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Abstract. Multivariate orthogonal polynomials can be introduced by using a moment func-
tional defined on the linear space of polynomials in several variables with real coefficients.
We study the so-called Uvarov and Christoffel modifications obtained by adding to the mo-
ment functional a finite set of mass points, or by multiplying it times a polynomial of total
degree 2, respectively. Orthogonal polynomials associated with modified moment functio-
nals will be studied, as well as the impact of the modification in useful properties of the
orthogonal polynomials. Finally, some illustrative examples will be given.
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1 Introduction

Using a moment functional approach as in [20, 21, 22], one interesting problem in the theory of
orthogonal polynomials in one and several variables is the study of the modifications of a quasi-
definite moment functional v defined on II, the linear space of polynomials with real coefficients.
In fact, there are many works devoted to this topic since modifications of moment functionals
are underlying some well known facts, such as quasi-orthogonality, relations between adjacent
families, quadrature and cubature formulas, higher-order (partial) differential equations, etc.

In the univariate case, given a quasi-definite moment functional v defined on II, the (basic)
Uvarov modification is defined by means of the addition of a Dirac delta on a € R,

v =1u+ A, such that (v, p(z)) = (u,p(x)) + Ap(a), A #0.

Apparently, this modification was introduced by V.B. Uvarov in 1969 [27], who studied the
case where a finite number of mass points is added to a measure, and proved connection formulas
for orthogonal polynomials with respect to the modified measure in terms of those with respect
to the original one.

In some special cases of classical Laguerre and Jacobi measures, if the perturbations are given
at the end points of the support of the measure, then the new polynomials are eigenfunctions
of higher-order differential operators with polynomial coefficients and they are called Krall
polynomials (see, for instance, [32] and the references therein).

In the multivariate case, the addition of Dirac masses to a multivariate measure was studied
in [11] and [13]. Moreover, Uvarov modification for disk polynomials was analysed in [10].

*This paper is a contribution to the Special Issue on Orthogonal Polynomials, Special Functions and Applica-
tions. The full collection is available at http://www.emis.de/journals/SIGMA /OPSFA2015.html
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Besides Uvarov modifications by means of Dirac masses at finite discrete set of points, in
the context of several variables it is possible to modify the moment functional by means of
moment functionals defined on lower dimensional manifolds such as curves, surfaces, etc. Re-
cently, a family of orthogonal polynomials with respect to such a Uvarov modification of the
classical ball measure by means of a mass uniformly distributed over the sphere was introduced
in [23]. The authors proved that, at least in the Legendre case, these multivariate orthogonal
polynomials satisfy a fourth-order partial differential equation, which constitutes a natural ex-
tension of Krall orthogonal polynomials [16] to the multivariate case. In [5], a modification of
a moment functional by adding another moment functional defined on a curve is presented, and
a Christoffel formula built up in terms of a Fredholm integral equation is discussed. As far as
we know, a general theory about Uvarov modifications by means of moment functionals defined
on lower dimensional manifolds remains as an open problem.

Following [31], the univariate (basic) Christoffel modification is given by the multiplication
of a moment functional u times a polynomial of degree 1, usually x — a, a € R,

v=(x—a)u, actingas (v,p(x))= (u,(xr—a)p(z)).

This type of transformations were first considered by E.B. Christoffel in 1858 [9] within the
framework of Gaussian quadrature theory. Nowadays, Christoffel formulas are classical results
in the theory of orthogonal polynomials, and they are presented in many general references
(e.g., [8, 26]).

Christoffel modification is characterized by the linear relations that both families, modified
and non-modified orthogonal polynomials, satisfy. They are called connection formulas. It is
well known that some families of classical orthogonal polynomials can be expressed as linear
combinations of polynomials of the same family for different values of their parameters, the
so-called relations between adjacent families (e.g., see formulas in Chapter 22 in [1] for Jacobi
polynomials, or (5.1.13) in [26] for Laguerre polynomials). The study of such type of linear
combinations is also related with the concept of quasi-orthogonality introduced by M. Riesz in
1921 (see [8, p. 64]) as the basis of his analysis of the moment problem, and it is related with
quadrature formulas based on the zeros of orthogonal polynomials.

The extension of this kind of results to the multivariate case is not always possible. Gaussian
cubature formulas of degree 2n—1 were characterized by Mysovskikh [24] in terms of the number
of common zeros of the multivariate orthogonal polynomials. However, these formulas only exist
in very special cases and the case of degree 2n—2 becomes interesting. Here, linear combinations
of multivariate orthogonal polynomials play an important role, as it can be seen for instance in
[6, 25, 28, 29].

To our best knowledge, one of the first studies about Christoffel modifications in several
variables, multiplying a moment functional times a polynomial of degree 1, was done in [2],
where the modification naturally appears in the study of linear relations between two families
of multivariate polynomials. Necessary and sufficient conditions about the existence of orthog-
onality properties for one of the families was given in terms of the three term relations, by using
Favard’s theorem in several variables [12].

In [7] the authors show that modifications of univariate moment functionals are related
with the Darboux factorization of the associated Jacobi matrix. In this direction, in [3, 4, 5]
long discussions about several aspects of the theory of multivariate orthogonal polynomials
can be found. In particular, Darboux transformations for orthogonal polynomials in several
variables were presented in [3], and in [4] we can find an extension of the univariate Christoffel
determinantal formula to the multivariate context. Also, as in the univariate case, they proved
a connection with the Darboux factorization of the Jacobi block matrix associated with the three
term recurrence relations for multivariate orthogonal polynomials. Similar considerations for
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multivariate Geronimus and more general linear spectral transformations of moment functionals
can be found, among other topics, in [5].

In this paper, we study Uvarov and Christoffel modifications of quasi-definite moment func-
tionals. The study of orthogonal polynomials associated with moment functionals fits into
a quite general frame that includes families of orthogonal polynomials associated either with
positive-definite or non positive-definite moment functionals such as those generated using
Bessel polynomials, among others. We give necessary and sufficient conditions in order to
obtain the quasi-definiteness of the modified moment functional in both cases, Uvarov and
Christoffel modifications (see Theorems 3.1 and 4.3). We also investigate properties of the
polynomials associated with the modified functional, relations between original and modified
orthogonal polynomials as well as the impact of the modification in some useful properties of
the orthogonal polynomials.

When dealing with the Christoffel modification, and in the case where both moment func-
tionals, the original and the modified, are quasi-definite, some of the results are similar to those
obtained in [3, 4, 5] using a different technique. In particular, the necessary condition in our
Theorem 4.3 was proven there for an arbitrary degree polynomial, but the sufficient condition
was not discussed there.

The main results of this work can be divided in three parts, corresponding with Sections 3, 4
and 5. Section 2 is devoted to establish the basic concepts and tools we will need along the
paper. For that section, we recall the standard notations and basic results in the theory of
multivariate orthogonal polynomials following mainly [12].

