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1 Introduction

Let {pn} be a sequence of complex numbers and £: Clz] — C be a linear functional defined by
L(z™) = fin, n=0,1,....

Then, L is called the moment functional determined by the formal moment sequence {y,}. The
number p, is called the moment of order n. The task of finding an explicit representation for
the functional £ is called a moment problem [1, 24, 32].

A sequence {II,,(z)} C C[z], with deg(Il,,) = n is called an orthogonal polynomial sequence
with respect to £ provided that [4]

L(11,1L,,,) = Kndpm, n,m=20,1,...,

where K,, # 0 and 4y, ,, is Kronecker’s delta.
The moments play a fundamental role in the theory of orthogonal polynomials since, among
other results, we have the determinantal representation

Ho 25 Hn
L e |
Hp(z) =Cpn| - s : )
Hn—-1 Hn - H2n—1
1 T e "

for some normalization constant C,, # 0, with

Ko M1 Un
L 1 N
) ) i n #0, n=0,1,....
Hn Hn+1 - Han
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Given their importance, it is very striking that they are not explicitly listed in the standard
books on orthogonal polynomials, or even in encyclopedic texts such as [23]. In fact, the only
place where we found a comprehensive enumeration of the moments of classical orthogonal
polynomials was the recent article [28], based on the results obtained in the Ph.D. Thesis of the
first author [27]'.

In this paper, we focus our attention on linear functionals defined by

L(f) = f(@)p(x:d,5,c), (1)
=0
where the weight function p(z; @, A, ¢) is of the form
-z (@)z
r;a,pB,c) = ——————, 2

with
(@)z = (1)e(02)z - - (ap)am (B"“ De=(B1+1)z(B2+1)g-- (Bq + 1),

and (a), denotes the Pochhammer symbol (also called shifted or rising factorial) defined by [29,
(5.2.4)]

(a)o =1, (a)y =ala+1)---(a+z—1), z €N,
or by

I'(a+ )
I'(a)

and I'(z) is the Gamma function. Unless stated otherwise, we always assume that

(a)z = a+zx#0,—1,...,

Bi > —1, 1 <4 <gq,
and we will use the notation

0_22051,0(1,...,051,, 5+1:ﬂ1+1,ﬂg+1,...,,8q+1.

Note that we have

pla;d@,f.c)  n()
p(x; a, 3, ¢) olx+ 1)’
with
() =x(x+f1)(x+ B2) - (x+5y),  nx)=clz+ar)(z+a) (v +ap). (3)

Hence, the weight function p(z; @, 5, ¢) satisfies the Pearson equation (see [30] or [31, (6.3)])

A(gp) = (n — d)p,

where

Af(x) = flz+1) = f(x)

We thank one of the referees for stressing this fact.
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is the forward difference operator. If we define s by

s = max { deg(¢) — 2,deg(¢ —n) — 1},

the sequence of polynomials orthogonal with respect to L is called semiclassical of class s [18, 25].
Weight functions of the form (2) are also related to discrete probability distributions (Pois-
son, Pascal, binomial, hypergeometric, etc.) [21]2. The Generalized Hypergeometric probability
distributions were studied by Adrienne W. Kemp in her Ph.D. Thesis [22]3. An excellent re-
ference outlining the connections between the theory of probability and orthogonal polynomials
is [31].
In [5], it was pointed out that since

= Zx”p(m;d’,g, c), (4)
=0

one has
,un+1 Zx CUP Z; 057/85 ) 29/14”(0), (5)

where the differential operator ) is defined by [29, (16.8.2)]

07(e) = e (6)

Successive applications of (5) give
Hn = 19”,”07

and it follows that the first moment pp determines the whole sequence {u,}. If we use the
operational formula [26]

kE n n kdk
? _Z{k}c s
k=0
we have
B " (n kdk,ug
_kzzo{k}c dck’ (7)

where {}} denote the Stirling numbers of the second kind defined by [29, (26.8)]

(- L5

From (2), we have

(e%S) N

=2l fie) = F, [g»; } (9)

where ,F, is the generalized hypergeometric function [29, (16.2.1)]. Depending on the values
of p and ¢, we have to consider three different cases:

2We thank one of the editors for suggesting this reference.
3Unfortunately, we haven’t been able to obtain a copy of it.
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1. If p < g+ 1, po(c) is an entire function of c.
2. If p=gq+1, po(c) is analytic inside the unit disk |¢| < 1.

