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Abstract. We study solutions of the Bethe Ansatz equations for the cyclotomic Gaudin
model of [Vicedo B., Young C.A.S., arXiv:1409.6937]. We give two interpretations of such
solutions: as critical points of a cyclotomic master function, and as critical points with
cyclotomic symmetry of a certain “extended” master function. In finite types, this yields
a correspondence between the Bethe eigenvectors and eigenvalues of the cyclotomic Gaudin
model and those of an “extended” non-cyclotomic Gaudin model. We proceed to define
populations of solutions to the cyclotomic Bethe equations, in the sense of [Mukhin E.,
Varchenko A., Commun. Contemp. Math. 6 (2004), 111-163, math.QA /0209017], for dia-
gram automorphisms of Kac—Moody Lie algebras. In the case of type A with the diagram
automorphism, we associate to each population a vector space of quasi-polynomials with
specified ramification conditions. This vector space is equipped with a Zs-gradation and
a non-degenerate bilinear form which is (skew-)symmetric on the even (resp. odd) graded
subspace. We show that the population of cyclotomic critical points is isomorphic to the
variety of isotropic full flags in this space.
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1 Introduction

Let g be a complex Kac-Moody Lie algebra and o: g — g an automorphism of order M € Z>.
Let w € C* be a primitive Mth root of unity. We may choose a Cartan subalgebra h C g such
that o(h) = h. We have the canonical pairing (-,-): h* ® h — C, and the simple roots «; € h*
and coroots o) € h, where ¢ runs over the set I of nodes of the Dynkin diagram.

Consider the following system of equations in m € Zs variables t = (¢1,...,t,) € C"™ and
labels ¢ = (c(1),...,c(m)) € I'™:

M-1 N O'A a m aa >
& ]) c(i): ()
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k=0 =1 kozg
M-1 k
1 (o ey, ) .
+t<<AO’ C(] Z 1C_wk (]) )a j=1...,m, (1'1)
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where Ag,A1,...,Ax € b* are weights (with oAy = Ag) and zj,...,2y are non-zero points
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in the complex plane whose orbits, under the action of the cyclic group w?, are pairwise dis-
joint.

When ¢ =id, w = 1 and Ag = 0, these equations reduce to the following well-known set of
equations in mathematical physics:

OZZN:W_iW i=1,....m (1.2)

- bt ’
i#£]

These are the equations for critical points of the master functions [19] which appear in the inte-
gral expressions for hypergeometric solutions to the Knizhnik—Zamolodchikov (KZ) equations.
They are also the Bethe equations of the quantum Gaudin model [1, 5, 18].

The equations (1.1) were introduced (for simple g) in the study of cyclotomic generalizations
of the Gaudin model [26, 27] — see also [3, 21, 22] — as we recall in Section 3 below. Let us
call them the cyclotomic Bethe equations. (Cyclotomic generalizations of the KZ equations were
studied in [2, 4], and appear in, in particular, the representation theory of cyclotomic Hecke
algebras [23].)

It is natural to ask whether the cyclotomic Bethe equations (1.1) can be interpreted as the
equations for critical points of some master function. In the present paper we begin by giving two
different such interpretations. First, they are indeed the critical point equations for a cyclotomic
master function, which we write down in (2.2). But they are also the equations for critical points
with cyclotomic — more precisely Sy, X (Z/MZ)™ — symmetry of what we call an extended master
function, (2.8).

Recall that a master function is specified by a weighted arrangement of hyperplanes: that
is, by a finite collection C of affine hyperplanes in a complex affine space of finite dimension,
together with an assignment of a number a(H) € C to each hyperplane H € C. Indeed, for each

H € C, let £ = 0 be an affine equation for H; then the master function is ® = > a(H)log/y.
HeC
The cyclotomic master function corresponds to a hyperplane arrangement in C” whose hy-

perplanes include t; = wktj, 1 <i<j<m,foreach k € Z/MZ. By contrast, the extended
master function corresponds to a hyperplane arrangement in C™ but has only those hyper-
planes corresponding to the type A root system, i.e., t; =t;, 1 <i < j < mM, etc. Because the
extended master function is a master function of this standard form, its critical point equations
are the Bethe equations for a certain standard (i.e., non-cyclotomic) Gaudin model, which we
call the extended Gaudin model. This observation leads to our first result: a correspondence
between the spectrum of the cyclotomic Gaudin model and a “cyclotomic” part of the spectrum
of the extended Gaudin model. See Theorem 3.5.

Solutions to the Bethe equations (1.2) form families called populations. Populations were
first introduced in [15, 20], where a generation procedure was given which produces families
of new solutions to the Bethe equations starting from a given solution. A population is then
defined to be the Zariski closure of the set of all solutions to the Bethe equations obtained by
repeated application of this generation procedure, starting from a given solution. It is known
that if g is simple then every population is isomorphic to the flag variety of the Langlands dual
Lie algebra “g. This was shown in [15] for types A, B, C' and in all finite types in [6, 16].
(A population can also be understood as the variety of Miura opers with a given underlying
oper; see [6, 16].)

In the present work our main goal is to initiate the study of cyclotomic populations: popula-
tions of solutions to the equations (1.1).

We formulate in Section 4 a definition of cyclotomic populations for g a general Kac-Moody
Lie algebra and o any diagram automorphism of g satisfying the linking condition. (We also
place certain restrictions on the weight Ag; see Section 4.1.) The linking condition [7] states
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that, for every node i € I, the restriction of the Dynkin diagram to the orbit ¢%(i) consists
either of disconnected nodes (in which case i has linking number L; = 1), or of a number of
disconnected copies of the Ay Dynkin diagram (in which case ¢ has linking number L; = 2).
What the linking condition ensures is that it is possible to “fold” the Dynkin diagram by the
automorphism o. See Section 2.3 and [7].

In Section 4 we define the cyclotomic population to be the Zariski closure of the set of all
cyclotomic critical points obtained by repeated application of a certain “cyclotomic generation
procedure”, starting from a given cyclotomic critical point. So the key ingredient is this gene-
ration procedure. Let us describe it, in outline. There is an “elementary cyclotomic generation”
step associated to each orbit o%(i). There are two cases: L; = 1 and L; = 2.

First, suppose i € I is a node with linking number L; = 1. A critical point (¢, c) is represented
by a tuple of polynomials, y = (y;(x));cr, where the roots of the polynomial y;(x), i € I, are
the Bethe variables ts of “colour” i, i.e., those such that c(s) = i. Following [15], one defines
a function of =z,

W)= ila) [ €80T [Lua(e) e + (o), (1.3

Jjel

depending on a parameter ¢ € C . Here Tj(z), ¢ € I, are certain functions encoding the
“frame” data, i.e., the points z1,...,2zy and the weights Aj,...,Ayn; see (4.5). The Bethe
i(z) (x;¢) is in fact a polynomial, and moreover that if we consider the new
tuple y¥(c) in which y;(x) is replaced by yzm (x; ¢), then for almost all values of ¢ this new tuple
again represents a solution to the Bethe equations. Call the replacement y — y(i)(c) elementary

generation in direction i. Now suppose the initial tuple y represents a cyclotomic point. That

equations ensure that y

means

yaj(wx> = yj($)7 VSR E

see Lemma 4.5. Since the orbit 0% (i) consists of disconnected nodes of the Dynkin diagram, the
operations of elementary generation in the directions o%(i) commute. By performing each of
them once, in any order, we can arrange to arrive at a new cyclotomic point. See Theorem 4.6.

Next, suppose ¢ € I is a node with linking number L; = 2. Then for every copy of the As
diagram, with nodes say j and 7, one must perform the sequence of generation steps j, 7, j. Doing
this for each copy of Ay in turn, in any order, we can arrange to arrive at a new cyclotomic
point. See Theorem 4.20.

When L; = 2 there is a subtlety coming from our assumptions about the weight at the
origin, Ag. Throughout Section 4, motivated by [26], we assume that (Ao, ) is non-integral
when L; = 2. That means that the expression (1.3) develops a branch point at the origin. The
upshot is that at certain intermediate steps, the weight at the origin is shifted to s; - Ag, before
eventually being shifted back to Ag. See Proposition 4.10 and compare [17].

In either case, L; = 1 or L; = 2, we write y(i"’)(c) for the tuple of polynomials representing the
new cyclotomic critical point. It depends on a single parameter ¢. The replacement y — y(:9) (c)
is the elementary cyclotomic generation, in the direction of the orbit 0% (7).

To a critical point (¢, c) represented by a tuple of polynomials y one can associate a weight A.
See (2.4) and (4.10). For fixed Ag, A1,...,An, we may regard Ay, as encoding the number of
roots ts of each “colour” i € I, i.e., the degrees of the polynomials y;(x). It is known that
Ao (yD(e)) is equal either to As(y) or to s; - Aoo(y), where s; - denotes the shifted action of
the Weyl reflection in root «;. See [15]. We have an analogous statement in the cyclotomic
case. Namely, there is a “folded” Weyl group W7 with generators s7. See Section 2.3. And we
show that A (y?)(c)) is equal either to A (y) or to s7 - Ax(y). For the precise statement see
Theorems 4.6 and 4.20.
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We proceed in Section 5 to treat in detail the case of type A with the diagram automorphism.
Recall first from [15] the structure of populations in type Ar, R € Z>, for the master
functions associated to marked points zi,...,2zxy and integral dominant weights Aq,...,An.
In that setting, every population of critical points is isomorphic to a variety of full flags in
a certain (R + 1)-dimensional vector space K of polynomials. The ramification points of K
are z1,...,zy and oo, and the ramification data at these points are specified by the weights

Ay,..., Ay and an integral dominant weight As. Given a full flag F = {0 = Fy C F} C F» C
-+ C Fry1 = K} in K, pick any basis (uz(x))ffll of polynomials adjusted to this flag, i.e., such

that Fy = spanc(uy(),...,ux(z)). Then define a tuple of functions y” = (y; (z))_, by

ui (2) = We(ur (2), ..., wn(2) /(T (@) 5 2(2) ... Thioa (a),

where — as in (1.3) above — the (T;(x))2, are functions encoding the “frame” data z1,..., 2y
and Aq,...,An, and where Wr(uy(z),...,ur(x)) denotes the Wronskian determinant. The
ramification properties of K ensure that the y,f (x) are in fact polynomials. Moreover the map
F +— gy’ is an isomorphism of varieties from the variety of full flags in K to the population
associated with IC. The space K is the kernel of a certain linear differential operator D of order
R + 1 (essentially a type A oper). This operator D can be defined in terms of the (Tj(z))E,
together with the polynomials (y;(x))f, of (any) point in the population. (See Section 5.4.)

Now let us discuss how the picture changes in our present setting. For us, the weight at the
origin Ag need not be integer dominant. We assume it satisfies weaker assumptions given in (5.1).
These assumptions mean that we are led to consider vector spaces K of gquasi-polynomials:
that is, polynomials in x2. The local behaviour of these quasi-polynomials near the origin is
encoded in Ag. The remaining ramification points are zi,...,25, —21,..., —2nN, and co. See
Definition 5.2.

The space of quasi-polynomials K admits a natural Zs gradation K = Ko ® Kgp. We call
flags which respect this gradation decomposable. Decomposable full flags are classified by their
type; see Section 5.3. In particular the flags F € FLg(K) of a certain preferred type S, (5.9), are
sent to polynomials under the map F + y”. This map of varieties FLg(K) — P(C[z])® is an
isomorphism onto its image. The cyclotomic population is then the set of cyclotomic tuples in
this image, i.e., the set of tuples y”, F € FLg(K), such that y;(2) ~ yry1_i(—2),i=1,...,R.
The question is: which flags in FLg(K) map to cyclotomic tuples?

To answer this question we introduce the notion of a cyclotomically self-dual space of quasi-
polynomials. The space K has a natural dual space K of quasi-polynomials — see Section 5.5 —
and we say K is cyclotomically self-dual if for all v(z) € K, v(—z) € Kf. (Compare the very
similar notion of a self-dual space of polynomials in [15].) We show that a sufficient condition
for K to be cyclotomically self-dual is that there exists at least one full flag F in K such that y”
is cyclotomic (Theorem 5.14). If K is cyclotomically self-dual then it admits a canonical non-
degenerate bilinear form B. We show that, for all full flags F in K, the tuple y” is cyclotomic
if and only if F is isotropic with respect to B (Theorem 5.17).

Therefore the cyclotomic population is isomorphic to the variety FLﬁ(lC) of isotropic flags
of type S in K. The bilinear form B is symmetric on Ko and skew-symmetric on Kgp, and
these subspaces are mutually orthogonal with respect to B (Theorem 5.23). Hence this variety
FLfg-(lC) is isomorphic to the direct product of spaces of isotropic flags FL(Ksp) x FL1(Ko).

2 DMaster functions and cyclotomic symmetry

2.1 Kac—Moody algebras

Let I be a finite set of indices and A = (a; ;)i jer a generalized Cartan matrix, i.e., a;; = 2
and a;; € Z<o whenever i # j, with a;; = 0 if and only if a;; = 0. Let g := g(A) be the
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corresponding complex Kac—-Moody Lie algebra [11, Section 1], h C g a Cartan subalgebra, and
g=n_ohdny
a triangular decomposition. Let o; € b*, o € b, 7 € I be collections of simple roots and coroots
respectively. We have dim b = |I| 4+ dim ker A = 2|I| — rank A. By definition,
(o, a}/> = a4,

where (-,-): h* ® h — C is the canonical pairing.

We assume that A is symmetrizable, i.e., there exists a diagonal matrix D = diag(d;)er,
whose entries are coprime positive integers, such that the matrix B = DA is symmetric. Let
(-,-) be the associated symmetric bilinear form on h*. We have (o, oj) = d;a;; and

N o)) =2\, a4)/ (i, ;) for all A € h*.

The form (-,-) is non-degenerate. Therefore it gives an identification h =¢ h* and hence a
non-degenerate symmetric bilinear form on h which we also write as (-, -).

