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Abstract. We establish a lower bound for the eigenvalues of the Dirac operator defined on
a compact Kahler—Einstein manifold of positive scalar curvature and endowed with particular
spin® structures. The limiting case is characterized by the existence of Kéahlerian Killing spin©
spinors in a certain subbundle of the spinor bundle. Moreover, we show that the Clifford
multiplication between an effective harmonic form and a Ké&hlerian Killing spin® spinor
field vanishes. This extends to the spin® case the result of A. Moroianu stating that, on
a compact Kéhler—Einstein manifold of complex dimension 4/4 3 carrying a complex contact
structure, the Clifford multiplication between an effective harmonic form and a K&hlerian
Killing spinor is zero.
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1 Introduction

The geometry and topology of a compact Riemannian spin manifold (M™, g) are strongly related
to the existence of special spinor fields and thus, to the spectral properties of a fundamental
operator called the Dirac operator D [1, 27]. A. Lichnerowicz [27] proved, under the weak
condition of the positivity of the scalar curvature, that the kernel of the Dirac operator is
trivial. Th. Friedrich [6] gave the following lower bound for the first eigenvalue A of D on
a compact Riemannian spin manifold (M", g):

A2 > ﬁi&fs, (1.1)
where S denotes the scalar curvature, assumed to be nonnegative. Equality holds if and only
if the corresponding eigenspinor ¢ is parallel (if A = 0) or a Killing spinor of Killing constant
—% (if X # 0), i.e., if Vxp = —%X -, for all vector fields X, where “” denotes the Clifford
multiplication and V is the spinorial Levi-Civita connection on the spinor bundle XM (see
also [10]). Killing (resp. parallel) spinors force the underlying metric to be Einstein (resp. Ricci
flat). The classification of complete simply-connected Riemannian spin manifolds with real
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Killing (resp. parallel) spinors was done by C. Bér [2] (resp. M.Y. Wang [38]). Useful geometric
information has been also obtained by restricting parallel and Killing spinors to hypersurfaces
[3, 13, 14, 15, 16, 17]. O. Hijazi proved that the Clifford multiplication between a harmonic
k-form 8 (k # 0,n) and a Killing spinor vanishes. In particular, the equality case in (1.1) cannot
be attained on a Kéahler spin manifold, since the Clifford multiplication between the Kéahler form
and a Killing spinor is never zero. Indeed, on a Kihler compact manifold (M?™, g, J) of complex
dimension m and complex structure J, K.-D. Kirchberg [19] showed that the first eigenvalue A
of the Dirac operator satisfies

1
MELiES, ifmis odd,
A2 > Am oM (1.2)
ﬁlﬁf S, lf m iS even.
m —

Kirchberg’s estimates rely essentially on the decomposition of XM under the action of the Kéahler
form Q. In fact, we have XM = @L X, M, where ¥, M is the eigenbundle corresponding to the
eigenvalue i(2r —m) of 2. The limiting manifolds of (1.2) are also characterized by the existence
of spinors satisfying a certain differential equation similar to the one fulfilled by Killing spinors.
More precisely, in odd complex dimension m = 2¢ + 1, it is proved in [11, 20, 21] that the
metric is Einstein and the corresponding eigenspinor ¢ of A is a Kahlerian Killing spinor, i.e.,
©=r+ @1 € (XM @ Xy 1 M) and it satisfies

Vxpr=— (X +iJX)  pey1,

2(m+1)
A
2(m+1)

(1.3)
Vxpe1=— (X —iJX) -,

for any vector field X. We point out that the existence of spinors of the form ¢ = @y + i1 €
[(Xp M&®Xy 1 M) satisfying (1.3), implies that m is odd and they lie in the middle, i.e., I’ = mTfl
If the complex dimension is even, m = 2¢, the limiting manifolds are characterized by constant
scalar curvature and the existence of so-called anti-holomorphic Kéhlerian twistor spinors ¢p_1 €
['(Xy_1 M), i.e., satisfying for any vector field X: Vxpp_1 = —ﬁ(X—i—iJX)-Dgoe_l. The limiting
manifolds for Kirchberg’s inequalities (1.2) have been geometrically described by A. Moroianu
in [28] for m odd and in [30] for m even. In [36], this result is extended to limiting manifolds
of the so-called refined Kirchberg inequalities, obtained by restricting the square of the Dirac
operator to the eigenbundles ¥, M. When m is even, the limiting manifold cannot be Einstein.
Thus, on compact Kéhler-Einstein manifolds of even complex dimension, K.-D. Kirchberg [22]

improved (1.2) to the following lower bound

m + 2

A2 >
— 4dm

S, (1.4)

Equality is characterized by the existence of holomorphic or anti-holomorphic spinors. When m
is odd, A. Moroianu extended the above mentioned result of O. Hijazi to Kéhler manifolds, by
showing that the Clifford multiplication between a harmonic effective form of nonzero degree
and a Kahlerian Killing spinor vanishes. We recall that the manifolds of complex dimension
m = 4¢ + 3 admitting Kahlerian Killing spinors are exactly the K&ahler-Einstein manifolds
carrying a complex contact structure (cf. [23, 28, 33]).