3. If p > q+ 1, the series (9) diverges for ¢ # 0, unless one or more of the top parameters «;
is a negative integer. If we take @ = —N, with N € N, then po(c) becomes a polynomial
of degree N.

Using the formula [29, (16.3.1)]

dn a (@)n a+n
Fy | = = F, |- 5 )
den P71 [b’c} (b)n pra {b +n C]

in (7), we have

() = Z{Z}kwﬁ)’{)ﬂ T (10)

k=0

Although (10) seems to give an explicit formula for the moments, this type of sums (to our
knowledge) can’t be evaluated in closed form.
An alternative is to consider generalized moments, defined by [2]
Vn = E(‘Pn);

where {¢,} C C[z], with deg(y,) = n. Choosing?

on(x) = (x —n+ 1)y,

we get
Z B (@)y (@)k 607 +k

Since [29, (26.8.10)]

xnzé{Z}($—k+1)k, (11)
we have

pnle) = L") = ; {1}z - k: {thnio,

and we recover (10).
In a series of papers [7, 8, 10, 13, 14, 16], we studied polynomial solutions of differential-
difference equations of the form

Ppi1(z) = An(2)Py(x) + Bp(2)Pa(z), 1 >0, (12)

where Py(xz) = 1, and A, (z), By,(z) are polynomials of degree at most 2 and 1 respectively.
In this article, we consider some extensions of (12) to the multidimensional case, with P, (x)
replaced by a vector P,(z), and B, (z) replaced by a matrix B, (z).

4As suggested by one of the anonymous referees.
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In [19] and [20], it was shown that some families of orthogonal polynomials can be represented
as moments of probability measures. In this work, we do the opposite and express the mo-
ments i, (c) in terms of some polynomials P, (c).

The paper is organized as follows: in Section 2, we derive a differential-difference equation
for the polynomials P,(c) associated to the moments p,(c). We also find formulas for the
exponential generating functions and Stieltjes transforms of u,(c) and P, (¢). In Section 3,
we apply our results to most of the families of discrete semiclassical orthogonal polynomials of
class 1 studied in [15], except for limiting and ¢ = 1 cases. Finally, in Section 4, we outline some
conclusions and possible future directions.

2 Main results
The function puo(c) satisfies the differential equation [29, (16.8.3)]

[9(9+ B1) -+ (0 + By) — c(¥ + ar) -+ (I + ap) ] j1o = 0, (13)

where ¥ was defined in (6). We can rewrite the ODE (13) as
q
91+ = Zok(cw’“uo, q>p—1,
(1— )97y = Zak ) o,  g=p-—1, (14)

9Py = Zak(cwkuo, qg<p-1,

where the coefficients oy (c) are linear functions of c.
Introducing the quantities

to(c)
fi(c) = m:(c) , §=max{p—1,4q},
pe(c)

and

(1,0), q+1>np,
()‘77—) = (L_l)a q+1 =D,
0,1), q+1<np,

we can rewrite (14) as

A+ eT)petr = Zak

If we define the (£ + 1) x (£ 4+ 1) matrix M(c) by

oj,  i=E+1, 0<j<E
Mij=<{ A+er, j=i+1, 0<i<&—1,

0, otherwise,
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we get
M= (A+cr)df. (15)
We can now state our main result.

