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FREE A, -CATEGORIES

VOLODYMYR LYUBASHENKO AND OLEKSANDR MANZYUK

ABSTRACT. For a differential graded k-quiver Q we define the free A..-category FQ
generated by Q. The main result is that the restriction A..-functor A, (FQ,A) —
A1(Q,A) is an equivalence, where objects of the last A..-category are morphisms of
differential graded k-quivers Q — A.

Ao-categories defined by Fukaya [Fuk93] and Kontsevich [Kon95| are generalizations
of differential graded categories for which the binary composition is associative only up to a
homotopy. They also generalize A..-algebras introduced by Stasheff [Sta63, I1]. A,.-func-
tors are the corresponding generalizations of usual functors, see e.g. [Fuk93| KelO1].
Homomorphisms of A.-algebras (e.g. [Kad82]) are particular cases of A..-functors.
A-transformations are certain coderivations. Examples of such structures are encoun-
tered in studies of mirror symmetry (e.g. [Kon95, [Fuk02]) and in homological algebra.

For an A.-category there is a notion of units up to a homotopy (homotopy iden-
tity morphisms) [Lyu03]. Given two A..-categories A and B, one can construct a third
A-category A (A, B), whose objects are A,-functors f : A — B, and morphisms are
A-transformations between such functors (Fukaya [Fuk02], Kontsevich and Soibelman
[KS02, [KS], Lefevre-Hasegawa [LH03], as well as [Lyu03]). This allows to define a 2-cat-
egory, whose objects are unital A.-categories, 1-morphisms are unital A,-functors and
2-morphisms are equivalence classes of natural A.,.-transformations [Lyu03]. We continue
to study this 2-category.

The notations and conventions are explained in the first section. We also describe
An-categories, Ay-functors and Ap-transformations — truncated at N < oo versions of
Aso-categories. For instance, A;-categories and A;-functors are differential graded k-quiv-
ers and their morphisms. However, A;-transformations bring new 2-categorical features
to the theory. In particular, for any differential graded k-quiver Q and any A..-category
A there is an A, -category A;(Q,A), whose objects are morphisms of differential graded
k-quivers Q — A, and morphisms are A;-transformations. We recall the terminology
related to trees in Section [[.7

In the second section we define the free A,.-category FQ generated by a differential
graded k-quiver Q. We classify functors from a free A,-category FQ to an arbitrary
Aso-category A in Proposition 2.3l In particular, the restriction map gives a bijection
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between the set of strict A,-functors FQ — A and the set of morphisms of differential
graded k-quivers Q — (A, my) (Corollary 24]). We classify chain maps into complexes
of transformations whose source is a free A,.-category in Proposition 2.8 Description of
homotopies between such chain maps is given in Corollary 2.T0L Assuming in addition that
A is unital, we obtain our main result: the restriction A-functor restr : A (59, A) —
A;(9Q,A) is an equivalence (Theorem 2.12).

In the third section we interpret A, (FQ,_) and A;(Q, ) as strict A% -2-functors A% —
Al . Moreover, we interpret restr : A, (FQ,_ ) — A;(Q, ) as an A% -2-equivalence. In this
sense the A.-category FQ represents the A% -2-functor A;(Q, _). This is the 2-categorical
meaning of freeness of FQ.

1. Conventions and preliminaries

We keep the notations and conventions of [Lyu03| [LO02], sometimes without explicit
mentioning. Some of the conventions are recalled here.

We assume as in [Lyu03, [LO02] that most quivers, A..-categories, etc. are small with
respect to some universe % .

The ground ring k € % is a unital associative commutative ring. A k-module means
a % -small k-module.

We use the right operators: the composition of two maps (or morphisms) f: X — Y
and g : Y — Zisdenoted fg: X — Z; amap is written on elements as f : x — xf = (x)f.
However, these conventions are not used systematically, and f(x) might be used instead.

Z-graded k-modules are functions X : Z > d +— X? € k-mod. A simple computation
shows that the product X = [],.; X, in the category of Z-graded k-modules of a family
(X.)ier of objects X, : d — X is given by X : Z 5> d — X? =[],.; X’. Everywhere in
this article the product of graded k-modules means the above product.

If P is a Z-graded k-module, then sP = P[1] denotes the same k-module with the
grading (sP)? = P41, The “identity” map P — sP of degree —1 is also denoted s. The
map s commutes with the components of the differential in an A.-category (A-algebra)
in the following sense: s®"b,, = m,,s.

Let C = C(k-mod) denote the differential graded category of complexes of k-modules.
Actually, it is a symmetric closed monoidal category.

The cone of a chain of a chain map « : P — () of complexes of k-modules is the
graded k-module Cone(a) = Q@ P[1] with the differential (¢, ps)d = (¢d% +pa, psd’M) =
(qd? + pa, —pd®s).

1.1. Ay-CATEGORIES. For a positive integer N we define some Ay-notions similarly to
the case N = co. We may say that all data, equations and constructions for Ay-case are
the same as in Ay-case (e.g. |[Lyu03]), however, taken only up to level V.

A differential graded k-quiver Q is the following data: a % -small set of objects Ob Q;
a chain complex of k-modules Q(X,Y') for each pair of objects X, Y. A morphism of
differential graded k-quivers f : Q — A is given by a map f : ObQ — ObA, X — X f
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and by a chain map Q(X,Y) — A(Xf,Y [f) for each pair of objects X, Y of Q. The
category of differential graded k-quivers is denoted A;.

The category of % -small graded k-linear quivers, whose set of objects is S, admits
a monoidal structure with the tensor product A x B — A ® B, (A ® B)(X,Y) =
GzesA(X, Z) @ B(Z,Y). In particular, we have tensor powers T"A = A®" of a given
graded k-quiver A, such that ObT"A = ObA. Explicitly,

TA(X,Y) = & A(Xo, X1) @) A(X1, X2) @) -+ @ A(Xn_1, X,0).

X=X0,X1,..., Xn=Y€ObA

In particular, T°A(X,Y) = k if X = Y and vanishes otherwise. The graded k-quiver
TONA = @, T"A is called the restricted tensor coalgebra of A. It is equipped with the
cut comultiplication

ATOVAX)Y) - @ TONAX, 2) R TONA(Z,Y),
ZcObA |

W @hy @ @hy =Y h @ @ hp (R hapr ® -+ @ hy,
k=0

and the counit e = (TSVA(X,Y) =% TOA(X,Y) — k), where the last map is id; if X =
Y,or0if X #Y (and T°A(X,Y) = 0). We write T'A instead of T®*®A. If g : TA — TB is

a map of k-quivers, then g,. denotes its matrix coefficient T°A % TA —2» TB 2% T<B.
The matrix coefficient g,; is abbreviated to g,.

1.2. DEFINITION. An An-category A consists of the following data: a graded k-quiver A;
a system of k-linear maps of degree 1

by @ SA(Xo, X1) @ sA(X7, Xo) @ -+ - ® sA(Xy—1, Xy) — sA(Xo, Xn), 1<n<N,
such that for all 1 < k< N

S (AT @by @1%)by1gy = 0: TFsA — sA. (1)

r4+n+t==k

The system b, is interpreted as a (1,1)-coderivation b : T®VsA — TOVNsA of degree 1
determined by

b = (b|TksA) pr, : TFsA — T'sA, b = Z 12" ® b, @ 1%, k1<N,

r4+n+t=k
r4+1+t=I

which is a differential.
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1.3. DEFINITION. A pointed cocategory homomorphism consists of the following data:
Apn-categories A and B, a map f: ObA — ObB and a system of k-linear maps of degree
0

fn o SA(Xo, X7) @ sA(X1, Xo) @ - @ sA(X,,_1, X)) — sB(Xof, X0 f), 1<n<N.

The above data are equivalent to a cocategory homomorphism f : T76VsA — TN sB
of degree 0 such that

Jor = (f}TosA) pr; =0:T°sA — T'sB, (2)

(this condition was implicitly assumed in [Lyu03| Definition 2.4]). The components of f
are

fkl:<f‘TkSA>prl :TFsA — T'sB, fu = Z fin @ fi, ® - ® fiy, (3)
P14 Fi =k

where k,l < N. Indeed, the claim follows from the following diagram, commutative for
all [ > 0:

TSN sA _f, TONgB Pt TleB

A(DJ = A(Z)l —

®1

(TSN s ) 125 (BN gpyat PI (gl

where A = ¢ AW =id, A® = A and A® means the cut comultiplication, iterated
[ — 1 times. Notice that condition (2]) can be written as fo = 0.