In the present paper, we extend this result of A. Moroianu to Kéhlerian Killing spin® spinors
(see Theorem 4.2). In this more general setting difficulties occur due to the fact that the
connection on the spin® bundle, hence its curvature, the Dirac operator and its spectrum, do
not only depend on the geometry of the manifold, but also on the connection of the auxiliary
line bundle associated with the spin® structure.
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Spin® geometry became an active field of research with the advent of Seiberg—Witten the-
ory, which has many applications to 4-dimensional geometry and topology [5, 8, 25, 26, 37, 39].
From an intrinsic point of view, almost complex, Sasaki and some classes of CR manifolds carry
a canonical spin® structure. In particular, every Kéahler manifold is spin® but not necessarily
spin. For example, the complex projective space CP™ is spin if and only if m is odd. Moreover,
from the extrinsic point of view, it seems that it is more natural to work with spin® structures
rather than spin structures [12, 34, 35]. For instance, on Kahler—Einstein manifolds of positive
scalar curvature, O. Hijazi, S. Montiel and F. Urbano [12] constructed spin® structures carrying
Kaéhlerian Killing spin® spinors, i.e., spinors satisfying (1.3), where the covariant derivative is the
spin® one. In [9], M. Herzlich and A. Moroianu extended Friedrich’s estimate (1.1) to compact
Riemannian spin® manifolds. This new lower bound involves only the conformal geometry of
the manifold and the curvature of the auxiliary line bundle associated with the spin® structure.
The limiting case is characterized by the existence of a spin® Killing or parallel spinor, such that
the Clifford multiplication of the curvature form of the auxiliary line bundle with this spinor is
proportional to it.

In this paper, we give an estimate for the eigenvalues of the spin® Dirac operator, by restric-
ting ourselves to compact Kahler—Einstein manifolds endowed with particular spin® structures.
More precisely, we consider (M?™, g,.J) a compact Kihler-Einstein manifold of positive scalar
curvature S and of index p € N*. We endow M with the spin® structure whose auxiliary line
bundle is a tensorial power £? of the p-th root L of the canonical bundle Kj; of M, where q € Z,
P+ q € 27 and |g| < p. Our main result is the following:

Theorem 1.1. Let (M?™, g) be a compact Kihler-Einstein manifold of index p and positive
scalar curvature S, carrying the spin® structure given by L1 with q + p € 27, where LP = K.
We assume that p > |q| and the metric is normalized such that its scalar curvature equals
4m(m +1). Then, any eigenvalue \ of D? is bounded from below as follows

2

q

> (1 - 2) (m+ 1) (1.5)
p

Equality is attained if and only if b := % . TH + mT_l € N and there exists a Kdhlerian Killing

spin® spinor in T'(XyM & Xy 1 M).

Indeed, this is a consequence of more refined estimates for the eigenvalues of the square of
the spin® Dirac operator restricted to the eigenbundles Y, M of the spinor bundle (see Theo-
rem 3.5). The proof of this result is based on a refined Schrédinger—Lichnerowicz spin® formula
(see Lemma 3.4) written on each such eigenbundle .M, which uses the decomposition of the
covariant derivative acting on spinors into its holomorphic and antiholomorphic part. This for-
mula has already been used in literature, for instance by K.-D. Kirchberg [22]. The limiting
manifolds of (1.5) are characterized by the existence of Kéhlerian Killing spin® spinors in a cer-
tain subbundle .M. In particular, this gives a positive answer to the conjectured relationship
between spin® Kéhlerian Killing spinors and a lower bound for the eigenvalues of the spin® Dirac
operator, as stated in [12, Remark 16].

Let us mention here that the Einstein condition in Theorem 1.1 is important in order to
establish the estimate (1.5), since otherwise there is no control over the estimate of the term
given by the Clifford action of the curvature form of the auxiliary line bundle of the spin®
structure (see (3.1)).

2 Preliminaries and notation

In this section, we set the notation and briefly review some basic facts about spin® and Kéhler
geometries. For more details we refer to the books [4, 7, 24, 32].
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Let (M™,g) be an n-dimensional closed Riemannian spin® manifold and denote by XM its
complex spinor bundle, which has complex rank equal to 212]. The bundle M is endowed with
a Clifford multiplication denoted by “” and a scalar product denoted by (-,-). Given a spin®
structure on (M™,g), one can check that the determinant line bundle det(XM) has a root L
of index 2!21=1. This line bundle L over M is called the auxiliary line bundle associated with
the spin® structure. The connection V4 on XM is the twisted connection of the one on the
spinor bundle (induced by the Levi-Civita connection) and a fixed connection A on L. The
spin® Dirac operator D4 acting on the space of sections of XM is defined by the composition
of the connection VA with the Clifford multiplication. For simplicity, we will denote V4 by V
and D4 by D. In local coordinates:

n

D:ZEj 'Vej,

Jj=1

where {ej }j:L...,n is a local orthonormal basis of TM. D is a first-order elliptic operator and is
formally self-adjoint with respect to the L?-scalar product. A useful tool when examining the
spin® Dirac operator is the Schréodinger—Lichnerowicz formula

1 1

where V* is the adjoint of V with respect to the L?-scalar product and Fj is the curvature
(imaginary-valued) 2-form on M associated to the connection A defined on the auxiliary line
bundle L, which acts on spinors by the extension of the Clifford multiplication to differential
forms.

