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NO-ITERATION PSEUDOMONADS

F. MARMOLEJO AND R. J. WOOD

ABSTRACT. We present the no-iteration version of the coherence conditions necessary
to define a pseudomonad, and a description of the algebras for it in a similar fashion.
We show that every no-iteration pseudomonad induces a pseudomonad, and that the
corresponding algebras are equivalent. We also show that every pseudomonad induces
a no-iteration pseudomonad, and again, that the corresponding algebras are equivalent.
We conclude with an analysis of the algebras for the 2-monad (—)2 on Cat in the light
of the no-iteration description of the algebras.

1. Introduction

In this paper we extend the results from [Marmolejo & Wood, 2010] to higher dimensional
monads. We recall that that paper built on the idea of [Manes, 1976] (Exercise 1.3,
page 32) that a monad (7,7, ) can be presented in a way that avoids iteration of the
endofunctor 7. This leads in many particular cases to a significant simplification of
the calculations necessary to verify that something is indeed a monad. This kind of
presentation was extended to the algebras in [Marmolejo & Wood, 2010], and applied
to distributive laws to achieve an alternative presentation of these that avoids iteration
of the functors in question. After the latter paper had been published, we learned from
R.F.C. Walters that he had a similar no iteration presentation of the monad, and also of
the algebras, in his doctoral dissertation [Walters, 1970].

With these results in mind, we moved on to higher dimensions, where the no iteration
idea is even more helpful; this is clear from just a glance at the coherence conditions
necessary for a distributive law of one pseudomonad over another (see [Marmolejo, 1999]
or [Marmolejo & Wood, 2008]). Our first stop in the direction of higher dimensional
monads was [Marmolejo & Wood, 2012], where we dealt with the simplest non-trivial
examples of pseudomonads, namely, (co-)lax idempotent or (co-)KZ, whose definition was
originally given by Kock and Zdberlein in [Kock, 1973] and [Zdberlein, 1976]. However,
[Marmolejo & Wood, 2012] did not follow strictly the logic of [Marmolejo & Wood, 2010].
This was due to the fact that, at some point, we realized that it was much more efficient
to codify all the structure involved in terms of Kan extensions.
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This paper follows its lower dimensional counterpart [Marmolejo & Wood, 2010] more
closely.

We begin in Section 2 with the definition of what we will call, only for the purposes
of this paper, a no-iteration pseudomonad. This consists of six items of data and eight
coherence conditions. Observe on the one hand that this suffices to define the endo
pseudofunctor D, and also the pseudomonad over it, and on the other that there is no
instance of D", for n > 1 anywhere in the coherence conditions.

In Section 3 we show first how to extend the function on objects D from a no-iteration
pseudomonad to an endo pseudofunctor on a 2-category, followed by the definition of
the rest of the structure that makes up a pseudomonad, the pseudomonad induced by a
no-iteration pseudomonad.

In Section 4 we define the 2-category of algebras for a no-iteration pseudomonad in a
similar no-iteration fashion, and in Section 5 we give the proof that this latter is equivalent
to the usual algebras for the pseudomonad induced by a no-iteration pseudomonad.

Section 6 is devoted to the opposite direction, that is, every pseudomonad induces a
no-iteration pseudomonad and the corresponding algebras are equivalent.

As an application we use the new description of the algebras for a pseudomonad to
analyze the proof, given in [Korostenski & Tholen, 93] and [Rosebrugh & Wood, 02|, of
the fact that the algebras for the 2-monad (—)? are factorizations systems.

This leaves the task of producing the corresponding no-iteration version of distributive
laws between pseudomonads, the theme of a forthcoming paper.

2. No-iteration pseudomonads

We assume the reader is familiar with the different aspects of the theory of pseudomonads
as given in, for example, [Marmolejo, 1997|, with distributive laws between pseudomonads
as given in [Marmolejo, 1999] and [Marmolejo, 2004], with the corresponding revision given
in [Marmolejo & Wood, 2008]. We begin with the alternative no-iteration presentation of
a pseudomonad in the 2-category A.

2.1. DEFINITION. A no-iteration pseudomonad D on A consists of
1. A function D:Ob(A) — Ob(A).

For every A€ A, a 1-cell dA: A — DA.

For every A, B € A, a functor ( )°: A(A,DB) — A(DA, DB).

e

For every A € A, an invertible 2-cell D4 :Idps — dAP.

A—2- DA

Dy
5. For every f: A — DB, an invertible 2-cell \/\‘f]@
D

B.
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f]DJ
DA—— DB
6. For every f:A— DB and h: B — DC, an invertible 2-cell hD
(WP )P

DC.

Subject to the coherence conditions

1. For every A € A,
A—52=DA

%(&) ldpa = idga (1)

DA
2. For every f: A — DB,

f]])dA D U/(Df)m deD (2)
i
3. For every f:A— DB,
%
X}
& as = (Dpf)” (3)
(dBPf)P
4. For every 2-cell p: f — g: A — DB,
A—%- DA A<"5 DA
\g/zmng)fD = %/lfm (4)
g
DB g DB.

5. For every f:A— DB, h: B — DC

DA A—*-py

dA
Df fID
= l Do )

x 7 = m DB

DB =

o hPf (KD f)P (5)
lhD KD

DC DC.

A
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6. For every o: f — g:A— DB and every h: B — DC,

P DB fD DB
D D
/fggj/mé>{\~ S (6)
D
DAZ ¢ DC DA__ @} _DC.
(h%9)° (hPg)"
7. For every f:A— DB and every vy :h — k: B — DC,
DB AP fD DB
D D
%)f/% - e it 7)
DA § DC  DA___w"py  _DC.
(hPg)® (K )P

8. For every f:A— DB, h:B — DC and (:C — DFE,

h]D
DB B DC
N yu
h,2

—"—pC D

D h D

f/1 I - % — f/1 /ID) \ (8)
(h]])f)]]]) hID)f,f\“/ DE DA \“Df,em’h (EDh)D

DA . DE

(h7f) (Dh,éf)D‘U @

()P f)P

3. The pseudomonad induced by a no-iteration pseudomonad

Let D be a no-iteration pseudomonad. We extend the function on objects D to a pseud-
ofunctor as follows.

3.1. PROPOSITION. Given a no-iteration pseudomonad D on a 2-category A, we induce
a pseudofunctor D: A — A as follows: D as given by D on objects. For objects A, B we
define D4 p as the composite

A(A, B)—2_ A(A, DB) —""~ A(DA, DB).

