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ACTION GROUPOID IN PROTOMODULAR CATEGORIES

DOMINIQUE BOURN

ABSTRACT. We give here some examples of non pointed protomodular categories C
satisfying a property similar to the property of representation of actions which holds for
the pointed protomodular category Gp of groups: any slice category of Gp, any category
of groupoids with a fixed set of objects, any essentially affine category. This property
gives rise to an internal construction of the center of any object X, and consequently to
a specific characterization of the abelian objects in C.

1. Introduction.

It is well known that, a group X being given, the group Aut X of automorphisms of
X has the following property: given any other group G, the set Gp(G, Aut X) of group
homomorphisms between GG and Aut X is in bijection with the set of actions of the group
G on the group X, which is itself, via the semidirect product, in bijection with the set of
isomorphisms classes SExt(G, X) of split exact sequences:

1—-x->g%t c—1

This is a universal property which can be described in a very general way: consider any
category C which is pointed (i.e. finitely complete with a zero object) and protomodular
(see the precise definition below). An object X of C is said to have a split extension
classifier when there is a split extension:

dy
—>>
-
S0

X Di(X) (X)

which 1s universal in the sense that any other split extension with kernel X as above
determines a unique morphism x such that, in the following diagram, the right hand side
squares are pullbacks and the left hand side square commutes:

k g

X H G
1X\L Xl\L ® \LX
X Dy(X) 2_D(X)

S0
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This implies that the map x; is uniquely determined by the map y, and this is the reason
of the assumption of protomodularity. Indeed a category C is protomodular [5] when it
is finitely complete [12] and when, given any split epimorphism (g, s) and any pullback
diagram:
e x

o|ts

WY

<<

the pair (s, h) is jointly strongly epic (of course, the category Gp is the leading and guiding
example of a pointed protomodular category). This insures that, in the diagram defining
the universal property of the split extension classifier, the pair (k, s) is jointly epimorphic
and the map x; uniquely determined by the map y and the equations x;.k = v and
X1-S = So.X- In the category Gp, the split extension classifier associated with the group X
is the split exact sequence determined by the group homomorphism Id : Aut X — Aut X,
namely:

1 — X Aut X x X% Aut X —1
S0

with y(z) = (Idx, x), do(f,x) = f and so(f) = (f, 1).

A pointed protomodular category C is said to be action representative when such a
split extension classifier does exist for any object X [2]. We just observed that this is
the case for the category Gp. This is also classically true for the category R-Lie of Lie
algebras on a ring R, with D(X) = Der(X) the Lie algebra of derivations of X. Many
other examples and counterexamples are given in [3] in the more restricted context of
semi-abelian categories [10].

Let X be an object with split extension classifier. Then it is shown in [2] that this
classifier is underlying a groupoid structure Do(X), endowed with a canonical discrete
fibration jo : VX — Do(X) (where VX is the indiscrete equivalence relation associated
with X). For that, first denote by jx : X — D(X) the classifying map of the upper split
extension which makes the following diagram commute:

XX x X2 x
lx\L EX\L ZO \LJX
X>—= Di(X) =_D(X)

S0

Then consider the following split extension, with R[dy] the kernel equivalence relation of
do : D1(X) — D(X), and s; (according to the simplicial notations) the unique map such
that Po.-S1 = So.do and P1-S1 = 1D1(X):

X=2R[dg) =2_Dy(X)

S0
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It determines a unique pair (dy, d2) of arrows making the following commutative square a
pullback:
5
R|do] —= D1 (X))

wlfo w)ls
(

Dy(X) —> D(X)

Since any protomodular category C is Mal’cev, this is sufficient (see [9]) to produce the
following internal groupoid De(X):

52 d1
Rldy] - Dy (X) <= D(X)

We call this De(X) the action groupoid of the object X. Moreover we have di.jx = jx.p1
since the two maps clearly classify the same split extension. This produces an internal
functor jo : VX — Do(X) which is actually a discrete fibration. When C = Gp, this
action groupoid is just the internal groupoid associated with the canonical crossed module
X — Aut X, where the map d; : Aut X x X — X is defined by d;(f,x) = 1,0 f, and where
Lz is the inner automorphism associated with x. In any pointed protomodular category C,
this discrete fibration j, has still a universal property, and the existence of split extension
classifiers is equivalent to the existence of action groupoids (again see [2]).

