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A STRUCTURE THEOREM FOR QUASI-HOPF BIMODULE
COALGEBRAS

DANIEL BULACU

ABSTRACT. Let H be a quasi-Hopf algebra. We show that any H-bimodule coalgebra
C for which there exists an H-bimodule coalgebra morphism v : C' — H is isomorphic
to what we will call a smash product coalgebra. To this end, we use an explicit monoidal
equivalence between the category of two-sided two-cosided Hopf modules over H and the
category of left Yetter-Drinfeld modules over H. This categorical method allows also to
reobtain the structure theorem for a quasi-Hopf (bi)comodule algebra given in [Panaite,
Van Oystaeyen, 2007] and [Dello, Panaite, Van Oystaeyen, Zhang, 2016].

1. Introduction

Two-sided two-cosided Hopf modules were introduced by Woronowicz [Woronowicz, 1989]
under the name of bicovariant bimodules, as a tool in the study of non-commutative
differential calculus on quantum groups. He also extended the structure theorem of Hopf
modules to the category of Hopf bimodules M and two-sided two-cosided Hopf modules
BMHE over a Hopf algebra H. Later on, Schauenburg proved in [Schauenburg, 1994] that
the structure theorems provide the classification of Hopf bimodules and two-sided two-
cosided Hopf modules in the form of category equivalences yM¥ = g M and TMH =~
BYD, where y M is the category of left H-representations and YD is the category of left
Yetter-Drinfeld modules over H. These equivalences are even monoidal and they can be
regarded as a coordinate free versions of the classification in [Woronowicz, 1989]. Using
categorical techniques, Schauenburg [Schauenburg, 2012] also proved that all the results
mentioned above remain valid in the setting provided by quasi-Hopf algebras. Despite
the fact that a quasi-Hopf algebra H is not a coassociative coalgebra, and thus we cannot
define H-comodules, one can still consider the categories g MM and # M by using
the framework of monoidal categories. Namely, H is a coalgebra within the monoidal
category of H-bimodules y My, and therefore we can define yME = (zMp)" and
BME = H(gMpg)", the category of right H-corepresentations and of H-bicomodules,
respectively, within g M.

Our main goal is to give structure theorems for algebras and coalgebras in g ME, and
respectively in Z M. On one hand, due to the monoidal category equivalences men-
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tioned above, these are classified by algebras and coalgebras in y M, and respectively in
BYD. Since our equivalences are monoidal, and monoidal functors carry (co)algebras to
(co)algebras we get that, up to an isomorphism, the algebras are smash product algebras
in the sense of [Bulacu, Panaite, Van Oystaeyen, 2000], while coalgebras are H-corings
whose structure is completely determined by a cowreath defined by an H-module coalge-
bra as in [Bulacu, Caenepeel, 2014]. Of course, in the two-sided two-cosided case some
additional structures on these objects are required, mainly because of the extra left H-
colinear condition. On the other hand, it turns out that algebras in g M (resp. E M)
are H-(bi)comodule algebras A in the sense of Hausser and Nill [Hausser, Nill, 1999],
equipped with an H-(bi)comodule algebra map ¢ : H — A. This is nothing but the con-
text considered in [Panaite, Van Oystaeyen, 2007] and [Dello, Panaite, Van Oystaeyen,
Zhang, 2016], so the main results in loc. cit. actually classify the algebras in g M
and T MH  respectively. As we have explained, one gets these for free from the above
monoidal category equivalences. Furthermore, adapting categorical techniques from [Be-
spalov, Drabant, 1998], we show that coalgebras in ZM!I can be also characterized as
pairs (C, H) consisting of an H-bimodule coalgebra C' and an H-bimodule coalgebra mor-
phism 7 : C' — H, but also as smash product coalgebras of a coalgebra in 2y D and H.
In particular this leads to a structure theorem for quasi-Hopf bimodule coalgebras.

The paper is organized as follows. In Section 2 we briefly recall the axioms of a quasi-
Hopf algebra H and its basic properties, the formalism of monoidal categories, functors
and monoidal equivalences, and review the Hausser and Nill monoidal equivalence between
gME and g M, respectively. In Section 3 we give the structure of an algebra in zF M.
The main result here is Theorem 3.7, an equivalent version of [Panaite, Van Oystaeyen,
2007, Theorem 2.5]. For its proof we use an alternative monoidal equivalence between
uM g and gy M. The latter is based on a concrete definition of the space of coinvariants of a
quasi-Hopf bimodule and has the advantage that provides an explicit monoidal equivalence
between ML and £Y D, too. In Section 4, we use this alternative monoidal equivalence
between Z M and £V D to give in Theorem 4.11 the structure of an algebra in Z M. We
also show that Theorem 4.11 and [Dello, Panaite, Van Oystaeyen, Zhang, 2016, Theorem
1.7] are equivalent. The coalgebra case is treated in Section 5. The main results of this
last section are Theorem 5.3 and Theorem 5.6 which in particular give a structure theorem
for a quasi-Hopf bimodule coalgebra.

We end our introduction with a philosophical note. Although the definition of quasi-
Hopf algebras is - essentially - very natural, the explicit formulas and computations are
often quite technical. This time, due to the categorical results we proved, we got some
complicated formulas for free and were able to avoid most of the computations involving
them.