For every A, Dy =Dy. For f:A— B and h: B — C, define D": DhDf — D(hf) as
(Dach f)®  Dap f.ac -

PRrROOF. Assume we have

L
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Then D(v) f) - D/ is the composition of the top arrow and the rightmost one in the
diagram

D
DhDf Dap f,dc n (thBf)D Dacnf) Dhf
(dCy)°Df | ((dC)%aB )” |@c e
D
Dk Df —5— (DkdB ) ——— Dkf.

The right rectangle commutes by the functoriality of ( )® and (4), the left one by (7). The
other composition in the diagram is D#*. D1 D f. Similarly we have that D(h ) - D/ =
D9 . (Dh D) is shown by the commutativity of

D
Dth DgB f,dc h (thBf)D (Dac nf) th
Dh Dtpl/ (DhdB)"| l(dC he)P
D
Dh Dg y— (Dh dB g) Dacna)? Dhg,

using naturality and (6).
Furthermore, we have

Dldaf . DfDs= (Dyp f)D Dyaapys - (dB f)DDA = idpy
by (2) applied to dB f, and
D5 . DpDf = (Dupf)®  Dapfap - Dp(dB f)P
= (Dgsf)’ - (DpdB f)P
- (DdBf . DBdB f)D == (iddBf)D - Zde

by (3) and (1). Finally, we show that D"*. D¢D/h = DR . DD f by means of the fol-
lowing commutative diagram, where the label inside each subdiagram is the corresponding
axiom needed:

DeDhDf 22 bo(DhdB f)P Diacn))” DI Dhf
Dphdp f,dE ¢ (6)
Dac h,apeDf  (8) (D¢ DhdB f)? Dac nf.aee
) (DdCh,dEM
(DEAC )P D f ~2L2 (DedC hYPdB f)P Coacr]) (DEAC hf)P
(Dar ch)PDf  (T) ((Dag ¢h)PdB f)P (Dag chf)P
DhDf ——————~ (DthdB f)° s Dehf
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We now extend the family of 1-cells (dA: A — DA)sc4 to a strong transformation.
3.2. PROPOSITION. If for every f: A — B we define dy := Dgp:

dA

A DA
fj o J(dB HP=Df
B——=—>DB.

then we obtain a strong transformation d:1d4 — D.
PRrOOF. The only non-trivial condition is
dnf - Dhds = Dgcnf - DhDap s = Dacnf - Dpras s - Dap fac ndA
=Dacns - Dacnf)dA - Dap jacndA = dyy - D"
by (5) and (4). u
We now define a strong transformation m: D? — D.

3.3. PROPOSITION. If for every A we define mA = (Idpa)® and for every f: A — B we
define my as
(Idpa)®

DA

Didap 4,dB §
/ Df

D?A

DfP

D? -1
f Dipp DfIdpp

((IdpB)PdDB Df)
(Idpg)P

D*B DB

then we obtain a strong transformation m: D? — D.

PROOF. For ¢: f — g: A — B the diagram
Df mA—"~mB D2f
Dy mAl/ \mB D2

Dg mA — mB D?%g

is the exterior of the diagram

-1 D -1
DfmA_doaeer pgn O™ pipp ppp Z0rien g o
lD@ mA DyP (mBdDB Dg)”| mB D2,
DgmA DgP mBdDB Dg)® mB D?g.
]D)IdDA,ng (DfdlDBDg)D ( ) ;éB Dg,ldpp

The first rectangle commutes because of (7), the second by naturality, and the third by

(6).
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Now take f: A — B, h: B — C. The equality (D?)"9-my, D*f-Dhm; = my;-mA D5
is proved by the following commutative diagram:

1 2
Dape phiapeP7f

1 D
Diapp.acnD?f (Prap,, PR D2f
(8) Dips Df,Dh (7) DipB Dfmc dDC DR
DhD
dDBDfldpp ) (0> _DWPdDE D)
(Prap.ac ndDB D) D256 b 1dpe DB Df)®
B D%LB dDB Df,dC h . 5
Dh(DIdDBDf) (6) (DhDyy  Df) (mCDapc pnDf)®
(%)
Dpfach )
(g5 facn)” (mC dDCDyg f,qc n)®
DhDrap, 4,dB f
ID)IdDA DhdB § (Dac hf)DD
/ CdDC ]D)dC hf) )

mCDgpB Df,dDC Dh
(8)
-1

D2
D2hdDBDf,ldpc

mC(Dapc prDf)P

(6)

mC(dDCDy5 f,ac n)P

mC D((Dac r f)P)

Dap f,ac hmA

(Dac nf)PmA

Diap 4,dC hf —1 Dhnf)P

IdDC

Dipe Dhf,ldp¢

where the labels inside the subdiagrams indicate the equation needed for its commutativ-

ity, and () is

()P of the following commutative diagram:

1 —1
DhDyy ) Df Didpz.ac ndDBDf  (Prg, Dh)DdDB Df Dype phidp, DB DS
TD;B £,dC h (5) lDDth (4) Dinec apc prDf (5> lmCDch prDf

1
wl Drap PR DF
i ppap §)D

(Dac hf)Dl

lmc dDCDyg f.ac

lmCdDC(Ddc nf)P

1
Dy} . Dhf

where the unlabeled subdiagram commutes by naturality.

Finally,

Midp, - DAmA

]D)C?DA DIdpa,ldpa (DIdIDA DIdA)

D;éADIdDA,IdDA (D}, DIda)? - (Da)®

DJJ;ADIdDA,IdDA - (mAdDAD,)P - (D!

Idpa

mAD(DA) .D;éA,IdDA : (D_l )D

Idpa

mAD(Da) - mA Dy, =mA (D?)4

by (3), naturality, (6) and (2).

Diapa,aa - DamA

)]DJ

The following two propositions give the 2-dimensional data for the construction of a

pseudomonad.
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3.4. PROPOSITION. If for every A in A we define BA =Dy, , and we define nA as

Idpa

D
DA awe v DA
(D IdDAdA) U

_1(mAdDA /irx)“}

Dipadatap,

D*A

DdA mA

then we obtain modifications B:mAdD — Idp and n : Idp — mA DdA.