We recall that the complex volume element we = i[nTH]el A---Aey acts as the identity on the
spinor bundle if n is odd. If n is even, w(QC = 1. Thus, under the action of the complex volume
element, the spinor bundle decomposes into the eigenspaces ¥ M corresponding to the +1
eigenspaces, the positive (resp. negative) spinors.

Every spin manifold has a trivial spin® structure, by choosing the trivial line bundle with
the trivial connection whose curvature F vanishes. Every Kihler manifold (M?™, g, .J) has
a canonical spin® structure induced by the complex structure J. The complexified tangent
bundle decomposes into TM = T} oM @ Ty 1 M, the i-eigenbundle (resp. (—i)-eigenbundle) of
the complex linear extension of .J. For any vector field X, we denote by X* := 3(X FiJX)
its component in 71 oM, resp. Tp1M. The spinor bundle of the canonical spin® structure is
defined by

SM = A% M = & AT M),
r=0 ’

and its auxiliary line bundle is L = (K 7)™t = A™(T§ 1 M), where Kpr = A™O M is the canonical
bundle of M. The line bundle L has a canonical holomorphic connection, whose curvature
form is given by —ip, where p is the Ricci form defined, for all vector fields X and Y, by
p(X,Y) = Ric(JX,Y) and Ric denotes the Ricci tensor. Let us mention here the sign convention
we use to define the Riemann curvature tensor, respectively the Ricci tensor: Ry y := VxVy —

2m
VyVx — Vixy] and Ric(X,Y) := > R(ej, X,Y,¢e;), for all vector fields X, Y on M, where
j=1

{ej}jzl,m,gm is a local orthonormal basis of the tangent bundle. Similarly, one defines the so
called anti-canonical spin® structure, whose spinor bundle is given by A*0M = @™ (A" (T’ ToM)
and the auxiliary line bundle by Kj;. The spinor bundle of any other spin® structure on M can
be written as

M =A"MaL
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where .2 = Kj; ® L and L is the auxiliary line bundle associated with this spin® structure. The
Kahler form €2, defined as Q(X,Y) = g(JX,Y), acts on XM via Clifford multiplication and
this action is locally given by

2m
1
Q-w—Q;ej.Jej.zp, (2.2)

for all ¢ € T'(XM), where {e1,...,ean} is a local orthonormal basis of TM. Under this action,
the spinor bundle decomposes as follows

SM = & %,M, (2.3)
r=0

where ¥, M denotes the eigenbundle to the eigenvalue i(2r — m) of €, of complex rank (ZL)
It is easy to see that X.M C X+tM (resp. X, M C X~ M) if and only if r is even (resp. r is
odd). Moreover, for any X € I'(TM) and ¢ € T'(X, M), we have X - ¢ € I'(X,41M) and
X~ p eI'(¥,-1M), with the convention X_1M = ¥, ;1M = M x {0}. Thus, for any spin®
structure, we have ¥, M = A""M ® SoM. Hence, (XoM)? = K); ® L, where L is the auxiliary
line bundle associated with the spin® structure. For example, when the manifold is spin, we
have (XoM)? = Ky [18, 19]. For the canonical spin® structure, since L = (Kj;) !, it follows
that oM is trivial. This yields the existence of parallel spinors (the constant functions) lying
in XM, cf. [31].
Associated to the complex structure J, one defines the following operators

2m 2m
+_ + - _ -
DY =) e Vo, D =) ¢ V.,
j=1 j=1
which satisfy the relations
D=DY*+D-, (D"?=0, (D)*=0, D'D +D D*'=D%

When restricting the Dirac operator to .M, it acts as
D=D"+D7: T(Z,M) > T(Z,_1M&, 1 M).

Corresponding to the decomposition TM & ¥, M = ¥, 1M & X, 1M & Ker,, where Ker,
denotes the kernel of the Clifford multiplication by tangent vectors restricted to 3,.M, we have,
as in the spin case (for details see, e.g., [36, equation (2.7)]), the following Weitzenbdck formula
relating the differential operators acting on sections of 3, M:

1 1
VV=——D"D"+

—— __D'D 4TI,
2(r+1) 2(m —r+1) e

where T, is the so-called Kéahlerian twistor operator and is defined by

Trp:=Vo+ ej@e; - Do+ ej@e; - DFp.

1 1
2(m—r+1) 2(r+1)

This decomposition further implies the following identity for ¢ € I'(X, M), by the same argument
as in [36, Lemma 2.5],

2 P—
IVl 5

— = |D%pl?
R

—— D o* + T, )% 2.4
sy 0 el Tl (2.4)
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Hence, we have the inequality

Vol > 5 D, (25)

7D+ 2
(r—i—l)‘ d +2

=T 1)

Equality in (2.5) is attained if and only if 7,.¢ = 0, in which case ¢ is called a Kahlerian twistor
spinor. The Lichnerowicz—Schrédinger formula (2.1) yields the following:

Lemma 2.1. Let (M?™,g,.J) be a compact Kihler manifold endowed with any spin® structure.
If v is an eigenspinor of D? with eigenvalue \, D*¢ = A\, and satisfies

1
Ve|? > EIDW, (2.6)
for some real number j > 1, and (S + 2F4) - ¢ = cp, where ¢ is a positive function, then

i
A> ———infe. 2.7
G- © 27)

Moreover, equality in (2.7) holds if and only if the function c is constant and equality in (2.6)
holds at all points of the manifold.