Let P :={\ € b*: (\,a)) € Z} be the integral weight lattice and Py := {\ € h*: (A, ) €
Z>o} the set of dominant integral weights.

Let W C End(h*) be the Weyl group. It is generated by the reflections s;, i € I, given by

Sz()\) = <)\, a}’)ai, A€ h*

Let p € b* be a vector such that (p,a)) =1 for i € I. We use - to denote the shifted action
of the Weyl group, i.e.,

s-A:=wA+p) —p, seW, Xebh”

2.2 Diagram automorphism

Suppose o is an automorphism of the Dynkin diagram [11, Section 4.7] of A. That is, o is
a permutation of the index set I such that

Aoioj = Qij-

Let M be the order of o and let w € C* be a primitive Mth root of unity.
To such a permutation is associated a diagram automorphism g — g of the Kac—-Moody Lie
algebra [7], which we shall also write as 0. We have

_ _ VoV .
oFE; = Ey;, ok, = Fyy, oo = gy, 1 €1,

where E; € n, F; € n~, i € I, are a set of Chevalley generators of [g,g]. This defines o on
the derived subalgebra [g, g] of g. For the action of o on the derivations, i.e., on a complement
of [g, g] in g, see [7, Section 3.2]. This action may be chosen to ensure that o: g — g has order M
and respects the bilinear form (-,-) on b:

(cX,0Y)=(X,Y) for all X,Y €b.

The action of ¢ on h* is defined by oA := Ao o~ ! so that (o), 0X) = (), X) for all A € b*,
X € h. Note that then oco; = oy for all i € 1.
Let g° C g be the Lie subalgebra of elements invariant under o. We have

g7 =n? ©b” &nT

with n7 =g Nng and h? =g Nh.
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2.3 The linking condition and the folded diagram
For any i € I let

M; = ’{i,ai, 022', .. ,UMfli}‘

be the length of the orbit of the node i under the automorphism o of the Dynkin diagram A.
Define

Note that L; > 1. Following [7], we say that o obeys the linking condition if and only if
L; <2 for all iel. (2.1)

To understand the meaning of this condition, consider the restriction of the Dynkin diagram
to the orbit of the node ¢. If L; = 1 then this induced subgraph has no edges at all. If L; = 2
then it consists of M;/2 disconnected copies of the type As Dynkin diagram.

Remark 2.1. If A is of finite type, then all diagram automorphisms obey the linking condition.
Moreover, in all finite types except Agy,, n € Z>1, we in fact have L; = 1 for every node ¢: that
is, no two distinct nodes in the same o-orbit are ever linked by an edge of the Dynkin diagram.
In type Ag, the non-trivial diagram automorphism gives L; = 2 for ¢ € {n,n + 1} and L; = 1
otherwise:

O—----—"20 O @ O—----—20
1 n—1 n n+1 n+4+2 2n

Remark 2.2. If A is of affine type then all diagram automorphisms obey the linking condition
with the following exception. In type Ag), n € Z>2, let R be a generator of the cyclic sub-
group Cp41 of the full automorphism group of the Dynkin diagram (which is the dihedral
group Dp41). Then R does not obey the linking condition. Indeed, the R-orbit of any node 7 is
the whole diagram, and L; = 1+ n.

Given any diagram automorphism satisfying the linking condition it is possible to define
a folded Dynkin diagram. Let us make a choice of subset

I, C1I

consisting of exactly one representative of each g-orbit. Then the Cartan matrix A% = (ag ])Z jel,
of the folded diagram is given by

M;—1
CLZJ = Ll Z a’a'ki,j‘
k=0
Remark 2.3. Compare Section 3.3 of [7], noting that our convention a;; = (o, o)) differs from
that of [7].

Lemma 2.4 ([7]). If o obeys the linking condition then A° (and its transpose) is a symmetrizable
Cartan matriz whose type (finite, affine, or indefinite) is the same as that of A.
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For each 7 € I, let us define also

; M;—1 M;—1
=L Y ol and EJ:=> En  F =L Y Fa
k=0 k=0
Then we have
v, v, v, .
[E7, F] = dijoy 7, (a7, Ef] = Efaf;, )7 Fy] = —F}af; 0] € Io.

Thus a;/’a, E?, F?, i € I, generate a copy of (the derived subalgebra of) the Kac-Moody Lie
algebra g(A?) inside g7 := {X € g: 0 X = X}. Next, for all i € I,;, if we let

M;—1
L;
CK;T = Ml Qgk; € h*
Y k=0
then (a7, a)%) Define W to be the group generated by the elements s € End(h*) given
by

ST\ =A—(\a"Da?, iel,.

Lemma 2.5. W7 is a subgroup of W. Indeed, we have

Mi—1
H SO'ki’ LZ - 17
v k=0
S = M;/2—1 M;/2—1 M;/2—1
H Sk H Sok+M;/2; H Soki | > Li=2.
k=0 k=0 k=0

2.4 The cyclotomic master function

Let A = (A;)Y, be a collection of N € Zx( integral dominant Weights A; € Py. Let z = ()N,
be a collection of nonzero points z; € C* such that w?z; N w? zj = & whenever i # j. We shall
call A; the weight at z;.

In addition, we pick a weight Ay € h7*. We call Ay the weight at the origin.

Let € = (c(j))2; be an m-tuple of elements of I, and introduce variables t = (¢;)7,. We
shall say that t; is a variable of colour c(j).

We define the cyclotomic master function ® = ®4,(t;c; z; A, Ag) associated to these data to
be

N M-1
1
@::2' j<2 (Ai,a’“Ai)+<Ai,Ao)1ogzz+§: Y (AioFA)) log (2 — whz))

i=1 k=1 k=0 1<i<j<n
M—-1 N m
=2 2> (o), 0" M) log (t; — wh)
k=0 i=1 j=1
M-1
+ Z (ac(i),akac( ) log (t; — wktj)
k=0 1<i<j<m

1
m M-1
1
* Z (2 (@c(i)’gkac(i)) — (i) Ao)) log t;. (2.2)
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A point t with complex coordinates is called a critical point of the cyclotomic master function

if
0e
ot

0, 1=1,...,m,

or equivalently (in view of Lemma 2.6 below) if the following equations are satisfied:

M—1 A) M-1 m
-3 % (e, " Ai) 3 (e, 7 eiy)
tj —whkz; : tj — w't;
k=0 =1 k=0 i=1
i#]
M-1
1 (e), 0F ()
" E <_ k=1 1 —wk + (aC(J)’ AO) (2 3)
for y =1,...,m. Call this system of equations the cyclotomic Bethe equations.
Lemma 2.6. For any A € b*,
AN NS (ot Y NS ey
1—wh 2 l—wh  1-wk) 2 ’ ‘
k=1 k=1 k=1
Define Ay, the weight at infinity, to be
M-1 N M-1 m
A = Ao+ Z ZAOk(l) — Z Zaokc(i). (2.4)
k=0 i=1 k=0 i=1

The group S, acts on pairs of m-tuples (¢, c) by permuting indices:

p.(t, C) = ((tp—l(l)v . ,tp—l(m)), (C(pil(l))7 . ,C(pil(m)))).

The group Z/MZ acts on pairs (t,c) € Cx I by k.(t,c) = (w¥t;, 0¥c). This gives rise to an action
of the wreath product Sy, (Z/MZ) := S,, X (Z/MZ)™ on pairs of tuples (¢,c) € C™ x I"™.

Lemma 2.7. Up to an additive constant, the cyclotomic master function ® is invariant under
the pull-back of this action of Sy, V (Z/MZ). In particular, if t is a critical point of ®(t;c)
then X.t is a critical point of ®(X.t; X.c), for all X € Sy, L (Z/MZ).

2.5 The extended master function

The equations (2.3) admit another, closely related, interpretation. Recall the definition of the
(usual) master function [19]. Namely, let A = ([\i)i]io be a collection of N + 1 € Zsq weights
A; € b*, and let 2 = (20%10 be a collection of nonzero points z; € C*. Pick m € Z>o, let
c = (c(j))jL; be an m-tuple of elements of I and introduce variables t = (¢;)j2;. The master
function associated to these data is

N
o= > (A Ay)log(z — ) = DY (o) Ai) log(t; — Z)

0<i<j<N i=0 j=1

> (e o)) log(ti — 1))- (2.5)

1<i<j<m
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It is a function of the variables ¢, depending on the parameters ¢, Z and A. The critical points
of the master function are those points ¢t with complex coordinates such that 0®/0t; = 0 for
j=1,...,m, ie., those points such that the following equations are satisfied:

i Az n /) 7
0=y L) §n Oemoew) oy (2.6)

R TR
i#]
In this paper we are concerned with the following special case. Let N = N M, choose (zZ)N M to
be
%9 =0, Zpenmi = Wbz, k=0,1,....M—1, i=1,...,N, (2.7a)
and choose the weights at these points to be
Ao = Ao, Apiari = 0¥ Ay, (2.7b)
where z;, Aj, i =1,..., N, and Ag are as in Section 2.4. We call the master function in this case
the extended master function, ® = ®4 ,(t;c; z; A; Ag). It is given by
M-1 N
Z Z Ao, log —wk zl Z Z kAi,UlAj) log (wkzi — wlzj)
k=0 =1 k,1=01<i<j<n
N m
+ Z Z (akAZ-, O'ZAZ') log (wk Z ae(j), Mo) log(t;)
0<k<I<T—1i=1 =
M-1 N m
- Z Z (ac(j),kai) log (t; — wkzi) + (ac(iys ae(y)) log(ti — t5),  (2.8)

Qc(j)s (ac(j)v AO) i (ac(j)a ac(i)) . ~
— —_— =1,... . 2.
ZZ t—wz Jr tj Z tj—ti ? J ’ s T ( 9)

k=0 =1

The group Sy acts on pairs of m-tuples (¢, c) by permuting indices:

p.(t, C) = ((tp—l(l)v . ’tp_l(ﬁl))’ (C(p_l(l))7 e ,C(p_l(m)))). (210)

Lemma 2.8. Any master function of the form (2.5) is invariant under the pull-back of this
action of Sy,. In particular the extended master function (2.8) is invariant.

Let us call a point (¢,c) € C™ x I™ a cyclotomic point if we have m = Mm for some m € Z>g
and, by acting with some permutation in Sy, we can arrange that

tivme = Wt (i +mk) = ofc(i), i=1,....m, k=0,....,M—1. (2.11)

Lemma 2.9. This point (ti)?ll is a critical point of the extended master function if and only
if (i)™ is a critical point of the cyclotomic master function, i.e., (t;)7, obeys (2.3).

Proof. Given (2.11), the equation (2.9) for ¢; is nothing but the corresponding equation in (2.3)

and the equation for ¢; 4y, k = 1,...,M — 1, is actually the same equation up to an overall
factor of w™*. (To see this one must use the compatibility of o with the inner product: (cx,y) =
(z,071y).) u

Thus, the cyclotomic Bethe equations (2.3) are also the equations for cyclotomic critical
points of the extended master function.
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3 Gaudin models and the Bethe ansatz equations

Our first result, Theorem 3.5, concerns the relationship between critical points and the eigenval-
ues of Gaudin Hamiltonians. Suppose, for this section only, that the Cartan matrix is of finite
type, i.e., that g is semisimple, and that o is an automorphism of g of order M > 1. Recall [8, 9]
that the quadratic Gaudin Hamiltonians are the following N + 1 elements of U(g)®<N+1):

where I,, a = 1,...,dim g, is a basis of g, I? is the dual basis with respect to the non-degenerate
invariant bilinear form (-,-): g x g — C, and we write X for X acting in the ith tensor factor.
(For convenience we number these factors starting from 0.)

For A € b*, let My denote the Verma module over g with highest weight A, My :=
Indg€En+ Cvy. Let us represent the H(9 as linear maps in End (®£\L0 M ]\Z_). Then the following
can be shown using the techniques of the Bethe Ansatz.

Theorem 3.1 ([1, 18]). To any critical point t of the master function D, i.e., to any solution
to the equations (2.6), there corresponds a simultaneous eigenvector vy of the linear operators

H) € End (®ij\;0 M]\i)' For eachi=0,...,N the eigenvalue of H® on iy is

E@ .— 87(1) Z (AZ7A ) 2 (Ai’ac(j)). (3.1)

0%; Zi— Z; Zi—t;
i —0 J i 7

J=0 Jj=1
J#

The eigenvector iy is given explicitly by

F AN F. . \wx
y (n3) (g, —1)" e(np, ) VA
e = Z ® oy o) g WM (3.2)
neb;, +1 i=0 nl B n2) o (wn;?ifl N wn;)z) (wn;)z - Zi)
where the sum n € Py ., is over ordered partitions of the labels {1,...,m} into N + 1 parts.

(The fact that this simultaneous eigenvector is nonzero is proved for g = sl,, nondegenerate
critical points in [14], for g = sl,, isolated critical points in [13], and for semisimple g and isolated
critical points in [25]. See also [24].)

In [26]%, B. Vicedo and one of the present authors defined cyclotomic Gaudin Hamiltonians.
The quadratic cyclotomic Gaudin Hamiltonians are the elements of U(g)®" given by

W R .
— _ i=1,...,n. .
pOj;élalZl_w pz “i p=1 a=1 (1_wp)
j#i

Remark 3.2. These Hamiltonians can be understood in a number of ways. Physically, one
thinks of them as describing the dynamics of a “long-range spin chain” in which the “spin”
at z; interacts not only directly with the other spins at the points z;, j # ¢, but also with their
images under rotations of the spectral plane [3]. At the level of the Lax matrix, this corresponds

n [26] o: g — g is allowed to be any automorphism commuting with the Cartan involution, not necessarily
a diagram involution. A posteriori the Bethe equations and energy eigenvalues depend on the inner part of o only
through the definition of Ao, (3.5).
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to replacing the usual rational skew-symmetric solution to the classical Yang—Baxter equation,
r(u,v) = I*® I,/(u—v), by a certain non-skew-symmetric solution — see [21, 22] and discussion
in [26]. The motivation for such models comes in part from physics, where in certain important
cases the Lax matrix has cyclotomic symmetry in the spectral variable [12, 28].