PRrROOF. The statement for g follows from the following commutative diagram for every
f:A— B:

(D7 Df)PdDA DA
DfPdDA—2E" ~ (mBdDB D f)DdDAd% mB D2f dDA
(5) \J/mB]DdDA Df
Dpy DB dDB DF
Diaj, , a5 fdDA (5) (4) mBdDB D f
\LDIdDBDf

D fDrap, ,

DfmAdDA

Df

The one for n follows from the commutative diagram

-1
DIdDA,dBfDdA (DIdDBDf)DDdA DdDB Df,IdDBdDA
- Dpagans (7) DdpAdA,mB dDE Df (8) mBDupaasaps s
Papaaatap , ((]D)‘ Df)DdDA dA)P Dihs Df1dppdPA dA)P Dr2sapa dAldpp
(8)
(D1a, 4,dB fADAdA)P (mBDgpp pdA)P mB(Dapp pfdA)P
DmadpAdA,dB f
’ (6)
—1 D
Df(Dyg,, ,dA) (6) (DfD  dAP (mBdDBDyp 5)P mB(dDBDgp f)P
Dga,dB f

(*)
(2)

D
DfDy (D74 )P (Das r) —

DdBdB f,1d
/ \ (DapB dB.1dp, 5 dB f)P DB
idpy (Dg dB f)P I
dB f,dDB dB
(3) ((OrappdB)>dB 1) @)
Dag f,dB (5) DdBmedDBdB
Dp DF

-1 D 1
(DIdDBdB) Dy Dippas IdDBDf

(mBDdDB dBf) B(DdDB dBf)
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where (x) is ()P applied to the following commutative diagram

379

—1 —1
(D) Df)PdDAdA Db s pyap pdDAdA
DfPdDAdA (mBdDB Df)PdDAdA mBD2fdDAdA
ID)DfdA (4) DdeDB Dfd (5) mB]D)dDB DfdA
Drap, 4.a8 pdDAdA . »mBdDBDfdA
1
Df mAdDAdA (5) DfdA Do DfdA nBdDBDs
-1
DD dA
tdpfaa S mBdDBdB f
DfdA dB -1 -1
d Dap f ! Dy, 5B f ) \mBiD)dDB asf
D, f
- 4 mB dDB dB 5) mBDdBdB f
DpdB f (1) D Af ( ) ( )
/@dB,IdDBdBf

dBPdB f

-1
(D), ,dB)"dB f

3.5. PROPOSITION. [If for every A we define uA as

(mBdDBdB)PdB f

D3A D?A
mDA _1 / mA
Idpo 4 ldp g
mAP
D?A DA

then we obtain a modification i : mA DmA — mAmDA.

PROOF. The proof is obtained by glueing the following three commutative diagrams, first
the last two along the dashed arrow, and then the resulting diagram with the first along
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DA

(D;dlDB Df)PmDA

-1

DIdD2A f DIdDzA,mB dDBDJf

DfD;! !
) .
D=Aldp 5 5 (Dl—dlDBDf)]DJ]DJ . o

(Drap 4,48 f) Qi prrapg)

Dina,dB f v

5 . (m)® —1 2 /\D

Df(Dra, ,mA) (DfDiaj, ,mA) (mBDyy , D*f)":
DinAdDAmA,dB f (]L) v

DfDapa mA,Idp 4 (D;dlDA B deA mA)D (DIdDQBJdDBdD2B D2f)D
Drap, 4,aB fDMA DipAma,Df v

A

_ Dig . Df)PdDAmMA)P :

(D' . Df)PDmA (Prapp D :
DB D B)PdD2B D?f)P
D4pAmA,mBdDBDf (PrappmB) P §

A

-1
DypBDfidpg DmA

—1 )
Qapp pf1apzdPAMA) 5
(DapBmB.1apzdD*B D2 )P

Dp2rapa mAldpp A
D :
mBDgpAmA,dDB Df (mBDapp pymA) 5 (mBDJE)B mpD2HP
(mBdDBmy)
D o 5
mB(Dapp prmA) DipBDfmadpg dDBmB D2fldpp '
v
mB Dmy
p-1
—1 dD2B D2 f,mB
Dips py1appMmPA AT T - T -0 =
; %((DIdDBmB)DdDQB D2f)P
iDia g ,,mBdDB DS : (DrappmB)° D f
v A -1
: mB]D’IdDzA,dDB Df : DdDQB D2fmBdDBmB
: -1 3
o v | Pabsmziips DS
. dDBDIpp -1 {(DapBmB,1apzdD*B D? f)P
v D2fmB :
H V mBD;;QB D2f,dDBmB
{(mBD!  D2f)P mB(Dy . D2f)P ’
: ldp2p 1 ldp2p :
: D™ -
v 2 2 A 1
v mDBdD2B D2f,ldpp : DDdeD2BD2f’IdDB
: -1
m.BD g(mBDdDB meD2 )P

-1
D
dD2B D2 f,mB

(D1 5 14 pdD?B D2 )P

dD2B D2 f,1d

D2B

3
D1a g 5 1dpp D7 f

‘=1
i "dDBmBD2fldpp

—1 2 £\D
mB(D,5 g mpDf)



NO-ITERATION PSEUDOMONADS 381

where (1) is ( )? applied to the commutative diagram

—1
Drap4,dB £ mBDIdDzBDQf
DfDIdDAmA
m; ]D)IdDQB,IdDBdD2BD2f
DpjymA D, D% f
Dyt DfiPdDAmA D! DfmA Dr' dDBD?f
bB bB bb (Dit mB)PdD2B D2f
DB

DpmBapB DfmA mBdDBm; D

—1 2
mB dDB mBD f

p;1 dDAmA

dDBDfldpp mBDpp mpD”f

dDBmB1dpgdD?BD? f

mBDapp prmA (D1ap, pmB)PdD2B D2 f

We now show that we have indeed produced a pseudomonad.

3.6. THEOREM. Let D be a no-iteration monad. The above constructions of the pseudo-
functor D, the strong transformations d and m, and the modifications 3, n, p constitute
a pseudomonad (D,d, m, 3,1, 11).