2. Preliminaries

2.1. QUASI-BIALGEBRAS AND QUASI-HOPF ALGEBRAS. We work over a field k. All
algebras, linear spaces, etc. will be over k; unadorned ® means ®;. Following Drinfeld
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[Drinfeld, 1990], a quasi-bialgebra is a quadruple (H, A, e, ®) where H is an associative
algebra with unit, ® is an invertible element in H ® H ® H, and A : H — H ® H and
€: H — k are algebra homomorphisms satisfying the identities

(Idy ® A)(A(R)) = B(A @ Idy)(A(R) D, (2.1)
(1dy @) (AMR) = h , (@ 1dg)(A(R)) = b,

for all h € H, where ® is a 3-cocycle, in the sense that

(12 ®)(Idy ® A®Idy)(®)(d® 1)
= (Idy @ Idy ® A)(@) (A @ Idy @ Idy ) (D), (2.3)
(d®e®dy)(®) =1®1.

The map A is called the coproduct or the comultiplication, e is the counit, and ® is
the reassociator. As for Hopf algebras we denote A(h) = hy ® hg, but since A is only
quasi-coassociative we adopt the further convention (summation understood):

(A®@Idg)(A(h) =hay @haz @hy , (Idg @ A)(A(R)) = hi @ b1y @ b,

for all h € H. We will denote the tensor components of ® by capital letters, and the ones
of =1 by small letters, namely

P=X'0X’@X’=T'@T*eT=V'eV?eViz...
'l =t' 2 =00’ =-..

H is called a quasi-Hopf algebra if, moreover, there exists an anti-morphism S of the
algebra H and elements o, 5 € H such that, for all h € H, we have:

S(hy)ahy = e(h)a and hyBS(he) = (h)S,
X'BS(X?)aX?=1 and S(z')az’BS(2%) = 1.

Our definition of a quasi-Hopf algebra is different from the one given by Drinfeld
[Drinfeld, 1990] in the sense that we do not require the antipode to be bijective. In the
case where H is finite dimensional or quasi-triangular, bijectivity of the antipode follows
from the other axioms, see [Bulacu, Caenepeel, 2003] and [Bulacu, Nauwelaerts, 2003,
so the two definitions are equivalent. Anyway, the bijectivity of the antipode S will be
implicitly understood in the case when S—!, the inverse of S, appears is formulas or
computations.

It is well known that the antipode of a Hopf algebra is an anti-morphism of coalgebras.
For a quasi-Hopf algebra, we have the following statement: there exists an invertible
element f = fl® f? € H® H, called the Drinfeld twist or the gauge transformation, such
that e(f1)f2 =e(f?)f' =1 and

FA(S(R)f = (S @ S)(A™P(h)), (2.7)
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for all h € H. f can be described explicitly: first we define 7,0 € H ® H by

v = S(xl)(?)aﬁxf®5(X1)ax3x3(2'“‘5>5(x2 HaX3y 2@5()(1;51)@953 (2.8)
§ = X121 8S(X?) ® X1a285(X%%) P EV 21853 X3) @ 2 X1 BS (a3 X?). (2.9)

With this notation f and f~! are given by the formulas

fo= (8@8)(AP(@)A(*BS(27))
f71 = AS(ah)az®)i(S @ S)(A“P(z?)

, (2.10)
). (2.11)

Moreover, f satisfies the following relations:
fA(a) =7, AB)f =0 (2.12)

We will need the appropriate generalization of the formula h; ®hyS(h3) = h®1 in clas-
sical Hopf algebra theory. Following [Hausser, Nill, 1999] and [Hausser, Nill, unpublished],
we define

pr = p'@p° =z' @a?BS(x?), (2.13)

@ = ¢ 9¢=X"®5 " (aX?)X?, (2.14)

pr = prop=X25"1X"8) ® X7, (2.15)

a = ¢ ®¢@=_S@"a® . (2.16)
For all h € H, we then have

(1® S (h2))qrA(h1) = (h® 1)qg, (2.17)

Aho)pr(S7 () ®1) = pr(l1®h). (2.18)

We also have that

¢'Qir' ® ?Q4* ® Q*2®

=q¢'X| ® Sfl(f2X3)Q%X(l2,1) ® Sil(f1X2)C]§X(12,2)a (2.19)
X' @ S(X*)§' X} © X3 = ¢'a; @ S(g°w3)a? @ 2°, (2.20)
gir' @ 2’ © @2’ = X' © ¢' X7 @ ST X)) X3, (2.21)

where Q! ® Q? is a second copy for qz in H ® H.

2.2. MONOIDAL CATEGORIES. For the definition of a (co)algebra in a monoidal category
C and related topics we refer to [Kassel, 1995] and [Majid, 1995]. Usually, for a monoidal
category C, we denote by ® the tensor product, by 1 the unit object, and by a,l,r the
associativity constraint and the left and right unit constraints, respectively.

If H is a quasi-bialgebra, then the category gy M of left H-representations is monoidal.
If U,V are left H-modules then the tensor product between U and V is the tensor product
over k equipped with the left H-module structure given by A, i.e. h-(u®v) = hy-u®hy-v,
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forall h € H, u € U and v € V. The associativity constraint on gM is the following: for
UV,WegM,apvw: UV)@W—U® (VW) is given by

avvw(U@v)@w)=X"u® (X? ve X w).