1.4. DEFINITION. An Apn-functor f : A — B is a pointed cocategory homomorphism,
which commutes with the differential b, that s, for all 1 < k < N

Z (fu® fi,® - ® fi))bp = Z (19" @ b, @ 1% fry14y - TFSA — 5B,

1>0501++i=k r+n+t==k

We are interested mostly in the case N = 1. Clearly, A;-categories are differential
graded quivers and A;-functors are their morphisms. In the case of one object these
reduce to chain complexes and chain maps. The following notion seems interesting even
in this case.

1.5. DEFINITION. An Ay-transformation r : f — g : A — B of degree d consists of
the following data: Apn-categories A and B; pointed cocategory homomorphisms f,g :
TONsA — TONsB (or An-functors f,g: A — B); a system of k-linear maps of degree d

Tn - SA(Xo,Xl) (059 3.A(X1,X2) R R S.A(anl,Xn> — 8B<X0f, Xng)7 0 < n < N.
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To give a system r, is equivalent to specifying an (f, g)-coderivation r : T®VsA —
TON+15B of degree d

?"kl:(r|TksA)prl:TksA—>TlsTB, E<N, I<N+1
Tk = Z f11®"'®fiq®rn®gj1®"'®gjt7 (4)
q+1+t=I

i1 tigtntjibee =k

that is, a k-quiver morphism r, satisfying rA = A(f ® r + r ® g). This follows from the
commutative diagram

TSN sA ! TN+t Pt iR
A(l)l = A(l)l —
p
— [PI0reg®? !
(T6N3A)®l gr1+t=t reg <T6N+1SB)®Z | 228 (sB)@’l

Let A, B be Ay-categories, and let f°, f', ..., f* : T®NsA — T®NsB be pointed

cocategory homomorphisms. Consider coderivations rq, ..., r, as in
fO T et T TN TN B,

We construct the following system of k-linear maps 0y : T%sA — T'sB, k < N, I < N+n
of degree degr! + - -+ + degr™ from these data:

bu=) 4@ -afh @r,@fie -0ff @ @ afie--aff, ()
where summation is taken over all terms with
mo+mi+- - Ama+n =1 G4 Fi, Fjiti+tecFip 4o+, =k

Equivalently, we write

_ 0 1 1 - n n
ekl - Z pomo ® r]l ® fplml ® ® rjn ® PnMmn
mo+mi+--+mp+n=l
po+j1+p1+-AJnton=Fk

The component 6y, vanishes unless n < I < k+n. If n =0, then 6y, is expansion (3] of
fO. If n =1, then 6y, is expansion (@) of ri.

Given an Ag-category A and an Agy-category B, 1 < K, N < oo, we construct an
An-category Ag (A, B) out of these. The objects of Ax (A, B) are Ag-functors f : A — B.
Given two such functors f, g : A — B we define the graded k-module Ax (A, B)(f,g) as
the space of all Ag-transformations r: f — ¢, namely,

[Ax(A,B)(f, 9)]*"
= {r: f—g| Ag-transformation r : T®¥sA — T®%+!1sB has degree d}.
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The system of differentials B,, n < N, is defined as follows:
Bl : AK(.A, B)(f7 g) - AK('A7 B)(f? g)? T (T)Bl = [7”, b] =rb— (_>Tbr7

[(r) Bk = Z (fu® ®fi, T ®gj; @+ ® g5, )bgr1+¢
i1+ Fig+ntj14-+j=k

_(_)r Z (1®o¢ ® bn & 1®ﬁ)7’a+1+5, k < K7
a+n+p=k

By Ag(A,B)Y(fO, @ @ A (A, B)(f" L f") — A (A, B)(f°, f),
"n® - @re (r'®---@r")B,, for 1 <n <N,

where the last Ag-transformation is defined by its components:

n+k
[(T1®®Tn)Bn]k :Z(T’1®"'®T‘n)9klbl, k < K.
l=n
The category of graded k-linear quivers admits a symmetric monoidal structure with
the tensor product A X B — A X B, where ObAXK B = ObA x ObB and (A K
B)((X,U),(Y,V)) = A(X,Y) ® B(U,V). The same tensor product was denoted ®
in [Lyu03], but we will keep notation A ® B only for tensor product from Section [
defined when ObA = ObB. The two tensor products obey
Distributivity law. Let A, B, €, D be graded k-linear quivers, such that ObA =
Ob B and Ob € = ObD. Then the middle four interchange map 1®c®1 is an isomorphism
of quivers

A®B)RCECRD) — (ARC) ® (BXD), (6)

identity on objects.

Indeed, the both quivers in (@) have the same set of objects R x S, where R = Ob A =
ObB and S =0bC =0bD. Let X,Z € Rand U, W € S. The sets of morphisms from
(X,U) to (Z,W) are isomorphic via

(A®B)R(CeD))((X,U),(Z,W)) =
(ByerA(X,Y)® B(Y, Z)) @ (BvesC(U, V) @ D(V,W))
Sy vyerxsAX,Y) @) B(Y, Z) @) C(U,V) @ D(V, W)
1®c®1
By v)erxsAX,Y) @ €U, V) @ B(Y,Z) @ D(V, W)

= (ARC) @ (BRD))((X,U),(Z,W)).

The notion of a pointed cocategory homomorphism extends to the case of several
arguments, that is, to degree 0 cocategory homomorphisms ¢ : T8 sC!K- - KT €4 —
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TONsB, where N > L'4- - -4 L7, We always assume that 1y : T°sC'X- - -KT%sC1 — sB
vanishes. We call 1 an A-functor if it commutes with the differential, that is,

OXRIX-- NI+ 1XKIX-- K14 - +1XKIKX--- X b)) = )b.

For example, the map a : T®¥sA K TONsAp (A, B) — TOEHNsB aKr!l @ - - @ 1"
a.l(r'®---®@7r")f], is an A-functor.

1.6. PROPOSITION. [cf. Proposition 5.5 of [Lyu03]] Let A be an Ak-category, let C* be an
Api-category for 1 <t < q, and let B be an Ax-category, where N > K + L' 4 --- + L9,
For any A-functor ¢ : TSKsAK TOL s K .- K TOL sC1 — TSNsB there is a unique
A-functor ¢ : TSV s@ K - .. R T6L" 51 — TON-Ks Ak (A, B), such that

¢ = (TONSARTO €' K. .. ITOV s —% TOK s ARTON K s A (A, B) — TN sB).

Let A be an Ay-category, let B be an Ay g-category, and let € be an Ay -cat-
egory. The above proposition implies the existence of an A-functor (cf. [Lyu03, Proposi-
tion 4.1])

M : T®¥sAn(A, B) KT sAn, (B, C) — TOETLsAN (A, C),
in particular, (1X B+ BX 1)M = M B. It has the components
Mym = M|,y DTy : T"sAN (A, B) BT sAny (B, €) — sAn(A, C),

n < K, m < L We have My = 0 and M,,, =0 for m > 1. If m = 0 and n is positive,
M, is given by the formula:

Mno : sAN(A,B)(fO,fl) R+ R® SAN(A,B)(fn—17fn) |X|kgo — SAN(-Aa e)(fogo7fng0)a
r1®...®rn1I—>(T1®"'®7’n‘go)Mn07
n+k

[(T1®...®Tﬂ“|gO)MnO]k:Z(T1®"'®Tn)9klglo7 k<N7

l=n

where | separates the arguments in place of X. If m = 1, then M, is given by the formula:

My sAN(A,B)(fO, f) @ -+ @ sAn(A, B) (", ") R sAn ik (B, C)(g°, g")
— sAN(A,©) (%, Mg, @Rt e (- @ B ) My,
n+k
('@ @R Ml => ('@ @r")fut, k<N
l=n

Note that equations

[<7ﬂ1 QR ® Tn)Bn]k — [(7‘1 Q- - Qr*X b>Mn1]k — (_)r1+...+7«n[(b MNrlg . @ Tn)Mln]k
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imply that

(rl @ e ® rn)Bn = (7‘1 ® s ® T’n & b)Mnl - (_)r1+...+7«" (b IE Tl ® te ® Tn)th
B=(1RbM—(bR1)M :id — id : Ay(A, B) — An(A,B).

Proposition implies the existence of a unique Ap-functor
ANn(A, )t AN+ (B, €) — Ax(An(A, B), An(A, €)),

such that

M = [TSKsAy(A, B) R T s Ay, (B, €) =284

TR sAn(A, B) KT s Ak (An(A, B), An(A, C)) —— T s AN (A, C)].

The Ap-functor Ax(A, ) is strict, cf. [Lyu03, Proposition 6.2].

Let A be an Ay-category, and let B be a unital A,.-category with a unit transformation
iB. Then An(A,B) is a unital A,-category with the unit transformation (1 X i®)M
(cf. [Lyu03, Proposition 7.7]). The unit element for an object f € ObAy(A,B) is
FAMNAB) K (sAN) U A, B), 1 — fiB.