PRrROOF. We must show the usual two coherence conditions. The equation uA DdDA =
(mADBA)(mAnDA) is shown by the commutative diagram

mA(dDADyq , , )P

W DA pra
9DA
(mAdDADyq, , )P -1 D
mA(DdDAmAdDA)D mA(DIdD2AdDA)

(mA]D)dDA mAdDA)D (mAD;dI 2 dDA)D ]D)71
DmAdD2AdDAIdp 4 (J[) D2A mDAdD2AdDAIdp 4

((D1ap, ,mA)PdD2 AdDA)P

D

-1 D 2 D
(D3 amaap, dD?AdDA) (Diap, , 1dp,AD?AdDA)

mADy 52 4 4pA,aDAmA mAD; 2 4 dDAJd 5
D, 2 D!
dD2AdDA,mAdDAmA AD2A,mA
Dapamaap, DADA (Dra, ,mA)P DdDA D DdDA

1d 9 4 ldpa
where (1) is ( )® applied to the commutative diagram

(Drap, ,mA)PdD2AdDA id

2
(D mAPdD2A dDAl D adDA *D\IdDquDAdD AdbA
id AdDAmAADA . ]D):nfquA
D7l dD2AdDA id /
dDAmA,Idp 4 l/ l,]D)IdDAmA dD mADIdDQAdDA

mA]DdDA mAdDA mA dDA]D)IdDA
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The proof of the other coherence condition is given by the commutative diagram after the
following one, where (1) is ( )P applied to the commutative diagram

—1 2
Dapamatdp, 4dD2AmDA (Diap, ,mA)PdD>AmDA Pra , , 1ap , AP AmDA

-1
mAD 5 4, 4mDA

DmadpAmamDA

DdDAmAIdDAdD ADmA id
mAdDA pA
mADgp A maDmA

mA dDADIdD

Diap, 4 mAmDA

2A’IdD

DA dpamaDmMA
(Drap 4 mA)DdD2A DmA
mADMA

Drap , (MAdDAMA)
Drap 4 mA DmA

mAdDADgp o mA,IdD% mA dDA(DIdDAmA)D

Dra o ,.1dpa

DIdDA mAID

DapAmA,dp 4
mA]D)Id
D! dD?A DmA

Id o 4 1dpa

(]D)IdDA mA)]D

Dipama,idp DmDA

D 1

mA(]D);éA mAmDA)]D
(mA]D)dDA mAmDA)D

Dyp2 4 DﬁnA mA dDAmA
(DIdDAmA)

D

((D1ap, ,mA)PdD? A DmA)P

dD?A DmA)P

dD2A DmA,mA (Drd g, 1dp 4

D! D2mA

1
mAD, dD2AmDA,dDAmA 5 D
D (Dapama,iap ,dD°AmDA)
DmAdD2AmDA,Idp 4

((D1ay, , mA)PdD2AmDA)P

(DIdDA ’mA) DD

(Dapamatap,)®

dD2AmDA,mAdDAmMA
D
(Drap ,mA)?DmDA
dD2AmDA,mA

Dyt . q.,DmDA
1 2 D D2A"CDA
(Dt . 4. dD*AmDA)
241dpA
DapAmAmDAIdp 4 p A mAD
mA(dDA pA)P (mAdDApA) (T) dD2AmDA,Id ) 4
DipAmA DmA,Idp 4 mAD D D 2
: dDAmaDmMA mDAdD2AmDA,Idp 4
mA(Dapa maDmA)P ( m )(mA]D)Id 2, mDA)P mA(Dyq , , mDA)P
DpmAdDp2A DmA A 4 _ 9 . DmlDA Tdpa
dD2A DmA,dDAmA (P3DAmata padD7ADmA) 5 mADId 5 1d o
(Drd g, 1dp 4)
2
DapAmatdp , D?*mA 1 Dy A,IdDAmD A

2
Id 3 4 ,mAD

(DIdDA mA)DmDQA

]D)71
IdDSA,mA dDAmA

Id Id
D2A" YDA A D
— mAD DmA
1 ( IdD2 )

mDAdD2ADmA,Idp 4

Dpma,idp 4

DapAmaidp,mD?A

mAD 52 A Dy 1d mA(DIdD2ADmA)‘D’

D2A

mAD!
Id 3 4, dDAmMA
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4. The algebras for a no-iteration pseudomonad

Let I be a no-iteration pseudomonad as in Definition 2.1. Following the same no-iteration
framework, we define the 2-category Alg-I) of algebras for such a presentation as follows.
An object of Alg-D consists of

1. An object A in A.
2. For every X in A a functor ( )*: A(X,A) - A(DX, A).

3. For every h : X — A an invertible 2-cell

4. For every h: X — A and every g : Y — DX, an invertible 2-cell

DX
% Ag,h\U/KA
A

DY (htg)*
subject to the axioms
1. Forevery p:h—k: X — A
X ji;/ DX X —% AVDX
\k@) W= W ‘m (9)
k
A A

2. For every h: X — A

3. For every h: X — A and every ¢g:Y — DX

Y. py v—2spy

Dy gP
htg (htg)*
lhA\‘ hA
A

A.

Y
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4. For every h: X — Aand every ¢: f - ¢g:Y — DX

P DX DX
hA fD hA
o = el (12)
D
Dy’ A Dy ___ o A
(h*g)* (htg)*
5. For every ¢:h — k: X — A and every g:Y — DX
DX R 5 DX
gD / g hA
ﬂ/% = e i (13)
A
DY - A DY "ot A
(k*g)* (kb g)A
6. Forevery h: X — A, g:Y - DX and ¢: Z — DY
g° g°
DY) DX DY DX
yd N o= 2 L\ (14)
Dy (g"0)" f’”hﬂ A Dz ﬂAfvh% (nhg)F 4
(h*g"0% (A g0)
((h*g)he)™
((h*g)he)"

Given objects (4, ()*) and (B, ( )®) in Alg-D (we omit the rest of the structure), a 1-cell
in Alg-D is a 1-cell f: A — B in A together with an invertible 2-cell

DX
y l (fh)®
111
f

for every h: X — A in A, subject to the coherence conditions

X dXA DX ) X - px
h h

S - e o
A———B A——B

and for any ¢g:Y — DX
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and for every k:h = k: X — A,

DX DX (7h)*
B K
A KA hA (fh) _ i (fk)]B (fl)/ (17)
<)
2 £1#]
B -4

A 7 7 B

For 1-cells f:A— B, f':B — C'in Xl\g—ﬂ), composition is given by the usual composition
f'f in A and, for every h: X — A, the 2-cell

fHm= "

f I’

It is direct to show that the composition f’f satisfies the conditions (15), (16) and (17).

A2clla: f—9g:A— Bin KIE—D is a 2-cell @ : f — ¢ in A such that for every
h:X — A we have that

DX
(fh)E
= hA‘ m (18)
A2

Composition of 2-cells in K/I&D is as in A.
For every object A in Alg-D, Id, is the usual Idy : A — A in A together with the
identity two cell

DX
hA
hA
‘ /I dalh]
A T A

on h* for every h: X — Ain A.