Let us assign to the point z; the Verma module My, A; € h*. In other words, let us represent
the Hamiltonians (3.3) as linear maps

N
H) € End (@ MAI,> . i=1,...,N. (3.4)

i=1
Let (in this section, Section 3) Ay € h7* be the weight given by

M-1

Moty = 3 Telo " adn) (3.5)

1—wr
r=1

Theorem 3.3 ([26]). To any critical point of the cyclotomic master function, i.e., to any so-
lution t to the equations (2.3), there corresponds a simultaneous eigenvector 1y of the linear
operators HW, i =1,...,N. The eigenvalue of H® on iy is

N M-1 M- L
B .— M) Z (Aiyo®Aj) Z (As, o ae(y))
j=1 s=0 % — Wz j=1 s=0 i — WL
Ve
M—1
1 (AZ’,JSAZ')
— [ (A4, A — . .
+ 2 (( o)+ 3 BT (36)
s=1
The explicit form of the eigenvector iy is
Py = (3.7)
ki ki ki ki
S ) ) g ) g
- k. ko Fi ko [ ’
(klﬁ.e,lfs)’gm =1 (W — Wy ) e, mh g W P ) (@ gy = 2i)

where 5(X) 1= wo(X).

(It is an interesting open problem to determine under what circumstances the vector 1y is
non-zero.)

On the other hand, consider the (usual) quadratic Gaudin Hamiltonians in the special
case (2.7). We refer to this situation as the extended Gaudin model, and write HO as ch)t'
Note that

M-1

ext

N
1. € End (MAO ® ®M(Mi> . i=0,1,...,NM. (3.8)

k=0 i=1
The following is then a corollary of Theorem 3.1.

Corollary 3.4. To any critical point of the cyclotomic master function, i.e., to any solution t

(4)

to the equations (2.3), there corresponds a simultaneous eigenvector of the lmear operators %ext,
i = 0,1,...,nM, such that 7—[() has eigenvalue zero and, for each k = 0,...,M — 1 and

ext
i1=1,...,N, the eigenvalue of HEFMI) given by wFE; with E; as in (3.6).

ext
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Proof. Let ¢t be the corresponding (by Lemma 2.9) cyclotomic critical point of the extended
master function ®. Then the result is a special case of Theorem 3.1, by substituting (2.7)

and (2.11) into (3.1). (To see that 1 has eigenvalue zero note that

ext

N M-1 M—1
(A0,0' Al) B i Z (Ao,O'sOéc(j)) —0
i=1 s=0 0—wsz j=1 s=0 0—ws
M-1 M-1
because > w o %Ay = Ag w5 =0 since oAy = Ag and M > 1.) |
s=0 s=0

In summary, we have the following observation.

Theorem 3.5. To any critical point of the cyclotomic master function there corresponds both
a simultaneous eigenvector (3.7) of the Hamiltonians HD of the cyclotomic Gaudin model and

a simultaneous eigenvector (3.2) of the Hamiltonians ”Hg()t of the extended Gaudin model, i =

1,...,n, with the corresponding eigenvalues equal and in both cases being given by (3.6).

Remark 3.6. The operators () and Hg()t are acting in different spaces, (3.4) and (3.8) re-
spectively. It would be interesting to relate these operators by some means independent of the
Bethe ansatz.

4 Cyclotomic generation procedure

In [15, 20] a procedure was introduced which generates new critical points of master functions
starting from a given initial critical point. There is an “elementary generation” step associated
to each 4 € I. The Zariski closure of the collection of all critical points obtained by recursively
applying elementary generations in all possible ways is called the “population” to which the
initial critical point belongs.

The extended master functions, (2.8) above, are master functions of the standard form (un-
like the cyclotomic master functions (2.2)). Modulo subtleties coming from the fact that the
weight Ag at the origin need not be dominant integral, that means the generation procedure can
be applied.

In this section we describe this generation procedure and go on to show how, given a cyclo-
tomic critical point, one can obtain new cyclotomic critical points by applying the elementary
generation steps in certain carefully chosen combinations. The resulting collections of cyclotomic
critical points will be called “cyclotomic populations”.

4.1 Conditions on Ay

In the remainder of the paper we assume that ¢ is a diagram automorphism obeying the linking
condition (2.1). That means for each i € I, either L; =1 or L; = 2.
In addition, in this section, Section 4, we place the following conditions on the weight

Ag € hoF.
For each ¢ € I such that L; = 1, we suppose that
(Mo, o)) € Zxo (4.1)
and
(Ag,)) +1=0 mod M/M;. (4.2)

For each ¢ € I such that L; = 2, we suppose that
2<A0,0(7\;/> +1e€ Zzo. (43)
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Remark 4.1. One can verify that these conditions are satisfied by the weight Ay of (3.5) in
the case of diagram automorphisms of finite-type Dynkin diagrams. Our assumptions on Ag in
the treatment of type Agr in Section 5 below are weaker.

4.2 Tuples of polynomials

To any pair (¢;¢) with ¢t € C™ and ¢ € I™, we may associate a tuple of polynomials y =
(y1(x), ..., yr(x)), given by

=[] @-1) icl. (4.4)
7j=1

c J)=z

We say that this tuple y represents the pair (t;c). We consider each coordinate y;(z) only up
to multiplication by a non-zero complex number, since we are only concerned with their zeros.
So the tuple y defines a point in the direct product P(C[z])/!l of |I| copies of the projective
space P(C[z]), where C[z] is the vector space of complex polynomials in z.

Conversely, given any y € P(C[z])!!| we may extract the pair (¢;c) € C™ x I"* such that (4.4)
holds. This pair is unique up to permutation by an element of Sy; see (2.10).

Define T;(x), i € I, to be

M-1

N k \
=TI IT (e —wha) o, (4.5)
s=1 k=0

We say that a tuple of polynomials y = (yi(2))ier € P(Clz])/!l is generic (with respect
to (Ti(x))icr) if for each i € I, y;(x) has no root in common with T;(x), or with any y;(x),
J € I\{i}, such that (o, ;) # 0.

Note that if y represents a critical point of the extended master function ®(;¢c; z; A), (2.8),

e., its roots obey (2.9), then the tuple y must be generic. (Indeed, if (2.9) holds then in
particular each summand on the left hand side of (2.9) must have non-zero denominator. By
definition that implies that the corresponding tuple is generic.)

4.3 Elementary generation: the L; = 1 case

Throughout this subsection, we suppose ¢ € I is such that L; = 1. That means that the simple

roots ak;, @ = 1,..., M;, are mutually orthogonal. Equivalently it means that the reflections

syk; € W, i =1,..., M;, are mutually commuting.
Let y@(az) be of the form

1

19 (@) = ys(a) / oo 13 (¢) [ (&)~ (et e, (4.6)

jel

so that yi(i) (z) is a solution to the equation

Wi(y;(x), ) (2)) = 2000 T @) [T yila)= e, (4.7)
JEI\{}

where Wr(f(z),g(x)) := f(x)d () — f'(x)g(x) denotes the Wronskian determinant.

Proposition 4.2. If y represents a critical point then yz-(i) () is a polynomial.
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Proof. We have (Ag, o)) € Z>p as in (4.1), and for each s € {1,..., N}, A, is integral dominant
so (As, @) € Z>g. So the integrand is a rational function with poles at most at the points t,,
p € {1,...,m}, for which c(p) = 4. Consider such a point ¢,. Note that

0 rey: aj,a;
2 Jogabo T e 12 TLap(a)
Jel
M—1 N [ kA. AV v m
_ Z <J A“ac(p)> + <A0,0éc(p)> _ Z M (4 8)
=0 i=1 T whzi * o Tl | |

iF#p
This vanishes at « = t,, by virtue of the critical point equations (2.9). It follows that the residue
of the integrand at ¢, vanishes: indeed, this residue is

0
%x<A07a > x —_ tp Hyj a]7a ,

Jel o=t

which vanishes if (4.8) vanishes. This shows that yl@ (x) is an entire function. It is of polynomial

growth for large x. Therefore it is a polynomial. |

If yl@(:v) is any solution to (4.7) then so too is yEZ) (x) + cyi(z) for any ¢ € C.

Thus, given any tuple y representing a critical point we have, for each value of a parameter
¢ € C, a new tuple of polynomials y*), obtained from the tuple y by replacing y;(x) with
yi(i)(a;) + cyi(x). We say y® is obtained from y by generation in the ith direction, and we
call y@ the immediate descendant of y in the ith direction.

Proposition 4.3 ([15]). The tuple of polynomials y' is generic for almost all c. If y®
generic then it represents a critical point.

]

The tuples y® describe a projective line in P(C[z])!!]. Tt will be useful to have the following

specific parameterization of this line. There exists a unique solution ylm (z) to the equation (4.7),
call it y@ (z;0), such that the coefficient of x4°€¥ in yi(l) (x;0) is zero. Let us define

(2

ui (@i 0) = ) (@30) + eyi(@), (1.9)
and define y®(c) € P(C[z])/! to be the tuple obtained from the tuple y by replacing y;(z) with
(Z)(:U 0) + cyi(z). A
We say generation in the i¢th direction is degree-increasing if deg yi(z) > degy; for almost all c.
Recall that there is a weight at infinity, Ay, associated to any critical point. For the critical
point represented by y this weight is, cf. (2.4),

N M-1
Aooly) = Ao+ > o"A =D ajdegy;. (4.10)
s=1 k=0 jerI
For fixed Ag,Aq,...,An we can think of A, as encoding the degrees of the polynomials ;.

Note that deg yz@ (2;0) = deg y; + (Ao, @) 4 1. Tt follows that the weight at infinity of y(*)(0) is
Ao — a,-((Aoo,a;/) + 1) =Aoo — (Ao + p, )Yy = 5 - Ao
This establishes the following lemma.
Lemma 4.4. Generation in the ith direction (with L; = 1) is degree-increasing if and only if Ao
is i-dominant, i.e., (Ao, ) € Z>p.
If generation in the Zth direction is degree-increasing, then the weight at infinity associated

with the critical point represented by yl@(c) is s; - Aoo. Otherwise it is Ao for all ¢ # 0 (and
S;i - Ao for ¢ =0).



Populations of Solutions to Cyclotomic Bethe Equations 15

4.4 Cyclotomic generation: the L; = 1 case

We continue to suppose that i is such that L; = 1.

If y represents a cyclotomic point then its immediate descendant y? in the ith direction
generically does not. However if, starting from a cyclotomic critical point, we successively
generate in each of the directions o¥i, k = 1,..., M;, in turn, in any order, then we can arrange
to arrive at a (new) cyclotomic critical point. This is the content of Theorem 4.6 below.

Let ~ denote equality up to a constant (independent of z) nonzero factor. Recall the
definition (2.11) of a cyclotomic point.

Lemma 4.5. A tuple of polynomials y represents a cyclotomic point if and only if

Yoj(wz) =~ y;(x)
forallj e I. Ify;(x) and yy;(x) share the same leading coefficient for all j € I, then the tuple y
represents a cyclotomic point if and only if

Yoj(we) = wIBYiy;(z)
forallj € 1.

For the rest of this subsection, we suppose y represents a cyclotomic critical point. Hence in
particular oAy = Ay. Let yiz) (x;¢) = yz(zg(ac) + cyi(z) be as in (4.9). (So ygz) (x;¢) is a para-

meterization of the space of solutions to (4.7).) Define y)(c) to be the tuple of polynomials
given by

Y09 (WFase) = wh 9y Diare), k=01, M~ 1,

and yj(-i’o)(a:; c) = y;(z) for j € I\o%i. Recall ¢ from Lemma 2.5.

Theorem 4.6. For almost all ¢ € C, the tuple y(i"’) (c) represents a cyclotomic critical point.
The exceptional values of ¢ form a finite subset of C.

The weight at infinity of y)(c) is s7 - Ao if (Ao, a;/"’) € Z>g. Otherwise it is A for all
c#0, and s{ - A for c = 0.

Proof. First let us show that y(®?) represents a cyclotomic point for all ¢ € C. Comparing our
definition of y(»?) with the criterion in Lemma 4.5, one sees that it is enough to check that

y! (@M ) = WMoty O ()
Inspecting (4.6), we see that this equality holds for all ¢ € C if and only if
wMithootpall) — 1 (4.11)

But now, given (4.10) and the assumption that Ag, s = 1,...,n are integral, the following lemma
implies that (4.11) holds if and only if we impose the condition (4.2) on Ag.

Lemma 4.7. Suppose A € h* is an integral weight. Then, for any j € I,

M-1
Z kAoe M; =0 mod M.
k=0
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Proof. We have

M-1
<Z akA 6% > <A, O'_kOé;/>
k=0

M
:<A,MJZ >M M<AZ > L
k=0
Now we show that y(%?) represents a critical point for all but finitely many ¢ € C. Note that
from definition (4.5) we have
N M-1

> > o As,a
Tpj(wx) = w<$ 1 k=0 >T](x), jel. (4.12)

Hence, in view of (4.10),

28025 T (wa) H yj(wz) (@905 = gRoad) T (W) H Yo (wz) (@01 053)
jel jel

— w<AOO7Oé:/) A07 H y aj7ai
Jel

Note also that since L; = 1, no node j in the orbit of ¢ is linked by an edge of the Dynkin
diagram to i. That is, no y; for j in the orbit of i appears on the right of (4.7). Hence, for

k=1,...,M; —1, y(,C )(a: ¢) obeys the equation

0,0 oV AoV
W (Yo (2), 557 (w5 ¢)) = 2 0%omI T (2) I v (g,
jen{o*i}

and the tuple y(i"’) is indeed the result of generating in each of the directions i, i, . . ., o™i=1; (in

any order). It follows from Proposition 4.3 that y(9) is generic for almost all ¢, and represents
a critical point whenever it is generic.