Uvarov modification of a quasi-definite moment functional is studied in Section 3. In this
case, we modify a quasi-definite moment functional by adding several Dirac deltas at a finite
discrete set of fixed points. First, we will give a necessary and sufficient condition for the quasi-
definiteness of the moment functional associated with this Uvarov modification, and, in the
affirmative case, we will deduce the connection between both families of orthogonal polynomials.
A similar study was done in [11] in the case when the original moment functional is defined from
a measure, and the modification is defined by means of a positive semi-definite matrix. In that
case, both moment functionals are positive-definite, and both orthogonal polynomial systems
exist. As a consequence, since it is possible to work with orthonormal polynomials, in [11] the
first family of orthogonal polynomials is considered orthonormal, and formulas are simpler than
in the general case considered here.

In Section 4 we study the Christoffel modification by means of a second degree polynomial.
This is not a trivial extension of the case when the degree of the polynomial is 1 studied in [2],
since in several variables not every polynomial of degree 2 factorizes as a product of polynomials
of degree 1. Again, we relate both families of orthogonal polynomials and also we deduce
the orthogonality by using Favard’s theorem in several variables. In fact, from a recursive
expression for the modified polynomials, we give necessary and sufficient conditions for the
existence of a three term relation, and we show that there exists a polynomial of second degree
constructed in terms of the first connection coefficients. Since three term relations can be
reformulated in terms of Jacobi block matrices, similar connection results can be found in [4, 5]
for arbitrary degree polynomials by using a block matrix formalism. Moreover, we study this
kind of Christoffel modification in the particular case when the original moment functional is
centrally symmetric, the natural extension of the concept of symmetry for univariate moment
functionals.

Finally, Section 5 is devoted to apply our results to two families of multivariate orthogonal
polynomials: the classical orthogonal polynomials on the ball in R?, and the Bessel-Laguerre
polynomials, a family of bivariate polynomials orthogonal with respect to a non positive-definite
moment functional, that can be found in [19] as solution of one of the classical Krall and Sheffer’s
second-order partial differential equation [18].
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First, we modify the classical moment functional on the ball by adding a Dirac mass at
0 € R%. This example was introduced in [13], and here, we complete that study giving, as a new
result, the asymptotics of the modification. Next, we use the Christoffel modification by means
of a second degree polynomial to deduce a relation between adjacent families of classical ball
orthogonal polynomials in several variables. As far as we know, there is not a relation of this
kind for ball polynomials in the literature. This relation can be seen as an extension of (22.7.23)
in [1, p. 782] for Gegenbauer polynomials in one variable. Last example corresponds to a Uvarov
modification for the non positive-definite classical Bessel-Laguerre bivariate polynomials defined
in [19].

2 Basic tools

In this section we collect the definitions and basic tools about orthogonal polynomials in several
variables that will be used later. We follow mainly [12].

Along this paper, we will denote by M, (R) the linear space of matrices of size h x k with
real entries, and the notation will simplify when h = k as My (R). As usual, we will say that
M € Mpy(R) is non-singular (or invertible) if det M # 0, and symmetric if M* = M, where M*
denotes its transpose. Moreover, I, will denote the identity matrix of size h, and we will omit
the subscript when the size is clear from the context.

Let us consider the d-dimensional space R?, with d > 1. Given v = (n1,n2,...,nq) € Ng
a multi-index, a monomial in d variables is an expression of the form

ni

lele 2.

xy? - ay,

where x = (z1,...,24) € R The total degree of the monomial is denoted by n = |v| =
ni1 +ng + -+ -+ ng. Then, a polynomial of total degree n in d variables with real coefficients is
a finite linear combination of monomials of degree at most n,

p(x) = Z a,x”, a, € R.

v|<n

Let us denote by II¢ the linear space of polynomials in d variables of total degree less than or
equal to n, and by II? the linear space of all polynomials in d variables.
For d > 2 and n > 0, if we denote

n+d—1
n M

i = s ] =) = (

then, unlike the univariate case, rfll > 1 for d > 2. Moreover,

- n+d

d . d d

rn:dlmHn:Zrm:< n ) (2.1)
m=0

When we deal with more than one variable, the first problem we have to face is that there is

not a natural way to order the monomials. As in [12], we use the graded lexicographical order,

that is, we order the monomial by their total degree, and then by reverse lexicographical order.

For instance, if d = 2, the order of the monomials is
: o2 2.3 .2 2 3.
{Lxl,xg,ml,mlxg,xz,xl,x1m2,$1x2,x2, .. }

A useful tool in the theory of orthogonal polynomials in several variables is the representation
of a basis of polynomials as a polynomial system (PS).



Multivariate Orthogonal Polynomials and Modified Moment Functionals 5

d

Definition 2.1. A polynomial system (PS) is a sequence of column vectors of increasing size 7%,

{Py }n>0, whose entries are independent polynomials of total degree n

P, = P, (x) = (P'(x)) = (P (x), PL(x),..., P! (%)),

lv|=n V,d

where v1,va,...,va € {v € N: [v| = n} are different multi-indexes arranged in the reverse
n

lexicographical order.

Observe that, for n > 0, the entries of {Pg, Py,...,P,} form a basis of IT¢, and, by extension,
we will say that the vector polynomials {P,,}" _, is a basis of II¢.

Using this representation, we can define the canonical polynomial system, as the sequence of
vector polynomials whose entries are the basic monomials arranged in the reverse lexicographical
order,

{Xp}nso = {(x"l,x”, . ,XV’"%)t: lvi| = n}n>0.

Thus, each polynomial vector P, for n > 0, can be expressed as a unique linear combination of
the canonical polynomial system with matrix coefficients

IP)n = Gn,an + Gn,nflxnfl + -+ Gn,OXOa

where G, € M,,gxrg (R) for k = 0,1,...,n. Since both vectors P,, and X,, contain a system
of independent polynomials, the square matrix G, , is non-singular and it is called the leading
coefficient of the vector polynomial P,,. Usually, it will be denoted by

Gn(Pn) = Gnpn € M,a(R).
In the case when the leading coefficient is the identity matrix for all vector polynomial in a PS
Gn(Pn) = ITg, n = 0,

then we will say that {P,},>0 is a monic PS. With this notation, we will say that two vector
polynomials P,, and Q,,, for n > 0, have the same leading coefficient if G, (P,) = G (Qy,), or,
equivalently, if any entry of the vector P,, — Q,, is a polynomial of degree at most n — 1.

The shift operator in several variables, that is, the multiplication of a polynomial times

a variable x; for i = 1,2,...,d, can be expressed in terms of the canonical PS as
fern = Ln,an—i—l; nz 07
where Ly, ;, i = 1,2,...,d are r& x &, full rank matrices such that (see [12])

t
Lnﬂ'Ln,i - Ir% :

In particular, L,; is a matrix containing the columns of the identity matrix of size rd but
including 'rfl 11— r4 columns of zeros eventually separating the columns of the identity.