5. The biequivalence D-Alg ~ @—]D)

In this section we consider a no-iteration pseudomonad, called D, as in Definition 2.1, and
induce the pseudomonad, also called D, as in Section 3. We denote the usual category of
algebras for D as D-Alg.
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5.1. THEOREM. The categories D-Alg and XE—]D are biequivalent.

PrROOF. We define pseudofunctors in both directions.
f
Define F: Alg-D — D-Alg as follows. Take (A, (™) B (B,()B) in Alg-D. Let

g
ap = Ida™, oy = A, Bo= Idg®, gy = Ba,, and define F'A as

9 D(ey)
s D2A DA
A DA Adaag,1dy
o ) (o dAay)® /
Ida / \ao ) mA “o (alaO)A/ ) (19)
A DA Ardp ad, " A

)

For convenience, we write oy for the second coordinate of F'A. Define F'f as

Df

DA

DB

4

Po

For future reference, call this two cell p. And define Fp = ¢.
We must verify first that F'A is indeed an object in ID-Alg, but this is essentially the
same proof given in Theorem 3.6 except that some D’s should now be A’s. We must also
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show that F'f : FA — FB is in D-Alg. The diagram for this has the same shape, namely

BoDda a,,dB Bas f,1a5 Do
N ! (Bap f,1d5dA org)B Has 0 71
BpfdAag,1dg dA ao,ﬂodgf
- _ Da,
,3 (DdBf )D ((Blf)BdAaO)]B BdAao f(/Blf) 0
-1
(BoDy5 f‘lo)B
IBdBfaO,IdB (FlidAldA e )P flIda]lDay
AldA o,
B A
IBODP ]BdBBODdeB (5OdBp) (_'_) f dAaO,IdA
B flogdA
By (Das g, Df)® (BoPas 5, D) (fareg)® 2 O}f(al%)A
Bpg.apB Df Idg ]
IBOID)dDB Djpd ((B;];’B rd )]E% dDB Df)]E f Tdpa,Idy
. o (FlIda])®
Bip gy,1a5 D f flIdalmA
BapB Df,B,dB B!
(B1B,)BD? f 1:Po B Fo ((B18,)BdDB Df)® (B1f)BB Idpa.f (B f)BmA
B _ —1
4bB DI, (BldlDB,IdBdDBDf)B (Bas f,1a5)" Idpa,8ydB f
By, ? B A
Hpp s f_l (BoDr1ap, 5 DF)E W haas
B . BdDBDf Idg 0~ 1dpp Bpfrig
B()]D)dDB Dfldpp ,30 (DIdBDf)D BOD;dlDA,dBf

where (1) is ( )® applied to the commutative diagram

-1
BoDyp %
dDBDf

dBﬁ Jddg
//BOD(%\

BdBf,IdBdAOlO

(B1f)BdA o,

flldaldAq,

Bs,dB 1% \

faia
N

id
BydB p

i ﬁlfao
BydB f[Ida]~"
BydBB4B f,1dp

Bg,aB g, Df
(818,)BdDB Df

f[IdA]71

B
B8, Df  B1(BydBf)? BodB (B1f)
B1fB

\ Df/1 Bas 1,145
ByDrapgDf
Brap, .14z dDBDf 07 DB

It is not hard to see that Fi¢ is a 2-cell in D-Alg. We have that F(Ids) =

(B1f)B

Idry by

(10). Furthermore, if f: A — B and f': B — C are 1-cells in Alg-ID, then the proof that

F(f'f) =F

(f)F(f) is given by the following commutative diagram (with v, = (Id¢)®
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and v = Crq,)

(mf)EDf f'IdB]Df

C
Cac f 140 DfT W’N (11 f)CdB f)C lCdB £

'Bab f,1d5
%P5 £.dC f’T Cp(s/)as f.1dc T(CdC .14, 4B f)° l(f’[IdB}dB e
%00 ) (083t )¢ o] MBI g
Cac s f.1d¢ (nf' HE F'1f] I flIda]

In the other direction take

pALpB

0

| pyib

A—JZB

DA DA - [ B%DB DB 2 DB

1%%0 ) ’”Al %/l 0 wﬂ hﬁ{tﬂo : mBl /32/l50

DA~ A T B DB — B
Df’ By
DA—>D¢B
) P BQ
A—ZB

in D-Alg. Define G(a, as) as

1. The same object A.

2. For every X in A, ()*is A(X,A) 2~ A(DX,DA)

A(DX, A).

X —-px D
g

hl dZ/ th m
3. For every h: X — A define A}, as ALO:DA DY Oiip ) U DX
/ \LO‘ b (_mX dDX g)P
A D*X mX Dh
4. For every g:Y — DX and h: X — A define A ), as D2hl ”Zh/
D?A
DX Doy | ° |
D(fh) DA A
Dh (Dh’f);/ ay
Define G(f,p)[h] as DA 57— DB. And define Gy = .
o

A B
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To see that G(a1, as) is an object in KE—D, observe first that condition (9) is direct.
The show condition (10) observe that the pasting of Dy and Agx, is a;'D?*h Ddx -
a,mp DdX - ayDhnX, and then consider the following commutative diagram:

oy ' D2h DdX oy Doy Ddy, a, D0 Dh

agmp DdX]mh\) &, ! DdA DR lao Doy Dh
a,nX "1 Dh
g DhnX] oy DhnX 1 lao DZl Dh
idoy Dh
Condition (11) is the commutativity of the diagram
ay ' D?h DgdY oy Doy DI PRy a, DPM 90 dy
aympDgdY
0 DhmX dy aymAD?hdy ayDayD?*hd, g dag Dhg
1 aympdDX g angzthXg ayDaydprg
0 DhDypx g, Idp g
&, Dh Dy x apx ¢

aomAdprg O‘Od"‘ODhg
—1
agDh X g @ dDADh aragDhg

-1
[ao Dh(B%" g)PdY ay,B8ADhg
ay DhDy

Conditions (12) and (13) are straightforward. As for (14), observe that the right hand
side of (14) is

o q°
/_\ (BX— lg)]D)
mY dDY £)P mX dDX ¢)P
D7 ( H ( 9) H DX

1
\dDYZIdDY\U// \%XgIdD)V
Dg mX Dh

D*X

D?h "j%
D?(ay Dhg)
" D2A——— DA
/ \LDO{O 042_1
D(aqD(cyDh g)t) D2A DA Z |

where the two unlabeled 2-cells are simply the coherence isomorphisms associated to
the pseudofunctor D. In the middle replace the pasting of mqa, pny and the coherence
isomorphism to its right by the pasting of m,, mpp, me, and the corresponding coherence
isomorphism for D2. Then replace the pasting of a;*, Mg, and agy ! by the pasting of
pyt, apt and Dag! (in this last one we omit the corresponding coherence isomorphisms
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associated to D). Then replace the pasting of my, mp, and p;' by the pasting of uy',
my, and Dmy,. Thus we have arrived at