The unit object is k considered as a left H-module via ¢, the counit of H. The left and
right unit constraints are the same as for the category .M of k-vector spaces.

A (co)algebra in y M is called a left H-module (co)algebra.

uMpy, the category of H-bimodules is monoidal as well, since it can be identified
with the category of left modules over the quasi-Hopf algebra H® ® H, where HP is
the opposite quasi-bialgebra associated to H. We provide the explicit construction of the
monoidal structure on g M.

e The associativity constraints ajy; y p: (M @ N) ® P — M ® (N ® P) are given by
dynp((mon)@p) =X"-m-2'® (X% n-22@ X3 p-2%); (2.22)

e the unit object is k viewed as an H-bimodule via the counit ¢ of H;

e the left and right unit constraints are given by the natural isomorphisms k ®@ M =
M=M®Ek.

We call a (co)algebra in g My an H-bimodule (co)algebra.
A (op)monoidal functor between two monoidal categories is a functor that respects
the two monoidal structures. More precisely:

2.3. DEFINITION. Let (C,®,1,a,l,r) and (C',&',1',a',I',r") be monoidal categories and
F:C—C a functor.
i) F is called monoidal if there exists a family of morphisms

P2 = (poxy  F(X) & F(Y) = F(X®Y))xyec,
natural in X and Y, and po : 1" — F(1) a morphism in C' such that, for all X,Y,Z € C,

2. x,vez(ldpx) Q' ©ov,z)ar(x),F(v),Fz) = Flaxyz)psxev.z(P2.xy Q' Idpz)),
F(lx)pa1x (o @ Idpxy) = Upx)s
F(rx)p2,x1(Idpx) ® o) = T%(X)-

it) F is called opmonoidal if there exists a family of morphisms
Yy = (Poxy  FIX®Y) = F(X)® F(Y))xyec,
natural in X and Y, and ¢y : F(1) — 1" a morphism in C' such that, for all X,Y,Z € C,

(IdF(X) Q' ¢2,Y,Z)¢2,X,Y®ZF(GX,Y,Z) = CLF(X),F(Y),F(Z)(%,X,Y Q' IdF(Z))%,X@Y,Z, (2-23)
l%(x)(% Q" Idp(x))t21,x = F(lx), (2.24)
T}«“(X) (IdF(X) Q' Yo)hax1 = F(rx). (2.25)
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i11) F is called a strong monoidal functor if it is monoidal and, moreover, o and ps
are defined by isomorphisms in C'. Equivalently, I is strong monoidal if it is opmonoidal
and, moreover, Yy and 1y are defined by isomorphisms in C'.

It is well known that a (op)monoidal functor carries (co)algebras to (co)algebras, see
[Majid, 1995)].
The notion of natural transformation extends to the monoidal setting as follows.

2.4. DEFINITION. Let C, C' be monoidal categories and (F, o, ol (G, oS, ¢§) : C — C'
monoidal functors. A natural monoidal transformation w from (F, oL oF) to (G, ¢S, ¢§)
s a natural transformation w : F' — G such that, for any objects X, Y of C, the following
equalities hold:

F _ G /
WxeyPsxy = Poxy(Wx ® wy),

F_ G
Wiy = ¥o -

The transformation w is called a natural monoidal isomorphism if w is both a natural
monoidal transformation and a natural isomorphism.

Reversing the arrows in the above diagrams we get the definition of a natural op-
monoidal transformation between two opmonoidal functors.

We are now able to define the concept of monoidal equivalence, a concept intensively
used throughout this paper.

2.5. DEFINITION. Let C, C' be monoidal categories and F : C — C' a monoidal (op-
monoidal, resp. strong monoidal) functor. We say that F is a monoidal (opmonoidal,
resp. strong monoidal) equivalence if there exists a monoidal (opmonoidal, resp. strong
monoidal) functor G : C' — C such that FG is naturally monoidally (opmonoidally, resp.
strong monoidally) isomorphic to Ider and GF' is naturally monoidally (opmonoidally,
resp. strongly monoidally) isomorphic to 1dc.

If a functor F : C — C' defines a monoidal (opmonoidal, resp. strong monoidal) equiv-
alence between C and C' we say that the categories C and C' are monoidally (opmonoidally,
resp. strongly monoidally) equivalent.

2.6. THE HAUSSER AND NILL STRUCTURE THEOREM FOR QUASI-HOPF BIMODULES.
Throughout this subsection, H is a quasi-bialgebra or a quasi-Hopf algebra with antipode
S and distinguished elements « and /.

Although H is not necessarily a coassociative coalgebra, its comultiplication A and its
counit £ endow H with a coalgebra structure in the monoidal category of H-bimodules,
uMypy. Otherwise stated, H is an H-bimodule coalgebra. This allows us to define
gMIL = (gMy)H and EMy = H (g My) as the categories of right, respectively left, H-
corepresentations within y M. These categories were introduced by Hausser and Nill in
[Hausser, Nill, unpublished] under the name of the categories of quasi-Hopf H-bimodules.

Explicitly, a right quasi-Hopf H-bimodule M is an H-bimodule together with an H-
bimodule map p : M > m = m@) ® muy € M ® H such that the following relations
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hold:

(Idy ® ) 0 p = Ida, (2.26)
O - (p®Ida)(p(m)) = (Idy ® A)(p(m)) - ®, ¥ m e M. (2.27)

Up to an isomorphism, a quasi-Hopf H-bimodule is of the form N ® H, for a certain
left H-module N; see the details below.