Let {e1,...,eam} be a local orthonormal basis of M?™. We implicitly use the Einstein
summation convention over repeated indices. We have the following formulas for contractions
that hold as endomorphisms of ¥, M:

ej' ey = =2, e; ~el = —=2(m—r), (2.8)

S
e; - Ric(ej) = =5, e; -Ric(el) = == —ip, ej -Ric(e;) = 5 +ip. (2.9)

The identities (2.8) follow directly from (2.2), which gives the action of the Kéhler form and
has 3, M as eigenspace to the eigenvalue i(2r —m), implying that ie; - Je; = 2iQ2 = —2(2r —m),
and from the fact that e; - ¢; = —2m. The identities (2.9) are obtained from the following
identities

¢; - Ric(ej) = e; A Ric(e;) — g(Ric(ej), ¢j) = =5,
iej - Ric(Jej) = ie; A Ric(Je;) —ig(Ric(Jej ), e;) = 2ip.

The spin® Ricci identity, for any spinor ¢ and any vector field X, is given by
A 1. 1
ei - Re, xp = §R10(X) cp— E(X_IFA) - Q, (2.10)
where R* denotes the spin® spinorial curvature, defined with the same sign convention as above,
namely R}L‘(’Y = V}%V{} — V{}V‘;‘( — Vé(yy}. For a proof of the spin® Ricci identity we refer to

[7, Section 3.1]. For any vector field X parallel at the point where the computation is done, the
following commutator rules hold

1 1

[V, D] = —5Rie(X) - +5(XaFa), (2.11)
1 1 1

[Vx.D¥] = —5Rie(X ") +§(X+JF;_§’1) : +§(X’JF2’2)-, (2.12)

1 1 1
[Vx, D7) = —5Rie(X ™) +§(X1Fj;1) : +§(X+JFj°)-, (2.13)
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where the 2-form F4 is decomposed as Fq = Fz’o—i-Fi’l —i—Fg’z, into forms of type (2,0), (1,1), re-
spectively (0,2). The identity (2.11) is obtained from the following straightforward computation

Vx(Dp) = Vx(ej-Ve,0) = € Ry o+ Ve, Vx
210) 1_. 1
(2.10) —5Rie(X) - ¢+ S (XoFa) - ¢ + D(Vixgp).
The identity (2.12) follows from the identities

VX+(D+90) = VXJf(e;_ ’ ve;(p) = 63_ ) R?{-ﬁ-,e.*(p"i_ 6;-" ) ve[vXJrSO

1 1
= —gRiC(XJF) “p+ §(X+JF/1{1) o+ DV (Vx+p),
in(‘D+<p) = VX7 (ej_ ’ vefsp) = 62_ ’ RX_’ef(p_Fez—'i_ : Veva*SO
1 _
= 5 (X7uF%) o+ D (Vx-).

The identity (2.13) follows either by an analogous computation or by conjugating (2.12).

On a Kéhler manifold (M,g,J) endowed with any spin® structure, a spinor of the form
Or +orp1 € D(EM & X, 11 M), for some 0 < r < m, is called a Kdhlerian Killing spin® spinor
if there exists a non-zero real constant «, such that the following equations are satisfied, for all
vector fields X,

Vxor =aX™ -1, Vxerir =aX @, (2.14)

Kéhlerian Killing spinors lying in I'(3X,,M & ¥,,-1 M) = T'(X,,M) or in I'(X_ 1M & LoM) =
['(XgM) are just parallel spinors. A direct computation shows that each Kéhlerian Killing
spin® spinor is an eigenspinor of the square of the Dirac operator. More precisely, the following
equalities hold

Dy, = =2(r + 1)ap,41, Do = —=2(m —r)ap,, (2.15)
which further yield

D?p, = 4(m —r)(r + 1)a?p,, D2p1 = 4(m —r)(r + 1)apr1. (2.16)
In [12], the authors gave examples of spin® structures on compact Kahler—Einstein manifolds of
positive scalar curvature, which carry Kahlerian Killing spin® spinors lying in ¥, M & X, 1M,
for r #£ mTﬂ, in contrast to the spin case, where Kéhlerian Killing spinors may only exist for m
odd in the middle of the decomposition (2.3). We briefly describe these spin® structures here. If

the first Chern class ¢1 (K s) of the canonical bundle of the K&hler M is a non-zero cohomology
class, the greatest number p € N* such that

1
};cl(KM) € H*(M,7),

is called the (Fano) index of the manifold M. One can thus consider a p-th root of the canonical
bundle Ky, i.e., a complex line bundle £, such that £ = Kj;. In [12], O. Hijazi, S. Montiel
and F. Urbano proved the following:

Theorem 2.2 ([12, Theorem 14]). Let M be a 2m-dimensional Kdihler—FEinstein compact mani-
fold with scalar curvature 4m(m + 1) and index p € N*. For each 0 < r < m + 1, there exists
on M a spin® structure with auxiliary line bundle given by L9, where ¢ = mLH(Qr -m—1)€Z,
and carrying a Kdhlerian Killing spinor 1r—1 + 1, € I'(X,1M & X, M), i.e., it satisfies the

first-order system
var =—-X". wr—la var—l =—-X"- 7/}7"7
for all X e T'(T'M).
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For example, if M is the complex projective space CP™ of complex dimension m, then
p=m+ 1 and L is just the tautological line bundle. We fix 0 <r <m+ 1 and We endow CP™
with the spin® structure whose auxiliary line bundle is given by £? where q = - +1 (2r —m —
1) = 2r —m — 1 € Z. For this spin® structure, the space of Kéahlerian Killing spinors in
['(3,_1M®%, M) has dimension (mjl) A Kahler manifold carrying a complex contact structure
necessarily has odd complex dimension m = 2¢ + 1 and its index p equals £ + 1. We fix
0<r<m+1and we endow M with the spin® structure whose auxiliary line bundle is given
by L9 where ¢ = m+1 (2r—m —1) =r—{¢—1 € Z. For this spin® structure, the space of
Kahlerian Killing spinors in I‘(ET_lM @ ¥, M) has dimension 1. In these examples, for r = 0
(resp. r = m+1), we get the canonical (resp. anticanonical) spin® structure for which Kéhlerian
Killing spinors are just parallel spinors.

3 Eigenvalue estimates for the spin® Dirac operator
on Kahler—Einstein manifolds

In this section, we give a lower bound for the eigenvalues of the spin® Dirac operator on a Kahler—
Einstein manifold endowed with particular spin® structures. More precisely, let (M?™, g,.J) be
a compact Kéhler—Einstein manifold of index p € N* and of positive scalar curvature .S, endowed
with the spin® structure given by L9, where L is the p-th root of the canonical bundle and
q + p € 27 (among all powers L4, only those satisfying p + g € 2Z provide us a spin® structure,
cf. [12, Section 7]). The curvature form F)4 of the induced connection A on L7 acts on the spinor
bundle as %ip. Since (M?™,g,.J) is Kihler-Einstein, it follows that p = %Q, where Q is the
Kahler form. Hence, for each 0 < r < m, we have

2
(S +2F4) - ¢ (1 . 1% rm ) Sor, Ve, € D(S,M). (3.1)
Let us denote by ¢, :=1 — 4. 2= apd
p m
r+1
: R =
ai {07 7m} — K, al(r) 2 + 1CT7
m—r+1
: R =
ag {07 7m} — K, az(T') 2m — 2r + 1Cr

With the above notation, the following result holds:

Proposition 3.1. Each eigenvalue A\, of D? restricted to ¥, M with associated eigenspinor o,
satisfies the inequality

Ar > max (min (a1(r), a1 (r — 1)), min (az(r), az(r +1))) - (3.2)

M\Co

Moreover, the equality case is characterized as follows:

a DQ%« =a1(r)5¢r <= Tror =0, D™, = 0;
(
(
(

d) D?p, = as(r + 1) Sor = Tr+1(DV o) = 0.

r— 1)%9@ <~ T,_1(D"¢,) =0;
7’) 5 Pr Trpr =0, D+‘PT =0;

Proof. For 0 <r < m we have: (S+2Fy4) ¢, = ¢;Spr, Vo, € T(E,M). Let r € {0,...,m} be
fixed, A\, be an eigenvalue of DQ’ZTM and ¢, € T'(X, M) be an eigenspinor: DQQDT = A\rr. We
distinguish two cases.
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i) If D=, =0, then | Dy, |> = |D"¢,|? and (2.5) implies

1
——— DT, |? =

S 2(r+1)
By Lemma 2.1, it follows that

r+1
A>T s
TEo2r+ 1)

Vel > |D, |2

ii) If D~ ¢, # 0, then we consider ¢,” := D~ ¢,, which satisfies D?p;” = A, and D~ ¢, = 0,
so in particular |Dy; |> = |DY g, |2. We now apply the argument in i) to ¢, € ['(X,_1M).
By (2.5), it follows that
1
2*|D mk

,
Applying again Lemma 2.1, we obtain A, > (2T =Ty Cr— 1S.

_ 1 _
|VS07’ |2 > ?T|D+90r ‘2 =

Hence, we have showed that A, > min (al( ),a1(r — 1))% The same argument applied to
the cases when D¢, = 0 and D", # 0 proves the inequality A, > min (a(r), as(r + 1))%
Altogether we obtain the estimate in Proposition 3.1. The characterization of the equality cases
is a direct consequence of Lemma 2.1, identity (2.4) and the description of the limiting case of
inequality (2.5). [

Remark 3.2. The inequality (3.2) can be expressed more explicitly, by determining the max-
imum according to several possible cases. However, since in the sequel we will refine this
eigenvalue estimate, we are only interested in the characterization of the limiting cases, which
will be used later in the proof of the equality case of the estimate (1.5).

In order to refine the estimate (3.2), we start by the following two lemmas.