Actually this universal property still makes sense even if the category C is no longer
pointed, and even no longer protomodular. Consequently the notion of action groupoid
(and consequently of action representative category) is still valid in any finitely complete
context. The point of this work is mainly to show that there are actual examples of
such objects in the non pointed case, more precisely: 1) when the pointed protomodular
category C is action representative, the non pointed protomodular slice category C/X
is still action representative in this new sense, 2) the fibration ()o : Grd — Set which
associates with any groupoid its object of objects (and whose fibre above 1 is precisely
Gp) has any of its (non pointed and protomodular, see [5]) fibres action representative,
3) when C is essentially affine [5], it is not only naturally Mal’cev [11], but also action
representative.

On the model of what happens in the category Gp of groups, the existence of action
groupoids in C gives rise to an internal construction of the center of any object X, and
consequently to a specific characterization of the abelian objects in C. This article gives
the details of the abstract published for the announcement of the Charles Ehresmann’s
centennial birthday Meeting [7].

2. Action groupoid.

From now on we shall consider a protomodular category C [5], see also [1] where the
fundamentals on this notion are collected. An internal groupoid Z, in C will be presented
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(see [4]) as a reflexive graph endowed with an operation (y:

R(¢2) C2
22 Z1
g z1 TS0
RQ[Z()] — R[Zo] — Zl < ZO
=0 . 20

making the diagram above satisfy all the simplicial identities (including the ones involving
the degeneracies), where R|zy] is the kernel equivalence relation of the map zy. In the set
theoretical context, this operation (, associates the composite g.f~! with any pair (f,g)
of arrows with same domain. Actually, when the category C is protomodular, and thus
Mal’cev, we can even truncate this diagram at level 2, see [9].

2.1. DEFINITION. An object X in C is said to be action representative, or to have an
action groupoid, when there is an internal groupoid De(X):

Rldy] -+ Dy (X) <= D(X)

endowed with a discrete fibration j : VX — Dg(X):

P2 pP1
Rlp)) 2> X x X —X
"o Do
R(3) j j
52 dl
—dr TS0
Rldy] —2= D (X) <= D(X)
do do

where VX is the indiscrete equivalence relation associated with X (i.e. the upper internal
groupoid in the diagram above), satisfying the following property: given any other internal
groupoid Z, endowed with a discrete fibration ke = (ko, k1) : VX — Z,, there is a unique
internal functor ke = (/%0, 1%1) . Zy — D, such that ke.ke = jo. The category C is said to
be action representative when any object X has an action groupoid.

If C is also protomodular, this implies that ke is itself a discrete fibration. When
C = Gp, this action groupoid is just the internal groupoid associated with the canonical
crossed module X — Aut X. In the pointed protomodular case, thanks to the results of
2], many examples are available in [3]. We have moreover:

2.2. PROPOSITION. Let C be an action representative protomodular category. Then any
coslice category Y \C is still action representative.

PROOF. The category Y'\C has the same underlying products and pullbacks as C. So it is
straitforward that if (X, e),e: Y — X is an object in Y'\C, we have D(X,e) = (D(X), j.e)
and Dy (X, e) = (D1(X), sg.j.€). n
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2.3. REMARK. In particular the category C, of pointed objects in C, which is nothing but
the coslice category 1\C, is still action representative, and then any object in C, (which
is clearly a pointed category) has a split extension classifier, as in [2].

3. Slice categories in pointed case.

Suppose now C is an action representative pointed protomodular category. The slice
categories C/Y are no longer pointed.

3.1. PROPOSITION. When C s an action representative pointed protomodular category,
the slice categories C/Y are still action representative. For any h :Y' — Y, the change
of base functor h* : C/Y — C/Y’ preserves the action groupoids.

PROOF. Let f: X — Y be an object of C/Y. Consider the following diagram where K
is the kernel of f:

K x KX Rl % Dy(K)

w ol ) s

K X > D(K)
Lot
0—a7=>Y

Then the upper left hand side part of this diagram is underlying a discrete fibration, and
thus produces the internal functorial factorization k, (actually a discrete fibration, since
C is protomodular). Whence the following diagram in C/Y:

k1,f.fo
RN b (k) x v

fol lﬁ doxYl ldle

X D(K)xY
Py

(k)
N o
Y

The upper part of this diagram is a discrete fibration since the composite with the pro-
jection towards D,(K) is the discrete fibration k,. We claim that this discrete fibration in
C/Y makes the internal groupoid on the right be the action groupoid of the object f in
C/Y, the equivalence relation R[f] being, in the slice category C/Y, the indiscrete equiv-
alence relation associated with this object f. So, consider an internal discrete fibration
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he : R[f] — Ze in C/Y:

Rlf] ™~ 7 =D|(K)xY

o e ] o

XTO>ZO.......>D(K) <Y
Xlzﬁ
Y

We must find the dotted factorization. The projection of this factorization towards Y is
forced by the diagram. The projection towards De(K) is given by the following diagram:

72y HDi(K)

]
oo | a fo

K x K2 Ry

ol 5l

l
K : X - Zo - 9 D(K)
| !
0 oy Y

where the functor l, : Z, — D.(K) is the factorization produced by the discrete fibration
he.ke : VK — Z, in C.