We have a well defined functor F': yM — g M. If M € yM then F(M) =M ® H
regarded as an object in y M via

h(m @ W = hy - m @ hohh/,
p(m®h) =2 - m® 2*h; @ 2°hy,

for all m € M and h,h' € H. F sends a morphism f in yM to f ® Idy.
The functor F' provides a (monoidal) equivalence. To see this we have to recall first
the structure theorem for quasi-Hopf bimodules proved by Hausser and Nill [Hausser, Nill,

unpublished].
For M € yMHE define E: M — M given by

E(m) = X' -m) - BS(X*m))aX?, (2.28)

for all m € M, where M > m — py(m) = m) ® may € M ® H denotes the right
coaction of H on M. The space M = {n € M | E(n) = n} is called the space of
coinvariants of M. By [Hausser, Nill, unpublished, Corollary 3.9] it can be also described
as

MeH ={nc M|p(n)=E@"n) 2°® %} (2.29)

Me°H hecomes a left H-module under the action given by h—-n = E(h - n), for all
h € H and n € M®H . Also, for further use, record that the following relations hold:

h E(m) = [ln—~E(m)] - hy | (2.30)
E(m-h) = e(h)E(m) , E(h- E(m)) = E(h-m) , (2.31)
E? = E, E(TR(O)) “My =m and E(E m)(o)) (%9 E(m)(l) = E(m) ®1, (2.32)

forallm € M and h € H.
The following structure theorem for quasi-Hopf bimodules is [Hausser, Nill, unpub-
lished, Theorem 3.8].

2.7. THEOREM. If M 1is a right quasi-Hopf H-bimodule then the map
v : M?"@H — M, vy(n®h)=n-h, ¥V ne M°? hecH

is an isomorphism of right quasi-Hopf H-bimodules, where M " @ H is a right quasi-Hopf
H-bimodule via the structure defined by

a-(n®@h)-b=E(a;-n)®ahb and p(n®@h) = E(z'-n) @ 2°h; @ 2°hs,
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foralln € N, a,h,b € H. The inverse of v is given by
V;;(m) = E(m(o)) @ m(1y, vV me M. (233)

As we already mentioned, the structure theorem presented above was used by Hausser
and Nill in [Hausser, Nill, unpublished] in order to extend to the quasi-Hopf algebra setting
a result of Schauenburg [Schauenburg, 1994, Theorem 5.7], which says that z M and y M
are monoidally equivalent categories. Here gy M is viewed as a (strict) monoidal category
with tensor product ®py, the usual tensor product over H, unit object H considered
as a quasi-Hopf H-bimodule under its regular multiplication and comultiplication, and
canonical associativity constraint and left and right unit constraints, respectively.

Actually, for M, N two right quasi-Hopf H-bimodules, M ®y N is a right quasi-Hopf
H-bimodule with the structure given by

h-(m@pn)-K'=h-mgn-N, (2.34)
PM@gN - M®HN oSomygn+— m(0) Ry 1(0) ®m(1)n(1) € M®HN®H, (235)

forallme M, n € N and h,h' € H.

The equivalence functor between the categories g M and yM is G : pME — g M,
defined as follows. If M € g M then G(M) = M regarded as a left H-module via
the action —. G sends a morphism f : M — N in g M to its restriction at M and
corestriction at N a well defined left H-linear morphism.

If we consider the maps 7y v : MOH Nt 5 M &y N and JunN: MRgN — MeH g
Nef determined by iy n(m@n) = Ey(X'-m) @y Exn(X?-n)- X3 and jy y(m@pn) =
Eri(m)) @ Exn(m@ay-n), for allm € M and n € N, we then have jy nin,y = Idpjcon gpeon
and iy yjvN = FEye,n. Consequently, the image of iy, is (M @y N)f | and so iy y
induces a left H-module isomorphism between M7 @ N and (M @y N)«#. We will
denote it by

¢2,M,N . McoH ® NcoH N (M Qu N)COH.
If o : (M ®y N)°! — M ®y N is the inclusion map, then the inverse of ¢g s is
¢2_}\/IN = junt : (M @y N)©H — MH @ N°H which is well defined. Finally, if
¢ : k — G(H) = klg is the canonical isomorphism, then the functor G : yM% — y M
is strong monoidal with the structure provided by (¢a, ¢o).

By [Hausser, Nill, unpublished, Proposition 3.11] we then have the following.

2.8. THEOREM. If H is a quasi-Hopf algebra then the functor G : gME — gM is
an equivalence of monoidal categories. The quasi-inverse functor of G is ' = e @ H
aM — gMB- F is a strong monoidal functor via the structure given by @ defined by
the following composition of isomorphisms:

FIM)@uFIN)=(M@H) g (NQH)ZMQ(NQH)=2 (M®N)®H=F(M®N),
for all M, N € gM. Explicitly, we have that

woun((m@h) @y (n@h)) = (2" -m®2*h, -n) @ 2°hol, (2.36)
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for allm e M, h,h' € H and n € N. The second morphism is pg = Idy : H — F(k) =
ko H=H.