Proposition 1. Let the (§ + 1)-vector polynomials ﬁn(c) be defined by

1

. 0

Boe)= | (16)
0

and
— dﬁn T >3
Pros = Ot en) 0 4 (T ) By m= 0 1
c

where I is the (§ + 1) x (§ + 1) identity matriz. Then,

pn(c) = (A+er)™ ) - fi(e), n=0,1,.... (18)

Palc
Proof. Using (15) and (17),

we have

Py -ji=(\+cr)9P, -ﬁ—l—(MT—nTcI)]Sn-ﬁ
= A+ cr)0P, - i+ P, - (M — nrcl)ji
= A+ cn)0P, - i+ P, - (A + ¢7)0ji — nreP, - fi.

Multiplying by (A + c7)™"~! we get

A+er) " Py fi=A+er) P, - i+ Py - A+ er) i — nre(A+er) "B, - i

—

=J[(A+ecr) Py }
Thus, the sequence
rm=M+er) P, i
satisfies the recurrence r, 1 = 9r, with initial condition
ro =Py i = po.
From (5), we conclude that r, = up. [
2.1 Generating functions

Let’s consider the exponential generating function for the moments, defined by the formal power
series

o n
w
= E fin(c) N
n=0 ’
Given that

/
[n41 = Cliy,
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we have [33]

9G, _ 0G,

ow oc’

with general solution
Gu(c,w) = H (ce")
for some function H(w). But since
G(c,0) = po(c),
we conclude that
Gu(c,w) = po(ce®). (19)

Using (18), we see that the exponential generating function for the polynomials B, (c)

o0 wn
Gp(c,w) = an(c)ﬁ
n=0
satisfies

Gule, A+ Te)w) = Gple, w) - fi(c),

or, using (19),

Gp(c,w) - fi(c) = po (ce(’HTc)w). (20)

2.2 Stieltjes transform

A different type of generating function for the moments that is very important in the theory of
orthogonal polynomials is the Stieltjes transform (or Z transform), that can be defined by the
formal Laurent series

Su(c,2) = — fin(c)

Zn-i—l '
n=0
We have
S ( )_ — ,un(c) _ = :u‘n+1(c) _1 — MnJrl(c) _1 ( )+ = /Ln+1(C)
p\6 %) = ol otz ol | Mo\ ol |
n=0 n=—1 n=-—1 n=0
Hence,
— fint1(c)
+1
Z’TH'I = ZS,LL(Cv Z) - :UO(C) (21)
n=0

and using (5), we get
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From (4), we have

S,u(()v Z) = ;

and solving (22) we obtain

2 (€ po(z) " po(et)
Su(c,z) = —c /0 ol dr = —/0 s dt.

Using the recurrence relation for the Gamma function, we can write

_/1 uo(ct)dt _ 1 INOE- /1 ,u,o(ct)dt
0 0 7

7+l zD(D)T(—=2) =+l

and therefore

1 —z, &
S, = TonFun || 4 e (23)

where we have used the integral representation [29, (16.5.2)]

Bo, B} F(ao)l“(ﬁo_ao)/ot (1 =)0y Fy ﬁct dt.

We derived (23) in [12] using a different approach.
If we define the Stieltjes transform of P,(c) by

o =
P,

C Z Z Z7l+1 ’

then it follows from (18) that

s (e ) = Selen) )

p+1Fg+1 [

A+ TC A+ TC
or
- 1 o
Sp(c,z) - fi(e) = ~ pr1Fgm ’\+TC’ (24)
p ! 1= )\+7'c’ B + 1
3 Examples

In [15] we studied all families of semiclassical polynomials of class s < 1 orthogonal with respect
o (1). When s = 0, we have three canonical cases (the discrete classical polynomials):

deg(n) | deg(¢)
0 1 Charlier
1 1 Meixner
2 2 Hahn

where ¢(z) and n(z) were defined in (3). These polynomials are associated with the Poisson,
Pascal, and hypergeometric probability distributions, and results about their moments have
appeared in many places before (see [21], for instance).
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In [28], the authors used (11) and inversion formulas of the form

n

(r—n+1), chka

k=0

to derive expressions for the moments and exponential generating functions of the discrete
classical polynomials. Stieltjes’ transforms were not considered.
When s = 1, we obtained five cases:

deg(n) | deg(¢)

generalized Charlier
generalized Meixner
generalized Krawtchouk
generalized Hahn of type I
generalized Hahn of type II

WIN| N =D
WIN| | N N

The moments of these polynomials have not (to our knowledge) been studied before.