/o g°

(mY dDY £)® ﬂ (mX dDX g)D

DZ
D\%Y@ Idpy qu IdD/
D2X
\
D3X DQX
D?(a, Dh D3h mh
@ o\ Dma D”;h/ | o
\LDZO‘O Do, D?A -1 DA
D(ayD(cy Dhg)¥) 2/ | Dag Of/ \Lao
"Day, —=DA A

Comparing this pasting with the left hand side of (14), we see that we have to show that

DY

Xfl ]D)ngJ
D7 (BX~1g%0)P| — DX
D" D) (mX dDX g” ¢) \
Dypx o r,1a
D((8X~9)"0)|) s DX%X

D((mX dDX g) D?*X
DDapx g,1dp )

D(mX Dg¥)

equals
o0 g

(BY to)P (BX~1g)P
(mY dDY £)P ﬂ ﬂ
DZ DY DX

D7, / \]D)_: /
dDY ¢,1d dDX g,Id
% DYU mY Dg ! DXU mX

DY mal) D?X
D(mX Dg¥) T DX -\

On this last pasting, substitute the pasting of D}, Ly D;éXngDX, m, and py' by the
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other side of the commutative diagram

Diny dDY £,mX dDX g (D1d pyy-,my dDX gdDY )P ((BX~1(mX dDX)®)P dDY £)P

Dm—1 ]D)71 D,1
(mXdDX 9)"Dypy g 1ap dDY £,(mX dDX )P dDY £,mX dDX(mX dDX )P

D14 5y ,mx aDx gD X~ 1(mX dDX ¢)?)? D¢
]D)dDXg,IdDX mY D¢ DY ™ g9 (6 ( g) )

-1 D -1 D
Dabx g1apy )" DY (mX dDX Dy o 1a, ) DY
mX Diq v ,dDX g De
PRETRETT Dpgtapy DE (BX~'mX Dg)®
(mX BDX 1 Dg)P D¢ (
mDX dD2X Dg,ldp x De

_ -1
mX mg DO mX (BDX~'Dg)P D¢ mXDypx mx Dg)D De
(uX~'dD?X Dg)P D¢

mX D D¢ -1
dD2X Dg,ld o

DmX dD2X Dg,ldp x pe
uX~1D2g D¢

-1
mX DdDQX Dg,dDX mX D¢

Now replace the pasting of (83X ~1¢)P, (8Y ~!¢) and the top row of the previous diagram
by the other side of the commutative diagram

(BX~HPPL  (mXdDX g)®(BY ~10)P Dy aDY t,mXx dDX g (D1apyy ,mx apx gdDY )P

(D(mX dDX g)DdDY 0P
- (mX dDX g)°BY ~1¢)P mX dDX g)PpY ¢)P
=
(BX~tg)Pe)P id,
(BX~1gP0)P

(mX dDX ¢)De)D X1 (mX dDX ¢)P ¢)P
(mX apx(8X g ep XM 9"

D D
l]D)dDX P eldpy dDX(mX dDX g)P¢,1dp o
(DmX dDX(mX dDX g)Dz)

mX D((BX~"g")"0)

where the rightmost arrow is ((3X 1(mX dDX ¢)®)P?dDY ¢)P. And finish the argument
with the substitution given by the commutative diagram

Dypx(mx apx gype DX 7_nlx dDX(mX dDX g)lD)Z)]D
1

D
WDXWX dDX g)Dz)wl

dDX(mX dDX g)P

0P

Dapx(mx dpx ¢)PyPaDY 014 5 (D

D
dDY (mX dDX g)P 1dp x dDY £)
D1

X Dt (mX dDX )P dDY £,mX dDX(mX dDX g)P

n )

XD~ !

"M YDy ¢,dDX (mX dDX g)P (mX dADXDghy 1y )PDE
DdDX(mX dDX g)P 1dp x D¢

Dapx mx Dg,1dp x DL
mXD(D7}

(mXD7} Dg)PDr
dDX g,ldpx )De

dDX mX
—1

-1
mX DOy x o 1ap )

D¢
DmX dD?2X Dg,ldpx

—1 D
mX (D5 x mx P9)° DL
mX]D);l

D2X Dg,dDX mX
mX DP9mX Dg

mX Dé,mX Dg

D¢
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This completes the proof that G(a,,a,) is an object in Kng—D. Conditions (15), (16),
(17) and (18) are not hard to verify, as well as the fact that G:D-Alg — AlgD is a
pseudofunctor. -

Given (A, ( )*) € Alg-D, define t(A, ( )*):(A,( )*) — GF(A,( )*) as Id4 and the
assignment to every h: X — A of the invertible 2-cell

with the notation as in (19). We have that ¢(A4, ( )*) is a morphism in Alg-D (condition
(16) is a bit long), and that it defines an invertible strong transformation ¢:1 — GF since
for any f: (A, ()*) — (B, ()®) the diagram

(A, () 22D R, ()8

1| |ors

commutes.
On the other hand, given (a,, a,) in D-Alg define s(«a,, o) : FG(a,, a,) — (o, @) as
the identity 2-cell

pA—LUY _py
D(Idy) l
DA = a
|
A lda A

One of the conditions for s(a,, a,) to be a 1-cell in D-Alg is trivial and the other one is
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given by the following commutative diagram:

a, DP194)%0 D(dA g D(1d4))

aoDdAaoD(IdA),aOD(IdA)

agD(agDgacy D(Id4))

393

ayD(a;ayD(Ida))

a D(aODA)D(dAOéOD(IdAj)T

oy Day (D?) ;' D(dA apD(Ida))
a;1D?(1d ) D(dAay D(IdA))

-1
g DIda)Dyp 4 g4 agD(Id4),Idp 4

O‘OD(C;%DAdDI?Igo)D(IdA))
a NeY
oy D 0 A)%0

ag Do, Do Ddy),dA
ay D0 D(ay D(1d 1))

T/ g D% P4 104

a, D% D(Id 4),0dA

OD(oa1 )D(aOD(IdA))

