1) as

() (1) =z a(m)z_2(m2) 2 (7)) 1 (T3 1) - 'x—(r—1)(Tl1+r—1) T

15% cycle 2nd cycle

X T 1(Tiy 1) T (st 1) (Tl g r—s41),

/

st cycle
where we understand (%) (7) means identity matrix. We also define

2 (1) = a1 (r)a—a(m2) 2 (7) 1 (Ty41) T o1y (T 1) -

1 cycle 2rd cycle

X J;*l(Tlm—l“Fl) e 1‘77/71, (Tlm—l"l‘ln)’

mtt cycle

which is equal to the matrix in (5.3).
For 2(5)(1) = (xz(fj))i,je[l,rﬂ]’ we define the d dimensional column vector D(s;p)
(s)
m/+1,p
D(s;p) :== : e C.

(s)
m'+d,p

X

X

Note that, by the explicit form of z_;(7) in (2.4), multiplying x_;(7) from the right gives an
elementary transformation of a matrix. Therefore, we get

1
D(s—Lip)+D(s—=Lp+1) if p=1,
D(s;p) = :ﬁkﬁp 1 o2
Ll ps—1p)+ D(s— 1;p+1) if p>1,
Tls_1+p

for1<s<m. ForO0<s<mand1l<i <---<ig<r, we set
(S;’il,ig, Ce ,id) = det(D(s; il), D(S;’Lj), . ,D(S;’id)>, (6.3)

which coincides with the notation for a vertex in X4(m,m’) since later we identify each vertex
with the minor above.
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Proof of Proposition 6.8. We shall prove the proposition in the following three steps.

Step 1. AL(k;i)(7) = det(D(m;1),D(m;2),..., D(m;d)).

It is followed from Lemma 5.3 that AL (k;i)(7) is given as a minor whose row (resp. col-
umn) are labeled by the set {m/ + 1,...,m’ + d} (vesp. {1,...,d}) of the matrix z(™) (7).
Thus, by using above notation, we have AX(k;i)(7) = det(*(D(m; 1), D(m;2),...,D(m;d))) =
det(D(m; 1), D(m;2),...,D(m;d)).

Step 2. Calculation of det(D(m;1), D(m;2),...,D(m;d)) and labeled graph.

By using (6.2), let us calculate A*(k;i)(7) = det(D(m;1), D(m;2),...,D(m;d)) explicitly.
We have

(m;1,2,...,d) =det(D(m;1),D(m;2),...,D(m;d))

1
:det< D(m—1;1)+D(m —1;2),...,
7_lm—l‘i’l

Ton=144=1 B~ 1;d) + D(m — 1;d+1)>, (6.4)
Tlmfl+d

which implies that in the notation (6.3), (m;1,2,...,d) is a linear combination of {(m — 1;
agl),agl),...,ag))\l < agl) < agl) < e < afll) <d+1, az(l) =idori+ 1}. By (6.4), the
coefficient of each (m — 1; agl), agl), .. ,ag)) is

ﬁ Tlm_1+a§1>—1

i=1 Tl'm71+i 7
which coincides with the label of the edge connecting (m;1,...,d) and (m—1; agl), aél), ... ,a&l))
defined in Definition 6.4, see (6.1).

Using the formula (6.2) again, we see that each (m — 1; agl), agl), e ,a&l)) is a linear combi-
nation of {(m—2;a§2),a§2), e 7LLEIQ)) 1< a?) < a§2) < < ag) <d+2, az(?) = agl) or agl) +1}
in the same way as (6.4). Then, the coefficient of (m — 2; agz), aéQ), e a(2)) is

ﬁ Tl'm72+(1,52)*1

P
which coincides with the label of the edge connecting (m — 1;a§1),a§1), e ,afil)) and (m — 2;
a(12), aéQ), e ,ag)). Thus (m;1,2,...,d) is a linear combination of (m — 2; a?), aéQ), e a((f)),

1< a§2) < aéz) << af) < d + 2, whose coefficient is

d d
( Tl1+al -1 T ota® -1
] el | Bl B
T ; T
oV g Nimt T Tl

where the index agl) (1 <i <d) runs over {(agl) cie{l,...,d}) ]a@) =a" or ol + 1,a" =i

1 i % 7 % 7
ori+1, ag ) < az(—i—)l}'
Repeating this argument, we see that (m;1,2,...,d) is a linear combination of (0; agm), a;m),
...,a&m)), 1< agm) < aém) << agm) < m + d, whose coefficient is
d T (1) d T @ d 7 o
ln—1+alV—1 lm—o+alP—1 lo+al™ —1
Y ([T e ) s
. . Tl —1+1 . T (1) - T (m—1)
CL,EJ), 'Le{l,,d}, ISJSm_l =1 =1 lm,2+ai =1 lO+a,L'
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where the index agj) runs over {(agj) cief{l,....d},1<j<m-1) |a§j+1) = agj) or agj) +1,
(J) < a£+)1, agl) =dori+1}.
Step 3. One to-one correspondence between paths and terms of AL (k;i)(7).