3.1 Charlier
The Charlier polynomials [29, (18.20.8)]

n—z 1
Cn(x;c):2F0< " m;—>

— c
are orthogonal with respect to the weight function [6]
po(z) = — c>0.
In this case, we have
po(c) = olp [:;C] = e,
and hence
£E=0, (A7) =(1,0).
From (13) we see that uo(c) satisfies the ODE

(7‘9 - C)/'LO = 07

which implies 1 = cpp. Thus, og(c) = ¢, and Proposition 1 gives

fin(€) = Pa(©)pol),
with P,(c) defined by Py(c) =1 and

dp,
Pn+1 = C% + C.Pn. (25)

The polynomials satisfying (25) are known as Bell (or Touchard, or exponential) polynomials.
It is well known that they have the explicit representation [11]

Py(c) = i{g}ck (26)

k=0
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and therefore (see also [28, equation (44)])

k=0

in agreement with (10).
Using (19) and (20), we see that the generating functions of u,(c) and P,(c) are given by
(see also [28, equation (50)])

w

Gu(c,w) = po(ce®) = e,

and

3.2 Meixner
The Meixner polynomials [29, (18.20.7)]

1

M, (x50, ¢) = oFy (—n&—x; 1- C)

are orthogonal with respect to the weight function [29, (18.19)]
CI'
pum (o, c) = (a)e—, 0<e<l, a>0. (27)
x!

In this case, we have

ey = Fo || = (1=, (28)
and hence
£=0, (A7) =(1,-1).
From (13) we see that u}!(c; o) satisfies the ODE
[0 — (9 + a)]up" =0,
which implies
(1 =)’ = acud”.
Thus, o¢(c) = ac, and Proposition 1 gives
pn'(cia) = (L= ) "R (e)ug (¢ @), (29)

with PM(c) defined by P (c) = 1 and (see also [27, equation (5.68)])

M

dP,
P,]L\j[rl =c(l—c¢) dz + (a+ n)cP,f)/[. (30)

From (10), we have (see also [28, equation (43)])

) = > {1t - oo,

k=0
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and therefore
R =Y {7 banca - o (31)
k=0

Using (19) and (20), we see that the generating functions of M (c;a) and PM(c) are given
by (see also [28, equation (49)])
Gule,w) = po(ce®) = (1 —ce®) ™,

and

Gp(c,w) =

[1 — ce(l_c)w] -« 1= cell—cw -
o= - |

3.2.1 Krawtchouk polynomials

The Krawtchouk polynomials [29, (18.20.6)]
Ko(wipN) = oF, (%1
T3P,V ) = 211 N p)o

are orthogonal with respect to the weight function [9]

N
pK(:c;p,N)=<x>pw(1—p)N"’, NeN, 0<p<L

It is related to the weight function of the Meixner polynomials (27) by
—N)a (0 " p
prcasp) = (1= S0 (L) = (o (v 2 (32)
Using (32) in (28), we obtain
o) = (-9l (v ) =
and using (29) and (31), we get uX(p) = PK(p), with (see also [28, equation (42)])
- N
PEm =3"3" Ip*.
k=0
From (30) and (32), we have

K

dp,
Prfa = p(l—p) =+ NpPE.

To obtain the generating function of PX(p), we can use [29, (26.8.12)]
L (n) w” (e —1)F
Z{k}n!_ kL (33)
n=0

and we get (see also [28, equation (48)])

Gp(p,w) = [1+ (¥ —1)p]".
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3.3 Generalized Charlier

These polynomials are orthogonal with respect to the weight function [17]

1 c”
p(z; B, c) = Gri.al

In this case, we have
) =oFi |5 ye| = AT+ D1 2v0)

where Ig(z) is the modified Bessel function of the first kind [29, (10.39.9)], and hence
E=1, (A, 7) = (1,0).

