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NUCLEI OF CATEGORIES WITH TENSOR PRODUCTS

ALEXEI DAVYDOV

ABSTRACT. Following the analogy between algebras (monoids) and monoidal cate-
gories the construction of nucleus for non-associative algebras is simulated on the cate-
gorical level.

Nuclei of categories of modules are considered as an example.

1. Introduction
The property
fL’J(y, 2, w) - J(fL’y, Zs w) + J(ZE, Yz, U}) - J(I’, Y, Zw) + J(I, Y, Z)U) =0 (1)

of the associator J(z,y, z) = x(yz) — (zy)z guarantees that the subspaces

N(A)={a€ A: J(a,z,y) =0Vz,y € A}, (2)
Npn(A)={a€ A: J(z,a,y) =0Vz,y € A}, (3)
N.(A)={a€ A: J(x,y,a) =0Vx,y € A} (4)

of an algebra A are associative subalgebras (see for example [4]). We call these subalgebras
left, middle and right nucleus respectively.

In section 2.1 we categorify these constructions by defining left, middle and right nuclei
N(G), Niu(G), N.(G) for a category G with a tensor product (magmoidal category). The
tensor product transports to the nuclei. Moreover there is a natural choice of associativity
constraint making them semigroupal categories (the difference between semigroupal and
monoidal is the lack of unit object).

The construction resembles the well-know categorification of the centre of an associa-
tive algebra (the so called monoidal centre [3]). In both cases the categorifications are
categories of pairs. The first component of a pair is an object of the original category
when the second should be seen as a specialisation of the appropriate constraint (braiding
in the case of the monoidal centre, associativity in the case of nucleus). Coherence then
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used to define tensor product of pairs and to check the desired properties of resulting
monoidal categories.

Categorical analogues of the inclusions N;(A), N,,(A), N.(A) C A are tensor product
preserving (forgetful) functors N;(G), N;n(G), N.(G) —=G.

If an algebra A is already associative, its nuclei coincide with it. For a semigroupal
category G we only get semigroupal functors G ——=Nj(G), N, (G), N,.(G), which split the
corresponding forgetful functor. Semigroupal structures on G are in 1-to-1 correspondence
with splittings of the forgetful functor.

If a (non-associative) algebra A has a unit (an element e € A such that ez = ze = x
for any o € A) then the unit belongs to all nuclei N.(A) making them associative unital.
In section 2.5 we modify the constructions of nuclei for the case of a magmoidal category
with unit. The modified constructions give monoidal categories N}'(G), N1 (G), N1(G).

Constructions of self-symmetries of categorical nuclei which we describe in section 2.9
do not have any analogues in algebra. Here we associate, to any natural transformation
of the tensor product functor on G, monoidal autoequivalences of the nuclei of G.

In section 2.13 we define certain subcategories of nuclei and show how they are acted
upon by the self-symmetries of section 2.9.

Note that in the classical algebraic construction the multiplication map of an algebra A
makes it a left N;(A)-module, a right N,.(A)-module, and a left- and right- N, (A)-module.
Moreover, left multiplications by elements of N;(A) commute with right multiplications by
elements of N,,(A) and N,(A); while right multiplications by elements of N,.(A) commute
with left multiplications by elements of N,,(A) and N;(A). Finally, the multiplication map
A ® A—— A factors through A ®y,, (a) A and is a morphism of N;(A)-N,(A)-bimodules.
In section 2.16 we categorify some of these constructions by defining actions of nuclei
N(G) on the category G.

This could give an impression that coherence laws of monoidal categories guarantee
that categorifications of algebraic constructions are nicely coherent themselves. Unfortu-
nately it is not always true, especially if commutativity enters the picture. For example, if
A is a commutative (non-associative) algebra, then different nuclei are related as follows

N;(A) = N,.(A) C N,,(A).

Indeed, the following chain of equalities proves that an element a of N;(A) belongs to
Ny (A):

2(ay) = (ay)z = alyr) = a(zy) = (ax)y = (va)y.
To see that a belongs to N,.(A) one can use:

z(ya) = (ya)r = (ay)r = a(yz) = (yr)a = (zy)a.

On the level of categories we have similar relations between nuclei of a category G with
commutative tensor product:

N(G) = N (G) —= N (9).
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But the functors between different nuclei are not monoidal.
In the second part of the paper we deal with a similar construction making maps
between associative algebras multiplicative. Let f : A——=B be a linear map of associative

algebras. Define m(z,y) = f(zy) — f(z)f(y). The property
F(@ym(y, =) — mp(ey,2) + my(e,yz) —m(e,y)f(z) = 0
implies that the subspaces
M(f)={acA: my(a,x) =0Vz € A}, M,(f)={acA: ms(z,a) =0Vz € A}

of A are subalgebras (we call them the left and right multiplicants of the map f). It is
straightforward to see that the restrictions of f to M;(f) and M,(f) are homomorphisms
of algebras.

Again we face problems when we try to bring in commutativity. For example, the left
and right multiplicants M;(f), M,(f) of a linear map f : A—— B between commutative
algebras coincide. The following chain of equalities shows that any a € M;(f) belongs to

f(wa) = flax) = f(a)f(x) = f(x)f(a).

But the equivalence M;(F) — M,.(F') between multiplicants of a functor F': G —=H
between symmetric monoidal categories fails to be monoidal.

2. Nuclei of a category with a tensor product

2.1. NUCLEI AS SEMIGROUPAL CATEGORIES. Let G be a category with a tensor product

functor ® : G x G ——= G without any associativity condition (magmoidal category).
Following (2) define the left nucleus N(G) of G as the category of pairs (A, a), where
A € G and a denotes a natural family of isomorphisms

axy A (XQ®Y)— (AR X)®Y

indexed by all pairs of objects X, Y € G. A morphism (A,a) — (B,b) in M;(G) is a
morphism f : A—— B in G such that the diagram
A (XQY) 2% (A9 X)®Y
if®(X®Y) l(f®X)®Y
Bo(Xa0Y) X (BeX)oY

is commutative for any X,Y € G. Define the tensor product on the category N;(G) by
(A,a) ® (B,b) = (A® B, alb), where al|b is defined by the pentagon diagram:
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(A®B)®@(X®Y)

Ao (Bo(X®Y)) (A9 B)® X)®Y
A®bx y ap,x QY

AR (B X)0Y) 221 (A9 (B® X))®Y

The following diagram implies that for two morphisms f : (A,a) — (B,b),g
(A';a') — (B, V') the tensor product f ® ¢ is a morphism between tensor products
of pairs (A,a) ® (A',d') —= (B,b) @ (B,V).