Note that a different approach for the monoidal equivalence in Theorem 2.8 was pro-
posed by Schauenburg in [Schauenburg, 2012, Theorem 3.10]. In the sequel, a third
approach will be derived from the structure theorem for quasi-Hopf bimodules proved in
[Bulacu, Torrecillas, 2006].

3. A structure theorem for quasi-Hopf comodule algebras

In this section we will see that the structure theorem for quasi-Hopf comodule algebras
given in [Panaite, Van Oystaeyen, 2007] can be easily obtained from the monoidal equiv-
alence between gy MY and gy M. Towards this end, we prefer to make use of a second pair
of functors that define a monoidal equivalence between y M and y M. In other words,
we prefer to work with the alternative structure theorem for quasi-Hopf bimodules from
[Bulacu, Torrecillas, 2006, Remark 2.4].

3.1. AN ALTERNATIVE STRUCTURE THEOREM FOR QUASI-HOPF BIMODULES. In the
Hopf algebra case, the set of coinvariants of a Hopf module over H is defined as being
the set of those elements on which H coacts trivially. When H is a Hopf algebra we can
always define a projection onto the set of coinvariants of a Hopf module and, moreover, it
covers the natural inclusion and is closed under the adjoint action. In the quasi-Hopf case,
Hausser and Nill walked backwards through these facts: they first defined the projection
and then, using it, the set of coinvariants of a quasi-Hopf bimodule.

An approach closely related to what we have in the Hopf case was proposed in [Bulacu,
Torrecillas, 2006]. We recall it below; for full details we refer to [Bulacu, Torrecillas, 2006,
Remark 2.4].

For M € g MY we define M) the set of alternative coinvariants of M, as being
the set

M = dme M| pim) =2*-m-S(@3X?) ' @ > X15S (23 X?) 2},

where f is the Drinfeld’s twist. MU is a left H-module under the action given by
he>m:=hy-m-S(hy), Vhe H me M.
Furthermore, if E: M — M is given by

E(m) = Myo) -5S(m(1)), vV me M,

then it can be proved that M) = {E(m) | m € M}. In addition, we have that

E . MCOH _>Mco(H) and E : MCO(H) _>MC0H
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are inverse each other and at the same time left H-linear morphisms. Consequently, for
all M € g ME the morphism

M 3> m s E(mgy) @may € M @ H

is an isomorphism in F M with inverse given by

M @Hsm@h— X'-m-S(X*)aXh e M,

and this provides an alternative structure theorem for quasi-Hopf bimodules.
At this point it is clear that a second category equivalence between M and y M is
produced by the functors F : yM — pMH and G : yME — 5 M defined as follows. If

M € gMI then G(M) = MH) and if f : M — N is a morphism in z M then G(f)
(

is the restriction and corestriction of f at M) and N respectively, a well defined
morphism in y M. The functor F equals to F, the functor defined in Subsection 2.6.

3.2. COROLLARY. Let H be a quasi-Hopf algebra and F : gM — gMIE and G : yME —
uM the functors defined above. Then F, G are strong monoidal functors and they induce
a monoidal equivalence between gMI and g M.

ProOOF. The functors G,G are naturally isomorphic. The natural isomorphism between
them is given by the natural transformation
E=(Ew:GM)=M°" - GM) = M™D)
Note that the inverse natural transformation of E is E, and that F' = F. Thus, by
Theorem 2.8 it follows that F, G are strong monoidal functors, and that they provide a

monoidal equivalence of categories. _
We end by pointing out that the strong monoidal structure of G is given by ¢, ;v :

Meet) @ NeolH) — (M @y N)*©H) determined by the composition

MeotH) g neolH) EJ@E)N M) g NeolH) ¢%N (M ®p N)CO(H) E@N (M &5 N)CO(H),

and ¢, : k — G(H) = kj3 defined by ¢,(k) = x3, for all x € k. Explicitly, we have
bon(m@n) =g'ay-m-S(Pwz)a® @un- S(2°), (3.1)

for all M,N € gM and m € M°H) n ¢ N©°U) Indeed, by taking into account the
above definitions and structures we compute that

52,M,N(m ®n)
=  Eueynteun(Ey(m) @ Ex(n))
(2:1) Eyoun(Ey(X' - Ey(m)) @ Ex(X? - Ex(n)) - X7)

=" Buoyn(Eu(X'-m) @ En(X?-n) - X7)

w
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= Ex(X' m)e ®n Ex(X* 1)) - X7BS(Ex(X' - m)) En(X* - n)m)X5)

(2D Enx(m)o) @y EE(n) - S(Ey(m) 1))

(229 Ey(x' - Exy(m)) - 2° @ n - S(x®)

(230 Ey(zt-m)-2* @y n-S(a°)
= q¢'z1-m - BS(Prym))a’ @ n - S(2?)
= q'z1- En(m) - S(¢*z;)2” @pn - S(a)
= q¢'a1-m-S(¢Pry)r* @y n - S(a?),

for all m € M<H) and n € N°H)  ag stated. n

3.3. A STRUCTURE THEOREM FOR COMODULE ALGEBRAS. We will see that the alterna-
tive structure theorem for quasi-Hopf bimodules provides a structure theorem for algebras
within categories of quasi-Hopf bimodules.