Lemma 3.3. Let (M?™,g,J) be a compact Kihler-Einstein manifold of index p and of positive
scalar curvature S, endowed with a spin® structure given by L4, where q + p € 27Z. For any
spinor field ¢ and any vector field X, the spin® Ricci identity is given by

1 S q
A o .
i Rejxp = GRic(X) o — 4—1—)()@@9) (3.3)

and it can be refined as follows

_ 1 S q
A B . _
€; 'Rej,X*SD = §R10(X ) — Iy ®, (3.4)
1 S q
+ DA S N +
€ 'Re;,)ﬁ‘P = JRic(XT) - ¢ + %EX 2 (3.5)

Proof. Since the curvature form F'4 of the spin® structure acts on the spinor bundle as %z’p =

5%%2 (3.3) follows directly from the Ricci identity (2.10). The refined identities (3.4) and (3.5)

follow by replacing X in (3.3) with X ~, respectively X ™, which is possible since both sides of the
identity are complex linear in X, and by taking into account that when decomposing ej = le +e;,

the following identities (and their analogue for X*) hold: ¢; -Rf, - =0and e RA+ X =0.
j b

These last two identities are a consequence of the J-invariance of the curvature tensor ie.,

RJX gy = R;‘( y» for all vector fields X, Y, as this implies Ré‘,x = RA Jx-= (—z)2RA_ x-
+ _ + _ + A

andalsoej R + x- Je RJ+X ze R+X,

the second term on the right hand side of (3.4) and (3.5), we use the following identities of

endomorphisms of the spinor bundle: X~ 42 = X~ and X", = —XT. [

so they both Vanlsh. In order to obtaln
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Lemma 3.4. Under the same assumptions as in Lemma 3.3, the refined Schrodinger—Lichne-
rowicz formula for spin® Kdhler manifolds for the action on each eigenbundle X,.M is given by

S i m-—rq

oyl0iylo _p2_2 " 2 3.6
4 2p 2m p (3.6)

. S i rq
o0l 0l — p2 _ 2 ° — 1g 3.7
VoY TR TR et (3.7)

where V10 (resp. VO1) is the holomorphic (resp. antiholomorphic) part of V, i.e., the projections
of V onto the following two components

V: I(Z,M) - T(AY°M @ %, M) o T(A>' M @ %, M).
They are locally defined, for all vector fields X, by

VY =9(X.e))Vr =Vxe  and VY =g(X,¢])V, =V,
where {e1,...,eam} is a local orthonormal basis of TM.

Proof. Let {e1,...,ea,} be alocal orthonormal basis of TM (identified with A' M via the met-
ric g), parallel at the point where the computation is made. We recall that the formal adjoints
V19" and V19 are given by the following formulas (for a proof, see, e.g., [32, Lemma 20.1])

vE A M @ 2. M) — T(E.M), VY (a®p) = (6a)p — Vag,
VOl TA M @ 2,M) — T(E.M), VP (a®¢) = (da)p — Vap.
We thus obtain for the corresponding Laplacians

VYO V0% = VO (eF @ Vi) = V-V, (3.8)
J J J

since de; = 0, as the basis is parallel at the given point, and g(-,e; ) € AYOM . Analogously, or by
conjugation, we have VO1"v0ly = —V_+V_-. We now prove (3.6). By a similar computation,
J

one obtains (3.7) ’

)

. (3.8
2V TS —2g(ei )V, Vor = (e et e ) - V-V ¢

=D'D™ +ej-¢- (vejve; — Rej,e;) =D'D +D DT +e; - ef "R 4

p2ie. (;Ric(ej) Sqe.+>

ARA]

dmp 7
(28), (29) o 1 § .\ _m-—-rq
= D 5 <2 —i—zp) o pS. |

Theorem 3.5. Let (M>™, g,.J) be a compact Kihler-FEinstein manifold of index p and positive
scalar curvature S, carrying the spin® structure given by L9 with q + p € 27, where LP = K.
We assume that p > |q|. Then, for eachr € {0,...,m}, any eigenvalue A, of D2\F(ETM) satisfies
the inequality

Ar > e(r)g, (3.9)
where
exfe) = == <1+q>, if < <1+q) 5
e: [0,m] = R, e(r) = . p p .
eg(m)—<1—q), z'fo(l—l—q).
m p) 2
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Moreover, equality is attained if and only if the corresponding eigenspinor ¢, € I'(X,M) is

m

an antiholomorphic spinor: V¢, = 0, if r < <1 + %) 5, respectively a holomorphic spinor:

Vol =0, ifr> (14 4)%.
Proof. First we notice that our assumption |¢| < p implies that the lower bound in (3.9) is

non-negative and that 0 < (1 + %)% < m. The formulas (3.6) and (3.7) applied to ¢, yield,
after taking the scalar product with ¢, and integrating over M, the following inequalities

PN D - S WA R
m p) 2 m p) 2

and equality is attained if and only if the corresponding eigenspinor ¢, satisfies V%, = 0,
resp. V%1, = 0. Hence, for any 0 < r < m we obtain the following lower bound:

)\TZmax<mn:r<1+z>,;<1—Z>>:e(r)g. n

Remark 3.6. Let us denote % . mTH + mTfl by b. Comparing the estimate given by Theorem 3.5
with the estimate from Proposition 3.1, we obtain for » < b

m+1D%+m—1-2r 2(r—0)
e(r) —ai(r) = TnP(ZT-i- 1) - _m(27’ + 1).