The second point of the statement comes from the fact that the image h*(f) in C/Y’
of the object f in C/Y by the change of base functor h* has the same kernel K as f in
C. ]

We thus get the following:

3.2. COROLLARY. Let C be an action representative pointed protomodular category; and
7w PtC — C [5] the associated fibration of pointed objects. Then its fibres are action
representative and its change of base functors preserve the action groupoids and the split
extension classifiers.

PROOF. The fibre Pty C above Y is nothing but the category (C/Y), of points of C/Y
(in other words: split epimorphisms with codomain Y). Then by Propositions 2.1 and
1.1, it is action representative. The change of base functors are given by pullbacks, so, by
Proposition 2.1, they preserve the action groupoids, and consequently the split extension
classifiers which are part of this structure, see [2]. =

4. The fibres of the fibration ()y : Grd — Set.

Let Set and Grd be respectively the categories of sets and groupoids, and () : Grd — Set
the forgetful functor associating the object of objects Z, with any groupoid Z,. This
functor is a fibration whose fibre above the singleton 1 is nothing but the category Gp
of groups which is action representative. On the other hand, any fibre Grdx above a set
X is protomodular [5] and clearly non pointed unless X ~ 1. We are going to show that



52 DOMINIQUE BOURN

it is still action representative. This fibre has an initial object AX, namely the discrete
equivalence relation on X, and a final object VX the indiscrete equivalence relation on
X. For any groupoid Z, in Grdy, we shall need the subgroupoid defined by the following
pullback in Grdx (namely the subgroupoid of endomaps of Z,):

Aut Z,—— 7,

! )

AX—VX

Let Z, be a groupoid such that Zy = X. We shall denote by Z(z,2") the set of arrows
from x to z’. Its action groupoid in Grdy, if ever it exists, must be an internal groupoid
in Grdy, which is nothing but a 2-groupoid with X as object of objects. Let us denote
by D(Z,) the groupoid whose object of objects is X, and arrows ¢ :  — 2’ are the group
isomorphisms ¢ : Z(z,z) — Z(a',2’). There is a canonical bijective on objects functor
Jo : Ze — D(Z,): given a map f : x — ' in Z,, its image j(f) : © — 2’ in D(Z,) is the
group isomorphism j(f) : Z(z,x) — Z(2',2") given by j(f)(a) = f.a.f71, Va € Z(x,x),
i.e. such that the following diagram commutes in the groupoid Z,:

f /

r —x
of i@
xr— g

f

This groupoid D(Z,) is actually underlying a 2-groupoid. A 2-cell v : ¢ = 9 is given by
amap v € Z(x',2') such that Vo € Z(x,x) we have (a) = v.¢(a).v™t. The "vertical”
composition is induced by the composition in Z,, the ”horizontal” one:

@ @' ¢'.¢
T U’V $/ l}V, ZL‘”'—HB UV/OV ZL‘//
P Y’ Y'ap

is defined by v/ ov = '.¢/(v)(= ¢'(v).V/).

Accordingly, we define the groupoid D;(Z,) as the groupoid whose object of objects
is X, and arrows © — 2’ are the pairs (¢,v), with ¢ : * — 2/ an arrow of D(Z,) and
v € Z(2',2"). The composition is defined by (¢, )o(¢,v) = (¢'.¢,V'.¢'(v)). The bijective
on objects functors d; : D1(Z,) — D(Z,) are defined by do(¢,v) = ¢ and dy(¢,v) = ¢
with ¥(a) = v.¢(a).r~t. We have also a bijective on objects functor:

Jo: Ze Xx Ze — D1(Z,)