The category of H-modules is monoidal, and an H-module (co)algebra is a (co)algebra
in this category. This categorical definition cannot be used to introduce H-comodule
(co)algebras, since we do not have H-comodules. However, to introduce the concept of
comodule algebra over a quasi-bialgebra Hausser and Nill [Hausser, Nill, 1999] generalize
the property of the comultiplication A of H to an arbitrary H-coaction p: A - A® H
on an associative k-algebra A. More precisely, we have the following.

3.4. DEFINITION. Let H be a quasi-bialgebra. A unital associative algebra A is called
a right H-comodule algebra if there exist an algebra morphism p : A — A ® H and an
invertible element ®, € A ® H @ H such that:

0,(p @ 1dy) (p(a)) = (Ida @ A)(p(a)@,, ¥ a€ A, (3.2)
(1a ® )(Ida ® A @ Idy)(®,) (P, @ 111)

= (Ida ® Idg ® A)(®,)(p ® Idy @ 1dg)(®,),
(Ida ® €) 0 p = Ida, .
(Ida ® e @ Idy)(®,) = (Ida ® Idy ® €)(P,) = 14 ® 1. (3.5)

In a similar manner we can introduce the notion of left comodule algebra over a quasi-
bialgebra.

We begin with a lemma of independent interest. As before, y M is the category of
right quasi-Hopf bimodules over H equipped with the monoidal structure presented in
Subsection 2.6.

3.5. LEMMA. Let H be a quasi-bialgebra. Then giving an algebra A in g M is equivalent
to giving a triple (A, p,i) consisting of an associative k-algebra A, a k-linear map p : A —
A ® H and a k-algebra morphism i : H — A such that (A, p,®, :=i(X") @ X? @ X?) is
a right H-comodule algebra and i is a right H-comodule morphism, i.e., in addition,

p(Z(h)) = Z(hl) & hz, YV heH.
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PROOF. Assume that (A,m : A®yg A — A,i: H— A) is an algebra in z M. Since
the forgetful functor from (FMHE @y, H) to (gMpy, @5, H) is strong monoidal, we get
that (A, m,1) is an algebra in (yMy, ®py, H), too. Otherwise stated, (A,m,) is an H-
ring. Thus, we obtain that A is a k-algebra with multiplication m = qZ am and unit
1a =i(1g). Furthermore, the input H-bimodule structure of A is completely determined
by h-a-h' =i(h)ai(h'), for all h,h’ € H and a € A, and i : H — A becomes a k-algebra
morphism.

Now, since A is an object in gy M we have a k-linear map p: A > a — ap) ®aq) €
A ® H such that e(agy)ap = a and

Z'(Xl)a(()’o) ® X2a<071> ® X3a<1> = a<0>i(X1) ® a<1>1X2 X a<1>2X3, Vaca,
that is (3.4) and (3.2) hold. Furthermore, p is an H-bimodule morphism, and so
p(i(h)ai(h')) = i(h1)agyi(h}) @ hoapyhy, Y a e A and h, h' € H.

Clearly, this implies p(i(h)) = i(hy) ® hg, for all h € H. The latter equality allows to
show that @, :=i(X') ® X? ® X? satisfies (3.3). (3.5) is automatic.

It remains to prove that p is a k-algebra morphism. This follows easily from the fact
that m and ¢ are right H-colinear morphisms, we leave the verification of this detail to the
reader. So we have shown that (A, p, ®,) is a right H-comodule algebra and 7 : H — A
is a right H-comodule algebra morphism.

For the converse, assume that we have a datum (A, p,i) as in the statement. First,
A becomes an H-bimodule via i, i.e. h-a-h' = i(h)ai(h'), for all h,h' € H and a € A.
Together with p this turns A into an object in y M see [Panaite, Van Oystaeyen, 2007,
Lemma 2.3]. Since A is an associative k-algebra and ¢ : H — A is a k-algebra morphism,
it follows that (A, m,i) withm : AQg A — A given by m(a®@ya’) = aa’, foralla,a’ € A,
is an algebra in (gMpy,®pg, H). A simple inspection shows that (A,m,) is, moreover,
an algebra in g ME, where y M has the monoidal structure mentioned above. ]

It was proved in [Panaite, Van Oystaeyen, 2007] that particular examples of algebras
within g ME are given by the smash product construction in [Bulacu, Panaite, Van
Oystaeyen, 2000]. It associates to an algebra A in y M (i.e. to a left H-module algebra
A) an associative unital algebra A# H built on the k-vector space A ® H as follows. The
multiplication is given by

(a#th)(b#g) = (2 - a)(xhy - b)F#2 hoh/,

for all a,b € A and h,h' € H, where we write a#h instead of a ® h in order to distinguish
this new multiplication on A ® H. The unit is 1,#1y.

The fact that A#H is an algebra in g M can be also obtained from the following
monoidal categorical arguments.

3.6. COROLLARY. Let H be a quasi-bialgebra and A a left H-module algebra. Then A#H,
the smash product between A and H, is an algebra in g ME.