When A is an Ag-category and N < K, we may forget part of its structure and view A
as an Apy-category. If furthermore, B is an Ag p-category, we have the restriction strict
Ap-functor restrg n @ Ax(A,B) — An(A,B). To prove the results mentioned above,
we notice that they are restrictions of their A..-analogs to finite N. Since the proofs of
Ao-results are obtained in [Lyu03] by induction, an inspection shows that the proofs of
the above Ay-statements are obtained as a byproduct.

1.7. TREES. Since the notions related to trees might be interpreted with some variations,
we give precise definitions and fix notation. A tree is a non-empty connected graph
without cycles. A vertex which belongs to only one edge is called ezternal, other vertices
are internal. A plane tree is a tree equipped for each internal vertex v with a cyclic
ordering of the set F, of edges, adjacent to v. Plane trees can be drawn on an oriented
plane in a unique way (up to an ambient isotopy) so that the cyclic ordering of each E,
agrees with the orientation of the plane. An external vertex distinct from the root is
called input vertex.

A rooted tree is a tree with a distinguished external vertex, called root. The set of
vertices V (t) of a rooted tree ¢t has a canonical ordering: z < y iff the minimal path
connecting the root with y contains x. A linearly ordered tree is a rooted tree ¢ equipped
with a linear order < of the set of internal vertices IV (), such that for all internal vertices
x, y the relation x < y implies < y. For each vertex v € V(t) — {root} of a rooted tree,
the set E, has a distinguished element e, — the beginning of a minimal path from v to
the root. Therefore, for each vertex v € V(t) — {root} of a rooted plane tree, the set E,
admits a unique linear order <, for which e, is minimal and the induced cyclic order is
the given one. An internal vertex v has degree d, if Card(E,) =d + 1.
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For any y € V(¢t) let P, = {z € V(¢) | x < y}. With each plane rooted tree ¢ is
associated a linearly ordered tree t. = (¢,<) as follows. If x,y € IV (t) are such that
x Ay and y £ z, then P, N P, = P, for a unique z € IV(¢), distinct from « and y. Let
a € FE,—{e,} (resp. b € E, — {e,}) be the beginning of the minimal path connecting z
and z (resp. y). If a < b, we set © < y. Graphically we <-order the internal vertices by
height. Thus, an internal vertex x on the left is depicted lower than a <-incomparable
internal vertex y on the right:

a<b = x<uy.

€z ?

root

A forest is a sequence of plane rooted trees. Concatenation of forests is denoted L.
The vertical composition Fj - Fy of forests F}, Fy is well-defined if the sum of lengths of
sequences F7 and F5 equals the number of external vertices of F5. These operations allow
to construct any tree from elementary ones

1= ‘ : and t = y (k input vertices).

Namely, any linearly ordered tree (¢, <) has a unique presentation of the form
(t, <) = (1" Uy, U100 - (192 Uy, L 19%2) - gy, (7)

where N = |t of Card(IV (t)) is the number of internal vertices. Here

e k B
—— ——

weugure= | LY L

In ([7) the highest vertex is indexed by 1, the lowest — by N.

2. Properties of free A..-categories

2.1. CONSTRUCTION OF A FREE A, -CATEGORY. The category strictA,, has A..-cate-
gories as objects and strict A,.-functors as morphisms. There is a functor U : strictA,, —
Ay, A — (A,m;) which sends an A,-category to the underlying differential graded
k-quiver, forgetting all higher multiplications. Following Kontsevich and Soibelman [KS02]
we are going to prove that U has a left adjoint functor F : A; — strictA,,, Q — FQ. The
Aso-category FQ is called free. Below we describe its structure for an arbitrary differential
graded k-quiver Q. We shall work with its shift (sQ, d).
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Let us define an A,.-category FQ via the following data. The class of objects Ob FQ
is Ob Q. The Z-graded k-modules of morphisms between X, Y € ObQ are

sFAUX,Y) = @n>1 Brerr, sFQ(X,Y),
sFQ(X,Y) = @ﬁo:XnggngQ(Xo,Xl) ® - ®sQ(X, 1, X) [—1]],

0yeees

where JZ, is the class of plane rooted trees with n + 1 external vertices, such that
Card(E,) > 3 for all v € IV (t). We use the following convention: if M, N are (dif-
ferential) graded k-modules, thenT

(M @ N)H = M ® (N[K).

(Mo N " (Mo N)k) = (Mo N 25 Mo (N[H)).

The quiver FQ is equipped with the following operations. For & > 1 the operation by is a
direct sum of maps

by = dilg. .. @ sltv-1lg gltxl=lt . 57, (Yo, Y1) ®- - '®595th(Yk71;Yk) — sF,9(Yo, Y2), (8)

where t = (t; U -+ Uty) - t. In particular, |t| = |t;| + -+ + |tg| + 1. The operation b;
restricted to sF,Q is

b=de (—1)"Ms™sFQX,Y) = sFAUXY) e P sFQAX,Y), (9)

t'=t+edge

where the sum extends over all trees ¢ € TZ, with a distinguished edge e, such that
contracting e we get ¢ from t'. The sign is determined by

B(t") = B(t',e) = 1 + h(highest vertex of e),
where an isomorphism of ordered sets
hIV(E) —— [LIY]]nZ
is simply the height of a vertex in the linearly ordered tree t’, canonically associated with

t'.In (@) dmeans d®1®@--- @1+ +1®---®d®1+1®---®1®d, where the last d
Uin (@) means

2.2. PROPOSITION. FQ is an Ay -category.

! Another gauge choice (M ® N)[1] = M[1] ® N, s = s ® 1 seems less convenient.
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PROOF. First we prove that ? = 0 on sF,Q. Indeed,

b% — 2 ® (_)ﬂ(t’,e)(sfld_i_ dsfl) & [(_1)ﬁ(t’1,61)+ﬁ(t”,62) + (_1)ﬂ(t;,eg)+ﬁ(t",e1)}5—2 :
sFQ - sF00 @ sF.00 P sFuQ

t'=t+e t''=t+e1+es

where t” contains two distinguished edges e;, e, contraction along which gives t; t} is
t” contracted along ej, and t| is t” contracted along e;. We may assume that highest
vertex of e; is lower than highest vertex of ey in t”.. Then ((t],e1) = B(t",e1) and
B(t", eq) = B(th, e2) + 1, hence,

(_1),3(t'1761)+5(t"762) + (_1)ﬁ(t/2762)+/3(t”761) = 0.

Obviously, d?> = 0 and s~'d + ds™! = 0, hence, b? = 0.
Let us prove for each n > 1 that

k>1

bubi + 3 (17 @0 @1 )bt D (197 @b @ 1% bayap =0
p=1 a+k+p=n
a+p6>0
k>1,t"
ngt1Q®..-®Sf}dth—>Sf}}Q@@SI}}/Q@ @ S?t//Q7
Dty a+k+B=n
a+3>0
where
3! t2 tn—1 tn
t=(tU Uty t, = , (10)

t1 tlp tn

=t U---ut,U---Uty) - t, = :

[tatkt1]

and contraction of ¢, along distinguished edge e, gives t,. According to the three types
of summands in the target, the required equation follows from anticommutativity of the
following three diagrams:

slt1l@...qsltn—1lggltnl -t

§F,QA® -+ ® sFy, 9 ; sFQ

1®n1®d+...+d®1®n1j — j{d

sltil@..@sltn—1lggltn|—Itl
SS%IQ(X)"'@QSSQnQ b 83%Q
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that is,

(1®n—1 ® d+ e d® 1®nfl)(s|t1‘ KRR S‘tn—1| R 8|tn|7|t|)
+ (S|t1\ R ® S|tn—1| ® S|tn|*|t\)(1®n*1 Rd+---+d® 1®”71) = O;

sltil@...@sltn—1lggltn|—It|
$F,0® - ®sF, Q@ ® sF,Q e sF,Q

l(_)ﬁ(t;)1®p—1®s—1®1®n—p — ()Ml [+6(t) g—1 j

$F,00 - ©sFyQ® - ©sF;,Q o)