(AB)(XY)
aB,XY (alb)x,y
(fa)(XY)
(AB)X)Y
Abx Y AIBI XY ap, xY
Flg(XY)) /ﬁgy/” \\@Qi\ (f9)X)Y
XY ey Y (ABYX)Y (5)
Ay, F((aX)Y) (F(eX))Y s
A(B'X)Y) (A'(B'X))Y

!
aAprx.y

In particular, the forgetful functor V;(G) —— G sending (A, a) to A is magmoidal.

It follows from the diagram below that for (A,a), (B,b),(C,c) € N/(G) the isomor-
phism apc: A® (B® C)—— (A ® B) ® C belongs to the nucleus N;(G). Indeed, it is
equivalent to the commutativity of the square

(A® (B O) @ (X @Y) dldxy

las,c®(X®Y)

(A®B)®C)® (X ®Y)

(AR (Be(O)X)®Y
i(aB,c®X)®Y

((alb)e)x,y (((A ® B) ® C) & X) ®Y

which is one of the faces of the diagram (K5 in Stasheft’s notation [5]):
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(ABjex,y aB (CX)Y aB(CX),Y (Abe,x)Y
(AB)((CX)Y)) (alb)e,x Y (A(B(CX)))Y
(alb)ex,y ap,cxY
(AB)(CX))Y

Two other square faces of this diagram are commutative by naturality while the pen-
tagon faces commute by the definition of the tensor product in A;(G). Thus

P(a.a).(Bb).(Co) * (A;0) © (B, ) ® (C,¢)) —=((4,0) @ (B, b)) © (C,¢),

defined by ¢(a.),(Bp),(C,c) = aB,c, is @ morphism in the category N(G).

2.2. THEOREM. The category Ni(G), with tensor product and associativity constraint de-
fined above, is semigroupal.
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PRroOOF. All we need to verify is that the associativity constraint satisfies the pentagon
axiom, which says that the diagram

(A B)® (C® D)

aB,ce®D (alb)c,p
A® (B® (C ® D)) (A®B)®C)® D
A®bC,D aB,C®D

AB®C,D

A®((B®C)® D)

(A (B®C))®D

is commutative for any (A4,a), (B,b),(C,c),(D,d) € N,(G). This obviously follows from
the definition of a|b. n

Semigroupal structures on the magmoidal category G correspond to functors G—=N;(G)
which split the forgetful functor N;(G) ——= G. Note that this is close parallel with the
corresponding result for monoidal centres (Proposition 4 from [2]).

2.3. THEOREM. If G is a semigroupal category with the associativity constraint ¢, the
assignment A — (A, ¢a— ) defines a semigroupal functor G—=N;(G) whose composition
G ——=N,(G) ——= G with the forgetful functor is the identity.

Conversely, a functor G — N(G), whose composition G — N;(G) —= G with the
forgetful functor is the identity, defines an associativity constraint on G thus turning it
into a semigroupal category.

Moreover these constructions are mutually inverse.

PROOF. The pentagon axiom for ¢ implies that ¢4 _ _|¢pp__ = ¢pagp_ —, so that A —
(A, pa_ ) is a strict semigroupal functor.

A splitting G ——= N (G) of the forgetful functor NV;(G) ——= G must have the form:
A — (A, a). It is straightforward to see that ¢4 xy = axy is an associativity constraint
on G. m

Diagrams of this section (as well as their faces, edges and vertices) can be parameter-
ized by certain partially parenthesised words of objects (morphisms) of G. For example,
the tensor product of two objects X ® Y corresponds to the word XY, tensor products
AR(X®Y)and (A® X)®Y correspond to the words A(XY') and (AX)Y respectively.
The word AXY corresponds to the associativity morphism ax y and the word ABXY to
the pentagon diagram which was used to define the tensor product in NV;(G). Five edges
of this pentagon correspond to the five ways of placing a pair of brackets () in the word
ABXY:

A(BXY), (AB)XY, A(BX)Y, AB(XY), (ABX)Y
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which represent

A®bxy, (alb)xy, apsxy, apxey, apx @Y
respectively. The diagram (5) for tensor product of morphisms corresponds to the word
fgXY. Finally, Stasheft’s polytope corresponds to the word ABC'XY. Again its faces
are parameterized by placements of a single pair of brackets () in the word ABCXY .
Six pentagon faces of the Stasheff polytope correspond to the words:

A(BCXY), (AB)CXY, A(BC)XY, AB(CX)Y, ABC(XY), (ABCX)Y,
while three square faces are labeled by:
(ABC)XY, A(BCX)Y, AB(CXY).

The fact that the associativity morphism ap ¢ is a morphism in the nucleus NV;(G) follows
from the commutativity of the face (ABC)XY. Finally, the pentagon axiom for its
associativity is encoded by ABCD.

Using the word presentation for diagrams we can sketch the proof of the analog of
theorem 2.2 for N,,(G). Define N,,(G) to be the category of pairs (A,a), where A € G
and a is a natural collection of isomorphisms

axy  X®AQY)— (X ®A)QY

which we label by the word X AY. As before morphisms in N,,(G) are morphisms in
G compatible with natural isomorphisms. We can define the tensor product of pairs
(A,a) ® (B,a) = (A ® B,alb) using the pentagon with label XABY. The diagram
of shape X fgY implies that the tensor product of morphisms f ® ¢ is a morphism of
tensor products. It follows from commutativity properties of the shape X ABCY that the
formula ¢(4,q),(Bp),(C,c) = ba,c defines a natural collection of isomorphisms in N (9):

P(Aa.a),(Bb).(Ce) * (A;0) @ ((B, D) @ (C¢)) —=((A,a) @ (B, b)) @ (€, ¢).

The word ABCD gives the pentagon axiom for this constraint.
Similarly, define NV, (G) to be the category of pairs (A, a), with

axy  X@Y ®A) —(XeY)2 A

which we label by the word XY A. Again, morphisms in N,.(G) are morphisms in G
compatible with the natural isomorphisms. The tensor product of pairs (A, a) ® (B,a) =
(A ® B,alb) is defined by the pentagon with the label XY AB. The diagram of shape
XY fg implies that the tensor product of morphisms f ® ¢ is a morphism of tensor
products. The shape XY ABC implies that the formula ¢(4,4),(Bp) () = ca,p defines a
natural collection of isomorphisms in N, (G):

P(A.a).(Bb).(Co) * (A0) @ (B, ) @ (Cc)) —=((A,a) @ (B, b)) @ (€, ¢).

Finally, the word ABC'D gives the pentagon axiom for this constraint.
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2.5. UNITS. In this section we slightly modify the construction to incorporate units. First
we need to modify the setup.