A STRUCTURE THEOREM FOR QUASI-HOPF BIMODULE COALGEBRAS 13

PROOF. Since F : yM — gMHE is a strong monoidal functor, F maps an algebra A in
M to an algebra in y M. The multiplication on F(A) = A ® H is determined by

mr : F(A) @ F(A) P2 Fae 4) 77 F(4),
where (y is from (2.36). The unit of F(A) is i : H =% F(k) 2% F(A). Thus
(a@y h)(b@g ) = (2" a)(z®hy - b) @y 23hol/

defines a unital algebra structure on A® H within g M with uniti: H > h— 1,®h €
A ® H. According to Lemma 3.5 this is equivalent to the fact that A ® H is a unital
associative k-algebra under the multiplication

(a@h)(bRK) = (2" a)(z?hy - b) @ 23hol/

and unit 14 ® 1y, and that A® H = F(A) is a right H-comodule algebra via p: a® h +—
zta®a2*h; ® 2*hy € A® H ® H, an algebra morphism, and ®, = i(X') ® X? ® X? =
(1a ® X') ® X? ® X3. Furthermore,

p(i(h)) = p(la® h) = 2t 14 @ 2%h @ 2°hy = 14 @ hy @ hy = i(h1) ® ha,

since h-14 = €(h)14, for all h € H, by the definition of a left H-module algebra. Otherwise
stated, F(A) = A#H as a k-algebra is, moreover, an algebra within z M modulo the
structure we just described. This finishes the proof. n

We next show that in the case when H is a quasi-Hopf algebra, any algebra A in
g MHE is of the form presented in Corollary 3.6, for a certain algebra A in g M.

The next result is an equivalent version of [Panaite, Van Oystaeyen, 2007, Theorem
2.5].

3.7. THEOREM. Let H be a quasi-Hopf algebra and A an algebra in yME. Then there
exists a left H-module algebra A such that A ~ A#H, as algebras in g MHE.

PROOF. We know from Corollary 3.2 that we have a strong monoidal functor G : y M4 —
7M., so an algebra G(A) = A®°H) in ;M corresponds to the algebra A in z M. Denote
G(A) = A. By the definition of G we deduce that A is a left H-module via the action
given by

h—a= hl - Q- S(hg) = Z(hl)a’L(S(hg)) =h >; a,

for all h € H and a € A C A. Keeping in mind the strong monoidal structure of G, we
deduce that the multiplication of A in yz M is

axd = G(m)gyanala®d)
(X271 -a- S(X%r))aX?s?)(d - S(z?))
= (X ah)ai(S(X2xh)aX?a?)d'i(S(2?)),
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for all a,a’ € A, while its unit is given by G(i)¢,(1x) = G(i)(B8) = i(3). But, using (2.3)
and (2.5) we deduce easily that

axa =i(X")ai(S(x2' X*)ax? X})d'i(S(2°X3) == aod, (3.6)

for all a,a’ € H. The notations >; and o are imposed by the analogy with the structure in
[Bulacu, Panaite, Van Oystaeyen, 2000]. Hence, summing up, the multiplication in A#H
is given by

(a#th)(a'#h') = (X 21)bi(S(y' X zy)ay* X aTha 1)V i(S(y° X3x3ha 2)))#a hah', (3.7)

for all a,a’ € A and h,h' € H.

On the other hand, by the alternative structure theorem for quasi-Hopf bimodules we
get that x : AQ H — A given by x(a®h) = X'-a-S(X?)aX?h = i(X")ai(S(X?)aX?h),
for all a € A and h € H, is an isomorphism in g M with inverse y ™! : A - A® H
defined by

x"'(a) = Elap) @ag)
= ap) - BS(ap1) ®an
= api(BS(apy)) ®au,

for all a € A. Thus to end the proof it suffices to show that y is an algebra morphism in
g ML provided that it is considered as a morphism between A#H and A. This follows
easily from the following general result: if the functors S : C — D and R : D — C define a
monoidal category equivalence, then RS(A) = A is an algebra isomorphism in C, for any
algebra A within C, where RS(A) has the algebra structure provided by the monoidal
structure of RS and the algebra structure of A, respectively. n

4. A structure theorem for quasi-Hopf bicomodule algebras

The goal of this section is to prove that the functors defined in Corollary 3.2 restrict to
a category equivalence between two-sided two-cosided Hopf modules and Yetter-Drinfeld
modules. This fact will allow us to give a categorical proof for the structure theorem for a
quasi-Hopf bicomodule algebra obtained in [Dello, Panaite, Van Oystaeyen, Zhang, 2016].

4.1. TWO-SIDED TWO-COSIDED HOPF MODULES VERSUS YETTER-DRINFELD MOD-
ULES. Recall that yj My is a monoidal category and that the underlying quasi-coalgebra
structure of H provides a monoidal coalgebra structure for H in gMpyg. Thus we can
define # ME  the category of two-sided two-cosided Hopf modules, as being the category
of H-bicomodules within zMy. Explicitly, we have the following.

4.2. DEFINITION. Let H be a quasi-bialgebra. A two-sided two-cosided Hopf module over
H is a k-vector space M with the following additional structure.
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i) M is a right quasi-Hopf H-bimodule; as before, we write - both for the left and right
H-actions, and pyr(m) = m) ® mqy for the right H-coaction on m € M.

ii) M s a left quasi-Hopf H-bimodule under the same H-bimodule structure as in i)
and Ay 2 M — H® M, Ay(m) = my_1y ® myoy, called the left H-coaction on M;
that is e(mg_1y)mgoey = m and

@ (A ® da) (s (m)) = (g @ Mag)Aaa(m) - @, (4.1)
for allm e M.
iii) M is an H-"bicomodule”, in the sense that, for allm € M,
® - Ay ®Idy)(pp(m)) = (Idg @ par)(Anr(m)) - . (4.2)
iv) The following compatibility relations hold:
Mi(hom) = by omy @ hy - myg (43)
Av(m-h) = my_1y-h1 @ myoy - ho (4.4)
forallh € H and m € M.