S|t1‘@...@s‘tpfl‘@s‘t;ﬂ|+1®s‘t}7+l‘®,..®S|tn71‘®s|tn‘—|t‘—1

that is,

(_Dﬁ(t;)(l@p—l Rsl® 1®n—p)(8\t1\ Q- - .®S|tp71| ®S|tp\+1 ®S\tp+1\ Q- .®S\tn71\ ®8\tn|—\t|—1)
+ (S|t1\ Q- ® gltn—1l ® S|tn|f|t\)(_1)1+\t1\+--.+\tp71\Jrﬁ(t;,)(l@nfl Q 571) =0,

in the particular case p = n it holds as well;

slt1l@...@sltn—1lggltn|—It|
sF; Q®-®sF, Q sF:Q

1®ﬂ®s'toc+1'®..l®sta+k1®s‘ta+1"”‘ta+k1‘1®1®ﬁ - ()1+|tl+m+|tas_lj

sF¢; QR--QsFy, Q®SF£Q®sFta+k+1Q®--~®5Fth sF.1Q

sltilg...@sltel @sltl @sltatbtilg...gsltn—1lggltn|—ItI-1

where ¢ = (tqq1 U -+ Utayr) - 4, that is,

(1®0€ ® glta+l R ® gltatr—1l ® g tat1l=—ltatr—1|-1 ® 1®ﬁ),
(8|t1| ® .. ® Sltal ® 1®k—1 ® 8|ta+1‘+“‘+‘ta+k‘+l ® 8|to¢+k+l‘ ® e ® S‘tn—l‘ ® 8|tn|—|t|—1>

+ <3|t1| ® - ® sl g S\tn|*\t|)(_1)1+|t1|+"-+|ta\(1®n71 ® 571) -0,

in the particular case § = 0 it holds as well.
Therefore, FQ is an A..-category. [

Let us establish a property of free A,-categories, which explains why they are called
free.

2.3. PROPOSITION. [A.-functors from a free A-category| Let Q be a differential graded
quiver, and let A be an Ay -category. Let fi : sQ — (sA,by) be a chain morphism of
differential graded quivers with the underlying mapping of objects Ob f : ObQ — ObA.
Suppose given k-quiver morphisms fi, : T*sFQ — sA of degree 0 with the same underlying
map Ob f for all k > 1. Then there exists a unique extension of fi to a quiver morphism

f1:8FQ — sA such that (f1, fa,...) are components of an A -functor f: FQ — A.
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PRrOOF. For each n > 1 we have to satisfy the equation

a+£5>0
bfi= Y. (fa® @ fidi— > (@b @1%7) forris: T"sFQ — sA. (11)
i1+ =n a+k+P=n
It is used to define recursively f; on sFQ. Suppose that ¢y, ..., t, are trees, n > 1, and

f1:83,Q — sA is already defined for all 1 < ¢ < n. Since
bn — S‘tl‘ ® e ® Sltnfll ® S|tn|7|t‘ : S?tIQ ® e ® S?th — S?tQ
is invertible for ¢t = (t; U---Ut,) - t,,, formula () determines f; : sF,Q — sA uniquely as

P P,
(fi1®“'®fil )bi— aigigzn(1®a®bk®1®5)fa+1+ﬁ

fi=(sF1Q 2 55,09 - © 5F,,0

SA) .

This proves uniqueness of the extension of f;.

Let us prove that the cocategory homomorphism f with so defined components (f1, fa, . ..
is an A.-functor. Equations (III) are satisfied by construction of f;. So it remains to
prove that f; is a chain map. Equation f1b; = by f1 holds on sF|Q by assumption. We are
going to prove by induction on |¢| that it holds on sF;Q. Considering t = (t;U---Ut,) - t,,
n > 1, we assume that fiby = by fi : sFyQ — sA for all trees ¢’ with |¢/| < |t|. To prove
that fiby = b1 f1 : sF,Q — sA it suffices to show that b, f1b1 = b,b1 f1 for all n > 1 due to
invertibility of b,. Using (II]) and the equation &® pr; = 0 we find

a+B3>0
bufiby —babifi = > (fu®- @ fi)bibi— > (1% @b @ 197) fagrisb
114+ =n a+k+LB=n
a+8>0
+ D, (@b ®1%)batiisfi
a+k+6B=n
¥+6>0
== 3 (fa@0f) Y. 1% @b,@1%)b 11
11+ +i=n Y+p+o=l

a+£6>0 r>1
+ ) (1®“®bk®1®5)L 3 (fy ® - ® f;)br
atk+f=n j1++jr=a+140
v¥+6>0

- ) (1Tehe 1®5)f7+1+5]

YHp+i=a+143

a+£>0
=3 Y aene®) S feef,
r>1 La+k+0=n Ji++jr=a+1+8
- Z (fii®-®fy) Z 1®7®bp®1®5 b,
i1+ ti=n Hptd=l

y+14+0=r
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o Z Z (1®a ® bk ® 1®ﬁ) Z 1®’y ® bp ® 1®6 fr-

r>1 La+k+B8=n Y+p+é=a+l+p
a+£5>0 y+1+6=r
Let us show that the expressions in square brackets vanish. The first one is the matrix
coefficient bf — fb : sF,9 ® --- ® sF;, Q9 — T"sA. Indeed, for r > 1 the inequality
r<ji1+--+7j = a+1+ [ automatically implies that a + 3 > 0, so this condition
can be omitted. Using the induction hypothesis one can transform the left hand side of
equation

> (1™ @k 1% > fn®--® fj

atk+p=n ttir=at+1+p

= > (fh®®fy) > 190517 : 55,00 - ©5F,0 - T"sA
i1+-+i=n Y+p+o=l
y+1+0=r

into the right hand side for all n,r > 1.
The second expression

Yo o ehel®™) Y 1¥@b,e1% (12)
a+k4G=n Y+p+i=a+1+3
a+6>0 Y+1+6=r

is the matrix coefficient
(b—bpry)bpr, : T"sFQ — T"sFQ
of the endomorphism (b — bpry)b: TsFQ — T'sFQ. However,
(b—bpr,)bpr, = b*pr, —bpr, bpr, = —bpr; bpr; pr, =0
for r > 1, because pr, b = pr; bpr,. Therefore, (I2) vanishes and equation b, f1b; = b, b1 f1

is proven. [

Let strict Ao (FQ, A) C Ao (FQ, A) be a full A-subcategory, whose objects are strict
Ao-functors. Recall that Ob A;(Q,.A) is the set of chain morphisms Q — A of differential
graded quivers.

2.4. COROLLARY. A chain morphism f : Q — A admits a unique extension to a strict
Ao -functor f FQ — A. The maps f — f and

restr : Obstrict A, (FQ,A) — Ob A;(Q, A), g — (Ob g,gl}SQ)

are tnverse to each other.

Indeed, strict A,.-functors g are distinguished by conditions g, = 0 for k£ > 1.
We may view strict A, as a category, whose objects are A,-categories and morphisms
are strict A,-functors. We may also view A; as a category consisting of differential graded
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quivers and their morphisms. There is a functor U : strictA,, — Ay, A — (A, my), which
sends an A, -category to the underlying differential graded k-quiver, forgetting all higher
multiplications. The restriction map

restr : strictAo(FQ, A) — A1(QUA), g+~ (Obg,g1,,) (13)

is functorial in A.
2.5. COROLLARY. There is a functor F : A} — strictAy,, Q — FQ, left adjoint to U.

2.6. EXPLICIT FORMULA FOR THE CONSTRUCTED STRICT A-FUNCTOR. Let us obtain
a more explicit formula for f; We define f; for ¢t = (t; U ---Ut,) - t, recursively by

. . ’ SFtQ :
a commutative diagram

tlg..® ‘tn—l‘@) [tn|—]t]
s S S
SEFtIQ®"'®Sg'~th b

n

P;ﬂ = lh
n sA

83715

SARQ - -®sA

Notice that the top map is invertible. Here n, t;, ..., t, are uniquely determined by
decomposition (I0) of ¢.