Moreover, for i,j = 1,2,...,d, the matrix products L, ;L,4+1,; € MrgxrngZ (R), are also full
rank matrices and of the same type of L, ;. In addition, since z;z;X,, = z;z;X,,, for n > 0, we
get

Lnﬂ'LnJ’»l’j = Ln,jLn+1,i7 Z,] = 1, 2, ey d, n } 0 (22)

For instance, if d = 2,
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and
1 Ol0 0 0 0|1 O
LniLpi1y = R Lpolpti2= |1 ;
O 10 0 0 0|0 1
0] 1 Olo
LpiLpy12=1" ‘| = Ln2Llpyi.
00O 110

Let us now turn to deal with moment functionals and orthogonality in several variables.
Given a sequence of real numbers {11, }|,|—=n>0, the moment functional v is defined by means of
its moments

w: I — R,

X" — (u,xX") =y,

and extended to polynomials by linearity, i.e., if p(x) = >  a,x”, then

lv|<n

(,p(x) = 3 av:

lv|<n

Now, we recall some basic operations acting over a moment functional u. The action of u over
a polynomial matriz is defined by

(u, M) = ((u, mig (O)™E | € My (R),
where M = (m; ; (x))?]k:1 € M1 (T1%), and the left product of a polynomial p € TI% times u by
(pu,q) = (u,pg),  Vqel”
Using the canonical polynomial system, for h, k > 0, we define the T,‘f X Tg block of moments

my, ;= (u, XpX) = myj ;.

We must remark that my, ;, contains all of moments of order h x k. Then, we can see the moment
matrix as a block matrix in the form

mpo | Mgy | Mg2 | -~ | Mop
mpo | My | M1 |- | Mp
Mn = | M20 | M271 | M22 | - | 12y
myo | My | Mp2 |- | Mpp

of dimension r¢ defined in (2.1).

Definition 2.2. A moment functional u is called quasi-definite or regular if and only if

A% = det M, # 0, n>0.
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Now, we are ready to introduce the orthogonality. Two polynomials p, ¢ € II¢ are said to be
orthogonal with respect to u if (u,pg) = 0. A given polynomial p € HZ of exact degree n is an
orthogonal polynomial if it is orthogonal to any polynomial of lower degree.

We can also introduce the orthogonality in terms of a polynomial system. We will say that
a PS {Py}n>0 is orthogonal (OPS) with respect to w if

(u, X,PL) = S,, n>0, (u, X, PLY =0, m < n,

d

4 x rd. As a consequence, it is clear that

where S, is a non-singular matrix of size r
(u,P,P)y = H,, n>0, (u, P, PLY =0, m #n,

where the matrix H,, is symmetric and non-singular. At this point we have to notice that, with
this definition, the orthogonality between the polynomials of the same total degree may not
hold. In the case when the matrix H,, is diagonal for all n > 0 we say that the OPS is mutually
orthogonal.

A moment functional u is quasi-definite or regular if and only if there exists an OPS. If u
is quasi-definite then there exists a unique monic OPS. As usual u is said positive definite if
{(u,p?) > 0, for all polynomial p # 0, and a positive definite moment functional u is quasi-
definite. In this case, there exist an orthonormal basis satisfying

(u,P,Py) = Hp = I,a.

For n > 0, the kernel functions in several variables are the symmetric functions defined by

Po(u;%,y) = P (x)' H,,) 'Pra(y),  m >0,
Ko(u;%,y) = > Po(x)'Hp, ' Pra(y) = Y Po(u:%,y). (2.3)
m=0 m=0

Both kernels satisfy the usual reproducing property, and they are independent of the particularly
chosen orthogonal polynomial system. For n = 0, we assume P_;(u;x,y) = K_1(u;x,y) = 0.

To finish this section, we need to recall the three term relations satisfied by orthogonal
polynomials in several variables. As in the univariate case, the orthogonality can be characterized
by means of the three term relations [12, p. 74].

Theorem 2.3. Let {P,},>0 = {P*(x): |v| =n,n > 0}, Pg = 1, be an arbitrary sequence in 1%,
Then the following statements are equivalent.

(1) There exists a linear functional u which defines a quasi-definite moment functional on 1%
and which makes {P,}n>0 an orthogonal basis in T1¢.

(2) Forn >0, 1<1i<d, there exist matrices Ay ;, Bn; and Cy; of respective sizes rd x ’I“Z_H,

rd x rd and rd x rd_ |, such that

(a) the polynomials P, satisfy the three term relations
z; Py = An,iPn+1 + Bn,an + Cn,i]pn—h 1< <d, (24)

with ]P)_l =0 and C—l,i = 0,
(b) forn >0 and 1 < i< d, the matrices Ayp; and Cpy1,; satisfy the rank conditions

rank A, ; = rank Cp41,; = T‘g, (2.5)
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and,
rank A, = rank Ct | =rl, |, (2.6)
where Ay, is the joint matriz of A, ;, defined as

t
An = (A7t’l,17 A%’Q, e 7A£L,d) € MdT%XTng (R),

1
and C’le is the joint matriz of sz-&-l,i' Moreover,

ApiHpir = (u, PP ), BuiHy = (u, 2P PL),

CriHp1 = (u,2;P,PL_,) = H, Al (2.7)

n—1 n—1,2°

In the case when the orthogonal polynomial system is monic, it follows that A,; = Ly,
n > 0 for 1 <7 < d. In this case, the rank conditions for the matrices A, ; = L, ; and A, = L,
obviously hold.

3 Uvarov modification

Let u be a quasi-definite moment functional defined on I1%, let {&1, &, ..., &N} be a fixed set of
distinct points in RY, and let {\;, X2,...,Ax} be a finite set of non zero real numbers. Then,
for p € 1%, the expression

<va> = <U,p> + )\lp(‘gl) + )\2p(§2) +-- ANp(é.N)a (31)

defines a moment functional on II¢ which is known as a Uvarov modification of u.
If we define the diagonal matrix A = diag{\1,...,Anx}, then, for p,q € II¢, we can write

(v,pq) = (u,pq) + (p(&1), p(&2), -, PEN)A | 77 | = (u,pa) + p(€)"Aa(€), (3.2)
a(én)

where p(§) = (p(&1), p(&2), - - p(&))" and q(€) = (q(§1), 4(&2), - -, q(€n))", for all p, q € TI%.
If we generalize equation (3.2) using a non-diagonal matrix A, then v is not a moment

functional but it can be seen as a bilinear form.

If the moment functional v is quasi-definite, our first result shows that orthogonal polynomials
with respect to v can be derived in terms of those with respect to u. To simplify the proof of
this result we will make use of a vector-matrix notation which we will introduce next.

Throughout this section, we shall fix {P,, },,>0 as an orthogonal polynomial system associated
with u. We denote by P, (&) the matrix whose columns are P, (&;)

Pn(g) = (Pn(£1)|Pn(£2)| ce |Pn(£N)) € MT%XN(R)7 (3'3)

denote by K;, the matrix whose entries are the kernels K, (u;&;, ;) defined in (2.3),

N
Kn = (Kn(u; 6, €5)); -, € Muxn(R), (3.4)
and, finally, denote by K, (&, x) the vector of polynomials

Kn(f) X) = (Kn(ua 517 X), Kn(U; 527 X)7 ) Kn(u§ fNa X))t' (35)
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From the fact that K, (u;X,y) — Kn_1(w;Xx,y) = Po(u;x,y) = P (x)H,, 'P,(y), we have im-
mediately the following relations

PL(H, "Pp(x) = Kn(&,x) — Kn1(€, ), (3.6)
Pt (f)Hﬁlpn@) = ICn - ]Cn—la

n

which will be used below.