Now let G be a magmoidal category with unit (an object 1 € G with natural isomor-
phisms lx : I X——=X, rx : X®1——=X such that [ = ;). Define the left unital nucleus
N}(G) as the category of pairs (A, a) where as before ayy : AQ(X®Y)—=(AX)®Y
is natural collection of isomorphism but now satisfying normalisation conditions: the
diagrams

A(1®X)—X s (A1) ® X AR (X®1)— > (A0 X)®1
ARl x rAQX ARrx A{
A X A X

commute for any X € G.
Define a natural collection of isomorphisms ixy : 1@ (X ®Y) — (1@ X)®Y as

the composition 1®(X®Y)ZXL>X®Y(IX—®W>1(1®X)®Y.

2.6. LEMMA. The pair (1,7) is an object of N}}(G).

PRrRoOOF. The normalisation conditions for the collection 7 follow from the commutative
diagrams:

11,y

I (1Y) (Ie)eY

(%9
\\ hey zwy//
1;ly\> I® Y%Y

2,1

1eX)®1

X®1

Here the equation l1gy = 1 ® Iy (used in the first diagram) follows from the naturality of
l:

1QY

1210V Y ~10Y

1®lyl lly

1®Y Y

ly
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In the second diagram we use the naturality of [ with respect to rx and the naturality
of r with respect to lx. [

2.7. THEOREM. The category N;'(G) is monoidal with unit object (1,7) and unit natural
isomorphisms

liaa - (1,1) @ (A,a) —=(4,a), T4 :(4,0)®(1,1) —= (A, a) (6)

defined by la.a) = la, T(aa) = Ta.

PROOF. First we need to check that the tensor product of pairs as it was defined for N;(G)
preserves the normalisation conditions. This follow from the commutative diagrams:

A,

BZY)

A& /m A?"B\ /BlY

ap1,y

aB,x1 (alb) x
AB’I'X
BT)()

T'(AB)X

TA(BX)
Abx 1 Arpx apg,x1

apXx,1

Thus the subcategory N,l(g) is closed under tensor product in M(Q) and is a semigroupal
category. By lemma 2.6, the pair (1,7) is an object of Nj'(G). We need to check that
the unit isomorphisms (6) are morphisms in the category Aj!'(G). It is equivalent to the
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commutativity of the squares:

(ila) x

XY (1 x)Yy (A Y ((anx)y
lAXYl i(lAX)Y rAXYl i(mx)y
A(XY) (AX)Y A(XY) (AX)Y

which follows from the commutative diagrams:

(14)(XY)

TAXY
la(XY)

A(XY)) —>A XY)

A(XY) lAX
liax)y

7fAX Y
a1, xy ali) x
//XY \
— A(XY) (AX)Y ~—
Alxy TAX
AZX /XY (AZX\ /(y
alXY

Finally, the coherence for the unit isomorphisms

(A7 CL) ® ((1 b(A,a),(1,0),(B,b) )) 5

7
(A0)®l(p,2) T(A,a)®(B,b)

a) ® (

(B,0)

449
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boils down to

A® (1® B) (A®1)® B
A® B
which is commutative by the definition of N}'(G). o

The constructions of the following sections can be made unital (monoidal instead of
just semi-groupal). For the sake of brevity we will not be doing it.

2.9. FUNCTORIALITY. Here we assign, to an invertible natural self-transformation (an
automorphism) ¢ of the tensor product functor ® : G x G —— G, a strict semigroupal
autoequivalence N(c) : Ni(G) —= N;(G) of the nucleus. For an object (A,a) of Ni(G)
set Ni(c)(A, a) to be (A, a®) where a¢ is defined by the diagram:

AD(XQY) 2% _Ag(X®Y) 2 | Ag(XaY)
Qzy %y
ABX)®Y = (ABX)®Y — (A8 X) oY

2.10. PROPOSITION. The functor Nj(c) is strict semigroupal.

PROOF. The following commutative diagram shows that (a|b)¢ = (a¢|b°) for (A, a), (B,b)
from NV;(G):
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(AB)(XY)
/ (alb)x,y
A(B(XY)) CABXY (AB)X)Y
Abxyy aB,XY
CA,B(XY) (AB)(XY) C(AB)X,Y
A((BX)Y) —22X \ (A(BX))Y
A(B(XY)) ca,5(XY) (ABexv (AB)X)Y
AbX’Y aBny
CA(BX)Y CA(BX),Y
ACB,XY ¢ (AB)(XY) (AB)(CXPC CAB,XY
AB, Xy wx,y
ﬂBX)Y) A((BX&\
A(B(XY)) ABexy | [ean(xv) (AB)X)Y
Acpx)y ca,BxY
A(chyy) ac (AB)(XY) (aclbc) (CA’BX)Y
A((BX)Y)/ By \(A(BX))Y
/ \
A(B(XY)) (AB)X)Y
A(ep,xY) (Acp,x)Y
AbS % Y
A((BX)Y) By (A(BX))Y

Thus N;(c)((4,a) ® (B,b)) coincides with Nj(c)(A,a) @ Ni(c)(B,b).

2.9. FUNCTORIALITY. A diagram of that shaped appeared in [5] in connection with A..-

maps.

By naturality, c4 xgy commutes with A ® dxy and cagxy commutes with da x ® Y
for any c,d € Aut(®). Thus we have that (a°)? = a°! which means that the composition
Ni(e)N;(d) coincides with Nj(cd). In other words, the assignment ¢ — Nj(c) defines a
group homomorphism Aut(®) — Aut®(N;(G)) into the group of monoidal autoequiva-

lences.
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Now we establish the link between natural transformations of the identity functor on
G and monoidal natural transformations of functors of the form N;(c). First we define an
action of the group Aut(idg) of automorphisms of the identity functor on the group Aut(®)
of automorphisms of the tensor product functor. For ¢ € Aut(®) and f € Aut(idg), define
¢/ € Aut(®) by

ey = (fx ® fr)exy fxby

Note that by naturality of ¢, cxy commutes with fx ® fy and by naturality of f, cxy
commutes with fxgy so C§(7y coincides with

(fx ® fyv)fxovexy = cxy(fx ® fy) fxoy-

This in particular implies that Aut(idg) acts on the group Aut(®):

C_J;(g,y =cxy(f9x @ [9v)[axey = cxy([x @ [v) [xoy(9x @ 9v)9xey = (Cf)_gx,y-

2.12. PROPOSITION. A natural transformation f € Aut(idg) of the identity functor de-
fines a natural transformation Ny(c) —= Ni(c7).