Let (¢,<) be a linearly ordered tree with the underlying given plane rooted tree ¢.
Decompose (t,<) into a vertical composition of forests as in (7). Then the following
diagram commutes

1992 @by, ®1902 by

1®a1 ®bk1 ®1®61
ﬁ

sQ®n Q% sJ1,,Q® sQ®A N sF,Q

FRal+1+ 7 1+ @k ;
flnj o Bll et "ﬂ-*h N jfl

1921 Qb ®19P1 1®22@b,, ®1®P2 by
SA®" ! SA®M @ sA @ sASH 2 Y sA

The upper row consists of invertible maps. One can prove by induction that the compo-
sition of maps in the upper row equals +s7 /. When (¢, <) = t. is the linearly ordered
tree, canonically associated with ¢, then the composition of maps in the upper row equals
s~ This is also proved by induction: if ¢ is presented as t = (t; LI -- - L t;) - t, then the
composition of maps in the upper row is

(1®k‘—1 ® S—|tk\)(1®k’—2 ® g~ k-1l ® 1) o (S—|t1| ® 1®k—1)(8|t1\ R ® gltr—1l ® Sltk\—|t|)

— 10kl g gl — gl

Therefore, for an arbitrary tree ¢t € JZ, the map ﬁ‘SFtQ is

Slt] f1®n 1®a1®bk1®1®ﬁ1 1®a2®bk2®1®ﬂ2 by

sQ®n sA®" sA®M 1A

J/c\l = (ngtQ

% sA),

where the factors correspond to decomposition (@) of ¢..
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2.7. TRANSFORMATIONS BETWEEN FUNCTORS FROM A FREE A,,-CATEGORY. Let Q be a
differential graded quiver, and let A be an A.-category. Then A;(Q, A) is an A.-category
as well. The differential graded quiver (sA;(Q,A), By) is described as follows. Objects
are chain quiver maps ¢ : (sQ,b;) — (sA,by), the graded k-module of morphisms ¢ —
is the product of graded k-modules

sA1(QA) (6, 0) = [ sAX¢, X¢)x [ C(sQX,Y), sAX$,Y¥)), 1= (ro,m)

XeObQ X,YeObQ

The differential By is given by

(rB1)o = robr,
(rBi)1 = 11b1 + (91 ® 19)ba + (10 @ 11)bg — (—)"by71. (14)

Restrictions ¢, : Q — A of arbitrary A,-functors ¢, : FQ — A to Q are A;-functors
(chain quiver maps).

2.8. PROPOSITION. Let ¢, : FQ — A be A -functors. For an arbitrary complex P of
k-modules chain maps v : P — sAx(FQ, A)(¢, ) are in bijection with the following data:

(Ul, uk)k>1

1. a chain map v’ : P — sA1(Q,A)(¢,v),

2. k-linear maps

up: P— ] C(FQH(X,Y), sA(X o, V)

X,Y€0bQ
of degree 0 for all k > 1.

The bijection maps u to (u',uy)g>1, where u, = u - pry and

restr restr

u = (P LN $Aw(FQ,A)(p,0) —> sA1(FQ,A)(p,Y)) — sAl(Q,A)(¢,w)). (15)
The inverse bijection can be recovered from the recurrent formula

a,B

(_)Pb’EQ<pul) = _(pd)uk + Z (¢aa ® Pugq b2y wcﬁ>b£‘+l+/5
at+q+c=k
a+3>0

—(F Y 0% @HR 0 1) (i) : (STQ - s4,
a+q+0=k

where k > 1, p € P, and ¢qq, Vep are matriz elements of ¢, 1.
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PROOF. Since the k-module of (¢, 1))-coderivations sA.(FQ,A)(¢, ) is a product, k-lin-
ear maps u : P — sA(FQ, A)(¢, ) of degree 0 are in bijection with sequences of k-linear
maps (uy)g=o of degree 0:

ug: P — H sA(X ¢, X)), P — pto,
X€eObQ

ug : P — H C((SFQ)®k(X> Y)>5-A(X¢?Yw))7 D pug,
X,Y€ObQ

for k > 1. The complex &y = (sAx(FQ, A)(¢, 1), By) admits a filtration by subcomplexes

O, =0x-x0x[[ J[ CFQ™X,Y),sAX0,YV)).

k=n X,Y€ObQ

In particular, ®, is a subcomplex, and

0o/ = [] sAXe,Xy)x [ C(sFAUX,Y) sAXg,Y))

XeObQ X,YeObQ

is the quotient complex with differential (I4]). Since (sFQ,b;) splits into a direct sum of
two subcomplexes sQ @ (69|t|>053’tQ), the complex ®,/®, has a subcomplex

O0x JI C®us0sFQX,Y),sA(X, YY), [ bal).

X,Y€e0bQ

The corresponding quotient complex is sA;(Q,A)(¢,1). The resulting quotient map
restr] @ $SA(FQ,A)(p, ) — sA1(Q,A)(p, 1) is the restriction map. Denoting u' =
u - restry, we get the discussed assignment u +— (v, u,),>1. The claim is that if u is a
chain map, then the missing part

ui P — [ C(@p=0sTQX,Y), sA(X o, Y1),
X, YeObQ

of uy = uf x uf is recovered in a unique way.

Let us prove that the map u — (v, u,),>1 is injective. The chain map u satisfies
pdu = puB for all p € P. That is, pduy, = (puBj)y for all k& > 0. Since puB; =
(pu)b™ — (—)PbFQ(pu), these conditions can be rewritten as

a,B
pduy, = Z (Gaa ® pug @ ¢cﬁ)b2+1+ﬂ - (=) Z (197 @ by ® 1%7) (puas145), (16)
a+q+c=k a+q+p6=k

where ¢gq @ T%sFQ(X,Y) — TsA(X ¢, Y ¢) are matrix elements of ¢, and 1.3 are matrix



FREE A,-CATEGORIES 191

elements of 1. The same formula can be rewritten as

a,f
(_)pbl'c:Q(pul) = _(pd)uk + Z (¢aa ® buq X ¢cﬁ)b2+1+ﬁ
a+q+c=k
a+5>0
— (=P ) (1% @0 ®1%) (puasisp) : $F, Q@ @ 5F,Q — sA. (17)
o+q+pB=k

When k > 1, the map b9 : sF,Q® - - ® sF;,Q — sF;Q, t = (t; U+ - - Uty)t; is invertible,
thus, pu; : sF;Q — sA in the left hand side is determined in a unique way by ug, u, for
n > 1 and by pu; : s3;,Q — sA, 1 < i < k, occurring in the right hand side. Since the
restriction u} of u; to sFQ = sQ is known by 1), the map u{ is recursively recovered from
(wo, Uy, Up ) p>1-

Let us prove that the map u — (v, uy,),>1 is surjective. Given (ug, u}, Uy )n>1 We define
maps uf of degree 0 recursively by (IT). This implies equation (I8l for k& > 1. For k =0
this equation in the form pduy = pugb; holds due to condition 1). It remains to prove
equation (I6) for £ = 1:

(pd)ur = (pur)bf + (¢1 ® puo)by + (puo ® 1)bs — (—)?by (puy) :
sFAX,Y) — sA(Xo, Y1) (18)

for all trees t € T>o. For ¢ = | it holds due to assumption 1). Let N > 1 be an integer.
Assume that equation ([I8]) holds for all trees t € T~y with the number of input leaves
in(t) < N. Let t € T2, be a tree (with in(t) = N). Then ¢ = (t; U --- U t;)t; for some
k > 1 and some trees t; € T>o, in(t;) < N. For such ¢ equation (I8)) is equivalent to

(—=)Pbi(pd)ur = (=)Pbe(pus )b + (—)Pbi(dr @ puo)by + (—)Pbe(puo ® 1r)bh
v¥+6>0
+ Z (17 ®@b; @ 1%)by g1 5(pur) : sF, Q@ -+ @ 55, Q — sA.
y+ji+o=k

Substituting definition (I7) of u; we turn the above equation into an identity

a,B
- Z (¢aa & pduq ® wcﬁ)b§\+l+,@ (19>
a+q+c=k
a+p>0
— (=) Z (199 @ by @ 1%7) (pduat11p) (20)
a+q+B=k
= —(pdug )by (21)
a,B

+ Z (¢aa X Plug & ¢cﬁ)ba+1+ﬂb1

a+q+c=k



192 VOLODYMYR LYUBASHENKO AND OLEKSANDR MANZYUK

a+5>0
— (=) Y (1% @by @ 197)(putat14)bn (22)
a+q+p=k
+ (=) bk (d1 @ pug)ba + (=) br(puo @ 11)by (23)
Y+6>0
FEP S 0788 91%) | purerss (21)
y+ji+o=k
a8
+ Z (¢aa ® puq ® wc[?)ba—l—l—l—ﬂ (25)
a+g+e=y+1+6
a+B>0
(= Y (% @b @ 1%)(puatiis)| (26)

atq+p=y+1+6

whose validity we are going to prove now. First of all, terms (20) and (24) cancel each
other. Term (20]) vanishes because for an arbitrary integer g the sum

a+1+8=g
> (1P ebe1®) (1% b, 1%) (27)
Y+j+o=k
at+q+B=y+1+46
is the matrix coefficient b?> = 0 : T#sFQ — T9sFQ, thus, it vanishes. Notice that condition
a+ (> 0in (26) automatically implies v + 6 > 0. Furthermore, term (2II) cancels one
of the terms of sum (IJ). In the remaining terms of (I9) we may use the induction
assumptions and replace pdu, with the right hand side of (I6]). We also absorb terms (23)
into sum (25]), allowing v = § = 0 in it and allowing simultaneously o = 5 = 0 in ([22)) to
compensate for the missing term by (puy)b:

a+p>0 ~,8

- Z Z [¢aa ® (Pey @ pu; @ ¢f§)b¢+1+6 ® @Dcﬁ} bé+1+,@ (28)
atgte=k e+j+f=q
a+6>0

F (P D D [ ® (1% @b @ 1%) (puggrss) @ Yeg|biyirg  (29)

a+q+c=k v+j+o=¢q

o,
= Z (Paa ® Pug & wcﬂ)bfz‘-ﬁ-lﬂ-ﬁb? (30)
a+q+c=k
= (=P Y, (1% @b, @ 1%) (puasres)by (31)
a+q+B=k
o,
(=P Y ) (1T 8 ®1%)(Gaa © g @ Yes)bi 11 g