(where Z, x x Z, denotes the product in the fibre Grdy), which is defined by j(f,g) =
(3(f),g.f7Y) for any arrow in Z, X x Z,, i.e. for any parallel pair of arrows (f,g) : z =
in Z,. Whence the following commutative diagram in Grdyx which is actually underlying
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a discrete fibration:

p2 p1
R[pO] $Z. Xx Z.LZ.
T o Po
RG') jo Je
52 dl
Tdr TS0
Rldo] —™= Dy(2.) <" D(Z.)
do do

4.1. REMARK. Actually the definition of the lower groupoid depends uniquely on Aut Z,.
Only the comparison j, depends on Z,. This observation will be essential in the proof of
the uniqueness in the following proposition:

4.2. PROPOSITION. The diagram above determines the lower groupoid as the action 2-
groupoid De(Z,) associated with the groupoid Z, in the protomodular fibre Grdy. Accord-
ingly the fibres Grdx are action representative.

PROOF. Suppose we are given a discrete fibration in Grdy:

P2 pP1
p1 S0

R [pO] > Zo Xx Zo < Zo

—_— —
Po Po
R(k'vl) k-,l k.,O

w2 w1
w1 S0

R[IU()] Wo,l Wo,O
wo wo

The fact that this is a discrete fibration means that any 2-cell in the 2-groupoid W:

k(f)

R

x Jv o
_—

h

determines a unique arrow g :  — 2’ in the groupoid Z, such that k(g) = h. In particular
any 2-cell in W:
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produces a unique arrow g : x — x in the groupoid Z, such that k(g) = h. We must now

define a 2-functor:
w2 w1

Rlwo] —2> Wy <2— W,
w—()) T(])
R(kc,l) ];7-,1 k-,O
52 L
Rldo) -2 Dy(Z.) <>— D(Z.)
o o

Let h :  — ' be an arrow in W,; let us define k(h) : Z(z,z) — Z(2',2’). So consider
a:x — xin Z,. We have a 2-cell k(1,,«) in W,. Consider the following diagram:
1z
x I k(1 @) x
k()
h h
1.
x| hk(1,, Oé).h_l '
hok(a). kL

Then the lower 2-cell in the diagram above produces a unique arrow k(h)(a) : 2/ — a
in Z, such that k(k(h)(a)) = h.k(a).h~'. The unicity of this map assures that k(h) is
a group homomorphism, and the last equation that we have ];’.’0.]{.70 = Jo. It is easy to
check that the construction k, : Weo — D(Z,) is functorial.

We must now extend & to the 2-cells of the 2-groupoid W,. So let v : h = K be a
2-cell in W,. Then v.h™!: 1, = h'.h~!is a 2-cell in W, which determines a unique map
v :a' — 1’ in Z, such that k(#) = ’.h~'. We define k(v) as the 2-cell (k(h), ) in D,(Z,).
This completes the 2-functor I;;.,. we were looking for.

To prove the unicity of this factorization, let us look at the following diagram:

D2 p1
R[po] 2= Aut Z, x x Aut Z, <*— Aut Z,
o o
p2 p1
R[pﬂ] 7 Zo XX Zo 0 Zo
R(k’o,l) 5)02 ko,l 5,01 ko 0
R['LUO] B Wo,l %0 W, 0
R(ko,l) 1(15)20 ko,l 15? ko,O
B s
R[do] — Dy(Z,) <——— D(Z,)
do do

The upper part of this diagram, induced by the inclusion Aut Z, — Z,, is actually a
discrete fibration. Moreover, as we noticed in the previous remark the lower 2-groupoid
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is also the action 2-groupoid associated with Aut Z,. So the unicity of the factorization
k. can be equally checked from Aut Z,. This is relatively easy by using the similar result
holding in the category Gp of groups, since the groupoid Aut Z, is nothing but a family
of ordinary groups. [

4.3. REMARK. As in any (even not pointed) protomodular category, there is, in the fibres
Grdy, an intrinsic notion of normal subobject which is explicited in [6] (Theorem 3).
The normal subobjects are closely related to the action groupoids, see [2]. Let us quickly
mention here, that a subgroupoid V, — Z, in Grdy is normal if and only if, given any
map f : z — 2/ in Z,, the restriction of the isomorphism j(f) : Z(z,z) — Z(a',2) to
V(z,x) takes its values in V (2/, 2').

5. Action groupoid and centrality.

In any protomodular category C, there is an intrinsic notion of abelian objects, see for
instance [8] or [1]. The existence of action groupoids allows us to measure the obstruction
to abelianness:

5.1. PROPOSITION. Suppose the object X in C admits an action groupoid. The kernel
relation R[j] of the map j : X — D(X) is the centre of X, i.e. the greatest central
equivalence relation on X.