Hence, for r < b, we have e(r) > a1(r) and e(r) = a1(r) iff r = b € N. Similarly, for » > b+ 1,
we compute

B 2(m —r)(r—b—1)

o) =l = = =+ 1)

Hence, for r > b+ 1, we have e(r) > as(r) and e(r) = az(r) iff r=b+1 € N.

Theorem 3.5 implies the global lower bound for the eigenvalues of the spin® Dirac operator
acting on the whole spinor bundle in Theorem 1.1. We are now ready to prove this result.

Proof of Theorem 1.1. Since the lower bound established in Theorem 3.5 decreases on

(O, (1 + %)%) and increases on ((1 + %)%, m), we obtain the following global estimate

g\ m 1 @\ S
> O A I I T R
A_6<<1+10>2> 2<1 p2>2

However, this estimate is not sharp. Otherwise, this would imply that (1 + %) % € N and the
limiting eigenspinor would be, according to the characterization of the equality case in Theo-
rem 3.5, both holomorphic and antiholomorphic, hence parallel and, in particular, harmonic.
This fact together with the Lichnerowicz—Schrédinger formula (2.1) and the fact that the scalar
curvature is positive leads to a contradiction.

We now assume that there exists an r € N, such that b < r < (l—i—%) % and the equality in (3.9)
is attained. We obtain a contradiction as follows. Let ¢, be the corresponding eigenspinor:
D?p, = el(r)ggor and V¢, = 0. Then Dty, € Y41 M is also an eigenspinor of D? to the
eigenvalue el(r)g (note that D%, # 0, otherwise ¢, would be a harmonic spinor and we could
conclude as above). However, for all » > b, the strict inequality ea(r + 1) > e;(r) holds. Since

r+1> (1+ %)%, this contradicts the estimate (3.9). The same argument as above shows that
there exists no r € N, such that (1 + %)% < r < b+ 1 and the equality in (3.9) is attained.
Hence, we obtain the following global estimate

S S +1 2\ S 2
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According to Theorem 3.5, the equality is attained if and only if b € N and the corresponding
eigenspinors ¢, € I'(SyM) and @p1 € T'(Ep41M) to the eigenvalue (1 — g—z)(m +1)? are
antiholomorphic resp. holomorphic spinors: V'Y, = 0, V%', 1 = 0. In particular, this
implies D~ = 0 and DT p,y1 = 0. By Remark 3.6, we have: e1(b) = a1(b) and ex(b+ 1) =
az(b+ 1). Hence, the characterization of the equality case in Proposition 3.1 yields Tppp = 0
and Tpy19p+1 = 0, which further imply

1 1
=——— X ‘Dtgp=——X"-D 1
VX = 510 LTIy o (3.10)
1 1
=—— _XT.D™ =———X".D

Vx o1 2(m —b) Pt 2(m —b) Pl

We now show that the spinors ¢y + ngpb € I'(EpM & ¥Xp1 M) and @pi1 +
m P

-1
(m+1)(17%)
g = 0 (corresponding to the spin case), it follows that ¢ + #HDWb,Wb+1 + ﬁDapr €
['(XyM @ Xy 1 M) are eigenspinors of the Dirac operator corresponding to the smallest possible
eigenvalue m + 1, i.e., Kéhlerian Killing spinors. From (3.10) it follows

' 1
(m+1) (144

Dyypi1 € T'(Zp1 M @ ¥pM) are Kéhlerian Killing spin® spinors. Note that for

Vxpp=—-X" >D<pb. (3.11)

Applying (2.12) to ¢} in this case for Ric = %g =2(m+1)g and Fy = E%zﬂ =2(m+ 1)%@'9,
we get

Vx(D ) = —(m+1) <1 + ;ﬁ) XT .y (3.12)

According to the defining equation (2.14) of a Kéhlerian Killing spin® spinor, equations (3.11)

and (3.12) imply that the spinor ¢, + —L4——~< Dy, € T(S,M @® X1 M) is a Kihlerian
(m+1)(14+3)

Killing spin® spinor. A similar computation yields that ¢y 1 + L

(m+1)(1-2)
Killing spin® spinor. Conversely, if ¢, + @pr1 € ['(ZpM @ 3p1 M) is a Kéhlerian Killing spin©
spinor, then according to (2.16), ¢, and @41 are eigenspinors of D? to the eigenvalue 4(m —
b)(b+1)=(1- g—z)(m +1)2. This concludes the proof. [