Now we are ready to state and prove the main result in this section. In fact, we give a neces-
sary and sufficient condition in order to ensure the quasi-definiteness of the modified moment
functional in terms of the non-singularity of a matrix.

Theorem 3.1. Let u be a quasi-definite moment functional and assume that the moment func-
tional v defined in (3.1) is quasi-definite. Then the matrices

In +AK, -1 (3.8)

are invertible forn =1,2,..., and any polynomial system {Qp}n>0 orthogonal with respect to v
can be written in the form

Qo(x) = Po(x),
Qu(x) = Pu(x) — P (&) (In + A1) TAK, 1 (€, %), n>1, (3.9)

where {P,}n>0 is a polynomial system orthogonal with respect to u. Moreover, the invertible
matrices H, = (v, Q, QL) satisfy

Hy = Hy, + Pp()(In + A1) APL(9). (3.10)

Conversely, if the matrices defined in (3.8) and (3.10) are invertible then the polynomial
system {Qp }n>0 defined by (3.9) constitutes an orthogonal polynomial system with respect to v,
and therefore v is quasi-definite.

Proof. Let us assume that v is a quasi-definite moment functional and let {Q,, }»>0 be an OPS
with respect to v. We can select an OPS {P,},>0 with respect to u such that @Q,, has the same
leading coefficient as P,,, for n > 0, in particular we have Qg = Py.

From this assumption, the components of Q, — P, are polynomials in Hg_l for n > 1, then,
we can express them as linear combinations of orthogonal polynomials Py, P,...,P,_1. In
vector-matrix notation, this means that

n—1
Qu(x) =Pp(x) + > MI'Pj(x),
j=0

where M? are matrices of size r¢ x r;l. These coefficient matrices can be determined from the

orthogonality of P,, and Q,,. Indeed, (v, QnIP’E) =0 for 0 < j < n—1, which shows, by definition
of v and the fact that IP; is orthogonal,

M} = (u, QP H} ! = ~Qu(§AP () H;

where P;(¢) is defined as in (3.3) and Q,(£) = (Qn(£)|Qn(&2)|. .. |Qn(¢n)) is the analogous
matrix with Q,(&;) as its column vectors. Consequently, we obtain

n—1
Qu(x) = Pp(x) — Z Qn(g)Apé(g)HJ_IPJ(X) =Py (x) — Qu(§)AK,—1(€,%), (3.11)
=0
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where the second equation follows from relation (3.6), which leads to a telescopic sum that sums
up to K,—1(&,x). Setting x = §;, we obtain

Qn(&) =Pp(&) — Qu(§)AK-1(&, &), 1<i<N,

which by the definition of KC;,—; at (3.4) leads to

Qn(f) = Pn(g) - Qn(ﬁ)Aanla

and therefore

Qn(f)(IN + A’Cn—l) = Pn(é‘) (3-12>

Next, we are going to show that the matrices Iy +AK,_1 are invertible. Assume that there exists
an index k such that Iy + AK;_1 is non regular, then there exists a vector C' = (c1, co, ..., cn)?
satisfying (In + AKk—1)C = 0. From (3.12) we deduce P;(£)C = 0, which implies (Iy + AKy)C
= 0 using (3.7), and therefore we conclude

P.(6)C =0, n=kk+1,.... (3.13)

Let us consider the discrete moment functional £ = c1d¢, + -+ + cnd¢y, then (3.13) implies
that £ vanishes on every orthogonal polynomial of total degree n > k. Using duality we can
deduce the existence of a polynomial g(x) of total degree k — 1 such that £ = g(x)u. Let p(x)
be a non zero polynomial vanishing at &1,&a, ..., &N, then we get p(x)q(x)u = p(x)L = 0, which
contradicts the quasi-definite character of u.

Now, solving for Q,(§) in equation (3.12) we get

Qu(€) = Pu(§)(In + ACyo1) ™, (3.14)

and substituting this expression into (3.11) establishes (3.9).
Finally, from (3.9) and (3.14) we obtain

H, = (v,Q,Q%) = (v,Q,P,) = (u,Q,PL) + Q,(€)APL(€)
=H, + Pn(f)(IN + AICn—l)ilAsz(f)a

which proves (3.10).
Conversely, if we define polynomials Q, as in (3.9), then above proof shows that Q, is

orthogonal with respect to v. Since Q,, and P,, have the same leading coefficient, it is evident
that {Qy }n>0 is an OPS in TI¢. u

From now on, let us assume that v is a quasi-definite moment functional and {Q,, },>0 is an
OPS with respect to v as given in (3.9). Then, the invertible matrix H, = (v,Q,Q!) can be
expressed in terms of matrices involving only {P,},>0, as we have shown in Theorem 3.1. It
turns out that this happens also for ﬁg L

Proposition 3.2. In the conditions of Theorem 3.1, for n > 0, the following identity holds,
Hy' = Hy' = Hy Py (§)(Iy + AK) AP (O H, (3.15)

Proof. Formula (3.15) is a direct consequence of the Sherman—Morrison-Woodbury identity
for the inverse of the perturbation of a non singular matrix (see [14, p. 51]). |



Multivariate Orthogonal Polynomials and Modified Moment Functionals 11

Our next result gives explicit formulas for the reproducing kernels associated with v, which
we denote by

Po(vix,y) = Q) (%) Hy,' Quily),

Ko(v;x,y) = Y Pu(vix,y) = Y QL (x) H,'Qu(y).
m=0 m=0

Lemma 3.3. Let u be a quasi-definite moment functional, IC,, defined by (3.4), and let A =
diag{\1,..., AN}, with \; #0,i=1,2,...,N. Then, form >0, (In+AK,,)"tA is a symmetric
matrix.

Proof. (Iy + AK,,) 'A is a symmetric matrix as it is the inverse of the symmetric matrix
A NIy + AKy) = A+ K. u

Next theorem establishes a relation between the kernels of both families. Similar tools as
those used in the proof of Theorem 2.5 in [11] can be applied to obtain this result.

Theorem 3.4. Suppose that we are in the conditions of Theorem 3.1. Then, for m > 0, we get

Pm(v§ X7Y) = Pm(u; X, Y) - K$n(§7x)(IN + A]Cm)ilAKm(fa Y)
+ KL (6%) Iy + AKp—1) M AK 1 (€, ),

where we assume K_1(x,y) = 0. Furthermore, for n > 0,

4 Christoffel modification

Christoffel modification of a quasi-definite moment functional u will be studied in this section.
We define the Christoffel modification of u as the moment functional

v = A\(x)u,
acting as follows

(v,p(x)) = AX)u, p(x)) = (u, A(x)p(x)),  Vp(x) € 7.

We will work with the particular case when the polynomial A(x) has total degree 2. We
must remark that in several variables there exist polynomials of second degree that they can
not be factorized as a product of two polynomials of degree 1, and then this case is not a trivial
extension of the case considered in [2]. Using a block matrix formalism for the three term
relations, this case have been also considered in [4] and [5] for arbitrary degree polynomials.