The statements about the weight at infinity follow from Lemma 4.4 and Section 2.3. This
completes the proof of Theorem 4.6. [ |

4.5 Elementary generation: the L; = 2 case

For this subsection we suppose that ¢ € I is such that L; = 2. That implies M; is even and the
restriction of the Dynkin diagram to the nodes 0% consists of % € Z>1 disconnected copies of
the Dynkin diagram of type Ag, as sketched below:

M;/2;

Here, for brevity, we write 7 := o
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Remark 4.8. Among finite and affine types, only the case M;/2 = 1 occurs.

We define yl@ (z) by

u (@) 1= ya(w)a— Do / ¢MoeITy (&) [Ty~ triae.

Jel

Here the limits [ mean that y(i)( ) is holomorphic at = 0. This condition defines the integral
uniquely, since (Ag, @) ¢ Z by our assumption (4.3).

Proposition 4.9. If y represents a critical point then yz-(i) (z) is a polynomial. It has degree

deg yf) =degyi + (Ao — Ao, @)').

Proof. The proof is as for Proposition 4.2. |

Let y® = (yj(l) (x))jer be the tuple of polynomials whose ith component yi(i) (z) is as above,
and whose remaining components are the same as those of y, i.e.,

y(@) = yi(x)  forall jelI\[i}.

Let (t(i); c(i)) denote the pair represented by this tuple in the sense of Section 4.2. It turns out
that ¢ is not in general a critical point of the extended master function @(t(i); c:z;A), ie.,
it does not in general obey the equations (2.9). Instead, the following result gives the analogous
collection of equations that it does obey, provided y®) is generic.

Proposition 4.10. If y represents a critical point and y® is generic, then

(si- Ao, <@ (p

N
£V + ;

— kASv ac( )(p)> B Z <ac(i>(7")’ O[(\i/(i)(l’)> -0
P — whz, rirp tl(f) — ts«i)

for each p.

Proof. By (2.9) for each root ¢, in the tuple ¢t we have

<A0,a;/(p)> M1 (oFAg, 0 1)

c(p)

s=1 k=0 p riT#ED =1

For all roots of colours j € I such that (oj, ;) = 0 this is immediately equivalent to the
required equation. So we must consider roots of colour ¢, and roots of colours j € I such that
(aj, ) <O0.

By definition of y-(i)

;. (x) we have

Wi(y;(z), 28001y () = Ao T (@) [ ys ()t o) (4.14)
JF

or equivalently

‘ (aj,0)
yi(x) B yl(l)’(x) 1+ (Ao, ) _ it )Jl;‘_élzy]( ) ' (4.15)

(@) 4O () x (@) (2)
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By definition of (¢(),c(®), the left-hand side of (4.15) is

1 1 1+ (Ao,a;/>
Z r—t, Z (0 x ' (4.16)

r:c(r)=i " c®(r)=i r=tr

Now suppose j € I is such that (o, a)) € Z<y. By definition yj( )( ) = yj(z). Suppose t,, is
a root of y;(x), i.e., suppose c(p) = j. Slnce y represents a critical point, ¥y must be generic, and

hence t, is not a root of y;(x). By our assumption that y(* is generic, , is not a root of y( )( )
either. Hence the right-hand side of (4.15) is zero at « = ¢, and so, in view of (4.16), we have

1 1 1 Ag, o)
> - > 1 eaf)
tp =1 t&l) tp

ric(r)=i L @ (r)=i tp —

On adding this equation multiplied by («;, a}’) to the equation (4.13), we arrive at

<A0,CM}/> — <Oéi,04}/><A0+p, N M- 1< kA&aJ Z <ac(i)(r)7a;‘/> —0
ty) S w5, 1) )

which is the required equality (since s; - Ag = Ag — (Ao + p, o) )oi).
It remains to consider roots of colour i. First note that y;(x) and y( )( ) have no common
roots. Indeed, if ¢ were a common root of y;(z) and ym () then the right-hand side of (4.14)

(2
would have to vanish at = t. In other words y;(x) would have a root in common with the

right-hand side of (4.14). But by our definition of what it means for y to be generic, Section 4.2,
this is impossible.

(@) (@)

Suppose tp is any root of y; /(). By our assumption that y" is generic, it follows from (4.14)
and Lemmas 4.12 and 4.13 below that

2(1+ (Ao, o)) (Ao,a)) s~ x~ (AL, 0f) (o) _
.0 S Tl o T e =
P P s=1 k=0 “p wrzs rir#p P r
which is the required equality. |

Remark 4.11. Propositions 4.9 and 4.10 also follow from Theorem 3.5 in [17].

Lemma 4.12. For any a € C, if g(x) = z®

e

1(3: — sj), where (sj)jzl are all distinct and

J
non-zero, then

g//(:[;) _ 2£ i Z 2
gl(x) =38} k j=1 Sk — S
ik

Lemma 4.13. If Wr(f(z),g(z)) = W(z) then

g'(&) W(z) _ g(z)(W)f" (=) - W (z)f'(x))
g'(x)  Wi(x) f(x)g' ()W (x) '

Proof. We have W Wr(f,g)' = W/ Wr(f,g). Hence
W (z)f(2)g"(x) = W(z) f(z)g'(z) = W(z) f"(x)g(z) — W (2) ' (x)g(x)

and hence the result. [ |
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To deal with the case in which y(® fails to be generic, we shall also need the following
observation, which follows from (4.14).

Lemma 4.14. For any j € I such that (aj, o) <0, if t is a root of both y;(z) and yzm (x) then
(i) i

it is a root of vy, (x) with multiplicity 2. In particular, if t is a root of both y;(x) and yi(l) (z)

then it is a root of yZ@ () with multiplicity 2.

Now we define

E,yj(f)_mj’a%
: i
=

aj,ay)

J

W) = nle) [eoalIT(e

§1+(Ao,aiv>y§i) (5)
| vi(§)
y 7€) T w;(€)

_ yl(w)/£1+2(Ao,a;/>Tl(£) ]#ZZ(§)2 dé’ (417)

Proposition 4.15. If y represents a critical point then yi(i’i) (x) is a polynomial.

Proof. By our assumption (4.3) that 2(Ag, o) + 1 € Z>o, the integrand is regular at z = 0.
Hence, by Lemma 4.14, it is a rational function with poles at most at those roots of y;(z) that
(4)

are not also roots of y, /(). Let t, be any such root. The residue of the integrand at § = ¢, is

v (@) TT y ()t

9 2, (Ao,a)) JFiT
_ —t 0,0 Tz ,
ar " ) yi(@)?

r=tp

which must vanish, because according to Proposition 4.10 the following vanishes:

y(z) T1 o ()t

0 v j 71,0
1 —t 2 <A0,0¢i )j‘vz 17
=ty
14 2(Ao, @) +§:M1 (oFAs 0 > (e s )
N tp t, — whzg t. — t(i)
s=1 k=0 TIT#ED p T
(Note (Ag, o)) = (Mg, @) since oAy = Ay.) [ |

The polynomial yi(m) (x) is defined up a to the addition of a constant multiple of y;(z), coming

from the constant of integration in (4.17).
We say generation in the ith direction from y is degree-increasing if deg yz(l’z)(a;) > deg yz(x).
Generation in the ith direction is degree-increasing if and only if

(Aso + p, ) +a7) > 0. (4.18)
Indeed, if (4.18) holds then
deg i () = deg yr(x) + (Ao + p, ) + aY) > degys(a) (4.19)

for all values of the constant of integration. If (4.18) does not hold then deg yg(i’i) (z) < degyz(x),

with equality for all but one value of the constant of integration in (4.17).
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Let yi(m) (z;0) be the unique solution to (4.17) whose coefficient of z9°8¥ is zero. The degree

of Z/zi’z) (x;0) is always given by
deg yii,i) ((L‘; 0) = deg yi(l') + <Aoo +p, a;/ + a%/>7

whether or not generation is degree-increasing. (Note that (As + p, ) + &) is odd, by our
assumption (4.3), and in particular not zero.)

Let then y()(c) = (yf’n (x;¢))jer be the tuple of polynomials whose 7th component is

y ) (w5¢) = " (20) + eyi(a)

and whose remaining components are the same as those of y®, i.e.,
o) =y @e),  and @) =y @) =y@)  forall je\{ia).

Let (t(“); c(”)) denote the pair represented by this tuple in the sense of Section 4.2.
The following result says that whenever y(»%)(¢) is generic, this new pair (¢9 (¢), ) obeys
the same form of equations as did (¢, c®).

Proposition 4.16. If y represents a critical point then, for all ¢ € C such that y(”)(c) 18
generic, we have

<SZ AO7 (7, ’L) N 71 U AS’ ('L 1) (p)> <ac(I,i) (7’)7 a;/(i,i) (p)> o O
z 1) + Z Z t(z i e Z (1) (,0) -
s=1 k=0 ) — WhZs T r#p tp (C) =ty (C)
for each p.
Proof. The proof is analogous to that of Proposition 4.10. |

Finally, we define ygi’i’i) (x;¢) by

MMQQAH%w@*%W
y (s e) =y () “m'ﬂ/ém T, OES g
(§<Ao,ay>+1y§z> (§)>

&) T yi(©) e

i oV z _ aVy— jel\{i,z
— ) )attoetirt [Te-tnal) o) i .
0 Y; (€)?

x;¢) is holomorphic at = 0. This condition defines the

Here the limits [ mean that yio Z)(

integral uniquely.

(z,z,z)(

Proposition 4.17. For allc € C, if y represents a critical point then y x;c) is a polynomial.

Proof. Pick any root t(Z D of y( )( ) = yfz Z)(x). The residue of the integrand at & = ¢t is
zero. Indeed, we have

yNaie) 1 i) (oo

0 N2 (A jen{iz}
—log (z — tW) gz~ R0l =2 () 4
O @ =4) o) ()2
x:t?’i)
:—mﬂwn+i”*w%ww_z<uwww
tl(;J) s=1 k=0 tgﬂ) - wkZS r:r#p tl(: - t(l g

and this vanishes by Proposition 4.16. |
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Let y(#%9) (¢) = (y]@“) (z;¢))jer be the tuple of polynomials whose ith component is y(*%9 (z; c)
as above and whose remaining components are those of y®? (o), ie.,

u @) =y (@), and  y"(@) =y@)  forall jeN\{i7)
Let (t(i’“); c(“”')) denote the pair represented by this tuple in the sense of Section 4.2.

Proposition 4.18. If y represents a critical point and y©»)(c) is generic, then y(»)(c) rep-
resents a critical point. That is, the pair (t9%(c),c") obeys the equations

(Ao, ) (
5 e) oot (6) — whzy

B S LI

t(’L,Z,Z) (C) . 757(},’L,z)(c)

T TH#ED
for each p.

Proof. The proof is analogous to that of Proposition 4.10. |

We say y(""9)(¢) is obtained from y by generation in the ith direction, and we call %9 (c)
the immediate descendant of y in the ith direction. We have the following; cf. Lemma 4.4.

Lemma 4.19. Generation in the ith direction (with L; = 2) is degree-increasing if and only if
(Moo + py ) + &) € Zo.
If generation in the ith direction is degree-increasing, then the weight at infinity associated

with the critical point represented by y(z’“)( ) is (5iS:S;i) - Moo Otherwise it is Aoy for all ¢ # 0
(and (s;s7S;) - Moo for ¢ =0).

Proof. Recall that (4.19) holds if and only if (4.18) holds. Note also that
i1,3)

degy;""" = degyi + (Moo + p, f + ).

By direct calculation, one verifies that
(sisisi) - Moo = Moo — (@7 + i) (Ao + p, 0 + ),

so we have the result. [ ]

4.6 Cyclotomic generation: the L; = 2 case

We continue to suppose that ¢ € I is such that L; = 2.
Suppose for the rest of this subsection that y represents a cyclotomic critical point. Define
y9)(c) to be the tuple of polynomials given by

(b ) =y (),
S,;? (Wre;e) == yi(i’w) (z;¢), k=0,1,...,M;/2 -1, (4.20)

and yj(i’g)(:n; ¢) = y;(z) for j € I\oZi.
Theorem 4.20. For almost all ¢ € C, the tuple y(“7) (x; ¢) represents a cyclotomic critical point.
The exceptional values of ¢ form a finite subset of C.

The weight at infinity of y ) (x;¢) is $7 - Moo if (Ao +p, a7 +02) € Z>1. Otherwise it is Ao
for all ¢ # 0, and s - Ao for c = 0.
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Proof. First let us show that y(®?)(z;¢) represents a critical point for all but finitely many
¢ € C. As in the proof of Theorem 4.6, we first observe that y(®?) is indeed the result of
generating in each of the directions i, o, ..., oMi/271; (in any order). By Proposition 4.18 it is
enough to check that y(©9) (¢) is generic for all but finitely many ¢ € C. This follows from (4.21)
and Lemma 4.22, below.

The statements about the weight at infinity follow from Lemma 4.19 and Section 2.3.

Finally we must check that y(i"’)(x; ¢) represents a cyclotomic point. Given Lemma 4.5 and
the definition (4.20), it is enough to check that

y_(i,f,i)(_x; C) _ (_1)degy£i’i’i) yi(iﬁvi) (.'L', C). (421)

1

This is effectively a statement about the case of type Ao and we are in the setting of Section 5
below, with R = 2n, n = 1, p = 1. The statement (4.21) follows from Theorem 5.34 and
Lemma 5.36. u

Lemma 4.21. We have

— . (i,i,i) P
b (i) = (1) s )

forall j € 1.