Dy, 1 is a Kahlerian

Remark 3.7. If ¢ = 0, which corresponds to the spin case, the assumption p > |¢| = 0 is
trivial and we recover from Theorem 3.5 and Theorem 1.1 Kirchberg’s estimates on Ké&hler—
Einstein spin manifolds: the lower bound (1.2) for m odd, namely A\* > ZElg — e(mT“)g,
and the lower bound (1.4) for m even, namely \? > "Z—LQS = e(% + 1)% In the latter case,
when m is even, the equality in (1.5) cannot be attained, as b = % — £ ¢ N. Also for r = 2
the inequality (3.9) is strict, since otherwise it would imply, according to the characterization
of the equality case in Theorem 3.5, that the corresponding eigenspinor ¢ € E%M is parallel,
in contradiction to the positivity of the scalar curvature. Note that the same argument as in
the proof of Theorem 1.1 shows that there cannot exist an eigenspinor ¢ € E%M of D? to an
eigenvalue strictly smaller than the lowest bound for r = % + 1, since otherwise Dty and D¢
would either be eigenspinors or would vanish, leading in both cases to a contradiction. Hence,
from the estimate (3.9) and the fact that the function e; decreases on (0, (1 + %) ) and ey
increases on ((1 + %) 5 m), it follows that the lowest possible bound for A in this case is given
by e1 (% — )S = @(%4—1)5 = 72—;22. If ¢ = —p (resp. ¢ = p), which corresponds to the canonical
(resp. anti-canonical) spin® structure, the lower bound in Theorem 1.1 equals 0 and is attained
by the parallel spinors in YoM (resp. ¥, M), cf. [31].
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4 Harmonic forms on limiting Kahler—Einstein manifolds

In this section we give an application for the eigenvalue estimate of the spin® Dirac operator
established in Theorem 1.1. Namely, we extend to spin® spinors the result of A. Moroianu [29]
stating that the Clifford multiplication between a harmonic effective form of nonzero degree
and a Kihlerian Killing spinor vanishes. As above, (M?™, g) denotes a 2m-dimensional Kéhler—
Einstein compact manifold of index p and normalized scalar curvature 4m(m + 1), which carries
the spin® structure given by L9 with ¢ + p € 2Z, where LP = Kjy;. We call M a limiting
manifold if equality in (1.5) is achieved on M, which is by Theorem 1.1 equivalent to the
existence of a Kéahlerian Killing spin® spinor in ¥, M & X, 1 M for r = % . mTH + ’"T_l € N.
Let ¥ = ¢p—1 + ¢, € T'(X,_1M @ X, M) be such a spinor, i.e.,, Q- 1_1 = i(2r — 2 — m),_1,

Q -1, = i(2r — m)1, and the following equations are satisfied
Vxtr ==X,  Vx-th1=-X" ¢
By (2.15), we have
Dip. =2(m —r 4+ 1)1, D1 = 21,

Recall that a form w on a Kéhler manifold is called effective if Aw = 0, where A is the adjoint
of the operator L: A*M —s A*2M, L(w) := w A Q. More precisely, A is given by the formula:

2m
A=-2>" e;Uej_J. Moreover, one can check that
Jj=1

(AL — LA)w = (m — t)w, Ywe A'M.

Lemma 4.1. Let ) = 1+, € I'(E, 1 M @3, M) be a Kihlerian Killing spin® spinor and w
a harmonic effective form of type (k,k'). Then, we have

D(w-1by) = 2(=1)"** (m —r +1 — K)w -1, (4.1)
D(w - 1hr—1) = 2(=1)FF (r — k)w - . (4.2)
Proof. The following general formula holds for any form w of degree deg(w) and any spinor ¢
2m
D(w-¢) = (dw +6w) - o + (~1)*5@s - Dp — 23 (e w) - Ve
j=1

Applying this formula to an effective harmonic form w of type (k, k') and to the components of
the Kéhlerian Killing spin® spinor v, we obtain

2m

D(w- 1) = (~1)F*Fw - Dy =23 (ej ) - Vet

j=1

2m
= (=) F2(m —r + Dw -1 +2 Z(ej__nw) : ej 1
j=1
2m

=2(=D)"* f(m—r+ Dw g+ | D el Alejaw) | - vr
j=1

Since w is effective, we have for any spinor ¢ that

(e w) - e;r cp = (=1L (ej+ A (ej w) + e;r_ne;_nw) - .

Thus, we conclude D(w - ) = 2(=1)*"*(m —r +1 — K)w - ¢»,_;. Analogously we obtain
D(w - thr—1) = 2(=1)** (r — k)w - . |
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Now, we are able to state the main result of this section, which extends the result of A. Mo-
roianu mentioned in the introduction to the spin® setting:

Theorem 4.2. On a compact Kdihler—FEinstein limiting manifold, the Clifford multiplication
of a harmonic effective form of nonzero degree with the corresponding Kdhlerian Killing spin®
spinor vanishes.

Proof. Equations (4.1) and (4.2) imply that
D*(w ) =4(r —k)Ym —r+1—k)w- .

Note that for all values of k, k" € {0,...,m} andr € {0,...,m+1}, either 4(r—k)(m—r+1—k") <
0, or 4(r —k)(m —r+1—k) < 4r(m —r+ 1), which for r = b+ 1 is exactly the lower bound
obtained in Theorem 1.1 for the eigenvalues of D?. This shows that w - 1) = 0. |

Kahler—Einstein manifolds carrying a complex contact structure are examples of odd-di-
mensional Kéhler manifolds with Kéahlerian Killing spin® spinors in Y, 1M @& X,.M for the
spin® structure (described in the introduction) whose auxiliary line bundle is given by £ and
qg=r—£f—1, where m = 2¢ 4+ 1. Thus, the result of A. Moroianu is obtained as a special case
of Theorem 4.2.
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