Ida))
ay (BAdAYP D(oyy D(Id 4))

a,mA(D?) ;! D(dAa, D(Id4
a7 'D(dAa, D(1d o
agmyg, D(dA ag D(1da)) 3 D(dAaoD(lds))
;D 'mAD(dAayD(Ida))

agmA peoDdy),dA

—1

a,D
0V dDAdA oy D(Id 4),1d 4

oD (mAdDAdAa,D(1d4))P
ayD(Id4)(BA™ dA ay D(Id4))P

ay(BA~'dAa,D(Id))"

agDapadatap , D(egD(Ida))
aymADdAD(ayDy) ayD'DAPUdA)

aymA D044 aODD(IdA>’°‘0 D(Ida)
B ayDa,D?(Id4) Dy,

a,D
0°dDAdA oy, 1d 4

2
% A Ay PPy
o D(a /
oD (g D(Id 4)) OcODIdDA’ao ocOmA DZ(IdA)D51 D
Id 4, 2 aOmIdA ( A)
a, D140 @, D?(Id4) 1
ay Doy D(D ") agD(Ida)mADLY
id -
agDag DQ(IdA) O‘OmIdA aoD(IdA)DdDA,IdDA
ay,D(Id 4)(BA)P
Then the diagram
s(ay,0)
FG(Oél, 012) - (au a2)
FG(f,p)j L(f,p)
FG(8,,5,) (B, B,)

_—
s(81.8;)

commutes, and we obtain s: FFG — 1 invertible.

6. Every pseudomonad induces a no-iteration pseudomonad

6.1. THEOREM. Let U = (U,u,n, 3,1, 1) be a pseudomonad on A. Define D:Ob(A) —
Ob(A) as DA = UA. For every A define dA = uA. For every A, B in A define () as

the composite

U A(DAnB)
_—

A(A, DB) A(DA, D?B) A(DA,DB).
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Define Dy =nA:Idps - nA UdA. For f: A— DB in A, define Dy as the pasting

uA DA

A

DB D’B
e
idpp
DB.
And for h: B — DC, define Dy}, as the pasting
pA—"—~pp—"% ~pp

Uth ”% th

D3C ——5> D2C

UnCl ,qul/ lnC

D*C —=— DC.

The data defined above is a no-iteration pseudomonad.

PRrOOF. The proof is direct. [

Starting with a pseudomonad U on A, produce the no-iteration pseudomonad as in
the theorem above. Now produce the pseudomonad DD induced by this presentation. We

describe in detail the pseudomonad D = (D, d, m, 3,7, 11).
The action of D on the objects is U. For ¢: f — g: A — B in A, the action of D on

it is given by
uf

— T
DA Uep DB
\—/
Ug

UuB nB

D’B DB

Dy =nA. If h: B— C in A, a brief calculation tells us that D/ is

UuB P B
uf %B_lu\ Uh

DA DB———~DB DO %~ p2C =~ DC
DB

Now d:14 — D is given by dA = uA for every A, and for every f: A — B we have that
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dfiS
A 4. pA
I
B————DB
dBl g (VB
DB—————> DB
8B
Idpp nb
DB

For every A in A, mA =nA. And for f: A — B in A, my is (after one substitution)

D?*A DA
U2f ng Uf
2 /
DB — DB
U?uB nuB UuB
D3B /DQB

nDB L
n wB~ n
UnB i / B
D?B B DB

D2
nDB
qu%x U%B
D3B
We also have that fpA = SyA whereas npA is the pasting

Idpa

DA U D
nA
U%DZA% 1)214414

DA
N e
D3 A

A

Finally upA is (after one substitution) the pasting

D3A
DPAE DA DA
mDAl/ nA l

nA
D?A DA

nA

6.2. THEOREM. The bicategories U-Alg and D-Alg, for the pseudomonads U and D con-
sidered above, are isomorphic.
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PROOF. Define r: U — D such that forany A € A, 7rA =1dys:UA — DAandfor f: A —
B, ry; =nB7'Uf. It is not hard to see that r is an invertible strong transformation, and
that the diagrams

1 U U U2 Ur UD rD D2
Ny | I
D U ; D

commute. It is not hard to see that r, together with the two commutative diagrams given
above is a transition from D to U along 1:. A — A in the notation of [Marmolejo & Wood,
2008], and thus induces a lifting D-Alg — U-Alg of 1 4. The inverse is the lifting given by
the transition s: D — U from U to D along 14 given as follows. sA = Idy 4 for every A
in A, for f:A— B, sy =nB Uf. Now the diagram

d

1

commutes, and we define

D2 Ds DU sU U2
D . U
such that wyA = nAnUA™!. "

7. Factorization systems

We take from [Korostenski & Tholen, 93] and [Rosebrugh & Wood, 02] the example of
the monad (—)?:Cat — Cat, where 2 = 0 —= 1. It is given on every category A
by DA = A% nA:A — A% isgiven on a: A — A as (a,a):14 — 1a. If we denote
by dy,d;: A2 — A the domain and codomain functors, then for F: X — A2 we define
FP:X2% — AZ such that, for f:Y — X in X, FP?(f) is

doFY Yo a Fy 2L g P X

and for (ho, hy): f — f', with f": Y — X/,
FP(hg, hy) = (dyFhg,d1 Fhy).

Given p: F — G:X — A2 define, for f:Y — X, 0P f = (dopY, d1pX).

Then nAP = 142, FPonA = F and for G:Z — X we have that FP oGP = (FPo G)P
and thus we take Do = id, Dr = id, and D¢ r = id. Then the coherence conditions are
trivial.
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It is well known that every category with a factorization system is an algebra for this
monad. We prove this explicitly with the new formulation for the algebras. So take A
with a factorization system (€, M). Given F': X — A we define F*:X2% — A as follows.
Given f:Y — X in X2, we define F4(f) as in the diagram

Ff

where mppoep; is the £-M factorization of F'f. Given f': Y’ — X’ in X? and a morphism
(h,k): f — f"in X2, FA(h, k) is the unique arrow in A such that the diagram

Ff

FY FX
Fh FA(h,k:)L Fk
A
eF/le <f,) Mp gt
FY’ ; FX'

Ef

commutes (given by the diagonal fill in property). It is clear that F* is a functor. Fur-
thermore, given p:F — F':X — A, we define *: FA — F'*:X2 — A such that
QA f FA(f) — F™(f) is the unique arrow that makes the diagram

Ff

FY FX
ey~
Y w‘*fl wX
€/ F/A(f) m gy
F'f F'f
FY i F'X.