PROOF. We need to show that for any (A, a) € Ni(G) the map f4 : A—=A is a morphism
(A,a) — (A,a") in Nj(G) or that the square
A®(X®Y) LARX)QY
fA®(X®Y)\L i(fA@X)@Y
A®(X®Y) LAX)QY

is commutative. The commutativity of this square is equivalent to the commutativity of
the bottom square of the following diagram:

AR (X ®Y) (A X)®Y
fA@W fA@y
A (X Y)Y (AR X)®Y roxy
of CA®X,Y
AXQY
cAxXeY AR (X ®Y) (A X)®Y
A®fxy7 fA,)W
AR (X ® (A X)®Y chy x®Y
A®C§(Y cA,x®Y ;
Agex,y AQ(XQY)— |2 (A X)0Y
% Ix®fy) /@Zx)@fy
A® (X ® (A X)®Y
X,Y
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It is clear that the natural transformation A;(f) : N(c) —= Ni(c/) is monoidal iff
f € Aut(idg) is monoidal, i.e. iff fygy = fx ® fy for any X, Y € G.

2.13. SUBCATEGORIES OF NUCLEL Here we define semigroupal (monoidal) subcategories
in nuclei anchored at quasi-monoidal functors. Let G be a magmoidal category, let H be
a monoidal (semi-groupal) category and let F' : G —— H be a functor equipped with a
natural collection of isomorphisms Fxy : F(X®Y)——=F(X)® F(Y) (a quasi-monoidal
functor). Define a full subcategory N;(F) of N;(G) consisting of pairs (A, a) such that the
following diagram commutes:

FA® (X ®Y)) 2L F(A) @ F(X @) Doy

F(aX,Y)l
Fagx,y

F((AX)®Y)—F(A® X)® F(X)

F(A) ® (FX)® F(Y) (1)
"/)F(A),F(X%F(Y)l
FX,A®F(Y)(F(A) ® F(X))® F(Y)

here 1) is the associativity constraint of H.

2.14. PROPOSITION. The subcategory Ni(F) is closed under tensor product in Ni(G). The
quasi-monoidal functor F lifts to a monoidal (semi-groupal) functor F : Ni(F) —H.

PROOF. We need to verify that the tensor product (A® B, a|b) of two pairs (A,a), (B,b)
from N(F) is in N;(F). Tt follows from the commutativity of the diagram:
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F((AB)(XY))
F(CLB,XY F((alb)X,Y)
F(A(B(XY))) F(((AB)X)Y)
F(Abx,y) F(ap,xY)

Fa B(xv) F(AB)F(XY) Flap)x,y
F(A((BX)Y)) -] A F((A(BX))Y)
F(A)F(B(XY)) FapFOV) [\ FUBEy X F((AB)X)F(Y)
F(A)F(bx QA oy FA(BX)f;( B,x)F(Y)

F(A)Fp xy (F(A)ZZ(B))F(XY)F(AB)(F(XgF(Y ) Fap xF(Y)
FAR(BOY) BN EY)

/ \
F(A(F(B)F(XY)) | (F(F®B)Fxy Fap(FOFX) | (F(AB)F(X))F(Y)
F(A)Fpx,y FapxF(Y)

F(A)(F(B)Fx.y) w (B))(F (X@ (FapF(X))F(Y)
F(A)(F(BX)F(Y)) v (FIAF(BX))F(Y)

/ \
F(A)(F(B)(F(X)F(Y)) (F(A)F(B))F(X))F(Y)
F(A)(Fp,xF(Y)) (F(A)Fp,x)F(Y)

F(A)y YF(X)
F(A)((F(B)F(X))F(Y)) —— (F(A)(F(B)F(X)))F(Y)

Now define the functor F' : Nj(F) ——=H by F(A,a) = F(A). The coherence axiom
for the compatibility isomorphism Fyy : F(X @ Y) — F(X) ® F(Y) follows from the
definition of NV;(F). =

In the next proposition we explain how monoidal autoequivalences of nuclei (defined in
section 2.9) permute the subcategories of nuclei. Let cxy : X®Y —=X®Y be a natural
collection of isomorphisms defining a semi-groupal functor N;(c) : Nj(G) —= N (G). Let
F : G——"H be a quasi-monoidal functor defining a semi-groupal subcategory N;(F).
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Define a new quasi-monoidal structure £ on F' by

F(CX,Y)

Fey F(X®Y) FIX®Y) 2% F(X) @ F(Y)

2.15. PROPOSITION. The semigroupal functor Nj(c) defines an equivalence between the
semi-groupal subcategories Ni(F) and Ny(F°).

PROOF. We need to show that the coherence diagram (7) commutes if we replace Fxy
by F%y and axy by a%,. This follows from the commutative diagram:

Fxy FAFS 5
F(A(XY)) F(A)F(XY) FA)(FX)F(Y))
F(CAyxy) F(A)F(CX,y)
F(a% y) Faxy F(A)Fx,ybray,F(x),F(Y)
FA(XY)) F(A)F(XY)
F((AX)Y) X FAX)F(Y) —m)(F(A)F(X))F(Y)
FA’(ACX’Y) / \ IrA,XYZ
F(eax,y) ég(A(XY))wA’X)F(Y Fa xF(Y)
FAX)Y) FAX)F(Y)
F(ax,y)
F(ca,xY) Faxy
F((AX)Y)

2.16. ACTIONS OF NUCLEIL Recall that a monoidal (semigroupal) category C acts on a
category M if there is given a monoidal (semigroupal) functor C —— End(M) into the
category of endofunctors on M. In that case M is called a (left) module category over C
or a (left) C-category.

Let L : C——=End(M), L' : C——End(M’) be two actions. A functor F' : M——M’
between C-categories is a C-functor if it is equipped with a collection of isomorphisms
Fyx:F(L(A)(X)) —L'(A)(F(X)) natural in A € C, X € M such that the diagram
L'(B)(F(
L'(B)(F(

Ly p(F(X))

LA X)) ©®)

F(L(AIB)(X)) — Y L(AB)(F(X))
F(La,p(X))

F(L(A)(L(B)(X)) 2201 A) (F(L(B) (X)) L2 ) X)))

commutes.
For a magmoidal category G define a functor L : NVj(G) —=End(G) by L(A,a)(X) =
A ® X. Define a monoidal structure Liaq), s @ L((A4,a) ® (B,b)) —= L(A,a) o L(B,b)
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(a natural collection of isomorphisms of functors) by

L((A,a) @ (B, b))(X) 2222 L4, a)(L(B,b)(X))
(A® B)® X e A® (B®X)

2.17. PROPOSITION. The functor L : Nj(G) —End(G) is semigroupal.

PROOF. All we need to check is the coherence axiom for the monoidal structure, which
follows from the definition of the tensor product in N;(G):