Let us recall that (O;agm),a;m) ,...,a&m)) means a minor of the identity matrix, and
(0; agm),aém), e al(jm)) = det(D(0; agm)), D(0; aém)), ..., D(0; a&m))), and each D(0;4) is given
as follows:

0
xgn’)+1,i Oy
DO =1 + | =]
3352')+d,z’ Om/+di

By 1< a(m) < a;m) << afim) < m + d (Definition 6.2), we have

(m) (m) (m) 1if o™ =m/+1, " =m'+2, ..., a&m) =m +d,
(O;a1 NS N ): )
0 otherwise.
Therefore, AL (k;i)(7) = det(D(m; 1), D(m;2),. .., D(m;d)) is equal to the coefficient of (0; m/+

L, m'+2,...,m'+d). By (6.5), settlng a():z a( )—m’—i—i, we have

(2

AL (ki) (r) = > (H T

. (0)
al?, ie{l,...,d}, 1<j<m—1 1 Tlnetaf
d d
lm 2+a(2) 1 Tl0+a£m)71
y o [ e (6.6)
T T me
i=1 ' ln—a+alV) i=1 'lo+a{™™V

where the index al(j) runs over {(aij) cie{l,...,d},1<j<m-1) ]a‘7+ ) = a( 7 or agj) +1,

az(j) < agi)l, 0 < j <m —1}. Note that these conditions equal to the ones in Definition 6.2(ii)
o _, (m)

and (iil), and the conditions a; ' =1, a; ~ = m' + i are equal to the ones in Definition 6.2(iv).
We see that the summand in (6 6) is equal to the label of the path

(m;ago),...,afio))—>(m—1;a§1),...,ag)) (m 2; a(2) .. a?)—%--
— (1; agmfl), ce a&mfl)) — (0; agm), .. (m)) € Xqg(m,m').
Hence we obtain AL (k;i)(7) = > Qp)- [ |
pEXq(m,m’)

Example 6.9. We use the same notations m, m’ and d = i, at the beginning of Section 5.
We set rank » = 4, u = s1595354515253515251 € W and k = 6, which is the same setting as in
introduction. Let

= (17 2? 37 47 1? 27 37 17 27 1)
be a reduced for u, and let

=(1,2,3,4, 1,2,3, 1,2 )
—— N~

15t cycle 274 cycle 3'd cycle

be a reduced word for us;. By Lemma 5.4, we get AL (6;i)(7) = AX(6;1)(7). Since m = 3,
m/ =2 and d := i, = 2, it follows from Example 6.5 and Proposition 6.8 that

AR:1)(7) = A6 () = Y Q)

pEX2(3,2)
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1 Tl +2 Tlo+3 Th+l | Th+1Tlo+3 | Tlg+2
_ + 1 + 0 + 1 + 1 0 + 0
7—12-1-2 Tl2+17—l1+3 7_12+1Tl0+4 Tl1+3 Tl1+27—l0+4 Tl0+4
1 76 T3 75 T5T3

which is equal to (1.4).

6.3 The explicit description of AL (k;i)(7)

In Proposition 6.8, we had described the terms of AL(k;i)(7) as the paths in X4(m,m’). In
this subsection, we shall describe A% (k;1)(7) explicitly by using some properties of paths. This
description will be used in the proof of Theorem 5.6. First, we need to show some lemmas.

Let us write a path p € X4(m,m') as follows

p= (m ago), ..,a&o)) — (m— 1;a§1),...,ag)) — (m—2;a§2),...,a£l2)) — e
— (1;a§m D,...,afjm*l)) — (O;agm),...,a((im)). (6.7)

We begin with the following lemma:
Lemma 6.10. For a path p (6.7) andi € {1,...,d}, we have
#{s\as) SH) Ogsgm—l}:m—m’.
Proof. By Definition 6.2(iii) and (iv), we have
1= al(-o) < al(-l) < <L agm) =m' +1, a§s+1) = az(-s) or al” + 1.