Let u be a quasi-definite moment functional, and let A(x) be a polynomial in d variables of
total degree 2. In terms of the canonical basis, this polynomial can be written as

d d d
A(x) = aXy + a1 Xy + agXg = Z Z al(-?)f]fixj + Z alMa; +a©, (4.1)
i=1 j=i i=1

where aj, € MIXTZ(R), for £ =0, 1,2, whose explicit expressions are

2) (2 2) (2 2 2
as = (ag1)7ag2)v""agd)vag;?'"7agd)""7a£ld))’

a; = (agl),ag), . ,a&l)),

ag = (a),
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d d
with the conditions |as| = > > \a§§)| # 0, and

i=1 j=i
(u, A\(x)) # 0. (4.2)
Observe that the first moment of v is given by
fio = (v, 1) = (u, A(x)),

and using (4.2), we get fig # 0.
First we are going to describe the relations between the moment matrices of both functionals
u and v. Taking into account that, for h > 0, we get

i Xy = Lp jXp41, 2;xjXp = Lp jLpy1,iXpy2,

the r,‘fj X r,‘f block of moments for the functional v, my, j, can be expressed in terms of the block
of moments for the functional u, my, i, in the following way

Ii’lh,k = <7),th1;€> = ()\(X)U,XhX}Q = (u,)\(x)XhX@

= aOmy, ), + Apimy 1+ Apomyop,
where
d d d
1 2
Apy = ZGE 'Ly, Ap2 = Z Zagj)Lh,thH,i (4.3)
i—1 =1 j—i

are matrices of orders r,‘f X rﬁ 41 and 7',05 X rﬁ 1o, respectively, and Ap, 2 has full rank. If we define
the block matrices

0 AO,l 0 IT(ch 0
0 A171 0 Irf 0

An,l = .. . . ) Ln = . . )
0 An,l IT% 0

0 0 Ao 0

0 0 Ao 0

An,2— 0 0 A2’2 0
0 0 |Ano

of dimension rd xr¢_ ,, then we can write the moment matriz for the functional v as the following
perturbation of the original moment matrix

M, = agM,, + A, 1M, (1L, + A, oM, oL, | LL.

If u and v are quasi-definite, we want to relate both orthogonal polynomial systems {P,, },,>0
and {Qy, },>0 associated with u and v, respectively. As usual in this paper, for n > 0, we denote
H, = (u,P,PL), and H, = (u,Q,Q%), both symmetric and invertible matrices.

Theorem 4.1. Let u and v be two quasi-definite moment functionals, and let {P,}n>0 and
{Qn}n=0 be monic OPS associated with u and v, respectively. The following statements are
equivalent:
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(1) There exists a polynomial \(x) of exact degree two such that

v = A(X)u.

(2) For n > 1, there exist matrices M, € Mrﬁxri,l(R)7 N, € ./\/lrgwg%(R), with Ny #£ 0,
such that

Pn = Qn + Mn@n—l + Nn@n—Q- (44)

Proof. First, we prove (1) = (2). Let us assmue that v = A\(x)u where A\(x) = a2Xo + a;X; +
a()XO, and |a2| 75 0.
Since {Qy, }n>0 is a basis of the space of polynomials, and P,, and @Q,, are monic, then

n—1
Pn:Qn'i‘ZM]ana

Jj=0

where M} € MTgXT?(R), and

M} = (v,P,Q)H;",  0<j<n—1

Given that the degree of A\(x) is 2, from the orthogonality of P, we get

(U,Pn(@§> = ()\(X)u,IP’n(@;) = <U,Pn)\(X)Q§'> =0, for j <m—2,

and then M =0 for j <n — 2. Therefore, (4.4) holds with M}’ | = M, and M} _, = N,.
To compute No, we use Py = Qg + M2oQ1 + NoQp, and thus

(v, P2Qh) = (v, (Q2 + M2Q1 + NoQo)Qh) = NoH.
On the other hand,

(0, P2Qf) = (u, A(x)P2) = (u, P2(Xja} + Xja] + Xjay)) = Haaj,
and therefore

No = HaayHy' € Mg, (R),

has full rank since |as| # 0. So, Ny # 0 since Nj is a column matrix.
Conversely, we see (2) = (1). Using the dual basis, and the same reasoning as in the proof
of Lemma 1 in [2], we obtain

+oo
t -1
v = Z P, H, "Eyu,
n=0

where E! = (v,PL), n > 0. By (4.4), we get

Ef = (v,Qp) = Ho # 0,

B} = (v,Q} + QyM{) = HoM{,

Ej = (v, Q4 + Qi Mj + Q4N3) = HoN3,

E;, = (v,Q, +Q},_ 1M} +Ql,_,N}) =0, n

WV
w
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Then,

v = (PYH, ' NoHo + P H My Ho + Py Hy ™ Ho ),
or equivalently, there exists a polynomial

A(x) = Ho(NSHy "Py + MIH'Py + Hy 'Py),

such that v = A(x)u. Since Ny # 0, then A(x) has exact degree 2.
Moreover, we will prove that N, has full rank for n > 2. In fact, using (4.4), we get

<U, PHQZ—2> = <U, [@n + Mn@nfl + NnanQ]QZ_ﬂ = Nnﬁan-

On the other hand,

(0BT = (1PN = 350D P )

=1 j=i

d d
2 2
) (u, PoziaiXt, o) = SN ol (u, P, XL)LE Lt

[
M-
M&

n—2,5
=1 j=i =1 j=1
d d
= ZZ z( )H Ln 1sz1 2,7 = HnAf’L—2727
i=1 j=i
where A;,_2 2 was defined in (4.3). Then,
NoH, o= HyAlL 55,  n>2. (4.5)

Therefore N,, is full rank for n > 2 since H,, and H,_» are invertible matrices, and the rank of
a matrix is invariant by multiplication times non-singular matrices [15, p. 13]. |

Remark 4.2. When both moment functionals are quasi-definite, that is, when both OPS
{Pp}n>0 and {Qy}n>0 exist, the orthogonality condition of the second family with respect to
v = A(x)u trivially implies that the polynomial entries in A(x)Q,, are quasi-orthogonal with
respect to the first moment functional . In fact, there exist matrices of adequate size such that

n+deg A(x)

AX)Qu= > APy,

k=0
where
ApHy = (u, A(x)QnPr) = (A(x)u, QuPy) = (v, QpPy).
Then, Ak =0, for 0 < k£ < n—1, and therefore

n+deg A(x)

Ax)Q, = Z ALPy.

The matrix version of this relation is the first identity in Proposition 2.7 of [4].

Now, we assume that u is a quasi-definite moment functional, and {IP,, },,>0 is the monic OPS
associated with u. Then {P,},>0 satisfy the three term relations (2.4) with the rank condi-
tions (2.5), (2.6). Defining recursively the monic polynomial system {Qy, },,>0 by means of (4.4),
we want to deduce its relation with u as well as conditions for its quasi-definiteness.
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Theorem 4.3. Let {P,}n>0 be a monic OPS associated with the quasi-definite moment func-

tional u, and let {M,}n>1 and {Ny}n>2 be two sequences of matrices of orders rd x rl_| and

rd x rid respectively, such that No Z 0. Define recursively the monic polynomial system

Qo = Py,
Q1 =Py — M Py,

Qn =P, — M,Qp—1 — Nn@n—?a n = 2.