Y+j+o=k a+q+c=y+1+6

Recall that ¢, vanish for all a except a = 0. Therefore, we may absorb term (B0) into
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sum (28) and term (B1)) into sum (29), allowing terms with & = § = 0 in them. Denote
r=pu € sA(FQ,A) (¢, ). The proposition follows immediately form the following

2.9. LEMMA. For all r € sA(FQ, A)(¢,v) and all k > 0 we have

a,f ¥,0
- Z Z [Qbaa ® (Qbefy Kr; & ¢f6)bﬁ+1+6 & ¢Cﬂ] b§+1+ﬁ

atq+c=k e+j+f=q

a76
+(=) Z Z [Qﬁw ® (1®W ®b; ® 1®6)Tv+1+6 ® @Z)Cﬂ] b2+1+5
a+q+c=k yv+j+é=q

o,
= (=) Z Z (1*®b e 19)(aa @ Tq & ¢Cﬁ)b2‘+1+ﬁ~ (32)

Y+j+o=k at+q+c=y+1+0

PROOF. Sum (32)) is split into three sums accordingly to output of b; being an input of
®aa OF Tq OF Yea:

a»ﬂ:’%&

- Z ($aa ® Doy O T @ Pys & @Dcﬂ)(l@a ® bﬁ+1+6 ® 1®ﬂ)bg\+1+/j (33)
ate+j+f+c=k

a?ﬁ
+ (_)T Z (1®a+’y ® bj @ 1®6+C)(¢aa Q Tyt146 @ %ﬁ)bﬁﬂw (34)
aty+j+o+e=k
a,o,3
= (_)T Z (bma(baa ® T'q ® wcﬂ)bQJrlJr,@ (35>
r+q+c=k
a,q,6
+ (=) Z (Paa @ bygrq ® ¢05)b§+1+f3 (36)
at+y+c=k
a,3,c
+ Z (¢aa ®@7q ® bzr:¢cﬂ)b§+1+ﬁ- (37)
at+q+z=k

Here by, : T%sFQ — T*sFQ is a matrix element of b7Q. Terms (B4) and (B6) cancel each
other. We shall use A.-functor identities b¢p = ¢b, by = b for terms ([B5) and (B7).
Being a cocategory homomorphism, ¢ satisfies the identity

Z ¢aa ® d)e'y - [A(gb ® Qb)] hiay = ¢h,a+7Aa+'y;a,y

at+e=h
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for all non-negative integers h, where A is the cut comultiplication. Similarly for ¢. Using
this identity in ([B3) we get the equation to verify:

VW a6v,66w
— > (G ®r® ) Y. (1@ @1,
r4q+z=k a+ty+pB=v+14+w
= Y (G @ @) ® 1T,
z+q+z=k
v,w, 3
Y (G @1 ® ) (15 U
r+q+z=k

It follows from the identity b*pr; = 0 : T"**%sA — sA valid for arbitrary non-negative
integers v, w, which we may rewrite like this:
abv,6w

Z (1®a®bﬁ ®1%° b2+1+6 @191 b2+1+w+z 19 b)) )bﬁ+1+ﬂ =0.
a+y+pLB=v+1+w Jé]

So the lemma is proved. n

The proposition follows. ]

Let us consider now the question, when the discussed chain map is null-homotopic.

2.10. COROLLARY. Let ¢,1) : FQ — A be Ay-functors. Let P be a complex of k-modules.
Let u : P — sA(FQ,A)(p,¢) be a chain map. The set (possibly empty) of homotopies
h:P — sAx(FQ A)(p,9), degh = —1, such that u = dh + hBy is in bijection with the
set of data (W', hy)g>1, consisting of

1. a homotopy ' : P — sA1(Q, A)(¢,v), degh' = —1, such that dh'+h' By = v/, where
u' is given by (I3);
2. k-linear maps

he: P— [ C((sFQHX,Y), sA(Xo,YV))
X,Y€0bQ
of degree —1 for all k > 1.
The bijection maps h to (b, hy)r>1, where hy = h - pr), and
W= (P =25 540 (FQ,A)(6,1) —b 5A,(FQ,A)(¢, 1))

The inverse bijection can be recovered from the recurrent formula

restr restr

SAl (Q7 ‘A) (QS? @b)) .

a?ﬂ

(—)Pbr(ph1) = pur, — (pd)hs, — Z (Paa @ phq @ Yeg)bati+s
a+q+c=k
a+c>0

- (_)p Z (1®a ® bq ® 1®C)(ph’a+1+c) : (SS:Q)@)k — SA,

a+q+c=k
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where k > 1, p € P, and ¢, Yep are matriz elements of ¢, 1.

PROOF. We shall apply Proposition 2.8 to the complex Cone(id : P — P) instead of P.
The graded k-module Cone(idp) = P @ P[1] is equipped with the differential (¢, ps)d =
(gd + p,—pds), p,q € P. The chain maps @ : Cone(idp) — C' to an arbitrary complex C
are in bijection with pairs (u: P — C,h: P — C'), where u = dh + hd and degh = —1.
The pair (u,h) = (in; @, sing @) is assigned to w, and the map w : P @ P[1] — C,
(q,ps) — qu + ph is assigned to a pair (u, h). Indeed, @ being chain map is equivalent to

(q,ps)du = qdu + pu — pdh = qud + phd = (q, ps)ud,

that is, to conditions du = ud, u = dh + hd.

Thus, for a fixed chain map u : P — C' the set of homotopies h : P — C| such that
u = dh + hd, is in bijection with the set of chain maps @ : Cone(idp) — C such that
injw = u : P — C. Applying this statement to u : P — C = sA(FQ,A)(¢,¢) we
find by Proposition 2.8 that the set of homotopies h : P — sA.(FQ, A)(¢,1) such that
u = dh + hBj is in bijection with the set of data (@', Wy )g>1, such that

u : Cone(idp) — sA1(Q, A) (¢, ) is a chain map, i @ =,
Uy, : Cone(idp) — H ((sFQ® (X,Y), sA(X¢,YV)), degyp =0, in Uy = uy,
X,Y€eObQ

therefore, in bijection with the set of data (h/, hy)g>1 = (sing @, sing Uy )g>1, as stated in
corollary. [

2.11. RESTRICTION AS AN A,-FUNCTOR. Let Q be a (% -small) differential graded
k-quiver. Denote by FQ the free A -category generated by Q. Let A be a (% -small)
unital A,.-category. There is the restriction strict A, -functor

restr : Ay (FQ,A) — A41(Q,A), (f: 92— A) = (f=(fi|g) : 2= A).

restroo,1

In fact, it is the composition of two strict A-functors: A, (FQ,A) —— A;(FQ,A) —
A;(9Q, A), where the second comes from the full embedding Q < FQ. Its first component
is

restry : sAx(FQ, A)(f, 9) — sA1(Q,A)(].7), (38)
r= (70,71, ny...) — (10,71|Q) =T
2.12. THEOREM. The A.-functor restr : A (FQ, A) — A1(Q, A) is an equivalence.

PROOF. Let us prove that restriction map (B8) is homotopy invertible. We construct a
chain map going in the opposite direction

u:sA(QA)(f,9) — sAx(FQ, A)(f,9)
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via Proposition L8 taking P = sA;(Q,.A)(f,g). We choose

' sAL(Q,A)(f,9) — sA1(2,A)(f,9)
to be the identity map and u, = 0 for £ > 1. Therefore,

u-restry = u' = 1id,4, 0 Fg) -

Denote

restry ]

v = 1dsAoo(FQA) (f,9) — [SA (FQ,A)(f,9) — sA1(Q, A)(f 9) o sAx(FQ,A)(f, 9)]-

Let us prove that v is null-homotopic via Corollary 210, taking P = sA..(FQ, A)(f, g9).
A homotopy h : sA(FQA)(f,9) — sAx(FQ,A)(f,g), degh = —1, such that v =
Bih + hBy is specified by b/ = 0 : sA5(FQ, A)(f,g) — sA1(Q,A)(f,7) and hj, = 0 for
k > 1. Indeed,

v/ = v - restr; = restr; — restry -u - restr; = restr; — restr; = 0,

so v’ = Bih/'+h' By and condition 1 of Corollary 2I0lis satisfied®. Therefore, u is homotopy
inverse to restry.