Proof. Note first that from (4.12) we have

MZ_ ﬁ:‘ wkAs aV>
T3(=x) = (=1) =0 == V()

1

for all j € I. It follows that

pi? (—a) = (s e hoelly D),

(2

Then, from the definition of yg(m) (z;¢) and (4.19) we have that
- (i7) (7 s
i (—ase) = (~1)deen ) ()

if and only if ¢ and @ are related by ¢ = (—1)2T{A’ ) Since the Ay, s = 1,..., N, are
integral, we have

(—1)Aooad ) — (_1)hoa o) — (_1)2hoed) —

using oAg = Ay and the property (4.1). |
Lemma 4.22. For all but finitely many ¢ € C, yf(i’m) (x;¢) and T(i’m)(—x;c) have no root in
common.
Proof. Recall yim’i) (x;¢) = yi(z’i) (x;¢). Consider the leading behaviour in small ¢. As ¢ — 0,
deg y; of the roots of yi(m) (x; ¢) tend to the deg y; roots of y;(x). By the assumption that y was
generic and cyclotomic, none of these are roots of y;(—z) ~ y;(x).

Recall (4.19) and the fact that (A + p, ) + ;') is odd, by the assumption (4.3).

If (Ao + p, ) + @) <0, then these are all the roots of yi(m) (z;¢).

If (Ao + p, @) + ) £ 0 then the remaining (As + p, @) + @) > 0 roots of yz(m) (x;¢) tend
to the roots of the equation ca{AeetPai+ed) 4 1 — 0. This limiting set of roots multiplied by —1
does not intersect itself. This implies the lemma. |
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4.7 Definition of the cyclotomic population

Suppose y € ]P’((C[x])u | is a tuple of polynomials representing a cyclotomic critical point.
Recall the definition of y(»?)(c), from Section 4.5 when L; = 1 and from Section 4.6 when
L; = 2. We say y(i’g)(c) is obtained from y by cyclotomic generation in the direction i.
Let us define the cyclotomic population originated at y to be the Zariski closure of the set
of all tuples of polynomials obtained from y by repeated cyclotomic generation, in all directions
1€ 1.

5 The case of type Agr: vector spaces of quasi-polynomials

5.1 Type A data

Throughout this section we specialise to g = slrpy1. We shall treat in parallel the cases where
R =2n—-1and R = 2n, n € Z>o. We have the usual identification of h = h* with a subspace of
(R + 1)-dimensional Euclidean space, given by a; = af = €41 —€;, i = 1,..., R, where (ei)f;ﬁl
is the standard orthonormal basis.

Let 0: g — g be the unique non-trivial diagram automorphism, whose order is 2. The nodes

of the Dynkin diagram, and the action of o on these nodes, are as shown below:

o—----—"——.0—0—"----—20

1 n—1 n n+1 2n —1
Oo—----—20 O O Oo—----—0
1 n—1 n n+1l n+2 2n

1, 7=
» LS When R = 2n then

When R = 2n — 1, then L; = 1 for all ¢ € I, and M; = ]
2, 1#n.

2, i= 1
=32 'S A M =2 forall i e I
1, otherwise

Let (zi)fil be nonzero points z; € C* such that z; £ z; # 0 whenever ¢ # j. Let Ay,..., Ay
be dominant integral weights.
We suppose the weight at the origin, Ay € h*, obeys 0Ayg = Ag (as always). That is,

(Ao, oy = (Ao, afer 1), i=1,..., R
In addition, we pick and fix an integer p € {0,1,...,n}, and suppose that

(Ao, a)) € 2Z>o/M;  ifi ¢ {p,R+1—p} (5.1a)
and

%(2Z20_ 1) = {_%7%a%7"'} 1fp§ R/27

. (5.1b)
2Zs0+1=1{1,3,...} ifp=nand R=2n—1.

<A0,0é;)/> € {

Note the following particular cases:

e If R =2nis even and p = 0 then (5.1) just says that A is dominant integral.
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e If R=2n—1is odd and p = 0 then Ay is dominant integral and (Ag, o,/

) is even.

o If R=2n—1is odd and p = n then Ay is dominant integral and (Ag, ) is odd.

In the case p = n (and any R) our choice of Ay obeys the assumptions set out in Section 4.1.

5.2 Vector spaces of quasi-polynomials

Let

N
Ti Ao a H T — Z Asaay)(x + ZS)<AR+1757%V>’ = I.
s=1

Thus Tj(z) = :B<A0’aiv~>1}($) with Tj(z) as in (4.5). .

In view of (5.1), Tj(z) € Clz] for all i ¢ {p,R+1—p}. f 0 <p < R+1—p < R then T),(x)
and Tr11_p(z) belong to IL‘_%(C[J}]. If p=R+1—p then Tp(z) € Cla].

We define the degree, degp, of a Laurent polynomial p(z) € (C[:J;i%] to be the leading power
of z (for large x) that appears in p(x) with non-zero coefficient.

We will call any polynomlal in 7 a quasi-polynomial.
A vector space V C (C[:L‘2] of quasi-polynomials is decomposable if

V=VNClz]®V Na:Clal.

A tuple of quasi-polynomials is decomposable if each element lies in either C[z] or x%C[:):] In
particular, a decomposable basis of a decomposable vector space V C C [.T}%] is one in which each

basis vector lies in either Cx] or x%(C[:E}

Define the divided Wronksian determinant of quasi-polynomials uq, ..., u; € C[:pé] by
WT( ) Wr(ul,...,uk) W( ) d t(djlui>k
r'\uy,...,Ug) ‘"= =33 =1_ = s rui,...,ug) = dae — s
TEFATE 2. Ty dxi=1 ) i
fork=1,...,R+ 1.
Define
N
Ai=Ag+ ) (As+0Ay), (5.2)

s=1
and suppose Ao € b* is a dominant weight such that A — Ao = > kia; for some k; € Z>o.

el
Such a weight defines numbers dy,...,dry1 € Z/2,0 < dy < --- < dpy1, by

dl = <A_]\007€1>7 dk- = <A—(Sl"'sk—1)'AM761>7 k:277R+1 (53)
Lemma 5.1. We have

dy=di + Ao +p,0Y +--+a) ), k=2,...,R+1. (5.4)

Hence, for allp > 0, dy,...,dp, and drya—p,...,dgr+1 are integers while dpi1,...,dry1—p are
half odd integers, i.e., have the form m—{—% form e Z. If p=0thend,...,dry1 are all integers.

P~I‘00f. We have d. —dq = (Z\oo +p— (51 . 'Sk_l)(j\oo +p), 61> = <]\OO +p, €1 — (Sk—l e 51)61> =
(Ao + p, €1 — €k) and hence (5.4). [
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Definition 5.2. We say a vector space of quasi-polynomials X CC [3:%] has frame T, ..., Tr; Aso
if the following conditions hold:

(i) There is a basis (uk(az))kRill of K such that deguy = dj, for each k=1,..., R+ 1.

(ii) For any z € C\{0} and vy,...,vx € K, k = 1,..., R+ 1, the divided Wronskian Wr(vy,
..., V) is regular at z, and moreover, Wr'(vy, ..., vy) is nonzero at z for suitable vy, ..., vy.

(iii) For all vy,...,uy € K, k = 1,..., R+ 1, the divided Wronskian er(vl,...,vk) has at
x = 0 an expansion of the form  »_  a,,z™ and moreover this expansion has nonzero ag
m€Z20/2
for suitable vy, ..., vg.

In the remainder of this section, IC will denote a decomposable vector space of quasi-polyno-
mials with frame Tt ..., Tr; Aso.

Conditions (ii) and (iii) specify the ramification conditions of K at every point z € C.
Condition (i) specifies the ramification conditions at co. See [15, Section 5.5]. The degrees
0<d; <ds <---<dpy1 will be called the exponents of K at infinity.

Note that conditions (ii) and (iii) together imply in particular that K has no base points.
That is, there is no z € C such that u(z) = 0 for all u € K. They also imply the following
important lemma.

Lemma 5.3. For allvy,...,v. € K, k=1,...,R+1, the divided Wronskian WrT(vl, co,UE) 1S
a quasi-polynomial.

Since K is decomposable it follows from condition (i) that K admits a decomposable basis
(uk),f;rll such that deguy = dj, for each k. We call any such basis a special basis.

Lemma 5.4. Any two special bases (uk)kRill and (u%)kRill are related by a triangular change of

basis, uy, = Y apjuj, such that ar; = 0 whenever d — d; ¢ Z.

J<k
Lemma 5.5. Let m € Z>1. Let ny,...,n, be non-negative integers. Then
g niim(m—l)
We@@™,. oty = oS0 ] ().
1<j<i<m

Lemma 5.6. Let (u;(z))™! be a special basis of K. Then

Wil(ur, .o up) = [ (di—dy).
1<j<i<R+1

Proof. By Lemma 5.3, Wrf(uy,...,ups1) € C[mé] We must show that it has degree zero
and compute the constant term. From the condition that A — INXOO € Z>olailier it follows that
0=(A—Asx,—(R+1)e1 + Ry + (R— 1) + -+ + 20}, + ;) and therefore

(R+1)dy = (A — A, Ray + (R — 1)a + -+ 2a}_1 + af). (5.5)

Then (5.4) implies

R+1

1
> di— (R+2m = (A, Roy + (R—1)oy + -+ + 20,1 + afy). (5.6)
i=1

The result follows by Lemma 5.5. |
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Corollary 5.7. WrT(vl, ..., UR+1) 18 a constant (independent of x) for all vy,...,vp1 € K.

Let (uk)kR:f be a special basis of K. Introduce the subspaces

ICSp = Span({:(ub S 7up) ©® SpanC(uR+2—p> s ,UR+1),
Ko = spanc(up1, - - - urt1-p),

so that
K =Ksp @ Ko.

By Lemma 5.4, these definitions of do not depend on the choice of special basis (uk)kRill. By
Lemma 5.1 we have that, whenever p > 0, then

Ksp =KNClz], Ko=Knaz2Cla]. (5.7)

Exceptionally, when p = 0, we have Kg, = {0}, Ko = K C C[z].
Given a decomposable subspace V', we write sdim V for the pair of numbers

sdimV := (dim V N Kgp| dim V N Ko).

5.3 Flags in KC

Let FL(K) denote the space of full (i.e., R + 1-step) flags in K.

We say an r-step flag F = {0 = Fy C F} C F, C --- C F, = K} in K is decomposable if
each F}, is decomposable.

The space of decomposable full flags in K has (Rzzl) connected components. These connected
components are labeled by 2p-element subsets @@ C {1,..., R+ 1}. Define FLy(K) to be the
subset consisting of the flags F = {0 = Fy C F; C -+ C Fry1 = K} such that for each k,

(110) if ke Q,
O]1) if k¢ Q.

We call elements of FLg(K) flags of type Q.
For each @ the variety FLo(K) is isomorphic to the direct product of full flag spaces
FL(Kgp) x FL(Ko). The isomorphism

Sdlka - Sdika,1 = {

nQ: FL(/CSp) X FL(’Co) — FLQ(/C) (5.8)
sends a pair of flags F1 4 C --- C Fyp 4, F1— C -+ C Fry1-2p— to the flag 71 C --- C FRg,
where Fj, = Fk1,+ D FkQ,_, ki = |Q N {1, R ,k‘}|, ko =k — kq.

Call a 2p-element subset @ C {1,..., R+ 1} symmetric if @ is invariant with respect to the
involution k — R + 2 — k. In particular, the following subset S is symmetric

S:={1,....,p,R+2—p,...,R+1}. (5.9)

If (uk)kR:f is a special basis of K then the full flag F ={0=Fy C F1 C F» C --- C Fry1 = K}
defined by

Fy = spang(uq, ..., ug), k=1,...,R+1, (5.10)

belongs to FLg(K). By Lemma 5.4 this flag is independent of the choice of special basis.
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To any full flag F = {0 C F1 C F» C --- C Fry1 = K} in FL(K) one can associate a tuple
y” = (yi(z)E, e P(C [m%])R Namely, let (uf () be any basis of K such that

Fk:spanc(uf,...,uf), k=1,...,R+1.
(we say such a basis is adjusted to F) and then let
ykf::WrT(u{:,...,ui:), k=1,...,R. (5.11)

By Lemma 5.3, these are quasi-polynomials.

We have the shifted action of the Weyl group of type Ar on weights as in Section 2.1. The
weight at infinity Ao (y” ), as in (4.10), belongs to the shifted Weyl orbit of A, [15, Section 3.6].
It is equal to Ao if and only if F is the flag given in (5.10).

The map F — y” defines a morphism of varieties,

B: FL(K) — P(C[z'/?])".

This morphism f defines an isomorphism of FL(K) onto its image, as in Lemmas 5.14-5.16
of [15].

Lemma 5.8. The image B(FLs(K)) of the variety of flags of type S lies in P(C[z])%, i.e.,
consists of tuples of polynomials.

Proof. In the exceptional case p = 0 no fractional powers are present at all and the result is
clear. Suppose p > 0. Let F € FLg(K) and let (uf)kR:f be a basis of K adjusted to F. By

inspection one sees that because F € FLg(K), Wr(uf,...,uf) lies in C[z] (resp. x%C[m]) for
precisely those k such that the product TF! ... Tj,_; lies in C[z*'] (resp. .CE%(C[CL':H]). For each k,
Lemma 5.3 guarantees that yi € (C[x%] Hence in fact yi € C[z]. [ |

Lemma 5.9. The tuple B(F) = y” is decomposable if and only if F is a decomposable flag.
If F is a decomposable flag of type Q) then

Clz] if |SAQN{L,....k}| €22,
22Clz] if |SAQN{L,... k} €2Z+]1,

f
Yr €

where SAQ = (S\Q) U (Q\S) denotes the symmetric difference of S and Q. In particular y”
is a tuple of polynomials if and only if Q = S.