Then {Qp}n>0 is a monic OPS associated with a quasi-definite moment functional v, satisfying
the three term relation

xz@n(x) - Ln,i@n—l—l(x) + Bn,i@n(x) + én,i@n—l(x)7 1 < 1 < d, (46>

with initial conditions Q_1(x) =0, CALLZ- =0, if and only if

~

B =Bni— MpLy_1;+ Ly i Myi1, (4.7)
Chi = Cni— MyBy 1+ BniMy — NyLy_9i + LniNpi1, (4.8)
MpCr1i+ NyBp_o; = CoiMy_1 + By iNy, (4.9)
CriNp—1 = NyuCrasi. (4.10)

In such a case, there exists a polynomial of exact degree two given by
ANx) = NS Hy 'Py + MIH'Py + Hy Py,

satisfying
v = A(X)u.

Proof. Replacing (4.4) in (2.4) we get

mz(@n + Mn@n—l + Nn@n—2) - Ln,i@n—l—l + (Ln,iMn—i—l + Bn,i)@n
+ (Ln,iNn—H + Bn,iMn + Cn,i)@n—l
+ (Bn,an + Cn,iMn—l)Qn—2 + Cn,iNn—lQn—?)-

On the other hand, if {Q), },>0 satisfy (4.6) then
xl(@n + M, Qp—1+ Nn@nf2) = Ln,iQnJrl + (MnLnfl,i + ETL,%)QTL

+ (én,z + Man—l,i + NnLn—Q,i)Qn—l
+ (Mnén—l,i + Nan—2,i)Qn—2 + Nnén—2,iQn—3-

Subtracting both expressions we get (4.7)—(4.10).
Conversely, we will prove the three term relation for {Q,},>0 using induction. In fact, for
n = 1, multiplying relation (4.4) times Lo ;, we get

2iQo = Lo, Q1 + (Bo,i + Lo,iM1)Qo.

Let us suppose that (4.6) is satisfied for n—1. Multiplying (4.4) for n+1 times L, ; and applying
the three term relation for {P,},>0, we get

szn - Bn,an - Cn,z']P)n—l = Ln,i@n—H + LmiMn—i—lQn + Ln,iNn—i-lQn—L
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Replacing again (4.4) in the left hand side, using induction hypotheses and relations (4.7)—(4.10)
we get the announced three term relations for {Qy, }n>o0.
Now, we define the moment functional v as

(v,1) =1, (v,Qp) =0, n>1.

Since {Q,}n>0 is a basis of II?, then v is well defined. Following [12, p. 74], since L,; and L,
have full rank, then

(v, Qn(@;) =0, n # m.

Finally, we need to prove that H, = (v,Q,Q%), is an invertible matrix, for n > 0.
From the definition of v, Hy = (v,QQ}) = (v,1) = 1. On the other hand, since expres-
sion (4.5) still holds in this case,

Nnﬁn72 = HnAZ_Q,Qa nz2,
using the properties of the rank of a product of matrices, we get
rank (Nnﬁn_g) = rank (HnAfL_2,2) = rank A2—2,2 =rd_,.
Therefore
rd 2 d
_o =rank (N Hn 2) min { rank N,,, rank Hn 2} rank H,,—o < rp_9,

and then rank H,,_o = 7" _o. In this way, the moment functional v is quasi-definite and {Qy, }n>0
is a monic OPS assomated with v. Using Theorem 4.1, both moment functionals are related by
means of a Christoffel modification

v = \(x)u,
where \(x) = NiHy 'Py + M{H; Py + Hy 'Py. |

Remark 4.4. Observe that relation (4.10) always holds when {Q,},>0 is an OPS. In fact,
using (2.7), we get

Ch 1Hn 1=H Ln 1 and CA’n iﬁnfl = ‘E[an‘L—l,i?

Z )

and jointly with (4.5), it follows

CpiNn—1 — NyCro; = H, (Lt 1A 30— AL 5oLt 5] H .

On the other hand, from (4.3),

d d
(2)
Ly 3iAn—22—Apn_32Ln_1;=1Ln_3; Z Z ay Lp—2jLn_1k
k=1 j=k

d d

3 a](fj)Lnf?),jLn—Zk Lyp_1,=0,

k=1 j=k

from property (2.2). However, if {Q,},>0 is not orthogonal, then we can not assume a priori
that H,,_3 is non singular, and so (4.10) does not necessarily hold.
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Remark 4.5. In the case when both functionals u and v are quasi-definite, Theorem 4.3 can
be rewritten by using a matrix formalism, as it is done in [4, 5]. For 1 < i < d, we denote by

Bo; Lo, O l:?o,i Lo, O
Cii Bii L1y Cii Bii L1

Ji = Cai Bai - ) jz = é2,z’ B2,i )
O O

the respective block Jacobi matrices associated with the three term relations [12, p. 82]. Also
we define the lower triangular block matriz with identity matrices as diagonal blocks

I O
M, I
Ny My, I

M= Ny M; I ;
O

where M,,, N,, are defined in Theorem 4.1. Then, formulas (4.7)—(4.10) can be expressed as the
matrix product

TM=MJT;, i=1,2....4d.

The explicit expressions of the matrices M, and N,, given in Theorem 4.1 lead to matrix relations
of Proposition 2.4 in [4].

4.1 Centrally symmetric functionals
Following [12, p. 76], a moment functional u is called centrally symmetric if it satisfies
(u,z") =0, ve N lv| is an odd integer.

This definition constitutes the multivariate extension of the symmetry for a moment functional.

Quasi-definite centrally symmetric moment functionals can be characterized in terms of the
matrix coefficients of the three term relations (2.4). In fact, u is centrally symmetric if and only
it By;=0foralln>0and1<7<d.

As a consequence, an orthogonal polynomial of degree n with respect to u is a sum of
monomials of even degree if n is even and a sum of monomials of odd degree if n is odd.

Let us suppose that u is a quasi-definite centrally symmetric moment functional, and we
define its Christoffel modification by

v = \(x)u,
where A(x) is a polynomial of second degree as (4.1). Then
Proposition 4.6. v is centrally symmetric if and only if a; = 0, that is,
d d
Ax) = aXp + aXo =Y Y ag-)a:ixj +a.
i=1 j=i
If v is quasi-definite and centrally symmetric, then relation (4.4) is given by
]P)OZQO7 ]P)l :Qla Pn :@n+NnQn—27 nZ 27 (41]‘)

where N,, = H, A! 7272}};712, n = 2.

n
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5 Examples

5.1 Two modifications on the ball

Let us denote by
]Bd = {X c Rdl ||XH < 1} and Sd_l = {5 S Rd: ||§|| = 1}7

the unit ball and the unit sphere on R%, respectively, where

Il = /a2 + 23+ + 23,

denotes the usual Euclidean norm. Consider the weight function
W.(x)=(1—[x|)*"?  u>-1/2, xeB.