Thus, we get

#{s\agsﬂ):az(»s)—i—l, Ogsgm—l}:m’,

which implies that #{s | ags) = ags+1), 0<s<m-—1}=m-—-m. [
Definition 6.11. For a path p (6.7) and i € {1,...,d}, we set {ql }1<]<m ms 0 < q(l) <
ql(m ™) <m-—1, as

(6, ¢, ™} = o = o, 0 < g < m— 1) ©5)

We also set /-cgj) el,m +d (1<i<d,1<j<m-—m)as

(6.9)
Lemma 6.12.

(1) For1<i<dand1<j<m-—m,
¢ =k -1
(1) For1<j<m-m'and1<i<d-1,

Lk <k <mivd, o <q)
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Proof. (i) The definition of qz(j ) in (6.8) means that the path p has the following i-sequence
(Definition 6.6):

(1)
o =i, V=it a(2>—i+2, aﬁqi)—wq(”,

)

........................................................................ (6.10)

which implies ¢/ = kY 4+ j —i — 1.
(ii) By Definition 6.2(iii),
) ()
7 = ago) < al(l) <...<a (q1+1) (ql+1+ )’ (6.11)

(©) _ 4D a(c o

a;”’ = a, or +1, 1<C<q])

We obtain

¢ 1> #{¢1dY =alV 41, 1< ¢ < g, 1), (6.12)

(a}1+1) () , (g
otherwise, it follows from (6.11) and (i) that a, RARRR N S G 1= =kipi—1=a " -1,

@) o @ @y . . 3
and hence a, ' >a; 7 = a , which contradicts Definition 6.2(ii).

The inequality (6.12) means that
G<#{¢al9 =aV 1< < g +1). (6.13)
On the other hand, using the list (6.10) (or the definition of ql(j) in (6.8)), we have
i=#{Cla =af 7 10 < 1), (6.14)

€) @
Since agqi ) = agqi +1), the equation (6.14) means

j—1=#{¢C1al9 =alV 1< < g (6.15)

Thus, by (6.13) and (6.15), we have qi( D < q(i)l—kl, and hence qz(j) z(i)h which yields k:( D < kfi_)l

since kz(j) :H—q(') j+1 <i+q§i)1—j+2— (z’+1)+q,b-(i)1—j+1 —k:z(+)1 Remark 6.3 implies

Z

(7)
that k(])l = agilfl) <m' +d. [ ]

For 1 <i<mand1l<j <7, we set the Laurent monomials

Ci,5) = ”Tjiil (6.16)
J
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Lemma 6.13. For a path p (6.7), we set qZ(j) and k:i(j) as in (6.8) and (6.9). Then we have

mm

d
=11 —1,E9). (6.17)

i=1 j=1

Proof. Let us recall the definition of Q(p) (Definition 6.4(ii)):

B m—1 d Tlm7571+a1(-s+1>—1
Q) = I1 (11 . (6.18)

T
s=0 =1 lm,S,1+a§S)

For each i = 1,2,...,d, the i-sequence

=al” <alV <ol < <al™ = 1

= = %

of p satisfies agsﬂ) = ags) or ags) +1,0 < s <m—1, by Definition 6.2(iii). If agsﬂ) = al(s) +1,
then

Tl 1+a(5+1) 1 -1
lm s— 1+(l(s)
) @

Therefore, it follows from the definition (6.8) of q( Vand k9 =\ ) = agqi ™ that

m-lT (s+1) m—m’ ON +k§j)—1 m—m' .

ln sttt = [I Cm—a? - 1,5,

s=0 Tlm s— 1+a(5 Jj=1 lqu(j)fl—‘rkgj) 7=1

which implies (6.17) by (6.18). [

Let us describe A% (k;1)(7) explicitly.
Proposition 6.14.

d m—-m/

I1 H K9 —j+i, k9.
(x) =1 j=1
where (%) is the conditions for Ki(j) (1<i<
K <m'+d1<j<m-m, i<K" <K

Proof. Using Lemmas 6.12(i) and 6.13, we see that Q(p), p € X4(m,m'), is described as

mm

d
:H k(] —j +1, k(j)).
=1 j=1

with {k: }1<2<d 1<j<m—m’ Which satisfy the conditions in Lemma 6.12(ii), that is, 1 < k‘(.)
k‘éj) << k‘(J) < m’ 4 d. Furthermore, Definition 6.2(iii) and (iv) show that i = a(o) < a( ) <
-<a( )—m + 1, whlchmeansthatzgkl( ) §k§ ) _---Ski(m ™) <m/+iforl<i<dby