Let i® be a unit transformation of the unital A-category A. Then A;(Q,A) is a
unital A,.-category with the unit transformation (1®i*)M (cf. [Lyu03] Proposition 7.7]).
The unit element for an object ¢ € ObA;(Q,A) is ¢i(’)41(Q’A) k — sA1(QA), 1 —
™. The A, -category A, (FQ,A) is also unital. To establish equivalence of these two
A-categories via restr : Ao (FQ,A) — A1(Q, A) we verify the conditions of Theorem 8.8
from [Lyu03].

Consider the mapping Ob 4;(Q,A) — Ob A (FQ,A), ¢ — gg, which extends a given

chain map to a strict A-functor, constructed in Corollary 2.4l Clearly, $ = ¢. It remains
to give two mutually inverse cycles, which we choose as follows:

oTo - k — SAl(Q,.A)(
o0k — sA4;(Q, A)(
Clearly, 4roB1 = 0, ¢poB1 = 0,

(qg’/’o ® ¢p0)Bg — ¢10 AQA) 1l (¢1A ® ¢l )B ¢l € Im Bl,
(¢p0 ® ¢T0)Bg — ¢10 ALQA) 1= (gbl ® qbl )BQ — qbl €Im Bl.

Therefore, all assumptions of Theorem 8.8 [Lyu03| are satisfied. Thus, restr : A,,(FQ,A) —
Ai(Q,A) is an A,-equivalence. "

2By the way, the only non-vanishing component of A is hy.
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13. COROLLARY. Fvery A -functor f : FQ — A is isomorphic to the strict Ao -functor

/2\.
.99 — A.

PRroorF. Note that_? — f. The A;-transformation fi® : f — f : Q — A with the
components (x i, f1if) is natural. It is mapped by w into a natural A..-transformation

(fi™u : f — f:FQ — A. Its zero component y,if is invertible, therefore (fi®)u is
invertible by |[Lyu03, Proposition 7.15]. "

3. Representable 2-functors A% — A%

Recall that unital A..-categories, unital A.-functors and equivalence classes of nat-
ural As-transformations form a 2-category [Lyu03]. In order to distinguish between
the A-category A% (€, D) and the ordinary category, whose morphisms are equivalence
classes of natural A.-transformations, we denote the latter by

AL (€,D) = H(AL(C, D), mi).

The corresponding notation for the 2-category is A% . We will see that arbitrary Ay-cat-
egories can be viewed as 2-functors A% — AY . Moreover, they come from certain gener-
alizations called A% -2-functors. There is a notion of representability of such 2-functors,
which explains some constructions of A..-categories. For instance, a differential graded
k-quiver Q will be represented by the free A, .-category FQ generated by it.

3.1. DEFINITION. A (strict) A% -2-functor F': A% — A% consists of
1. amap F: Ob A% — Ob A% ;

2. a unital As-functor F' = Fep : A% (C,D) — AL (FC,FD) for each pair C,D of
unital As-categories;

such that
3. idpc = F(idc) for any unital A -category C;

4. the equation

M

TsA" (€, D) R TsA™ (D, &) TsA" (C,€)
Fep FD,EJ( = lFC,E (39>
TsA™ (FC, FD) R TsA™ (FD, FE) 5 TsA" (F€, FE)

holds strictly for each triple C, D, E of unital Ay -categories.
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The A,-functor F': A% (C, D) — AY (FC, F'D) consists of the mapping of objects

Ob F : Ob A" (€, D) — Ob A" (FC,FD),  f+ Ff,

and the components Fj, k > 1:

Fy: 8A1olo(e7D)(f7g) - SAZO(FG7FD)(Ff7 Fg)a
Fy 2 sAL(C, D)(f, 9) ® sAL(C,D)(g, h) — sAL(FC, FD)(Ff, Fh),

and so on.
Weak versions of A% -2-functors and 2-transformations between them might be con-
sidered elsewhere.

3.2. DEFINITION. A (strict) AY-2-transformation A : ' — G : A% — A% of strict
Al -2-functors is

1.

a family of unital Ao -functors Ac : FC — GC, € € Ob A

(oo

such that
the diagram of As-functors
A" (C, D) — L A" (F€, FD)
GJ{ - J{(l /\D)M
A (Ge,¢D) Lo VY qu (pe, GD)

strictly commutes.

(40)

An AY -2-transformation X = (Ac) for which Ac are As-equivalences is called a natural
AY -2-equivalence.

Let us show now that the above notions induce ordinary strict 2-functors and strict
2-transformations in 0-th cohomology. Recall that the strict 2-category A% consists of
objects — unital A.-categories, the category A% (€, D) for any pair of objects €, D, the
identity functor id¢ for any unital A.-category €, and the composition functor [Lyu03]

A2 (€.D)(f. 9) x AL(D, €)(h, k) —— AL (€, €)(fh. gk).
(rst,ps™) —— (rhs™' @ gps™Hma.

Given a strict A% -2-functor F' as in Definition B.I] we construct from it an ordinary strict
2-functor F = F : Ob A% — Ob A%, F = H(sFs7!) : Av (€, D) — Av (FC,FD) as
follows.
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Denote

Ao Ao
B

M10®M01 = {SAT;O(G,D) &SAT;O(D,E:) ~
[sA (€, D) ® T°sA™ (€, D)] B [T°sA™ (D, &) @ sA™ (D, &)]
L [sAY (€, D) R TOs A" (D, &)] @ [T°s A (€, D) K sA™ (D, &)]

M1o®Mo1
_—
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sA (€, €)@ sA%(C,€)}, (41)

where the obvious isomorphisms Ajg and Ag; are components of the comultiplication A,
the middle isomorphism is that of distributivity law (@), and the components My and

Moy, of M are the composition maps.
Property (89) of F implies that

(Mg © Moy)(F1 @ Fy) = (F1 X Fy) (Mg © Moyp).

Indeed, the following diagram commutes

Mo

sA (€, D) KT sA™ (D, €) sA™ (€, €)

P ObFl jF1

Mo

sA" (FC, FD)R T sA" (FD, FE) == sA" (FC, FE)

due to (39). ®-tensoring it with one more similar diagram we get

(Mlo ® MOl)(Fl ® Fl) = [(Fl & ObF) ® (ObF & Fl)]<M10 ® Mgl).

The isomorphisms in ({I]) commute with F in expected way, so ([@2)) follows.
We claim that the diagram

(M10®Mo1)B2

sAL(C, D) KR sAL (D, E) sAL (C,E)

I3l F1J( jFl

sA" (FC, FD) M sA" (FD, pg) Mootz o qu (pe pe)
homotopically commutes. Indeed, since
(1@ B+ B1®1)Fy 4+ BoFy = (Fy ® F1)By + Fy By,
we get

(Mo ® My ) By Fy

(42)

(43)

= (M1 © Moy)(Fy ® F1)By + (Mg ® Mo1)FoBy — (Mg © Mpy)(1 ® By + By ® 1) Fy
= (Fl X Fl)(MIO ® Mm)Bg + (Mlo ® Mgl)F231 — (1 X B+ B X 1)(]\/[10 ® MO]_)FQ.
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We have used equations

(Mo © Mp1)(1® B1) = (1 X By) (Mo © M),
(Mo © Mp1)(B1®1) = (B1 X 1) (Mo © Mopy),

which can be proved similarly to (42)) due to M being an A, -functor. Passing to coho-
mology we get from ([3)) a strictly commutative diagram of functors

o2

H°(A%(C, D) R AL (D, 8)) H(A%(C,8))
HO(sFys~1 sFls_l)l = lHO(sFls_l)
HY(A™ (F€, FD) K A" (FD, F€)) -~ HO(A™ (F€, FE))

since 2 = H((s X s)(Myg ® My)Bys™). Using the Kiinneth map we come to strictly
commutative diagram of functors
__ _ 2
HO(sFls_l)XHO(sFls_l)l = JHO(SFls_l)

- __ 2

A (FC,FD) x Av (FD,FE) — A% (FC,F¢&)
that is, to a usual strict 2-functor F : A% — A .

Let us show that an AZ -2-transformation A : F' — G : A5, — AZ as in Definition

induces an ordinary strict 2-transformation A : ' — G : A% — A% in cohomology.
Indeed, diagram (0] implies commutativity of diagram

V1

sA" (€, D) sA" (F@, FD)

Gll = J(l Ap)Mio

sA™ (Ge,GD) — e DV sA" (FE,GD)
r:f—9:GC—GDr—Xcr: Acf — Acg: FC — GD.