Associated with W, (x), we define the usual inner product on the unit ball
(o = [ FOO0GIW, ()i,

where the normalizing constant

N T(u+(d+1))2)
w20 (4 1/2)

Wp = [ iy Wu(x)dx]

is chosen in order to have (1,1), = 1.
The associated moment functional is defined by means of its moments

(up, x7) = wM/ x'W,(x)dx = wu/ x”(1 - HXHZ)Hil/2dX.
Bd B4

Observe that u, is a centrally symmetric positive-definite moment functional, that is,
(up,x”) =0, whenever |v| is an odd integer.

Let us denote by {IP’,({L )}n>0 a ball OPS. In this case, several explicit bases are known, and
we will describe one of them. An orthogonal basis in terms of classical Jacobi polynomials and
spherical harmonics is presented in [12].

Harmonic polynomials (see [12, p. 114]) are homogeneous polynomials in d variables Y (x)
satisfying the Laplace equation

AY =0.

Let ”Hg denote the space of harmonic polynomials of degree n. It is well known that

n n

and o9 = dimHd = 1, 01 = dim H{ = d.

The restriction of Y (x) € HY to S¥1 is called a spherical harmonic. We will use spherical
polar coordinates x = r¢, for x € R% r > 0, and £ € S¥1. If Y € HY, we use the notation Y (x)
to denote the harmonic polynomial, and Y (§) to denote the spherical harmonic. This notation
is coherent with the fact that if x = ¢ then Y (x) = r"Y (£). Moreover, spherical harmonics of
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different degree are orthogonal with respect to the surface measure on S~ !, and we can choose
an orthonormal basis.

Then, an orthonormal basis for the classical ball inner product (see [12, p. 142]) is given by
the polynomials

PP (ki) = by PO

j 2/|x||* — 1) ¥ (x) (5.1)

for0<j<n/2and 1<k <o,_9;. Here Pj(a’ﬁ) (t) denotes the j-th classical Jacobi polynomial,

{Yknfzj :1 <k < op_g;} is an orthonormal basis for Hg_% and the constants h;,, are defined
by

(ht3);(8),_;(n—d+p+ %)
M+ 50, n+ 5

where (@), =a(a+1)---(a+m — 1) denotes the Pochhammer symbol.
This basis can be written as an orthonormal polynomial system in the form

t
P = (Pl e P as e Pl o Plo, PR B, P B )

)

[hj,n]Q = [hj,n(u)]Q =

70’71,—2[%

where we order the entries by reverse lexicographical order of their indexes. Observe that for n
odd, then n —2[3] = 1, and o1 = d, while for n even, n —2[§] =0, and og = 1.

5.1.1 Connection properties for adjacent families of ball polynomials

Christoffel modification allows us to relate two families of ball polynomials for two values of the
parameter p differing by one unity. In fact,

Wipa (%) = (1= [x]2)"* = (1 = [x]|2) W, ().

Then, if we define A\(x) =1 —||x[|? =1—2% — 23 — - .- — 2%, using the matrix formalism (4.11),
we get the following relation

PW (x) = F,PU ) (x) + N, P* D (x),

n n n

where F;, is the non-singular matrix needed to change the leading coefficients, and N, has full
rank. However, in this case, we can explicitly give both matrices using the previously described
basis.

Here we use the relation for Jacobi polynomials (formula (22.7.18) in [1])

@By Nt B+l gy, nEB @)
F7) 2n+a+ﬂ+1P" ®) 2n+a+,3+1P"_1 ®),

for n > 0, in (5.1) and we can relate ball polynomials corresponding to adjacent families

Plu(x; i) = af Pfy(x; o+ 1) = b P2 (x5 4 1),

where

o hanlpA )= p @=D/2 L hpaaa(ptl) n—j—1+d/2
7T Thyan)  m4pt@-n2 0 hinl) A pt(d—1)/2

form>2and 1 <j<n/2
Then, the matrix F;, is a diagonal and invertible matrix given by

— 1 n n . . 1 n, n n
Fn—dlag(a[%],...,a[%]7...7a1,...,a1,a0,...,a0),

that is, we repeat every a in the diagonal o, _2; times, for 0 <i < [5].
Moreover, the 74 x 74 _, block matrix N,, has full rank, and
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5.1.2 Ball-Uvarov polynomials

Let u, be the classical ball moment functional defined as above, and we add a mass point at
the origin and consider the moment functional

(0, p(x)) = (up, p(x)) + Ap(0).

Using Theorem 3.1 we deduce the quasi-definite character of the moment functional v except
for a denumerable set of negative values of A. Of course, v is positive definite for every positive
value of \.

Let { P} (x)} be the mutually orthogonal basis for the ball polynomials given in (5.1). Since

spherical harmonics are homogeneous polynomials, we get Y" % (0) = 0 whenever n — 25 > 0.
Hence, it follows

_ (u—1,4=2) L o
hia Pg > 2 7(=1) ifniseven, j=[%] and k=1,

P(0) = 3] 5] (5.2)
0 in any other case.
As a consequence we get
Lemma 5.1. Forn >0
(/H' ﬁ) | (d=2 1
Ko (%, 0) = L PLE D (1 g ?),
(n+3) lz; 7
(h+ L) w04 d
Kon(1,0,0) = f“(tﬂf 2)- (5.3)
(1 +3) 12 [2)

Proof. Let h{™” be the norm of the Jacobi polynomial pieP) (t) as given in [26, (4.3.3)]

s _ 2 Tt at DI+ + 1)
" n+a+pB+1 nlll(n+a+p+1)
2 (n— lu)
Then we have h{n, =d,h's *" * ', where
5] S

1 D(p+%
— 2
gu+ 451 I(p+ %)I‘(

From (5.2) we get

P [ ORI S (g2 - 1) PR (),
=0

Here, we can recognize the | § |-th kernel of the Jacobi polynomials with parameters (u— %, =52

using Pj(a’ﬁ) (t) = (—1)ij(ﬁ’a)(—t) and relation (4.5.3) in [26], we get

(e + )13
( e ) 2

K%meﬁ)z———————PfJ2(1—mmny

(1 + 3 )L n |
In particular, setting x = 0 we obtain

atl dt1
Kn(u,;0,0) = WQ)HP(S"‘;)(D — M(BJ + ‘;) =
n\%u, %, - n — n )
( )L 5] = (H+%)L%J 15]
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Summarizing the previous results, in next theorem we get the connection formulas for the
orthogonal polynomials and kernels corresponding to the moment functionals u, and v.

Theorem 5.2. Let us assume v is quasi-definite and define the polynomials

") = {P@Ll(x) — anKy_1(uu;x,0)  ifnis even, j = [§] and k =1,

Pl (x) in any other case,

where
_ )‘P[%JJ(O)
1+ AKpn—1(uy;0,0)

an,

Then according to Theorem 3.1, {Q’]k(x)} constitutes an orthogonal basis with respect to the
moment functional v. Moreover, the corresponding kernels are related by the expression

Ka(vix,y) = Kulusix,y) — P22 (1= 2)x]?) P2 (1 - 2]ly]?) (5.4)
n\V; X, n(Up; X, Y nd o] 1Z] yil), .
where
2
A (M_'_%)L%J

by, =

As a consequence of (5.4) we can easily deduce the asymptotic behaviour of the Christoffel
functions. From now on we will assume A > 0, also we have to impose the restriction p > 0
because existing asymptotics for Christoffel functions in the classical case have only been estab-
lished for this range of . The symbol C will represent a constant but it does not have always
the same value.