: @) . )
k9 = (q ) and q(]) qi(ﬁl) (see Definition 6.11). Thus, {k:z(j)} satisfies the conditions (*) in

)

Proposmon 6.14.
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Conversely, let { K i(j )}1§i§d,1§j§m—m' the set of numbers which satisfies the conditions () in
Proposition 6.14:

1§K{j)<K§j)<---<K[(ij)§m’+d, 1<j<m—m,
and

i<KY <. < K™ </ i, 1<i<d (6.19)
We set

QY = kD 4 j i1, (6.20)

for 1 <i<dand 1< j<m—m'. Weneed to show that there exists a path p € Xy(m,m’)
such that

d m—m/ d m—m' )
=11 Cim—-qQY —1,£7) =T] — K9 —j+i, KY). (6.21)
i=1 j=1 =1 j=1
Since we supposed K Z( 2 Kfj_)l, we can easily verify
QZ(J) < Ql(i)l’ (6.22)

by (6.20). We claim that 0 < Qz(j) <m-1forl1<i<dand1l < j < m-—m'. By the
condition (6.19), we get i < K,L-(j). So it is clear that 0 < ng). It follows from the condition (6.19)
and (6.20) that Q) = KY 4 j —i—1<m/+i+j—i—1=m'+j—1<m— 1. Therefore,
Wehave()ng(-j)§m—1foralllgigdandlgjgm—m’

We define a path p = (m; ago), . .,aflo)) — = (0 agm),..., (m)) € Xg(m,m') as follows.
For i, 1 < i < d, we define the i-sequence (Definition 6.6) of p as

(1)
V=i, dW=it+1, dP=it+2 ..., o) =itQW
(1) (1) (2)
A — i QW GO — iy QW) Lo ad%) =i QP -1
(2) (2) (3)
a@ i QP —1, G =ik Q®, L d % =i QP —2,

( :
i
agng*m ) =1+ ng ™) mm! 1, al(-QEmim ) + Qim_m/) m+m'+1,
agQEm—m')+2) n ng ) el 4 2.
ag@ﬁm—m’>+3) Q™) i 43, . ™ = 4
@7 _

It is easy to see that a; Ki(j), 1<j<m-—m/, by (6.20) and (6.23). Clearly, the path p
satisfies Definition 6.2(iii) and (iv). For 1 < s < m, we obtain a\” < a{?, by (6.22) and (6.23).
Hence p is well-defined, and (6.21) is follows from Lemma 6.13 (see (6.8) and (6.9)). Thus,
Proposition 6.14 follows from Proposition 6.8. |



Cluster Variables and Monomial Realizations of Crystal Bases 25

Example 6.15. We use the same setting in Example 6.9. Since m = 3, m' =2 and d := i}, = 2,
it follows from Proposition 6.14 that

2
INGHICEEE S (ch—mm,m))

1<K1<K9<4 \i1=1
= C(2,1)0(2,2) + C(2,1)C(1,3) + C(2,1)C(0,4)
+C(1,2)0(1,3) + T(1,2)T(0,4) + C(0,3)C(0, 4)
1 n Tl +2 + Tlo+3 n i T +1Tlp+3 + :
Tlg+2 Tl2+17—l1+3 7_12+1Tl0+4 Tll+3 Tl1+27—l0+4 Tl0+4

Tl +1 Tlo+2

which is equal to the one in Example 6.9.

6.4 The completion of the proof of Theorem 5.6

In this subsection, we shall complete the proof of Theorem 5.6.
Let us recall the definition (3.3) of A,;. Since we identify the variables {Y;;} with {7 4},
we have the following (see Remark 3.7)

Tl 44Tl ;
AS ;= s+t s+1 +1
Tls4i4+1Tlg41+i—1

, 0<s<m—1, 1< <r.