L((A, a) (B, B)(C, e)))(XJ “A2B0CDT), (4, a)(B,b)(C, ) (X)

(A(BC))X —2% (AB)C)X
L 4,0),(B,b)(Cye) (X) La,a)(B,b),(C,e) (X)
L(A,a)(L((B, b)(% asox L((A,a)(B, b))@@ (alb)o,x
\A<<BC>X> \<AB><OX>
L(A,a)L(g ), (c,e)(X) La,a),(B.b) (L(c,e) (X))
L(A,a)(L(B b)(L(@Ab (L(A,a)L(B, b))(L@ aB,cx
A(B(CX)) A(B(CX))

Now consider the cartesian square G x G of a magmoidal category as a left N;(G)-
category by making the semigroupal category NV;(G) act on the first factor of G x G. Define
a natural collection of isomorphism ® a4 xy : L(A,a)(X)®Y —L(A,a)(X ®Y) by

L(A,a)(X) @Y 22X (4 0)(X @ Y) (9)
A X)Y 2" AR (X®Y)

2.18. PROPOSITION. The functor @ : G x G——G between N;(G)-categories is a Ni(G)-
functor.
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PROOF. We need to check that the natural collection (9) satisfies the coherence condition
(8). It follows from the diagram:

La,a),(B,p)(X)Y
_—

L((A, a)(B,0))(XY) L(A, a)(L(B,)(X))Y

\((AB)X)Y s \(A(BX))Y

®(A,a)(B,b),X,Y ®(A,a),L(B,b)(X),Y
L«Aaxamgfzi\ ” uAﬂqumxffi\ amxy
(AB)(XY) A((BX)Y)

Lia,a),B.b)(XY) L(A,a)(®(B,b),x,Y)
L(A, a)(L(B, b{m (L(A,a)L(B, b)@ Abxy
A(B(XY)) \\\$&BMY»

In the next proposition we characterise left nucleus N;(G) as a category of certain
endofunctors on G. For a magmoidal category G a functor F' : G ——= G will be called
(right) G-invariant if it is equipped with a natural collection of isomorphisms fyy :
FIX®Y)—F(X)®Y. A morphism ¢ : F—— G of G-invariant functors is a natural
transformation such that the diagram

FXoY) XL rX) oY
lcxopy cx QY

9xy

GXeY) XL aX)eY

commutes. Define Endg(G) to be the category of G-invariant functors. The composite of
two G-invariant functors (F, f), (G, g) has a structure of G-invariant functor:

(fog)x,y

(FoG)(X®Y)

F(G(X ®Y))

(FoG)(X)®Y

—F(G Y

F(gx,v) fax)y
o )

FGX)®Y

2.19. LEMMA. The category Endg(G) is strict monoidal.
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ProoF. All we need to verify is that the horizontal composition of morphisms of G-
invariant functors preserves the G-invariant structure of the composition. This follows
from the commutative diagram:

F(G )) F(g9x,v) ) fox),y F(G ))
/ F(dxy) (fog) s de/ \CG(X)Y /
(FoG)(XY) (FoG)X)Y cax)Y
ﬂ@@Y;ﬁyFG V90X PG (x))y

(cod) xy Cal(xY) CG'(XX / dxY) F(dx)Y

F(G(X G“i»p@vmy
(Flo @ <X/Y> SRS (F'o G’)(%

Now we extend the (left) action L : N;(G)——=End(G) to a functor L : Nj(G)——=Endg(G)
by the assignment (A, a) — (L(A), L(a)), where the structure L(a) of G-invariant functor
on L(A) is defined as follows:

LAYX @ V) X Ay x) ey

AR (X ®Y) 2% (A9 X)®

2.20. PROPOSITION. Let G be a unital magmoidal category. Then the functor
L : NYG) ——=Endg(G) is a monoidal equivalence.

PROOF. First we note that the monoidal structure Ly y of the functor L : V}}(G)——=End(G)
is compatible with the G-invariant structures (a morphism in Endg(G)) thus making the
extended functor L : N}}(G) — Endg(G) monoidal. This follows from the commutative
diagram:
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L(AB)(X)Y

//ﬁﬁﬁy// La(X)Y

L(AB)(XY)

La B(XY)

AB)(XY LA (D) v A((BX)Y
A ) oory 200 oy sy
A(B(XY)) Ay A((BX)Y)

To see that L is an equivalence it is enough to note that the assignment (F, f) —

(F(1), f) defines a functor quasi-inverse to L. Here
fxy : F)@(X®Y)—(F(1)@X)®Y
is defined by

Fi xgvy

F) @ (X®Y) Fle(XeY) X pXey)

lfx,y J/FX,Y

(FMeX) oy < piex)ey ™ px)ey

3. Multiplicants of functors

Now let F' : G ——=H be a functor between semigroupal (monoidal) categories. Define
M, (F) to be the category of pairs (A,a), where A € G and a is a natural family of
isomorphisms ax : F(A® X)— F(A) ® F(X). A morphism from (4,a) to (B,b) is a
morphism f : A—— B in G such that the following diagram commutes for each X € G
F(A® X)—%X F(A) ® F(X)
F(f®X)l J{F(f)®F(X)
F(B®X)—% F(A) @ F(X)

Note that the assignment (A,a) — A defines a functor M;(F') —= G (the forgetful
functor).
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We can define a tensor product on M;(F) by (A4,a) ® (B,b) = (A® B, a|b), where the
natural family a|b is given by the diagram

F(A® (B® X)) 22 F(A) @ F(B® X) — Y pg) @ (F(B) @ F(X))

F(dm,s,x)l ¢F(A>,F(B>,F(X)J/

Fl(Ao B)® X) " pas B) o F(X) 2" (p(4) @ F(B)) ® F(X)

3.1. THEOREM. The category M,(F) is semigroupal. The forgetful functor M;(F)——=G
is a strict semigroupal functor. The composition of the forgetful functor with F' is a
semigroupal functor F : M(F) ——"H with semigroupal structure:

Faa, sy =ap: F(A® B)—= F(A) ® F(B).