From (13) we see that uo(c) satisfies the ODE
V(0 + B)po — cpo =0,

which implies

c >0, 6> —1.

ﬁ
2

po = cuo — Bu,
and therefore

oo(c) = ¢, o1(c) = —8.
Proposition 1 gives

pn(c) = Pale) - fi(c),
with P, (c) defined by (16) and

=y dﬁn O C g
P =c— P,. 34
41 =2¢C e + [1 _B] ( )
To obtain the Stieltjes transform of , let’s write
5 _ | @n(o)
Pn(c)_ [Rn(c) ’ .

From (34), we have

Qn—i—l = CQ; + CRna Rn—H = CR;L - ﬁRn + Qna
with Qo = 1, Rp = 0. Using (21), we get

ou oV
2U 5 + ¢V, 2V =c 50 BV +U. (35)
The solution of the system (35) is given by
1 1 1 1
Ule,z) = ;1F2 [1_27 _B_Z,c] ) Vic,z) = mﬂ% [1_27 1—5— ¢
In this case
— C J—
—  F . — F .
to(c) =o 1[5+1,C}, p(c) 54—10 1[5+27C}7
and since
1 1 —
EIFQ |:1—Z, _/B_Zac:| OFI |:/8+].7c:|

1 c — 1

F . F . — . F .
+z(z—|—5)1 2[1_27 1—3—50]54-10 1[5_'_270] 1 2[1_27 54_170},

we see that (24) is satisfied.
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3.4 Generalized Meixner

These polynomials are orthogonal with respect to the weight function [3]

plasan i) = S

In this case, we have

c,a >0, B> —1.

where M (a, b, c) is Kummer’s (confluent hypergeometric) function [29, (13.2.2)], and hence
£=1, (A, 7) = (1,0).

From (13) we see that uo(c) satisfies the ODE
I+ B)po — c(9 + a)uo = 0,

which implies
po = capig + (¢ — B)u1,

and therefore

Proposition 1 gives
pn(e) = Po(c) - ji(e),
with P, (c) defined by (16) and

= dpP, 0 ac | =
PnJrl—C%ﬁL |:1 C_B:| P,.

To obtain the Stieltjes transform of P,(c), let’s write

ro-[g) - wea-7E3)

From (34), we have
Qni1=cQy, +acRy,  Rup1=cR,+ (c— B)Ry + Qn,
with Qo = 1, Rp = 0. Using (21), we get
ou ov
2U —1=c—+acV, 2V=c—+(c-p)V+U.
Oc dc

If we represent the functions U, V as

Ule,z) = Zun(z)c”, Vie,z) = Zvn(z)c”,
n=0 n=0

(36)
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then (36) gives
ZUp, — Op 0 = MUy, + QVp_1, 2Up = NUp + V1 — BUn + Up. (37)

We have (assuming that u, = v, = 0 for n < 0)

1 " 1
un = —, = ——,
07 % 0 z(z+ pB)
and
up = (24 —n)vy, — vp_1. (38)

Using (38) in (37), we obtain

Zz+a—n
(z—n)(z+B—n

Up = )vn_b n=12,...,

and therefore

(=)™ (1—a-—2z2),

B e RN iy s P
From (38), it follows that
_ =y (—a—2)n _
et A (B T
Thus,
B 1 (o] > (_Oé - Z)n n
Vs = 4 St a) 2 T (B O
1 « « > (—a—2), "
Tz z(z+a) + z2(z+ ) z:;] (1= 2)p(—p— z)n(_c)
1 N o 2 LL—a—z
T zta 24P 1-2z2 B2 P
and