Therefore, by the definition (6.16) of C(s, ), we have
C(s,i) - As—1,=C(s—1,i+1). (6.24)
Lemma 6.16. For a path p € X4(m,m'), we describe the monomial Q(p) as in Lemma 6.13

d m’
=TI C(m—K9 —j+i, K9, (6.25)
i=1 j=1

m—

where {Ki(j)} satisfies the condition (x) in Proposition 6.14. For s, 1 < s < m/+d, if ésQ(p) # 0,
then there exist i and j, 1 <i<d, 1< j<m—m/, such that

K =5 and  EQW) =QW) A, o (6.26)
Furthermore, there exists a path p' € Xg(m,m') such that
ésQ(p) = Q). (6.27)

Proof. We suppose that the monomial Q(p) does not include factor as in the form Tl ,0<t <

m — 1, which means wt(Q(p))(hi) = ¢i(Q(p)). Hence £;(Q(p)) := i(Q(p)) — Wt(Q(p))(hz) =0,

which contradicts the assumption é;Q(p) # 0. Hence the monomial Q(p) includes factor Tl:i o
0<t<m—1. Weset the numbers 0 <t <ty <--- <t <m—1Dby
{t1,t2,... ,te} = {t|Q(p) includes factors Tl;{s}, 1<

The definition (6. 16) of C(t,s) and (6.25) show that there exist 1 < 4j,...,i¢ < d and 1 <
Jis- -+, Je < m —m/ such that

K9 =5 and  ta=m- K —jiti,  a=1,2,...¢ (6.28)

(2



26 Y. Kanakubo and T. Nakashima

As in Example 3.9, for a given s € I and monomial Y =[] ‘i we define vy (n) ==

Tl +17
> Cgsy M E Z.

q€Z, i€l
q<n

We set Y := Q(p). We claim that n., € {t; —1,...,te — 1} (3.4), otherwise, we get n., ¢
{t1 —1,...,t¢ —1}. Then ¢4 (Y) = vy (ne,) < vy(ne, +1). If vy(ne,) < vy(ne, + 1), then it
contradicts the definition of

0s(Y) := max{vy(n) |n € Z}. (6.29)

If vy (ne,) = vy (ne, + 1), then it contradicts the definition of n., := max{n|ps(Y) = vy(n)}.
Hence we obtain ne, € {t; —1,...,t¢ — 1}, which implies there exists a, 1 < a < &, such that
Ne, = tq — 1. By (6.28), we have ne, =t, — 1 =m — Ki(j") — ja +iq — 1. Therefore, we obtain

GSY = Y . Anes,s = Y . Amei(ia)fja+iafl,s'

Since Q(p) includes the factor Tlt_l > the path p includes the following edge

(ta +1; agmftafl)j . 7@((]’111*%*1)7(]5 : ((anl ta— 1)7 o ’a((jm,ta,l))
— (ta;agm—ta), —_ ¢(1m1 ta)qu 7a<(;_7:1 lta)7 o ’az(im_ta))
— (ta — La{" "V ,agml o) gim—tat1) §T1 atl) | glmtat)y
for some 1 < ¢ < d. We claim that a'™7*) > s + 1, otherwise (™) = s + 1 and o\™ 7%V =

g+1 q+1 q+1
s + 1 by Definition 6.2(ii) and (iii), which implies that Q(p) does not include the factor lel s

by Definition 6.4(i). It contradicts the definition of ¢,. So we get

al" ) > s 4 1 (6.30)

If t, = 0, then Definition 6.2(iv) means that s = m’ + ¢ (by the assumption s < m’ + d, we get
g <d), and al™ T =/ 4 g+ 1= s+ 1, which contradicts (6.30). So we have 1 <t,. We also

q+1
claim that a(m tatl) > s, otherwise a((]m_t”l) = s, which implies that Q(p) includes the factor

-1

T 1+s DY a((]njl tatl) > aém fo) S 54 1. Therefore, ps(Y) = vy (ne,) = vy (ta — 1) < vy (ta — 2),
which contradicts (6.29). So we get a(m tatl) 5 s, which means
almTtet) = 5 41, (6.31)

by Definition 6.2(iii).
Let p’ € X4(m,m’) be the path obtained from p by replacing the vertex

(ta, (m— ta), .. ’a((;fl_ta)7q8 7a((1711 ta)7 o 7a£lm_ta))
by
(ta 0™, 4 L a1,

By (6.30) and (6.31), the path p’ is well-defined. Definition 6.4(i) shows that

Tltq—145Tlt,+s

Tlta _1+s+1 Tlta +s5—1

QW) =Q(p)- = Q) A, g, 4,1, = EQP)
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Next lemma shows that the coefficients ¢(b) in Theorem 5.6 are equal to 1 for all b €
Bu<k((m —m)A4) by Proposition 6.8.

Lemma 6.17. For paths p,p’ € Xg(m,m'), if p # p’ then Q(p) # Q(p).