5.4 Fundamental differential operator and the recovery theorem
To any given a tuple y = (yi(z))E, € IP’((C [ac%])R of quasi-polynomials, we may associate
a differential operator D(y), defined by

Ty T Ty Th
o (0 B T6) (g T

YR YRrR—-1
. R—i _
- R Yrv1—i [1 T}
X (8—log'y2T1> (8—log'y1) :H f)—log'—J:1 ,
Y1 i—0 YR—i

with the understanding that yo = yry1 = 1. Here 0 := 9/0x and log’ f := f'(z)/f(x).
Theorem 5.10 ([15, Lemma 5.6]). Let y € B(FL(K)). Then K = ker D.
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5.5 The dual space KT
Let KT be the complex vector space
K= spanc {WrT(vl, .o UR): V1,...,UR € IC} - (C[:L‘%]

The space K is a space of quasi-polynomials by Lemma 5.3. The spaces K and K are dual
with respect to the pairing

(): KIxK—=C

defined by
(vl,WrT(vg, . UR+1)) = Wrl (v, va, ... yURY1)-

Given any basis (u;(2)) ! of K there is a basis (W;(z)) ! of Kt defined by
Wi = Wrl(ur, ..., %, ..., ups1) € KT, 1=1,...,R+1,

where u; denotes omission. We have

(ui,Wj) =0 if 4 75], (UZ,WZ) 75 0.

Let dJ{ > > dEH be the numbers given by

dTR+1 = —<A—AOO,ER+1>, dL = _<A_(SR"'sk)'A007€R+1>7 kZl,...,R,
cf. (5.3). We have

di =dh + (Ao +paf +-+ak), k=1,...,R, (5.12)
by an argument as for Lemma 5.1.

Lemma 5.11. Let (ul(a:))f%:ll be a special basis of K. Then deg W), = d;, k=1,...,R+1, and
the basis (Wk)kR;Lll is decomposable.

Proof. From A — Ay, € Zso[ai]ier we have 0 = (A — Ao, (R+ 1)ery1 +af +2ay 4+ -+ (R —
1)a),_ + Ra},), and hence

(R+ 1), = (A — Ao,y +2a3 + - + Ray). (5.13)
Now
& R(R—1)
deg Wry1 = deg Wil (uy, ..., ug) = di — — —(AR- Day + - +ap_q)
=1
- R(R—-1

— (A (R—Doy + -+ ap_y)
=Rdy+ (Ao — A, (R— 1)) 4+ -+ a} ),

where we used (5.4). Hence, using (5.5), we have
(R+1)degWgy1 = R(A — Ao, RaY + (R — 1) +---+2a%,_ | +a})

—(R4+1)(A—Ax,(R—1)a +---+a) ;)
= (A~ Ay, o) +2af + -+ Ra}y)
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since R(R+1—k)—(R+1)(R—k) = k. Comparing this with (5.13) we see that dEH = deg Wgy1.
Then for the remaining Wy, we note that degWgry1 — degWy = dy, — dry1 for k =1,... R.
And by (5.4) and (5.12),

dy, — dpi1 = —(Roo + pya), + - +a}) = diy, | —dl.

Thus dL = degWy for kK = 1,..., R+ 1. Finally, since the basis (uk)kRil is decomposable and
each Tj, lies in either C[z*'] or CL‘%(C[LEil], it follows that (Wk)fill is decomposable. [

5.6 Cyclotomic points and cyclotomic self-duality

Let us fix (—1)™ := ™™ for m € Z/2. Then given a monomial ¢(z) = 2™, m € Z/2, we define
q(—z) := (—=1)™2™. We extend the transformation ¢(z) — ¢(—=z) to Laurent polynomials in 22
by linearity.

We say that K is cyclotomically self-dual if

u(z) e K & u(—z) e K.
Lemma 5.12. If K is cyclotomically self-dual then
di +drya—ir = R+ (A,a) + -+ a)), k=1,...,R+1.

Proof. If K is cyclotomically self-dual then we must have dj = d}LHQ_k, k=1,...,R+ 1.
Comparing (5.4) and (5.12) we see that this implies that

Moo +p,af +.oa)) = djyr —dy =dly,_, —dly
= (Moo +p,Qfpiqp+ -+ af), k=1,...,R,
and hence
(Ao, ) = (Aooy @Yo 1 1), kE=1,...,R.
Therefore
dk+dR+2—k:2d1+<[&00+p7a\1/+'“+aé>7 k:177R+17

and so, because the right-hand side here does not depend on k,

9 R+1
d dRio_p = —— d; k=1,... 1. 14
k+ R+2—k R+1JZ; K ’ 7R+ (5 )

Recall (5.6) and the definition (5.2) of A. Using now the fact that (A,a)) = (A,a},,_,),
i=1,..., R, we have

&t (R+1R  R+1
> di- =

J=1

Thus, given (5.14), we have the result. [
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If K is cyclotomically self-dual then there is a non-degenerate bilinear form B on K defined
by

ie.,
B(u,v) = Wrl (u,v1,...,0R), where v(—xz) = Wrl(v1,...,vR).
Let us call a tuple of quasi-polynomials y € IP(C [m%])R cyclotomic if
ye(—2) ~ ypy1-k(T), k=1,...,R.
Proposition 5.13. Let F € FL(K). If the tuple 3(F) € P(C [x%])R is cyclotomic then F is
a decomposable flag.

Proof. Let y© = B(F). To prove that F is decomposable it is enough to show that each
entry yi of this tuple lies in C[z] or in z'/2C[z]. For each k = 1,..., R we have y{ (z) =
z3ay, () +by () for some polynomials ay(x) and by (z) in z. If y” is cyclotomic then yp1_p(z) ~
yF (—z) = (=1)222ag(—z) + bp(—x) for each k. That is, apy_g(z) = (—1)2cpap(—2) and
br1-k(x) = cibi(—x) for some non-zero constants cx. But that means

1
ak(r) = (=1)2crt1-kaR+1-k(—T) = —CRri1-kCRaK(T),
bp(7) = cry1-kbr11-k(—2) = +cry1-rcrbr(),

from which we conclude that for each k at least one of ax(x) and by (z) must vanish. [ |

Theorem 5.14. Suppose S(FL(K)) contains a cyclotomic tuple. Then K is cyclotomically self-
dual.

Proof. We shall need the following identity among Wronskian determinants.

Lemma 5.15 ([15]). Given integers 0 < k < s and functions f1,..., fs+1, we have

Wr (Wr(flv--- s fs—ks - '7f87ﬁ+1)7wr(f17"‘ s fs—ks - 'afsafs+1)a-",
Wr(fla-' . afs—k7fs—k+17-" 7f8+1)) = Wr(fla- . '7f8—k‘)(wr(f17" . 7fs+1))k7

where f denotes omission.

To prove Theorem 5.14 we argue as for Theorem 6.8 in [15]. Let F € FL(K) be a full flag

in I and (ui(m))R'ﬁl a basis of K adjusted to this flag. Let y = y” be the corresponding tuple of

1=
quasi-polynomials as in (5.11), and (W;(x))f! the corresponding basis of KT as in (5.5). Then

Theorem 5.14 follows from the case k = R + 1 of the following lemma.

Lemma 5.16. If y is cyclotomic then

spanc(ui(—x), ..., up(—z)) = spanc(Wr41, Wr, ..., Wri2-k), k=1,...,R+1.
Proof. Let us prove the lemma by induction on k. For k£ =1 we have

uy(—x) = y1(—2) ~ yp(x) = Wri(u, ..., ug) = Wr1

as required. Assume the statement holds for all values up to some k. For the inductive step it
is enough to show that

Wr(ui (=), ..., up(—x), Wryi—r) =~ Wr(ui (=), ..., ur(—2), up+1(—2)). (5.15)
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Indeed, (5.15) is an inhomogeneous differential equation in Wrii_i(z) and if it holds then it
must be that Wgr1_(z) is proportional to uy41(—2x) modulo spanc(ui(—z),. .., up(—=x)), which
is sufficient given the inductive assumption.

By the inductive assumption, we have

Wr(ui (—z),...,ukx(—x), Wgiri—k)
~Wr(Wgy1,Wg, ..., Wry1-k41, WRi1-1)

= Wr (Wr(u1,. .., UR41-k—1,-- -, UR, UR}1),
WI'(Ul, <oy URH1—k—1,- - - aaRauR-i-l)? SO
~ ~R 1R ~ E+1
Wr(ul,---,UR+171<71,UR+171<,---,UR+1))/(T1R 1T2R+1 3"'T1%z—1)

= Wr(u1,...,up—k)(Wr(ui,... 7UR+1))k/(T1R_1T~2R+1_3 i 'Tll%—l) ,

the final equality by Lemma 5.15. Since Wrf(uy, ..., ugs1) = Wr(ug, ..., uR+1)/T1RT2R_1 e T}L
is a nonzero constant by Lemma 5.6 we therefore have

(i 7Y

Wr(ui(—z),...,ux(—x), Wry1—k) ~ Wr(ug, ..., urp_) T E— T
(T1 "'TR—l)
Wr(ul,...,uR_k) ~ L ~1

— _ - TE oTL

TRV-R2 FL R L Ry1-k

Now we may use again the fact that y is cyclotomic, so yx(—x) ~ yr41-x(z). In view of (5.11),
that implies

Wr(uy, ..., up—g) - Wr(U]_(_fE),...,UkJ’_l(_l’))'

FR+1—k— = = =
T + 2. .. T11%+1—1<;—2 le(—:c) ... Tkl(_x)

(5.16)

Recall that Tryi_p(z) ~ Tp(—z). Hence we have indeed that
Wr(ui (=), ..., uk(—x), Wgi1—k) ~ Wr(ui(—x), ..., ug1(—x)),
as required.

This completes the proof of Theorem 5.14.

Given a subspace U C K, let
Ut :={vek: B(u,v)=0forall uec U}
denote its orthogonal complement in K with respect to the bilinear form B. Recall that a full
flag F={0=FyCF, C F, C--- C Fp C Fpy1 = K} € FL(K) is called isotropic with respect
to Bif Fjy = Fg,_, for k=1,...,R.
Theorem 5.17. Suppose K is cyclotomically self-dual. A full flag F € FL(K) is isotropic if

and only if the associated tuple y” is cyclotomic.

Proof. Let (u;(z))! be a basis of K adjusted to F, so that we have (5.11).
For the “only if” direction, suppose y” is cyclotomic. By Lemma 5.16,

Fjy = spanc(u, . . ., ug) = spanc(Wrt1(=2), ..., Wrio—k(—2)).

We also have F}%H_k = spang(ui,...,upp1-x)" = spang(Wri1(—2),..., Wrio r(—2))
by (5.5). Therefore Fj, = Fiy, | ;.

For the “if” direction, suppose F = {F}} is isotropic. Since Fj, = F }%+1—k7 and given (5.5),
we have two bases for Fj, namely (ui,...,u;) and (Wgri1(—2),..., Wria_r(—)). So to prove
that y is cyclotomic it suffices to establish the following lemma, which is the converse of
Lemma 5.16.
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Lemma 5.18. If
spanc(ui(—x), ..., up(—z)) = spanc(Wr+1, Wr, ..., Wri2-k), k=1,...,R+1,
then y s cyclotomic.

Proof. Examining the induction in the proof of Lemma 5.16, one sees that we also have, by

a similar induction, that if spanc(ui(—x),...,ux(—2)) = spanc(Wg1, Wg, ..., Wgria_y) for
each k then (5.16) must hold for each k, which says that y is cyclotomic. |
This completes the proof of Theorem 5.17. |

In view of Proposition 5.13 we have the following corollary.

Corollary 5.19. If F € FL(K) is isotropic then F is decomposable.

5.7 Witt bases and the symmetries of the bilinear form B
We say that (m)RJrl is a Witt basis of the cyclotomically self-dual space K if

Wil (ry, .o Fr oo TRy1) ~ TReo—k(—2),  k=1,...,R+1. (5.17)
The following lemma gives a useful alternative characterization of Witt bases.

Lemma 5.20. The basis (Tk)k+11 is a Witt basis if and only if
B(ri,rj) =0 whenever 14 j # R+ 2. (5.18)

ft! be as in (5.5). Then (Wi(z))Z ! and

2

Proof. Suppose (uk)kR | is a basis of K and let (Wy),

R+1

(ui(—z)) ! are two bases of KT and so u;(—x) = Z C;i;jWj(x), for some invertible matrix Cj;.
—1

We have B(u;,uj) = Z Cijk Wr' (wi, ur,u2, ..\ gy .- ups1) = (—1)71C WrT(ul, e URET)-

Hence (5.17) is equlvalent to (5.18). |

R+

Theorem 5.21. Every cyclotomically self-dual space KC has a special basis (1), which is also

Witt basis, and in which in fact
Wl (71, oo Ty oo TRe) = (—1) 78T RY2 kg o (— ), k=1,...,R+1. (5.19)

Proof. Let (uy (x))kRill be a special basis of . We may suppose that the uy(x) all have leading
coefficient 1. Let (Wk(a:))kRill be the basis of KT as in (5.5). By Lemma 5.11, deg W}, = d};. By
Lemma 5.5, we have

~ i
Wi :WrT(u17-"7uk7'--7UR+1) — Dk.%'dk +oe,
where the ellipsis indicates terms of lower degree in = and where

Dp= [ (di-dj), k=1,...,R+1
1<j<i<R+1
ik, j#k
Since K is cyclotomically self-dual we must have

dp=dly o po  k=1,...,R+1,
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and
Wi = Wrl(u, ... G, ... ugy1) = Dp(—=1) 42 kup o g (—2) +--- .
Now from (5.4) we have
dyp —dy = dry2—1 — dry2—k, 1<k<I<R+1,
using which one verifies that
Dy = Dpryo, k=1,...,R+1.
Given this equality, if we set
| BF1 1
qr = ukD]f H D;m
j=1
then we have
Wil (g1, Qs arin) = (=1) 2k gpiy g (=) + -
In this way, we arrive at
Wil (g1, Qs qRe1)
R+1
(5.20)

= (—1)_dR+2*qu+2_k(—fL‘) + Z (ZR+27]'(—$)C,1, k= 1, ceey R + 1,
7j=2

for some constants c),. That is, we have

WIIT(C.ha -+-»y4qR—-1,49R, ZI\R+1) = (_1)_d1q1(_x)7

WI‘T<q17 -y qR-1, aRa QR-‘rl) = (_1)—d2q2(_1,) + C}%ql(—l’),
WTT(QL ... 7ZJ\R717 4dR, QR+1) = (_1)7d3(J3(_x) + C%—E—IQQ(_$) + 0}271Q1(_$)a

so that

WTT(Tl,T%%, - -yqR-1,qR,qR+1) = (*1)_d17”1(*$)»

err(rla r2,43,...,4qR-1, CIAR7 qR+1) = (_1)—d27~2(_$),

Wil (71,79, 43, - -+, GR-1,qRs QR +1) = (—1) " Bqa(—x) + Eh_179(—) + Eh_171(—2),

for some new constants éfg, and we then define

(—1)%rg == (—1)"®qy + h_y72 + CR_q71,

and so on. By an obvious induction, we arrive at a Witt basis (rj )}

i—1 - By construction

degry = dj. Finally, note in (5.20) that c,]C can be non-zero only when dy — d; € Z since both

sides lie in either C[z] or x%(C[x] Therefore this Witt basis (ry);; is special.
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Lemma 5.22. Let (rk)kRIll be the Witt basis of Theorem 5.21. Then Wrf(ry,... rpi1) = 1.