1 LLl1-a—-2z
V@J%242+mzﬁ[y_%1_ﬂ_f—%.

In this case
a ac a—+1
IU’O(C)_IFl |:/8+17C:|7 :u’l(c)_ilFl |:5+27C:|7

and since

1 n « 2 1, —a—=z e P « .
zta  z(zt+a) T P l-z —B—2 g+

1 1, 1-a—=z ac a+1 1 —Z, «
— O F ’ —c| —— 1 F el = —oF ’
+z(z+ﬁ)22[l—z,l—6—z’ C} { C] 2’22|: ]’

we see that (24) is satisfied.
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3.5 Generalized Krawtchouk
These polynomials are orthogonal with respect to the weight function [15]
&
p(:n;a,N,c):(a)m(—N)za, c <0, a >0, N e N.
In this case, we have
po(c) = 2Fp [a’ _N; C] =COn(—a;—c™"),
where Cy(x; u) is the Charlier polynomial [6], and hence
=1, (A, 7)=1(0,1).
From (13) we see that puo(c) satisfies the ODE
Dpo — c(¥ + a) (¥ = N)po =0,
which implies
co = aNecpg + (Ne — ac+ 1),
and therefore
oo(c) = aNe, oi1(c) = (N —a)c+1.
Proposition 1 gives
pn(c) = ¢ " Pole) - fi(c),
with P, (c) defined by (16) and
Poi1 = 62% _:c (N - aa]_\fz) et 1 P(c).
3.6 Generalized Hahn polynomials of type I
These polynomials are orthogonal with respect to the weight function [15]
pla; o, an, B;¢) = (01)s(02)a & (39)

(B D al’

where 0 < ¢ < 1, aj,as > 0, 5 > —1. In this case, we have
ple) =21 [0 el

and hence
=1, (\,7)=(1,-1).

From (13) we see that jo(c) satisfies the ODE

(0 + B)po — c(¥ + ar)(V + a)po = 0,
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which implies

(1 — )z = aragcpo + [(on + az)e — B,
and therefore

oo(c) = aqaac, o1(c) = (a1 + ag)c — B.
Proposition 1 gives

pn(c) = (1= ¢) " Pa(c) - fi(c),
with P, (c) defined by (16) and

5 dP, ne araz(l —c)e =
Pn+1 —C(l—C)%—F |:1—C (C\fl—l—OéQ—i-?’L)C—ﬁ Pn

3.7 Hahn polynomials
The Hahn polynomials [29, (18.20.5)]

Ho(; 0, B, N) = 3 (‘”’ —mnt et fl 1)

—N,a+1 ’
are orthogonal with respect to the weight function [29, (18.19)]

(a + 1)x (/B + 1)N7:E

pH(x;avﬁaN): 2! (N_x)' ’ a,ﬁé?[—N,—l], NEN;

or

o (s, B, N) = <a—;x> (ﬁ;}fi;x>

The relation between pg(z;a, 8, N) and the weight function of the generalized Hahn polyno-
mials (39) is given by

From (10), we get (see also [28, equation (41)])

“(n «@ +2+ k)N
ufzkzo{k}(wrl)k( +fN_k)!)N £

where we have used

g (a+B+2)N
Ho = NI .

To obtain the generating function of pf, we can use (33), and we get

(a+B+2)n
NI

—N, a+1

_ LR
a+ﬁ+2’1 e’ .

GMH(Z) = 21

This generating function seems not to have been considered before.

Remark 1. Except for the Bell polynomials (26), all the other families P, (c) associated to the
moments fi,,(c) seem to be new.

Remark 2. Stieltjes transforms of the generalized Krawtchouk and generalized Hahn polyno-
mials of type I have been omitted because of the complexity of the formulas.
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4 Conclusion

We have developed a technique for computing the moments of weight functions of hypergeometric
type. We have shown that the moments are linear combinations of the first £ + 1 moments with
polynomial coefficients in the parameter c. We have also constructed generating functions for
both the moments and the polynomials associated with them.

All the results in Sections 3.3-3.5 are new, and give efficient ways of computing the moments
of the discrete semiclassical polynomials of class 1. The same method can be used to find the
moments of polynomials of class s > 1.

In a previous work [16], we found the asymptotic zero distribution of polynomial families
satisfying first-order differential-recurrence relations of the form (12). It would be interesting
to know if our results could be extended to include the polynomials ﬁn(c) studied in this paper.
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