Proof. We suppose that Q(p) = Q(p’). Let us prove p = p/. We denote p and p’ by
(0) (0)

p= (m;a1 N ) — = (O;agm),...,agm))
and
p = (m;o”, b)) = (0™, M),
Since Q(p) is the product of the labels
d (s+1)_4

H lm—s—1+a;

i=1 lm s— 1+a

()

of the edges (m—s;a%), . ,aéS)) — (m—s—1;a(ls+1)7 . 7a£zs+1))’ 0 < s < m—1, the assumption
Q(p) = Q(p') means that
s+l

ﬁTlm s—1ta; _ﬁTlm s— 1+b (6.32)

T
=1 lm—s— 1+CL(S) l'm s— 1+b(9)

(s+1) -1

for all 0 < s < m — 1. For s = 0, by Definition 6.2(iv), we get ago) = bl(.o) =4,1<i<d It

follows from ag ) < agl) < aél), bgl) < bgl) < < b&l) and (6.32) for s = 0 that az(-l) = bl(-l),
1 < i < d. Repeating this argument for s = 1,2,3,...,m — 1, we get ags) = bgs), 1 <4 <d,
which means that p = p'. |

Proof of Theorem 5.6. We set

d m—m/
B:={Q(p)|p € Xq(m,m')} H 6(R§]),Kl-(])) REJ)::m—K()—]—I—Z ,
=1 j=1
where {Kf] )} satisfies the conditions
1<K <« k§) <. <KV <m’+d,  1<j<m—m,
i< KV <. <k </ i 1<i<d

By Proposition 6.14 and Lemma 6.17, we need to show that
B = v (B, ((m — m)Ay)), (6.33)
where py (x) is an embedding of = € Bu<k((m’ —m)Ay) in Theorem 5.6, and

1
Y = , (6.34)
Tl7rL71+dTl7n72+d T Tlm/ +d

which is the lowest weight vector in uy(Bu<k((m —m)Ag)) (Theorem 3.2(ii)).
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First, let us prove the inclusion py (B, _, ((m' —m)A4)) C B. Using C(a,b), the monomial Y
n (6.34) is described as follows -

Cm—1,1)-C(m—1,2)---C(m —1,d)
C(m—2,1)-C(m—2,2)---C(m — 2,d)
- C(m/,1) - C(m/,2) --- C(m/,d).

Thus, we see that Y € B. It follows from Theorem 3.12 and the definition (4.3) of u<j, that

iy (B, (m' = m)Ag)) = { &) g g =) gm0

T

15% cycle ond

cycle
M) 2 gD Ny | () € 20} {O).
(m/ — 1)*" cycle m/*® cycle

By (6.27), for any monomial Z € B and 1 < s < m/ + d, we have
é.Z € BU{0). (6.35)

For an arbitrary set {NV;(1)}i=1,.q of non negative integers, the monomial e( ) égNd(l)) Y

does not include factors in the form C(x,a), d+2 < a < r—m+2, by (6.24) and (6.26). Therefore,
I LI

€q W)y =0 for d+2 <a<r—m-+2 by (6.26). Similarly, for an arbitrary
set {N;(2)}i=1,...r—m+2 of non negative integers, the monomial égNl(z)) . anN;nr“@)) gNl(l))

-egNd(l)) -Y does not include factors in the form C(x,a), d+3 < a < r —m + 3, which means
that éa . égNl(z)) - éﬁij;;rJQ(Z))égNl(l)) . é((de(l)) Y =0.

Repeating this argument, we obtain

v (B, (' = m)Ag)) = { &M gmraca (W) Nam'=1) gNnraam'=0)
U<k

m/+d—1 1 T Em/+d—2
1st ‘c,ycle 2rd cycle
) _égNl(Q)) . _é((i]iri-s-l(?)) égl\h(l)) o (Nd W)y | Ni(j) € Z>0} \ {0}.
(m/ — 1) cycle m’th:ycle

Therefore, we get uy (B,_, (m' —m)Ag)) C B by (6.35).
Next, we shall prove B C uy (B, <k((m —m)Ay)). For this, we take an arbitrary element

d m—m'
M =] RY) Ky eB.
i=1 j=1

We need to show that there exists a set {NN;(s)} of non negative integers such that

sNim) SN a1 () S(Ni(m/=1)) | (N gao(m'=1)

1 T Smld—1 1 m/+d—2
15¢ cycle 2“dtyc1e
.. égNl(Q)) . &iﬂ?l( ) egNl(l)) .. éElNd(l)) Y = M. (636)

V

(m! —1)* cycle m/th cycle
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We set {N;(s)} as follows (see Example 6.18). First, we set {N;(1)}i=12...4 as

Na(l) = #{1<j<m—m'|KY —d=m'},
Nya()i=#{1<j<m—m'|KY, —(d—1)=m'},
Nyo(1):=#{1<j < m—m'|K6(22 —(d-2)=m'},

Ni(1):=#{1<j Sm—m’|K£j) —1=m'}.