PROOF. Recall that an equivalence relation (rg,r;) : R = X on X is central when there is
a "connector” between the equivalence relations R and VX, whichisamapp: Rx X —
X, satisfying internally the Mal’cev equations p(z,y,y) = x and p(x,x,y) = y, see [8].
Now let us consider the following diagram:

!

R[jI 2 X x X 2= Dy(X)

PO : :
R(po)l Rp) | m dol @
4 b1 v v

Rj) X —— D(X)
po

Since the downward right hand side square is a pullback (as a part of a discrete fibration),
the downward left hand side squares are pullbacks and R[] is then isomorphic to R x X.
Consequently the map po.R(p1) : R[j] — X is a connector which makes R[j] central.

If R is another central relation, the connector p between R and VX allows us to
complete the following diagram in a way which makes the central squares commute and
determine internal functors, see [8]:

7‘1><X ~
SoXX

X x x o SRx X X x X Jv..)Dl(X)

(TO pR7p)
Po p1 PR (p,px) Do p1 dol jdl
1

X e >R X e - >D(X)

50
To J
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On the other hand, the dotted arrows on the left hand side determine a discrete fibration,
while the composition by sq (resp. by sgx X) equalizes the horizontal arrows. Accordingly
both maps j.ro and j.r; are the classifier of the left hand side dotted discrete fibration,
and are consequently equal. Accordingly we get R < R|[j]. [

In this way we obtain a characterization of abelian objects in C, where, classically an
object X is called abelian when the indiscrete equivalence relation VX is central:

5.2. COROLLARY. Let the object X have an action groupoid. Then the following condi-
tions are equivalent:

1) the object X is abelian in C

2) dy = dy (in other words the action groupoid De(X) is absolutely disconnected)

PRrROOF. Suppose X abelian. Then its centre is the indiscrete relation VX and, according
to the previous proposition, R[j] = VX. It is the case if and only if j.py = j.p; : X x X =
X — D(X). Now, considering the following diagram:

X x X —1=Dy(X)

[P e

we have always d;.j = p;.j. So that X is abelian if and only if dy.j = d;.j. But the
pair (sg, ) is jointly strongly epic. Since dy and d; are clearly equalized by sg, this last
equality holds if and only if dy = d;. n

6. Essentially affine categories.

A category C is essentially affine [5] when it admits pullbacks of split epimorphisms,
pushouts of split monomorphisms and is such that, given any commutative square of split
epimorphisms:

X X'

ol

Y?Y’

the downward square is a pullback if and only if the upward square is a pushout. A
pointed finitely complete category C is essentially affine if and only if it is additive. The
slice categories of any finitely complete additive category are essentially affine. On the
other hand, any finitely complete essentially affine category is necessarily protomodular
and naturally Mal’cev in the sense of [11]. Inside the protomodular context, this naturally
Mal’cev condition exactly means that any object is abelian.
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We showed in [2] that when the category C is additive, then, for each object X, the
action groupoid structure is nothing but the canonical (internal) abelian group structure

on X, namely:
d

—_— ax
XxX >X=>0

Ppo
where d = p; — pg. In the same order of ideas, we have:

6.1. PROPOSITION. Any finitely complete essentially affine category C is action represen-
tative.

PROOF. Given any object X let us consider the following pushout of the split monomor-
phism sy along the terminal map:

X><X—>X

Po TSO p1 ?Te
Y \ \%

X——1

The object X, being pointed by e and abelian, is canonically endowed with an internal
(abelian) group structure, and the map d determines an internal functor d, : VX — X.
Moreover the downward squares are pullbacks and this functor is a dicrete fibration. Let
us show that this dicrete fibration makes the group structure on X be the action groupoid
of X. So consider any other discrete fibration k, : VX — W,:

d
XXX—>W1 >X

"l )

X—>W0 >

We must explicit a unique dotted factorization. Clearly kg is the terminal map 7. Since k,
is a discrete fibration, the downward left hand side squares are pullbacks, and consequently
the upward left hand side square is a pushout. Accordingly there is a unique map k& such
that k.k; = d and /ﬁ so = e.7. It is easy to check that this diagram is actually underlying
an internal functor ke : W, — X. ]

6.2. REMARK. As we emphasized it in the introduction, the definition of action groupoid
is still valid in any finitely complete category. Would there be examples of action groupoids
in a non protomodular context?
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