PRrROOF. The following diagram proves that the tensor product f ® g of morphisms f :
(A,a)—=(C,¢), g: (B,b)—=(D,d) is a morphism from (A, a)®(B,b) to (C,c)®(D,d):

F(¢c,p,x)

F(C®(D® X)) F(C®D)® X)

F(¢a B x)
F(A® (B® X)) F((A® B)® X) (cld)x
CD®X
aBgx F(C)@F(D@X) (alb) x F(C@D)@F(X)
F(f)®F (91 F(f®g)®L
F(A)® F(B® X) I®dx F(A® B) ® F(X) cp®I
(ZB®I
¢
F(C)® (F(D) ® F(X)) L (F(0) ® F(D)) @ F(X)
F(f)®(F(9)® (F(f)®F(g))

F(A)® (F(B)® F(X)) (F(A)® F(B)) ® F(X)

PF(A),F(B),F(X)

It follows from the diagram
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F((AB)(CX))
% (@)
F(A(B( (alb)c ((AB)(C)X)
F(Ag)
apcx) B)F(C ((alb)le)x
LEL A(BC)X)
F(A)F(B(CX)) apF(CX) F(AB)ex B)C)F(X)
TP 4oy alolenx |7
F(Abox (F(A)lg (B))F(CX)F(AB)(F (C&F (X (alb)o F(X)
F(A)F((Bcﬁ/ F\(A(BC F X)
F(A)(F(B)F(CX)) (F(A)F(B))ex ap(F(C)F(X)) ( (AB)F(C))F(X)
(A)(ble)x apcF(X)
F(A)(F(B)ex) w (B)(F (C@ (apF(C))F(X)
F(A)(F(BC)F(X)) A)F(BC))F(X)

/ \
F(A)(F(B)(F(C)F(X)) (F(A)F(B)F(C)F(X)
F(A)(bo F (X)) (F(A)be) F(X)

F(A) $F(X)
F(A)((F(B)F(C))F(X)) — = (F(A)(F(B)F(C)))F(X)

that the square
F((ABC))X) % R (A(BO) F(X)
F<¢X>l iFw)F(X)

FI(AB)C)X) —“N9x_ poaByeYF(X)

commutes, which means that the associativity constraint
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dapc: A®(B®C)—(A® B) ® C of G is a morphisms of M;(F):

P(A,0),(B),(Ce) = PAB,C-

Thus M;(F) is semigroupal and the forgetful functor M;(F)——=G is strict semigroupal.
It follows from the definition of M;(F") that F' is semigroupal. =

The semigroupal category M;(F) becomes monoidal if we assume that the functor F
preserves monoidal unit, i.e. there is given an isomorphism e : F(1) —— 1. It can be
verified that the object (1,:) € M,(F') is a monoidal unit. Here ¢x is the composition:

l €
Fle X)L px) <"1 9 F(X) <2 F(1) @ F(X)

The semigroupal functors M;(F) — G,’H allow us to define M,(F')-actions on the
categories G and ‘H. In the next proposition we show that the functor F' preserves these
actions.

3.3. PROPOSITION. The functor F' : G——"H has a natural structure of a M,(F')-functor.

PrOOF. The M;(F)-action on G is given by (X,z)(Y) = X ® Y for Y € G, while the

M, (F)-action on H is simply (X,z)(Z) = F(X)® Z for Z € H. The composition
F((X,2)(Y)) =F(X ®Y) == F(X)F(Y) = (X,2) F(Y)

defines the structure of a M, (F)-functor on F. The coherence for this structure follows

from the definition of tensor product in M;(F). "

3.4. FUNCTORIALITY. Here we define a correspondence between isomorphisms ¢ : F'——G
of functors F,G : G —— H between monoidal categories and monoidal functors M,(c) :
M (F) — M;(G) between their multiplicators. For an object (A, a) of M;(F'), define
M, (c)(A,a) to be (A, a®) where a° is defined by the diagram:

FA® X) 2 F(A) ® F(X)

CA®X\L lCA®CX

C(A® X) % G(A) ® G(X)

3.5. PROPOSITION. The functor M;(c) : M(F) —— M(G) defined above is strict

monoidal and fits into a commutative diagram of monoidal functors:

M(F) 2 My () (10)

<

g H
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PROOF. The following commutative diagram shows that (a|b)¢ = (a¢|b°) for (A, a), (B,b) €
M, (F):

G(¢a,B,x)

G(A® (B® X)) G((A® B) ® X)

W W
F(¢aB,x)
F(A® (B® X)) F((A® B) ® X) (a°[b°) x | (a|b)°
a%@X
apex G(A) @ G(B® X) (alb)x G(A® B) @ G(X)
F(A)® F(B® X) Teby F(A® B)® F(X) ag,®1
CLB®I
P B),G(X
rbx G(A) ® (G(B) ® G(X)) T2 (G(A) ® G(B)) ® G(X)
CW (W

F(A)® (F(B)® F(X)) (F(A)® F(B)) ® F(X)

VF(A),F(B),F(X)
This proves that the functor M;(c) is strict monoidal:
Mi(c)((4,a) @ (B, b)) = My(c)(A®@ B, a|b) = (A® B, (alb))
coincides with
M, (0)(4,a) @ M(c)(B,b) = (A,a°) ® (B,b°) = (A® B, a[b°).
Commutativity of the diagram (10) follows from the definition of M;(c). "

Note that for successive isomorphisms of functors F' .G 1 H the composition
of monoidal functors M;(c) and M,;(d) coincides with M,(cd). This follows from the fact
that a® = (a)? for (A4,a) € M,(F).

3.6. COMPOSITION PROPERTIES. For a successive (set-theoretic) maps of monoids
U g
A—B——=C

(left) multiplicants form a successive pair of spans (in the category of monoids):

Mi(f) Mi(g)
PNV
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The composition of spans is given by the pullback (fibered product) of the two middle
maps:

Mi(f) x5 Mi(g) = {(a, f(a))] a € Mi(f), f(a) € Mi(g)}.

Note that the “projection” (a, f(a)) — a defines a homomorphism M;(f)x g M;(g)—=M,(gf).
Indeed, for such a and any = € A we have that

gf(ax) = g(f(a)f(x)) = gf(a)gf ().

Moreover, this homomorphism fits into a commutative diagram (morphism of spans):

Mi(gf)

/// \\\
;Mz(f) Mz(Q)x
VN2
A B C

Thus multiplicants define an oplax functor from the category of monoids and set-theoretic
maps into the bicategory of spans of monoids.