Passing to cohomology we get

Ho(sFls’1

A% (e, D) ) A (Fe, FD)
H0(5G1s_1)l = -)\Dl—Ago(FC,AD)
AL (GC,GD) — = Au (FC,GD)
A¥, (Ac,GD)

Therefore, A\c € Ob A% (FC,GC) form a strict 2-transformation A : F' — G : A4 — A,



FREE A,-CATEGORIES 201

3.3. EXAMPLES OF AY -2-FUNCTORS. Let A be an Ay-category, 1 < N < oo. It deter-
mines an A% -2-functor F' = Ay(A, ) : A% — AY | given by the following data:

1. the map F': Ob A% — Ob A% C— Ay(A,C) (the category Ay(A,C) is unital by
[Lyu03], Proposition 7.7]);

2. the unital strict Ao -functor F' = Ay(A, ) : A% (C, D) — A (An(A,C), An(A, D))
for each pair C,D of unital A,-categories (cf. [Lyu03|, Propositions 6.2, 8.4]).

Clearly, iday ac) = (1Xidec)M = An(A,idc). We want to prove now that the equation

[TsA™ (€, D) R TsA (D, &) — TsA™ (€, &) 2B Ts A (A (A, €), Ay (A, £))]

= [TsA" (€, D) K TsA" (D, &) 2B AvA)
TsA" (Ay(A, C), An(A, D)) B TsA" (Ax(A, D), Ax(A, &)

L TS A" (An(A, €), An(A, )] (44)

holds strictly for each triple €, D, € of unital A,.-categories. In fact, this F' is a restriction
of an A.-2-functor F' : ObA,, — ObA,, C — Ay(A,C), which is defined just as in
Definition B.J] without mentioning the unitality. Equation (44]) follows from a similar
equation without the unitality index u. To prove it we consider the compositions
[TsAy(A, €) K TsAy(C, D) K TsAy(D, &) — TsAy(A, C) R Ts Ay (€, €)
LAY s Ay (A, @) R Ts Ay (A (A, €), Ax(A, €)) — Ts Ay (A, €)]
= [TsAN(A,€) K TsAx(C, D) K TsAx(D, &)
— 2 TsAN(A, €) R TsAy(C, &) —— TsAn(A, €)]
= [TsAn(A, C) K TsAx(C, D) K TsAx(D, &)
A TsAN(A, C) K Ts A (C, €) — TsAn(A, )]

= [TsAy(A, €) K TsA(€,D) K TsAx (D, g) XA L
TsAx(A, C) K TsAy(Ay(A, €), Ax(A, D)) B T's Ay (D, €)

2L TsAN(A, D) B TsA (D, €)
LA PsAn(A, D) R TsAs(An(A, D), Ay (A, €)) —2 TsAy(A, €)]

= [TsAN(A, €) K TsAx(C, D) K TsAx (D, &) 1 An(AD) An(AL)
TsAn (A, C) K TsAx(AN(A, C), An(A, D)) K T'sAy (An(A, D), A (A, E))

— L TsAN(A, €) K Ts A (An(A, €), Ax(A, €)) —— T'sAn(A, €)].

By Proposition [L6l we deduce equation ([@4]) (see also [Lyu03, Proposition 5.5]).
Let now A be a unital A,-category. It determines an AY -2-functor G = A% (A, _) :
AY — A% given by the following data:
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1. the map G : Ob A% — Ob A%, C— A% (A,C) (the category AY (A, C) is unital by
[Lyu03], Proposition 7.7]);

2. the unital strict A-functor G = A% (A,_) : A% (C,D) — A% (A% (A,C), A% (A, D))
for each pair €, D of unital A -categories, determined from

1 AL (A
5

M = [TsAY (A, B) K TsA%(B,C)
TsA% (A, B) R TsA% (A% (A, B), A% (A, €)) —— TsA% (A, C)].

(cf. [Lyu03, Propositions 6.2, 8.4]).

Clearly, GC are full A,-subcategories of F'C for the A% -2-functor F = A (A,-). Fur-
thermore, A -functors Gcp(f) are restrictions of A,-functors Fep(f), so G is a full
Al -2-subfunctor of F. In particular, G satisfies equation (39). Another way to prove
that G is an A% -2-functor is to repeat the reasoning concerning F'.

3.4. EXAMPLE OF AN AY -2-EQUIVALENCE. Assume that Q is a differential graded
k-quiver. As usual, FQ denotes the free A, -category generated by it. We claim that
restr : Ao (FQ, ) — A1(Q,.) : A% — A% is a strict 2-natural A,.-equivalence. Indeed, it
is given by the family of unital A,-functors restrc : A (FQ,C) — A;(Q,C), C € Ob A%,
which are equivalences by Theorem 2.121 We have to prove that the diagram of A, -func-
tors

A" (€, D) A=) | g (4 (59, €), Au(FQ, D))

Al(Q,)l = l(l restrp ) M (45)

AZO(AI(Q7 8)7 A1<Q7 ®)) M A:o(AOO(EFQ7 e)u AI(Q7 ®)>
commutes. Notice that all arrows in this diagram are strict A.-functors. Indeed, A (FQ, )
and A;(Q, ) are strict by [Lyu03, Proposition 6.2]. For an arbitrary A-functor f the

components [(f X 1)M], = (f X 1)M,, vanish for all n except for n = 1, thus, (f K 1)M
is strict. The A, -functor g = restrp is strict, hence, the n-th component

(ARG Myt @ @1 (1l @@ 1" | g)Mao
of the A,.-functor (1 X g)M satisfies the equation
(@ @r" | g)Muole = (r' @ -+ @ 10101

If the right hand side does not vanish, then n < 1 < k+mn,son =1 and (1X g)M is
strict.
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Given an A,-transformation t: g — h : € — D between unital A.-functors we find
that

C(IXg)M — (1K h)M : A (FQ,C) — A (FQ, D)),
(IXg)M — (1K A)M : A1(Q,C) — A(Q,D)],
[(1 X restrp) M)A (FQ, ) (t) = (1 X E)M) - restrp : ((1 X g)M) - restrp
— (IXh)M) - restrp : Ao(FQ,C) — A1(Q,D)],
[(restre K1) M]A;(Q, -)(t) = [restrc -((1 X ¢)M) : restrc -((1 X g) M)
— restre (L X A)M) : A (FQ,C) — A1(Q,D)].

We have to verify that the last two A, -transformations are equal. First of all, let us show
that mappings of objects in (#5) commute. Given a unital A,.-functor g : € — D, we are
going to check that

[(1X g)M], - restr; = restr$™ -[(1 X g) M], (46)
for any n > 1. Indeed, for any n-tuple of composable A,.-transformations

90 - e,

we have in both cases

{(r'e - orM[(1RgM}o=[(r'®--- @1r"g)Mulo = (rg ® - @ 1§ )gn,
{(r'e- - orM[(1Xg)M],}

=Y (e--ergerer e arg)g,

+Y (@@t e fierT @ @1f)gn
=1

Note that the right hand sides depend only on 0-th and 1-st components of r*, f*. This
is precisely what is claimed by equation (4G]).

The coincidence of A..-transformations ((1X¢)M)-restrp = restre -((1X¢) M) follows
similarly from the computation:

®rn|xt)Mn1]0: (Té@@rg)tn7
@ X t) My

[(r

{(rre- - r")[1Xt)M].}o
b= [0

{r'e--r")[(1Xt)M],

>

'
&
Yo --erlerert!e--- ot
=1
(7”0®
=1

"®T0 ®f1®7"l+1®"'®7’g)tn+1‘
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3.5. REPRESENTABILITY. An AY-2-functor F' : A% — A% is called representable, if
it is naturally AY-2-equivalent to the A% -2-functor A (A,.) : A% — A% for some
A-category A. The above results imply that the A% -2-functor A;(Q, _) corresponding
to a differential graded k-quiver Q is represented by the free A, .-category FQ generated
by Q.

This definition of representability has a disadvantage: many different A, -categories
can represent the same AY -2-functor. More attractive notion is the following. An AY -2-
functor F' : A% — AY is called unitally representable, if it is naturally A% -2-equivalent
to the AY-2-functor A% (A,.) : A% — A% for some unital A.-category A. Such A
is unique up to an A.-equivalence. Indeed, composing a natural 2-equivalence X :
Au (A, ) — Av (B,) : A4 — Av with the 0-th cohomology 2-functor H® : A — Cat,
we get a natural 2-equivalence HOX\ : HOAu (A, ) — H°Av (B, ) : A% — Cat. However,
HCAu (A, ) = Av (A, ), so using a 2-category version of Yoneda lemma one can deduce
that A and B are equivalent in A% . We shall present an example of unital representability
in subsequent publication [LMO04].
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