First, we get the asymptotics for the interior of the ball. For this purpose, we will need the
following classical estimate for Jacobi polynomials (see [26, equations (4.1.3) and (7.32.5)]):

Lemma 5.3. For arbitrary real numbers o > —1, f > —1 and t € [0, 1],
‘Pr(Layﬁ) (t)‘ < Cn*% (1 4 n*?)*(a+1/2)/2.

And an analogous estimate on [—1,0] follows from pi*P) (t)=(-1)" 7sbﬁ’a)(—t).

Theorem 5.4. Let r = ||x|. For 0 <r < 1/2 we have

d+1

AN\ "z
0 < Kp(uu;x,x) — Ky(v3x,%x) < Cn~! <2r2 + nQ) ) (5.5)
For 1/2 <r <1 we have
4\
0 < Kp(uy;x,x) — Kn(v;%,%x) < Cn~ ! (2(1 —7r?) + 2> . (5.6)
n

Here C' is independent of n and x. Consequently if = 0, uniformly for x in compact subsets
of {x: 0 < |Ix] < 1},

1 d+1
lim Kn(v;x,x)/<n+d) _ L Dl 2)5 ) (1— |x]2) . (5.7)

n—o0
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Proof. From (5.4) we get

INIEINIIY

2
_1
0 < Kp(uu;x,x) — Ky(v;x,%x) = by (PL( jﬂ 2)(1 - 2]x||2)>

with

2
A (/“F%)ng

G2 ) <L3J+§> (1 +2) 3

(8 \ L3

0<b, =
1+ A

Using Stirling’s formula we can easily deduce the convergence of the sequence {b,} to a positive
value. Therefore we can find a constant C such that 0 < b, < C, n=0,1,2,..., that is

2
a4 1
0 < Kofupixx) = Ko < € (PE 20— 2007 )
2

and Lemma 5.3 gives (5.5) and (5.6). Finally, (5.7) follows from the corresponding asymptotic
result for Christoffel functions on the ball obtained by Y. Xu in [30]. [

At the origin the asymptotic is completely different, in fact, we recover the value of the
mass A as the limit of the Christoffel functions evaluated at x = 0, as we show in our next
result.

Theorem 5.5.

1
lim K, (v;0,0)

n—oo - X'
Proof. From (3.16) we get

)\[Kn(uu;O,O)]Q _ Kn(uM;O,O)

Kn ;0,0 :Kn ;070 - B 7
(v;0,0) (1:0,0) 14+ AKn(u;0,0) 14 AKn(uy;0,0)

and the result follows from (5.3) and Stirling’s formula. [

5.2 Uvarov modification of bivariate Bessel-Laguerre orthogonal
polynomials

As usual, let {LSLO‘) (t) }n>0 denote the classical Laguerre polynomials orthogonal with respect to
the moment functional

(6@ f) = / o f(t%e tdt,  a > —1,
0

normalized by the condition (equation (22.2.12) in [1])

MNa+n+1)

B = (0, (LD (1)) = =2

Following [17], let {Br(la’b)(z)},@() denote the univariate classical Bessel polynomials orthogonal
with respect to the non positive-definite moment functional

R e R
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where c is the unit circle oriented in the counter-clockwise direction, normalized by the condition

and [17, equation (58), p. 113]

(—1)"*inlb
2n+a—1)(a)p-1

In [19], the Krall and Sheffer’s partial differential equation (5.55)

D) = (o) (B(2))%) =

T Wep + 20YWay + (¥° — y)wyy + g(z — Dws + g(y — 7)wy = n(n+ g — Dw

was considered and the authors proved that it has an OPS {P,(Lgnj ) (r,y): 0 < m < n}n>0 for
gy +n #0, for n > 0. The corresponding moment functional is not positive-definite.
Moreover, they proved that an explicit expression for the polynomial solutions is given by

P (@,y) = B @)L (2 (5.8)

m n—m
’ x

for g #0, gy > =2, g+ n # 0 and gy +n # 0, when n > 0. These polynomials are orthogonal
with respect to the moment functional u(97) defined as (see Theorem 3.4 in [19])

<u(g’7),xhyk> = <xk€§69’79),xh><bg(f’771),yk>, h,k > 0.
For the bivariate polynomials (5.8), we get

W) = (o (PG ()"
— (bg+2m=9) (B BYH2m—9) ))2><g(gw—1)’(ngv—l)(y))2>

n—m

:h%‘]—tim g)h’gg’y—l)'

Now, we will modify the above moment functional adding a mass at the point 0 = (0,0).
Thus, we define

<U(977)7p($’ y)) = <u(9’"’),p(ﬂr,y)> + Ap(0,0), Vp e 12

Following Section 3, since the polynomial xmL(g'y 2 (?y) vanishes at (0,0) except for m = 0,
we get

PY%(0,0)=B@9(0)=1,  P%1(0,00=0, 0<m<n.
Therefore, (3.3) becomes
P.((0,0)) = (1,0,...,0)",
and (3.5) can be explicitly computed as follows
Ka((0,0), (z,y)) = Kn(u9;(0,0), (z,y))
n_ m plg 7)(0 O)P(g V)(x y) n B(g,—g)(O)B(%—g)(m)

m,k ’ m m
- Z Z h(g'y - Z h(g,—g)h(m—l)

1 - 1 (ED)™2m+g—1)(9)m
— K, p(9:=9). _
he" o) 9T (97) 4 Z m!

_ b (=)™ _ (=1)" <g+n—1>
gl'(gy)  n! gl'(g7) n



24 A .M. Delgado, L. Ferndndez, T.E. Pérez and M.A. Pinar

Then, using Theorem 3.1, v is quasi-definite if and only if we choose A € R such that the
value

_ 2.y)) = (=" (9+n—1
An =14 XK, ((0,0), ( 7y))_1+/\gf(g'y)( n )

is different from zero for n > 0. Using the above computations, there exists only a numerable
set of values of A € R such that the modified moment functional v(9?) is not quasi-definite.

Therefore, let A € R such that A\, # 0, n > 0 and consider the quasi-definite moment
functional v(97). The modified polynomials are given by

QYN (z,y) = Pé?g)(x,y), 0<m<n,

QY (,y) = P4 (2,) — ~~—Kar ((0,0), (. y)).

Anfl

We can compute explicitly Qﬁ%ﬂ (z,y). If A= )\/hém*l), then

A

(9:7) — B9:=9)(p) —
Q z,y) = By T =
no (T:9) (=) 1+ MK, (blg:=9);0,0)

anl (b(g,—g); 07 LU),

that is, Qg(’?) (x,y) coincides with the (univariate) orthogonal polynomial associated with the
univariate modification of the Bessel moment functional given by

(5979 p(x)) = (699, p(x)) + Ap(0).

As a conclusion, the perturbation v(9?) of the bivariate moment functional w(9-7) only affects
the bivariate polynomials legjbv) (z,y), n > 0.
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