Proof. We have

R+1 L REYL
WIIT(Cha s 7QR+1) = WrT(uh ) uRJrl) H D/i H D] we
k=1 j=1
R+1
= WrT(ul, ey uR+1) H Dk A1
k=1
But then noting that
R+1
H Dy = H (d; — dj)Ril
k=1 1<j<i<R+1
and recalling Lemma 5.6, one finds
WrT(QL o 7QR+1) =1
and hence the result. n

Theorem 5.23. The subspaces Ksp and Ko are mutually orthogonal with respect to B. The
bilinear form B is skew-symmetric on Ksp, and symmetric on Ko.

Proof. Let (rk)kR:f be the special Witt basis constructed in Theorem 5.21. From (5.19) and
Lemma 5.22, we have

B(Tka TR+2—/€) = (_1)dR+2_k+k+17 k=1,...,R+1, (52]‘)

and B(rj,r;) = 0if i + j # R+ 2. This implies in particular that ICgp, and Ko are mutually
orthogonal. By Lemma 5.12 it also gives

B(r,Trya k) B(rrya_p, i) = (—1)Med+taq) k=1,...,R+ 1

Recall the definition of A, (5.2). Now (As 4+ oAg,af + -+ + a)) € 2Z for each s =1,..., N,
since Ag is integral. Therefore it follows from (5.1) that

27+ 1, >0,
(Aaf +-tafyed2th P
27, p=0.
Consider the case p > 0. Then we have
B(Tk,’I"R+2_k)B(7“R+2_k,’I“k) = -1, k=1,...,R+ 1. (5.22)

Recall from (5.7) that degry and degrgrio_ are both half odd integers if k = p+1,..., R+
1 — p, and are integers otherwise. Hence, by (5.21), B(rg,"ryo—k) and B(rria—k, %) lie in
{(—1)%, (—1)_%} ifk=p+1,...,R+1—pandin {1, -1} otherwise. Combining this statement
with (5.22) we find

—B(TR+2_k,Tk), k=1,....p,R+2—p,...,R+1,
B(rg, rRy2—k) =
—i—B(?“RJrQ,k,T'k), kzp—i-l,...,R—i—l—p,

which is the required result.
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Finally, consider the case p = 0. Then
B(rk,"Ryo—k)B(rgyo—k,mk) = 1, k=1,...,R+1,
and since in this case degry is integral for all k, this implies
B(rk,rry2-k) = B(rry2-k,76),  k=1,...,R+1
as required. [
The following are corollaries of Theorem 5.23 together with Lemma 5.20.
Corollary 5.24. Fvery Witt basis (rk)R+ of K is decomposable.
A basis () of K such that
Bij := B(ri,7;) = dr42—i;bi
with
(—1)k, k=1,...,p,
b =1 +1, k=p+1,...,R+1—p,
(- E=R+2-p,...,R+1
is called a reduced Witt basis. By Lemma 5.20, reduced Witt bases are Witt bases.

Corollary 5.25. Any Witt basis can be transformed to a reduced Witt basis by a suitable diagonal
transformation followed by a suitable permutation of the basis vectors.

Corollary 5.26. For any Witt basis (Tk)R'H of K, the full flag F = {F1 C F»C---C Fry1 =K}
given by Fj, = spanc(ri,...,r5), k = , R+ 1, is isotropic (and hence the corresponding
tuple y” is cyclotomic by Theorem 5.17).

Conversely, given any isotropic full flag F = {Fy C Fy C --- C Fry1 = K} there is a Witt
basis (T'k)kR+1 such that Fy, = spanc(r1,...,r), k=1,..., R+ 1. If in addition F is of type S
then this basis can be chosen to be a reduced Witt basis.

Lemma 5.27. The full flag F given in (5.10) is isotropic and hence the corresponding tuple y”
s cyclotomic.

Proof. We can choose the special basis (uk)R+1 defining F to be the Witt basis of Theorem 5.21.
Then the result follows from Corollary 5.26. |

5.8 Isotropic flags

Recall from Section 5.3 the notion of a symmetric subset of {1,..., R+ 1}.

Lemma 5.28. Let Q C {1,...,R + 1} be a 2p-element subset. The variety FLo(K) contains
an isotropic flag if and only if Q) is symmetric.

Lemma 5.29. If Q) is symmetric then the variety FLéj(lC) of isotropic flags is isomorphic to the
direct product of spaces of isotropic flags FL*(Ksp) x FL*(Ko) and the isomorphism of these
varieties is given by the map ng defined in (5.8).

In view of these lemmas and Theorem 5.17, we have the following description of the subspace
of all cyclotomic tuples within the image 3(FL(K)) C P(C [x%])R

Theorem 5.30. The irreducible components of the space B(FL-(K)) of all cyclotomic tuples
are labeled by symmetric subsets Q C {1,..., R+ 1}. The components do not intersect and each
is isomorphic to FL*(Ksp) x FL*(Ko).
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5.9 Infinitesimal deformation of isotropic flags of type S

The connected Lie group of endomorphisms of K preserving B acts transitively on the variety
of isotropic full flags of type @, FLé(IC), for each symmetric subset @ C {1,...,R+1}. In

particular it acts transitively on FLS%(/C), and hence on the cyclotomic tuples of polynomials
in the image B(FL&(K)) C P(C[z])". We shall describe the infinitesimal action of this group
on B(FLE(K)).

The connected Lie group of endomorphisms of K preserving B preserves each of the subspa-
ces Kgp and Ko. Thus this group is the product Sp(Ksp) x SO(Kg) of the group of special
symplectic transformations in End(Kgp,) and the group of special orthogonal transformations in
End(Ko). Its Lie algebra sp(Ksp) @ s50(Ko) consists of all traceless endomorphisms X of K such
that

B(Xwu,v) + B(u,Xv) =0
for all u,v € K.

Pick any isotropic full flag F = {F} C F; C --- C Fry1 = K} of type S. Then B(F) =y~
is a cyclotomic tuple of polynomials by Lemma 5.8. Let (rk)kRill be a reduced Witt basis such
that Fj = spanc(r1,...,7%), k=1,..., R+ 1. Such a basis exists by Corollary 5.26.

This choice of basis gives identifications Kg, = C% and Ko = CH+1=2P and hence sp (Ksp) =
5Py, and §0(Ko) = sor41-2p. The Lie algebra spy, has root system of type Cp. The Lie algebra

$0Rr11-2p has root system of type D,,_, if R = 2n —11is odd and of type B,,_, if R = 2n is even.
Let (E”)ff:ll be the basis of End(K) defined by

E; jry = 0.
The lower-triangular subalgebra of sp(Ks,) = spy, is generated by
Xk = Exy1k + Eryo kRi1-k; k=1,...,p—1,
and
Xp = ERio_pp.
When R = 2n — 1, the lower-triangular subalgebra of so(Ko) = s02,,_2, is generated by
Yi = Exyprtp—1 — Eon—p_k+1,2n—p—ks k=1,....n—p—1,

and

Yop-1:= Eripiikip-1 — Fonpki12n—p—k—1-

When R = 2n, the lower-triangular subalgebra of s0(Ko) =2 s09,—2,+1 is generated by
Zi = Epgpitp—1 — Eon—p—k+22n—p—k+1, k=1,....,n—p.

These generators define linear transformations belonging to End(Ksp,) @ End(Ko).

Remark 5.31. The Lie algebra s0(Ko) @ sp(Ksp) is contained in the simple Lie superalgeb-
ra 0sp(KC) of all orthosymplectic transformations of the space K. See [10] for the definition. It
would be interesting to understand whether this superalgebra plays a role here.



Populations of Solutions to Cyclotomic Bethe Equations 37

For any k = 1,...,p and all ¢ € C, the basis e“Xrr is again a Witt basis of . Let e*X+F
denote the corresponding isotropic flag and B(e“*+F) the corresponding tuple representing a
cyclotomic point. Let us describe the dependence on ¢ of this tuple.

For k=1,...,p— 1, we have

e Xbp = (11, TR 1, Th F CT Rty Thtls - - - > TRJos TRAL—k & CTRA2— k> TRA2—k» - - - TRA1)
and hence

B(ECXk}-) = (yf, i .,y,il,yk(x,c),y,fﬂ, e aynj@rﬂfkayRJrl—k(x» C)ayl];+2fk’ . '7y}72:+1)7
where

yr(x,c) == WrT(rl, e Th—1, TR+ CTEy1) = y,z,E + cWrT(rl, e Th—1,Tkt1) (5.23a)
and

Yrs1—k(@,c) = Wil (r, ... 1Rk, "Ry1—k + CTRI2—1)

= y§+1—k + Wl (r, o PRk TR ) (5.23b)

Finally (for k = p) we have

eCXpr = (T17 <o Tp—1,Tp + CTR+2—py Tp+1, - - - 7TR+1)
and hence
X F F F F
6( c pf) (yl ’ "7yp—1)yp($)0)7yp+1)"'7"'7yR+1)7
yp(x,c) =W i (ry, ... JTp—1,Tp + CTRy2—p) = ypf + e Wrl(ry, ... Tp—15TR+2—p)- (5.24)

The flows in P(C[z])® corresponding to the generators of s0(Ko) can be described similarly.

5.10 Populations of cyclotomic critical points in type A

Recall the definition of the extended master function ®, (2.8). In the setting of the present
section (see Section 5.1) it has the explicit form

N N
O(t;c;2; A M) = > (Ao, Ay)(log(—2) +log(z:)) + Y (Ai, Aps1—;) log 2z
i=1 i=1
+ Z (Ai, Aj)log(z — z5) + Z (ARs1-i,Aj)log(—2 — z;)
1<i<j<n 1<i<j<n
+ Y (Mg, Agpi—j)log(zi + 2)
1<i<j<n

+ Z AR+1 Z7AR+1 j)log 21+zj Z ])7A0 log( )

1<i<j<n J=1
N m N m
— Z Z(O[C( i) A; )log Z Z Oc(j)s AR+1 ,L) 10g(t + Zl)
i=1 j=1 i=1 j=1
+ Y (o) o)) log(ti — t5) (5.25)
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and the critical point equations (2.9) become

N N
(ac(j), M) (ac(jys ARt1-4)
L T e

',A m )9 7
yocipto) smloepoan) iy (5.26)

t; =t
i#]

Given a tuple of polynomials y € P(C[z])¥®, we have the pair (¢,c) € C™ x I™ represented
by y in the sense of Section 4.2. We say the tuple y represents a critical point of diftisa
critical point of </15(t; c;z; A N\y), i.e., if (¢, c) satisfy the equations (5.26).

The following theorem says that we can go from cyclotomic critical points of the extended
master function 5, (5.25), to decomposable cyclotomically self-dual vector spaces of quasi-
polynomials.

Theorem 5.32. Suppose y € P(C[z])® represents a cyclotomic critical point of D, (5.25).

The kernel ker D(y) of the fundamental differential operator D(y), Section 5.4, is a decom-
posable cyclotomically self-dual vector space of quasi-polynomials with frame Ty, ..., Tr: Moo
where Aoy is the unique dominant weight in the orbit of Aso(y), (4.10), under the shifted action
of the Weyl group of type AR.

There exists an isotropic flag F € FL&(ker D(y)) such that y = B(F).

Proof. Arguing as in [15] - see especially Lemma 5.10 — we have that ker D(y) is a vector space

of quasi-polynomials with frame 71, ..., Tgr; Ao, and that the flag F € FL(ker(D(y))) such that
(itlek) | i << R

B(F) = y can be constructed as follows. Define quasi-polynomials y;

recursively by

k ~ it Lk = (it 1,k .
Wr(y](g )7yk) = yk’—lTk’yk-i-la Wr(yrglz )7y1) = yzfszyfﬁ )7 1<k
(recall we set yo = yry1 = 1 for convenience). Set u; = y; and uy = y%l"”’k_l) for k =

2,...,R+1. Then (uk),fill is a basis of ker D(y). Moreover WrT(ul, e ug) =Yk, k=1,...,R.
That is, B(F) = y for the flag F = {F}} given by F}, = spanc(u1,...,ug), k =1,..., R+1. Since
y is cyclotomic, Theorem 5.14 states that ker D(y) is cyclotomically self-dual. By Lemma 5.9,
F is a decomposable flag of type S, and by Theorem 5.17 it is isotropic. |

Conversely, we have the following, arguing as in Lemmas 3.1, 3.2 and 5.15 in [15] and using

Theorem 5.17.