Note that since Kfj) < < K((ij), we have Ni(1) < --- < Ng(1). As seen in Example 3.9, by
applying e( Na() ¢4, Y, the factors C(m/,d), C(m/ +1,d),...,C(m' +Ny(1) —1,d) in Y turn out
C(m' -1, d +1), C(m/,d+1),...,C(m’ + Ng(1) — 2,d + 1) by Remark 3.4, (6.24) and (6.26).

Then the monomial e(Nd( )

-Y does not include factors in the form 7,141, 0 < ¢ < m — 1.
Thus, we can use Example 3.9 again when we apply e( d 1(1)) to (e &Nd(l)) -Y). Then the factors
C(m/,d—1), C(m/+1,d—1),...,C(m'+Ng_1(1) -1, d—l) N W)y turn out C(m/ —1,d),
C(m',d),...,C(m' + Ng_1(1) — 2,d), and the monomial e( 1 1(1) ElN’j(l)) Y does not include
factors in the form 7,14 2, 0 < g < m — 1. After all, by usmg Example 3.9 repeatedly, we

see that the monomial élNl(l)) e ég‘i’l(l))ég\/‘i(l)) .Y is obtained from Y by replacing C(m/’, ),
C(m'+1,¢),...,C(m'+N¢(1)=1,¢) by C(m'—=1,{+1), C(m’,(+1),...,C(m/+Ne(1) =2, (+1),
1<¢<d.

We set {N;(s)}o<s<m/, i=1.2,...d+s—1 as
Na41(2) == Nq(1),
Na(2) = N1 (1) + #{1 <j<m—m'|K(j)—d—m’—1},
Ng-1(2) = Ngo()+ #{1 <j<m—m/ |Kd L= (d=1)=m'—1},

No(2):= M)+ #{1<j<m—m/|KJ —2=m' —1}
N@2)=#{1<j<m—m/|KY —1=m -1}

Na+2(3) := Nat1(2),

Nyi1(3) i= Ny(2),

NyB) = Na 1 (2)+#{1<j<m—m'|KY —d=m' =2},
Ni1(3) = Nyo@) +#{1<j<m—m/|KY —(d—1) =m' -2},

No(3):= Ni(2)+ #{1<j<m—m'| Ky —2=m' =2},
M@)=#{1<j<m—m/|KY —1=m' -2},

Nm’+d—1(m/) = Nm’+d—2(m/ - 1)7
Ny a—2(m') := Npyq—z(m’ — 1),

Ng(m') := Ng_q(m/ = 1)+ #{1 < j <m—m'| Kc(ij) —d=1},
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No(m/) := Ni(m' = 1)+ #{1 < j < mfm’]Kéj) -2=1},
Ny =#{1<j<m—m/|KY —1=1}.

For example, if K{gm_m/)—d = m/, then the factor C'(m’,d) in Y is acted by €,/ 141 - * €q12€4+1€4d
since Npyyg—1(m') = Nppyg—o(m' —1) = Nyyig_s(m’ —2) = --- = Ny(1), and we obtain

Emitdot Earafariéa- C(m',d) = C(0,m' +d) = C(RY"™™), K{"™™)),

by (6.24) and (6.26). In general, if Ki(j) —i=m'—(, 0<¢<m —1, then the factor C(m — j,1)
in Y is acted by €,,/_¢4i—1 - €i42€;+1€;, and we obtain

Em/—ctim1* €ip2€i1&C(m—j,i) =C(m—m' —j+(,m/ = (+1i) = 5(R§j), Ki(j))7
which means (6.36). Therefore, we get (6.33). [

Example 6.18. We set 7 =9, m = 6, m’ = 3 and d = 4. Let us see that we can obtain

C(6,1)-C(6,2)-C(5,4) - C(4,6)
M :=C(4,2)-C(4,3)-C(4,4) - C(3,6)
C(1,4)-C(1,5)-C(1,6) - C(1,7)
from
C(6,1)-C(6,2)-C(6,3)-C(6,4)
Y :=C(5,1)-C(5,2)-C(5,3) - C(5,
C(4,1)-C(4,2)-C(4,3) - C(4,4

by applying {éﬁvi(s)} in the proof of Theorem 5.6, that is

égNl(3))égNQ(?’))é§N3(3))éiN4(3))ééN5 (3))ééN6(3)) , égNl(Q))ééNQ(2))é§N3(2))éiN4(2))ééN5(2))
3rd cycle 2“dzycle
. égNl(1))égNz(l))égN3(1))é§1N4(1)) Y = M. (6.37)
15% cycle