F'f
commutes. It is direct to see that ¢* is natural, and that in fact we have defined a functor
()*:Cat(X,A) — Cat(X? A).

We also have that the diagram
X % x?

A

commutes, provided that the £-M factorization of 1,4 is 14 0 14 for every A € A (which
we assume). We thus take Ap = id.
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Given G:Z — X2, F: X — A and h: W — Z in Z2, we have that FAGP(f) is given
by the £-M factorization of F'diGh- FGW:

FdyGW —ESW_ pg,aw —Fheh

€Fd; Gh-FGW

Fd,GZ,

MFd) Gh-FGW

FAGP(h)

whereas the calculation of (FAG)*(h) can be read from the following diagram

dyGW oW d,GW
o e

FAGW mew

ﬁch

doGh FAGh (FAG)™(h) d1Gh

AGh

%— FAGZ %
doGZ dGZ

GZ

We then define Ag ph as the unique isomorphism such that the diagram

e OO —mmaron
FdyGW lAG,Fh Fd,GZ (20)

eraw > FAGIY FAGZ ez
Terion (FAG)A(h) Tricn

commutes. It is not hard to see that Ag p: F' AGY — (FAG)" is a natural transformation.
As for the coherence conditions, (9) is immediate, for (10) we must show that A x p = id,
but this follows from the fact that (20) is transformed into

A
€Frh F (h) MFEhR
FW LAdx,Fh FZzZ
S T FPW— v pz— T
€Fh FA<h) mep

for the particular case G = dX. (11) is the fact that Ag p(1z) = id, which is not hard to
see. (12) is given by the fact that both composites involved, namely Ay ph - FA49)*h and
(FA4)2h - Ag ph make commutative the diagram

€FdyGh-FGW MFd; Gh-FGW

FdyGW FAGPhH Fd\GZ
FdowWL Ag ph-FAYAR | (FA)Ah-Ag rh delz/JZ
FdgHW — FAHW . (FAH)Ah FAHZ ———= FdHZ.

FHW FAgh mFAHh MFHZ
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(13) is given by the fact that both composites involved, namely Ag gh - *GPh and
(¢*G) h - Ag ph, make commutative the diagram

MFd; Gh-FGW

FdoGW e rew FAGPh Fd,GZ
edoGW AGyF/h«pAGDhj (¢*G)*h-Ag,rh od1GZ
F'dyGW FAGW (F"™G)"h F*GZ ——— F'd,GZ.
er'aw Crrhan Merhgh Mplgz

Finally, (14) is given by the fact that for a k: S — U in U and K : U — Z2, both compo-
sitions involved, namely Ay pagk-ApcKPk and (Ag pK)*k-Ago g pk, make commutative
the diagram

Mpd GPKk-FGPKS

FdyGPK S TGP IR PGS FAGPK)P Fd,GPKU
leFGdOKS AK,FAGk'AFvGKDkl(AGvFK)Ak‘AGDK,Fk mFGdlKU$
FAGdyK S = (FAG) K S = (FAG)* K)ok s (FRG)A KU e FAGA KU
CFAGKS C(FAG)AK M pAGYAKE MpAgy

In the opposite direction, assume we have an algebra (A, ( )*) for the monad ( )2.
According to [Korostenski & Tholen, 93] we have to define the following:

. .. f
1. for every f in A, a factorization of f: « o
\ /
ef R mf

2. for every (u,v):f — g in A2 an arrow t(u,v) that makes the following diagram

commute
ef my
[ ] [ ] [ ]
ul t(u,v) l lv
[ ] eg [ ] mg .;

such that, with & = {f|my is iso} and M = {f|es is iso}, the following conditions are
satisfied:

a. if f is an isomorphism, then ey and my are isomorphisms;
b. the assignment of t(u,v) is functorial on (u,v);

c. ey € & and my € M.

Take an arrow f:A — B. This defines a functor " f7:2 — A in the obvious way.

Thus we have the isomorphism
2 L) 22
Ary
rf—l

—‘/ Jl’f‘lA
A.
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a,l .
Observe that 22 is isomorphic to 3 = 27 \i with fa = v, and that d2 takes as

D ——~

5
value v. We then obtain the following commutative diagram

A A
I—f—IAO e S rf1A1 s . rf1A2
7 ~
Arf'lot P /ef/ ;n; - lArf‘\Q
- \&
A< B,
f

where we define e; = "fa - Ar 207! and my = Arp-2 -7 f43. This gives the desired
factorization for f.
If g:C — D is another arrow and (u,v): f — g is an arrow in A2, then (u,v) defines
a natural transformation ¢:"f7 — T¢7, and then a natural transformation ©*:7 74 —
74, Using condition (9) it is not hard to see that the diagram

A—"Lorpm B
N
C TgA1 D

€g Mg

commutes. That this assignment results functorial on (u,v) follows at once from the fact
that ( )*:Cat(2,A) — Cat(22% A) is a functor.

We show now that m,, is an isomorphism. For this we observe that since the assign-
ment f — (ey,my) is functorial on arrows of A% and e; is isomorphic in A% to " f "«
then it suffices to show that mr s, is an isomorphism. Define G:2 — 22 the functor
whose value is the arrow . Then the image of GP : 22 — 22 is

« 1 7
0/ \dﬂ.

[0}

We have that " f7G:2 — A takes the value " f ™a, and thus the natural isomorphism
Agrp:TfTAGP — (TfAG)* produces the following commutative diagram

r A e r A id rFIAY
/ f f
AG rf—'AO\l/ Ag)rf‘u%ll/ \LAG rf1A2
(TG (TG
(l‘f—IAG) (l‘f‘IAG) (rf—lAG)AQ
rfﬂAG % N rfﬂAG
I—f—IAO rf1A1

The upper right square tells us that ("fG)*«a is an isomorphism, thus M paq 18 also
an isomorphism. Therefore m,, is an isomorphism.
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The proof that e, is similar, just take G with value 3 instead of a.

We are left with showing that for f an isomorphism, ey and my are isomorphisms. For
this we take the category I of the “generic” isomorphism, that is I is the category with
two objects and two no identity arrows as in

06— —1

B

Then a functor F':1I — A is the same thing as an isomorphism f in A. Now apply
the same ideas as above observing that every arrow in I2 is an isomorphism, and taking
G :2 — I? with value the arrow that goes from 707:2 — 12 to "17:2 — I? in I2.
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