Here we categorify this construction by defining a monoidal functor
M(F) Xy My(G)——= M, (GF) for a pair of composable functors G o O J be-
tween monoidal categories. Here by M,;(F) x3 M,;(G) we mean the pseudo-pullback
in the 2-category of monoidal categories: with objects (A, a, B,b,x), where (A,a) €
M(F), (B,b) € M(G), and z : F(A) — B being an isomorphism in H. A morphism
(A a,B,b,x)——(A’,d', B,V ,2') is a pair (f, g) of morphisms [ : (A,a)——(A",d’), ¢ :
(B,b) — (B, V) in M,(F), M,(G) respectively, such that the square:

F(A)——B

o

F(A) 2 p
commutes. The tensor product in M;(F) x3 M,;(G) has the form:
(Aya,B,b,z) @ (A",d', BV ,2") = (A® A’ ald’, B® B',blv, x|z'),

where x|z’ is the composition

F(A® A) "L RP(A) e F(A) " Bg B
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Define a functor M,(F,G) : M(F) xy Mi(G) —= M (GF) by (A,a, B,b,z) — (A, a),
where a is the composite:

Glax) G(z@F (X))

GF(A® X)

G(F(A) ® F(X)) G(B® F(X))

br(x) G(z) ' @GF(X)

G(B) ® GF(X) GF(A)® GF(X)

3.7. PROPOSITION. The functor M(F,G) is strict monoidal.

PRrROOF. We need to show that
M(F,G)((A,a,B,b,z) ® (A',d, BV, 2")) =

= My(F,G)(A® A',ald,B® B, b, z|) = (A® A', ala)

coincides with
M(F,G)(A,a,B,b,x) @ M;(F,G)(A",d,B)V,z") =

=(Aa)® (A,d) = (Ax A, ald).
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This follows from the diagram:

(ala’) x @, GF(X)
GF((AANYX) ———> GF(AA)GF(X) —— (GF(A)GF(A"))GF(X)
(ala’)x
GF(¢) G((ala")x) (11)
(12) "
F(A)a
G F(AA/)F N (FAPUNERE)
e @ (19)
(3) (13)
e GHAG(FA)E(X)
G(B)GF(A'X)
G(F(A) ) F A (BF(A"))GF(X) i
G(¥) \ bpearx) (G(E)GF(A/))GF(X)
G(F(A)(F(A)F © ”
(BF A’b{) F(A)G(B'F(X)) .
EGERA) | [~ )
G(z(F(A)F(X))) ) GF(A)(G(B/)GF(_X))
F(A)F(X
G(Ba'y)
(15)
F(A)F(X))) ©

b GF(X)
(BB')GF(X) ———= (((B)G(B"))GF(X)

P

(b16") p(x)
(BB 'F(X)
G(B(z' F(X)))
G(¢) (10)

B(B'F(X))) ————> G(B)G(B'F(X)) ———> G(B)(G(B)GF (X))

bp/r(x) Bbp(x)

where some of the arrow labels are displayed below:

(1) = G(aa F(X)), (11) = G(an)GF(X),

(2) = G((z2") F(X)), (12) = G(z[2")GF(X),

(3) = G((z[") F(X)), (14) = G(B2")GF(X),
(4) = G(2)GF(A'X), (13) = G(xF(A"))GF (X),
(5) = GF(A)G(a), (15) = G(2)(G(B)GF(X)),
(6) = GF(A)G('F (X)),  (16) = bpanGF(X),

(7) = G(2)G(F(A)F(X)), (17):GF(A)bIF(Xa

(8) = G(B)G(dy), (18) = GF(A)(G(+")GF (X)),
(9) = G(x)G(B'F(X)), (19) = (G(x)GF(A")GF (X)),
(10) = G(B)G(2'F(X)),  (20) = (G(B)G(2"))GF(X).
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3.8. SUBCATEGORIES OF MULTIPLICANTS. Let G, H, C be monoidal categories equipped
with monoidal functors F’ : G ——=C, F" : H——=C. Let F : G——H be a functor
and let v : F” o F —— I’ be an isomorphism of functors. Define the full subcategory
M (v) = M(F,F',F",~) in M,(F) of objects (4, a) such that the following diagram is

commutative

F'(A® X) s F'F(A® X)
lF”(ax)
F x F'(F(A)® F(X))

.

F'(A) @ F'(X) <22 prp(A) @ F"F(X)

3.9. THEOREM. The subcategory M,(7y) is closed under the tensor product in M(F'). The
natural isomorphism v lifts to a monoidal natural isomorphism % which fills the square

M(y) —H

¢G——¢
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PRrROOF. The fact that the tensor product (A ® B, alb) of two objects (A,a), (B,b) of
M, (7) belongs to M, () follows from the commutative diagram:

" F'((alb)x) _, F"(apF(X)) "
F'F((AB)X) ———— F"(F(AB)F(X)) ——————— F'((F(A)F(B))F(X))

Fy FII:/(AB),F(X) IV
FI"(F(X)bx FR(ayr(B),F(X)

FI'F(A(B(X)) — ———> F'(F(A)F(BX)) —————— F/'(F(A)(F(B)F(X))

F'"(aplx)
" 1" ' (ap)F" F(X) 1" 1"
L, F'(F(AB))F"F(X) ———————= F'(F(A)F(B))F"F(X)
Bray,F(Bx) F(A),F(B)F(X)
Y(AB)X Fpay,rp)FX)

F"F(AYF"F(BX) F"F(A)F"(F(B)F(X))

FR(A)F (by)

YABYX (F'"F(A)F"F(B))F'"F(X)
YA(BX) F”F(A)FII'“I(B)YF(X)
/
(vavB)rx
YAYBX F'"F(A)(F"F(B)F"F(X))
Hip,x Fj pF'(X)
F'(AB)X) — |—— F'(AB)F/(X) ———— | — (F'(A)F/(B))F'(X)
F'(¢)
vA(YBYX) ¥
F'(A(BX)) ——— F'(A)F'(BX) F'(A)(F'(B)F'(X))
Fi Bx FI(AFg x

It follows from the definition of M;() that the natural transformation 7 given by
YA, a) =va: F'"F(A) — F'(A) is monoidal. n

4. Examples, categories of modules

Here k denotes the ground field.

4.1. NUCLEI AND MULTIPLICANTS OF CATEGORIES OF MODULES. We start with the
following technical statement.

4.2. LEMMA. Let M be a left module over an associative algebra R and mx,  x, €
End(M ® X; ® --- ® X,,) be a family of linear operators, which is natural in left R-
modules X;. Then myx, . x, is gwen by multiplication by an element m € End(M) ® R®
-+ ® R. Families of invertible operators correspond to invertible elements in the algebra

End(M)®R®---® R.
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4.3. EXAMPLE. Nucleus of a category of modules.

Let R be an algebra and A : R—— R ® R a homomorphism of algebras defining
a magmoidal structure on the category R-Mod of left R-modules. By lemma 4.2 the
nucleus N;(R-Mod) is the category of pairs (M, m) where M is a left R-module and m is
an invertible element of the tensor product End(M) ® R ® R satisfying

(AR IA(r)m =m(l @ A)A(r) (11)

for all r € R. Here End(M) is the endomorphism ring of the vector space M. The tensor
product on the category N;(R-Mod) is defined by (M, m)® (N,n) = (M ® N, m|n) where
m|n € End(M) ® End(N) ® R® R is given by

(mn) =(me@1)(I @A) (m)(len)(IeloA)(m) " (12)
The tensor product is semigroupal with the associativity constraint:

atm) (N (L) = (I @ pn @ pr)(m).