We set M = rg[ ﬁ C(RY K9, that is, KV =1, KV =2, KV =4, KV =6, K =2,
i=1i=1
K = 3,...,K§3) =7

To change the factor C(4,4) of Y into C(1,7) of M, we need to apply ésésés to C(4,4).
In contrast, to change the factors C(5,4) and C(6,4) of Y into C(3,6) and C(4,6), we need
to apply é5é4 to C(5,4) and C(6,4). Thus, C(4,4) must be changed to C(3,5) by the action
of éle‘l(l)) in first cycle, and C(5,4), C(6,4) do not have to be changed at the first cycle. So we
set Ng(1) :=1 = #{j| Kij) — 4 = 3}. Similarly, we set N3(1) = Na(1) = Ni(1) = 1, and the
factors C'(4,1), C(4,2), C(4,3) of Y is changed to C(3,2), C(3,3), C(3,4) by the action of first
cycle.

Next, to obtain M, the factor C(3,5) in égNlu”égNzu”égNS(l))égM(l)) Y must be changed
to C(2,6) at the second cycle. Thus, we set N5(2) := 1 = Ny(1). The factor C(3,4) must be
changed to C(2,5) by the action of éiN“@)) in second cycle, and the factors C'(5,4) and C(6,4)
must also be changed at the second cycle. Hence, we set Ny(2) := 3 = N3(1)+#{j | K[E])—él =2}.
Similarly, we set N3(2) =1, No(2) =1, N1(2) =0, Ng(3) =1, N5(3) = 3, Ny(3) =1, N3(3) = 3,
N3(3) =1 and N;(3) = 1. Then we get (6.37).
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Example 6.19. We use the same setting in Example 6.15: © = s1595354515253515951, k = 6,
m =3 and m' = 2. We have U<g = 515253545152. Let

1

Tlg+2

Y =

SN2

which has weight —As. By Theorem 5.6, we obtain

AL(6; i) (7‘) = Z ny (x) =Y + Y + 1Y + e36Y + €ze1€Y + €9e3e162Y

xEB;§6 (—Ag)

1 Ty 42 Tl +1 Tlo+3 Tl +1Tlo+3 | Tlo+2
+ + + + +
Tlg+2 Tl2+17—l1+3 Tll +3 Tlg+17_l0+4 Tl1+27—l0+4 Tl0+4

6.5 The proof of Theorem 5.7
Let us prove Theorem 5.7. Suppose that i, = d = 1.

Proof of Theorem 5.7. By Proposition 6.8, we have

AkE = Y Q). (6.38)

peXi(m,m’)
The set X7(m,m’) consists of paths p as in the form
p=(m,1) = (m— l,a(l)) — (m— 2,a(2)) — = (1,a(m_1)) — (0,m' +1)

such that ¢t =4 or a®) 41, 0 < s <m — 1. Here, a(® :=1, a(™ = m’ + 1.
By Lemma 6.10, we obtain

#{s]a"W =a®) 41, 0<s<m—1} =m.

Set {s|a®tD) =a® +1, 0<s<m—1}:={j1,..., '}, 0<j1 < - < jyr < m — 1. Then we
have

al® = 1, M) = , a? = 1, ... alit) = 1, airth) — 2,
a1t =2 Gt —o 0 g2 =9 Ut =3
al2t2) — 3, al2+3) — 3, ..., alUs) — 3, qUs+l) — 4,
...................................................... (6.39)
ad*) =y 41, O =pg1, L dU) =p 41, @Unt) = 49
am*2) =/ 41, aUm+3) =/ 41, ,oa™=m +1
Therefore, Definition 6.4(ii) means
Jji—1 1 Jo—1 o, . m—1 o,
m—1—it m—1—i+m’

Q(p) = H - H Zmoioitl H _imo1oitm

i=0 Tlmflfi+1 7/:]1"1‘1 Tlm717i+2 Z=]m/+1 Tlm717i+m/+1

Conversely, for a given {ji,...,Jm}, 0 < j1 < -+ < jpy < m — 1, we can constitute a path p

as in (6.39). Hence, by (6.38), we proved our claim. |
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