Theorem 5.33. Let IC be a decomposable cyclotomically self-dual vector space of quasi-polyno-
mials with frame Tt ..., Tr; Aso.

Suppose there exists an isotropic flag F € FLé(IC) such that the tuple y” is generic. Then y”
represents a cyclotomic critical point of (TD, (5.25).

Since being generic is an open condition, the set of generic tuples in the image B(FL&(K)) is
either empty or it is open and dense in B(FLE(K)).

Starting from an initial tuple y that represents a cyclotomic critical point of </IS, (5.25), we
may let I = ker D(y) as in Theorem 5.32. Then we have the variety

B(FLg(K)) = FL*(Ksp) x FL*(Ko), (5.27)

where the isomorphism is by Theorem 5.30. Almost all of the tuples in 8(FL3(K)) are generic
and hence represent cyclotomic critical points of ®. Call this variety 8(FL%(K)) C P(C[z])® the
cyclotomic population originated at y.
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5.11 The case p=n

Consider the case p =n in (5.1). Namely, suppose that we are either in

e type Ag,—1 with Ay integral and (Ag, «,) odd, or
o type Agy, with (Ao, ;) € Z for all i < n and (Ao, ) € %(2220 —-1) = {—%, %, %, )

Then Ag obeys the assumptions from Section 4.1 and so we are in the setting of Section 4. That
means we have two notions of a cyclotomic population: the one in the previous subsection, and
the one in Section 4.7. Let us show that these two notions coincide.

Theorem 5.34. Let p = n in (5.1). Let y represent a cyclotomic critical point of the ex-
tended master function ® of (5.25). Then the variety B(FLﬁ(lC)) is isomorphic to the variety of
isotropic full flags in a complex symplectic vector space of dimension 2n. The cyclotomic popula-
tion in P(C[x])® originated at y in the sense of Section 4.7 coincides with this variety B(FLE(K)).

Proof. When p = n we have either Ko = {0}, if R=2n—1, or Ko 2 C, if R = 2n. In either
case FL*(Ko) is a point, and (5.27) reduces to

B(FL5(K)) = FL*(Ksp),

ie., S (FL§(/C)) is isomorphic to the variety of isotropic full flags in the vector space Kg, = C?"
endowed with the symplectic form B,

Starting from any such isotropic full flag, F € FLﬁ(IC), we choose a reduced Witt basis
adapted to F (Corollary 5.26). Then every other flag in FLZ(K) can be reached by an element of
the lower-triangular (as in Section 5.9) unipotent subgroup of Sp,,,. This subgroup is generated
by the one-parameter groups corresponding to negative simple root generators X of Section 5.9.
Lemmas 5.35 and 5.36 below show that the flows in 3(FL$(K)) generated by the Xj, coincide
with notion of cyclotomic generation from Section 4. That shows that the set of all tuples of
polynomials obtained from y by repeated cyclotomic generation, in all directions ¢ € I, contains
a non-empty open subset of 3(FLZ(K)). Therefore it is dense in 8(FL3(K)). Hence its Zariski
closure is B(FLE(K)) itself. [

Lemma 5.35. The image f(e“X+F) € P(C[z])® coincides with the tuple y*)(1/c) of Theo-
rem 4.6, for every k =1,...,n—1 (and also for k = n when we are in type Ap = Agp_1).

Proof. It is enough to note that, in view of (5.23) and Lemma 5.15, we have
Wr(ylz-—? yk(xa C)) = CTkykf—lyl{—&-lv
WE(Yfos1 o Y415 (25 €)) = TR 1Y B kYt u
It remains to consider the case k = n in type Aogy,.

Lemma 5.36. In type As,, the image B(e~*» F) € P(C[x])*" coincides with the tuple y™)(1/c)
of Theorem 4.20.

Proof. We have (5.24) with p = n. Namely,

cX
e = (11, o, Pe1,Tn F+ T2, Tnds Tt 2y - - 5 T204+1)

and hence

/8(6CX7LF) = (y{:) "’yr{,_;hyn(xvc))yn+1(xuc)7y7{+27"‘7y2]:n+1)7
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where

yn(x,C) := WrT(rl, ey T, Tn + CTpg2) = y,f + cWrT(rl, ey 1, Tnt2)
and

Yn+1(z, ) = WI“T(’Fl, ey Tp—1,Tn + CTpt2, Tnt1) = %{:-1-1 + cWrT(rl, e Tl Tn42, Tnt1)-
Now let

yT(ln) = Wrl(ry, . a1, Pgn).
Then by Lemma 5.15 we have

Wr (yqf, %(zn)) = Tnyqf—lyfﬂa
Wr (ynf—i—laynJrl(x?C)) = —CTn+1y7(1n)yf+27

Wr (ygn)ayn('% C)) = Tnyn—lyn-‘rl(xa C)~

This establishes the lemma. [ |

Acknowledgments

The research of AV is supported in part by NSF grant DMS-1362924. CY is grateful to the
Department of Mathematics at UNC Chapel Hill for hospitality during a visit in October 2014
when this work was initiated. CY thanks Benoit Vicedo for valuable discussions.

References

[1] Babujian H.M., Flume R., Off-shell Bethe ansatz equation for Gaudin magnets and solutions of Knizhnik—
Zamolodchikov equations, Modern Phys. Lett. A 9 (1994), 2029-2039, hep-th/9310110.

[2] Brochier A., A Kohno-Drinfeld theorem for the monodromy of cyclotomic KZ connections, Comm. Math.
Phys. 311 (2012), 55-96, arXiv:1011.4285.

[3] Crampé N., Young C.A.S., Integrable models from twisted half-loop algebras, J. Phys. A: Math. Theor. 40
(2007), 5491-5509, math-ph/0609057.

[4] Enriquez B., Quasi-reflection algebras and cyclotomic associators, Selecta Math. (N.S.) 13 (2007), 391-463,
math.QA /0408035.

[5] Feigin B., Frenkel E., Reshetikhin N., Gaudin model, Bethe ansatz and critical level, Comm. Math. Phys.
166 (1994), 27-62, hep-th/9402022.

[6] Frenkel E., Gaudin model and opers, in Infinite dimensional algebras and quantum integrable systems,
Progr. Math., Vol. 237, Birkh&user, Basel, 2005, 1-58, math.QA /0407524.

[7] Fuchs J., Schellekens B., Schweigert C., From Dynkin diagram symmetries to fixed point structures, Comm.
Math. Phys. 180 (1996), 39-97, hep-th/9506135.

[8] Gaudin M., Diagonalisation d’une classe d’'Hamiltoniens de spin, J. Physique 37 (1976), 1089-1098.

[9] Gaudin M., La fonction d’onde de Bethe, Collection du Commissariat & I’Energie Atomique: Série Scien-
tifique, Masson, Paris, 1983.

[10] Kac V.G., A sketch of Lie superalgebra theory, Comm. Math. Phys. 53 (1977), 31-64.
1] Kac V.G., Infinite-dimensional Lie algebras, 3rd ed., Cambridge University Press, Cambridge, 1990.

[12] Kagan D., Young C.A.S., Conformal sigma models on supercoset targets, Nuclear Phys. B 745 (2006),
109-122, hep-th/0512250.

[13] Mukhin E., Tarasov V., Varchenko A., Bethe eigenvectors of higher transfer matrices, J. Stat. Mech. Theory
Ezp. 2006 (2006), P08002, 44 pages, math.QA /0605015.


http://dx.doi.org/10.1142/S0217732394001891
http://arxiv.org/abs/hep-th/9310110
http://dx.doi.org/10.1007/s00220-012-1424-0
http://dx.doi.org/10.1007/s00220-012-1424-0
http://arxiv.org/abs/1011.4285
http://dx.doi.org/10.1088/1751-8113/40/21/003
http://arxiv.org/abs/math-ph/0609057
http://dx.doi.org/10.1007/s00029-007-0048-2
http://arxiv.org/abs/math.QA/0408035
http://dx.doi.org/10.1007/BF02099300
http://arxiv.org/abs/hep-th/9402022
http://dx.doi.org/10.1007/3-7643-7341-5_1
http://arxiv.org/abs/math.QA/0407524
http://dx.doi.org/10.1007/BF02101182
http://dx.doi.org/10.1007/BF02101182
http://arxiv.org/abs/hep-th/9506135
http://dx.doi.org/10.1051/jphys:0197600370100108700
http://dx.doi.org/10.1007/BF01609166
http://dx.doi.org/10.1017/CBO9780511626234
http://dx.doi.org/10.1016/j.nuclphysb.2006.02.027
http://arxiv.org/abs/hep-th/0512250
http://dx.doi.org/10.1088/1742-5468/2006/08/P08002
http://dx.doi.org/10.1088/1742-5468/2006/08/P08002
http://arxiv.org/abs/math.QA/0605015

Populations of Solutions to Cyclotomic Bethe Equations 41

(14]

R RS2

Mukhin E.; Varchenko A., Remarks on critical points of phase functions and norms of Bethe vectors,
in Arrangements — Tokyo 1998, Adv. Stud. Pure Math., Vol. 27, Kinokuniya, Tokyo, 2000, 239-246,
math.RT/9810087.

Mukhin E., Varchenko A., Critical points of master functions and flag varieties, Commun. Contemp. Math.
6 (2004), 111-163, math.QA /0209017.

Mukhin E., Varchenko A., Miura opers and critical points of master functions, Cent. Fur. J. Math. 3 (2005),
155-182, math.QA /0312406.

Mukhin E., Varchenko A., Quasi-polynomials and the Bethe ansatz, in Groups, Homotopy and Configuration
Spaces, Geom. Topol. Monogr., Vol. 13, Geom. Topol. Publ., Coventry, 2008, 385-420, math.QA /0604048.

Reshetikhin N., Varchenko A., Quasiclassical asymptotics of solutions to the KZ equations, in Geometry,
Topology, & Physics, Conf. Proc. Lecture Notes Geom. Topology, Vol. 4, Int. Press, Cambridge, MA, 1995,
293-322, hep-th/9402126.

Schechtman V.V., Varchenko A.N., Arrangements of hyperplanes and Lie algebra homology, Invent. Math.
106 (1991), 139-194.

Scherbak I., Varchenko A., Critical points of functions, slo representations, and Fuchsian differential equa-
tions with only univalued solutions, Mosc. Math. J. 3 (2003), 621-645, math.QA /0112269.

Skrypnyk T., Integrable quantum spin chains, non-skew symmetric r-matrices and quasigraded Lie algebras,
J. Geom. Phys. 57 (2006), 53-67.

Skrypnyk T., “Zs-graded” Gaudin models and analytical Bethe ansatz, Nuclear Phys. B 870 (2013), 495
529.

Varagnolo M., Vasserot E., Cyclotomic double affine Hecke algebras and affine parabolic category O, Adv.
Math. 225 (2010), 1523-1588, arXiv:0810.5000.

Varchenko A., Bethe ansatz for arrangements of hyperplanes and the Gaudin model, Mosc. Math. J. 6
(2006), 195-210, math.QA /0408001.

Varchenko A., Quantum integrable model of an arrangement of hyperplanes, SIGMA 7 (2011), 032, 55 pages,
arXiv:1001.4553.

Vicedo B., Young C.A.S., Cyclotomic Gaudin models: construction and Bethe ansatz, arXiv:1409.6937.
Vicedo B., Young C.A.S., Vertex Lie algebras and cyclotomic coinvariants, arXiv:1410.7664.
Young C.A.S., Flat currents, Z., gradings and coset space actions, Phys. Lett. B 632 (2006), 559-565.


http://arxiv.org/abs/math.RT/9810087
http://dx.doi.org/10.1142/S0219199704001288
http://arxiv.org/abs/math.QA/0209017
http://dx.doi.org/10.2478/BF02479193
http://arxiv.org/abs/math.QA/0312406
http://dx.doi.org/10.2140/gtm.2008.13.385
http://arxiv.org/abs/math.QA/0604048
http://arxiv.org/abs/hep-th/9402126
http://dx.doi.org/10.1007/BF01243909
http://arxiv.org/abs/math.QA/0112269
http://dx.doi.org/10.1016/j.geomphys.2006.02.002
http://dx.doi.org/10.1016/j.nuclphysb.2013.01.013
http://dx.doi.org/10.1016/j.aim.2010.03.028
http://dx.doi.org/10.1016/j.aim.2010.03.028
http://arxiv.org/abs/0810.5000
http://arxiv.org/abs/math.QA/0408001
http://dx.doi.org/10.3842/SIGMA.2011.032
http://arxiv.org/abs/1001.4553
http://arxiv.org/abs/1409.6937
http://arxiv.org/abs/1410.7664
http://dx.doi.org/10.1016/j.physletb.2005.10.090

	1 Introduction
	2 Master functions and cyclotomic symmetry
	2.1 Kac–Moody algebras
	2.2 Diagram automorphism
	2.3 The linking condition and the folded diagram
	2.4 The cyclotomic master function
	2.5 The extended master function

	3 Gaudin models and the Bethe ansatz equations
	4 Cyclotomic generation procedure
	4.1 Conditions on 0
	4.2 Tuples of polynomials
	4.3 Elementary generation: the Li=1 case
	4.4 Cyclotomic generation: the Li=1 case
	4.5 Elementary generation: the Li=2 case
	4.6 Cyclotomic generation: the Li=2 case
	4.7 Definition of the cyclotomic population

	5 The case of type AR: vector spaces of quasi-polynomials
	5.1 Type A data
	5.2 Vector spaces of quasi-polynomials
	5.3  Flags in K
	5.4 Fundamental differential operator and the recovery theorem
	5.5 The dual space K†
	5.6 Cyclotomic points and cyclotomic self-duality
	5.7 Witt bases and the symmetries of the bilinear form B
	5.8 Isotropic flags
	5.9 Infinitesimal deformation of isotropic flags of type S
	5.10 Populations of cyclotomic critical points in type A
	5.11 The case p=n

	References