Here py : R—=End(N), pr, : R——=End(L) are the corresponding R-module structures.
If e : R——=k is a homomorphism of algebras (counit) such that

(e@NA=1=(I®e)A,

the magmoidal category R-Mod has a unit object (k, 1). The monoidal subcategory N} (R-
Mod) consists of those pairs (M, m), where m satisfies the normalisation condition:

Ioe@D)(m)=1=(I&I:)(m).

In the case when A is coassociative (when (R, A) is a bialgebra) the equation (11)
means that m is R-invariant with respect to the diagonal inclusion of R into End(M) ®
R ® R. The monoidal functor R-Mod — N;(R-Mod) corresponding to the canonical
(trivial) associativity constraint on R-Mod, sends an R-module M into a pair (M, 1).

4.4. EXAMPLE. Multiplicant of a homomorphism.

Let Hy, H; be bialgebras and let f : H; —— Hs be a homomorphism of algebras.
It defines a functor f* : Hy-Mod —— H;-Mod between monoidal categories. Here we
describe its (left) multiplicant M, (f*). Objects of M,(f*) are pairs (M, m) where M is
Hy-module and m is an invertible element of End(M) ® H, satisfying

mA(f(h) = (f © [)A(h)m (13)
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for all h € H;. The tensor product of pairs is given by the formula (M, m) ® (N,n) =
(M ® N,m|n) where m|n € End(M) ® End(N) ® H, is defined by

(mln) = (m® 1)~ (1@ n)(I @ A)(m).
The forgetful functor M,;(f*) — Hs-Mod sends a pair (M, m) to M. The functor

f*: My(f*) — Hy1-Mod, which sends (M, m) into f*(M), is semigroupal with respect
to the constraint:

Sy vy = (L @ py)(m) € End(M) @ End(N).

Let F; : H;—Mod——Vect be the forgetful functors. An isomorphism v : F;——=F, f*
is given by multiplication with an invertible x € H,. The subcategory M;(v) of the
multiplicant M, (f*) consists of the pairs (M, m) such that

m = (o & (M) w © 2)),

where pys @ Hy—End(M) is the Hy-action on M. Note that this together with (13) is
equivalent to the condition:

(par @ I)(A(g(h))) = (pmr ® I)((9 ® 9)A(R)), h € Hi,
where g : H —— H, is given by g(h) = zf(h)z~!.

4.5. ALGEBRAIC CONSTRUCTIONS. For an associative algebra R consider the category
E(R) of pairs (V,v) where V is a vector space and v is an element of End(V) ® R with
morphisms being vector space maps compatible with second components: a morphism
(V,v) — (U, u) is amap f: V——=U such that the equality

u(fe@l)=(felv (14)

is valid in Hom(V,U) ® R. Denote by A(R) the full subcategory of £(R) of those pairs
(V,v) for which v is invertible in End(V) ® R.

4.6. LEMMA. Let R be a finite dimensional associative algebra. Then the category E(R)
is equivalent to the category of modules over the free algebra T'(RY) generated by the dual
space of R. The category A(R) is equivalent to the category of modules over the quotient
of the free algebra T(RY & RY) by the ideal generated by {6'(1) —1(1),0” (1) —1(1);] € R"}
where §',0” are the composites of 6 : RY —= R ® R, which is the dual map to the
multiplication R @ R—— R, with two inclusions of R¥ ® R" into (R” & R¥)%®%.

PROOF. An element v of End(V) ® R corresponds to a map f, : R¥ ——End(V) sending
[ € RY into (I ® [)(v), and thus a T'(R")-module structure on V. Clearly compatibility
condition (14) guarantees that a morphisms of pairs is T'(R")-linear. In the case when v
is invertible the maps f,, f,-1 satisfy the conditions:

(fo ® fom1)0(1) = (I @ 6(1)(vi2vyg) = (I @ 1) (vv ™)
(forr @ fu)0(1) = (I @ 6(1) (v v13) = (I @ 1) (v~ '0)

o~ =~
PNy
—_ =
~— —
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Let R = k(G) be an algebra of functions on a finite group G with standard multipli-
cation A given by A(l)(f®g) =Il(fg) for l € k(G) and f,g € G. By p, € k(G) we denote
the o-function concentrated at ¢ € G. Note that J-functions p,,g € G form a basis in
k(G) so we can write m € End(M)®k(G)®@k(G) as 3, com(f, 9)@ps@p,. The element
m is invertible if m(f,g) € End(M) are invertible for any f,g. The k(G)-invariance of
m (11) means that m(f,g) commutes with the image of k(G) in End(M). Thus we can
identify the nucleus NV, (k(G)-Mod) with the category N;(k(G))-Mod of left modules over
the algebra N;(k(G)) = k(G) ® k[F(G x G)] which is a tensor product of k(G) and the
group algebra of the free group F(G x G) generated by the cartesian product G' x G.
Generators of F'(G x G) will be denoted by u(f,g). The pair (M, m) corresponds to
the N;(k(G)) action on M sending u(f,g) into m(f,g). The formula (12) for the tensor
product of two pairs gives

(mln)(f.g) =>_m(h, fym(hf,g)m(h, fg)~" @ pun(f, g)

heG

which corresponds to the following comultiplication on N;(k(G))

pr) =Y ps®py,
fg=h

Au(f,9)) = _ulh, ru(hf,g)u(h, fg)" @ paulf,g).

heG
Note that k(G) is a sub-bialgebra of N;(k(G)). The coproduct on N;(k(G)) is not coas-

sociative but rather quasi-associative in the sense of [1]:
(I®A)(z)=2(AR)A(z)®!

where ® = Y7, . u(f,g) ® ps ® p, is an invertible element of N;(k(G))®* (associator).

It is well known that associativity constraints on the category k(G)-Mod are in one-to-
one correspondence with 3-cocycles Z3(G, k*) of the group G with coefficients in invertible
elements of the ground field k. For any 3-cocycle a € Z3(G, k*) there is defined a homo-
morphism of quasi-bialgebras N;(k(G))——=k(G) splitting the inclusion k(G)——=N,;(k(G))
which sends u(f, g) into ), . a(h, f,g)pr. This homomorphism maps ® into the associ-
ator @ = >, .o alh, f,9)pn ® pr @ py in k(G) corresponding to a.
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