BMIL will be then the category of two-sided two-cosided Hopf modules over H and maps
preserving the actions by H and the coactions by H.

It was proved by Schauenburg in [Schauenburg, 2012, Thorem 5.3] that # M is
equivalent to £),D, the so-called category of left Yetter-Drinfeld modules of the second
kind, and at the same time with 2D, the category of left Yetter-Drinfeld modules over
H defined by Majid in [Majid, 1998]. A generalization of the equivalence between &M%
and 2Y D, based on the alternative structure theorem for quasi-Hopf H-bimodules, was
given in [Bulacu, Torrecillas, 2006]. We will recall it in what follows.

4.3. DEFINITION. Let H be a quasi-bialgebra, with reassociator ®. A left Yetter-Drinfeld
module over H is a left H-module M together with a k-linear map (called the left H -
coaction)

Av: M—H® M, /\M(m) = m[-1] @ M

such that the following conditions hold, for all h € H and m € M :
Xy @ (X2 - my)) -y X° @ (X2 - myg)) g

= Xl(Yl : m)[_1]1Y2 ® XQ(YI . m)[_th?’ (9 X3 : (Yl : m)[o], (45)
5(m[_1])m[0] =m, (4.6)
hlm[,l] ® ho - mi = (hl . m)[,l}hg X (hl . m)[o]. (4.7)

The category of left Yetter-Drinfeld modules and k-linear maps that preserve the H-action
and H-coaction is denoted by 1Y D.

By the general result presented at the beginning of the Section 4 in [Bulacu, Torrecillas,
2006] we get the following.
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4.4. PROPOSITION. Consider the functors F : BYD — LM and G : EME — YD
defined as follows:
— For M € BYD we have F(M) = M ® H € EMI with the structure given by

h-(m®A~h)-h" =hy-me hyh'h", .
Mrer(m@h) =X (2" -m)_qy - 2y @ (X7 - (2! - m) g @ X?2°hy) , (4.9)
pusa(m @ h) = (28 - m® 2%h)) @ 2°hy, (4.10)

for all bW 0" € H and m € M. If f : M — N is a morphisms in 2YD then F(f) =
J®@Idy.

— If M € EM™ then G(M) = M®H) | the set of alternative coinvariants of M, which
belongs to LY D wia the structure defined by

My (m) = X'V m(_yg' S(Z2Y2)aZY? © X7V, gy - °S(XPZ'YP), (4.12)

for all h € H and m € MH)  where f~1 = ¢* ® g is the inverse of the Drinfeld’s twist
f- On morphisms we have that G(f) = f|, . for any morphism f: M — N in BME.
Then F and G are inverse equivalence functors.

Remark that F and G are the inverse equivalence functors defined in Corollary 3.2,
restricted and corestricted to #YD and # M, respectively. This is why we decided to
keep for them the same notations as in the previous section.

In the Hopf case, Schauenburg proved in [Schauenburg, 1994, Theorem 5.7] that F
and G provide a monoidal category equivalence between 2D and M. Afterwards,
he generalized this result to quasi-Hopf algebras in [Schauenburg, 2012, Corollary 8.3],
but without giving the explicit strong monoidal structure of the functors that provide the
category equivalence. For the sake of completeness we will do this now. Towards this end,
we need first some preliminary results.

The category £ M is monoidal via the monoidal structure on zF M defined by (2.34),
(2.35), and

Mgy Mg N >mQgn— my_13ng{—11 @ Mo} Qg N{oy € H®M®yN. (4.13)

BYD is identified with the left center of the monoidal category xM, and therefore is a
braided monoidal category. The pre-braided monoidal structure on the left weak center
of M induces a monoidal structure on gyD. This structure is such that the forgetful
functor #Y D — y M is monoidal. According to [Majid, 1998] and [Bulacu, Caenepeel,
Panaite, 2006], we find that the H-coaction on the tensor product M ® N of two left
Yetter-Drinfeld modules M and N is given, for all m € M and n € N, by

Aven(m @n) = X (@'Y m)na® (V2 n)yY?
QX2 ('Y m) ) @ X?2 - (Y? - n)(). (4.14)
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4.5. LEMMA. In any quasi-Hopf algebra H the following equality holds:
quizly% ® S(Q2z3y(1272)y2 ® S<92Q§Z2y(12,1))93
= X' ® S(@Pr3X3)r* X? @ S(q'v1 XP)az® X5, (4.15)
where ¢' ® ¢* = Q' @ Q? are two copies of the element qr = X' ® S™1(aX?)X? € H® H.

PRrROOF. The formula (4.15) is a consequence of the following computation:

¢'Qiz'y; ® S(QQZS?J 2,2) y* ® S(¢° Q57 y 2,1) )y’
(2.1

= (Q 1)12 ®S(Q2 Yo% )y ® S(q (Q y1>22)

~—

(220 qullzl ® S(X*2%)7' X7 © S(¢°X,2°) P X3
(2.14¥2.18) Ylelzl ® S(Y13X223)61(Y23X3)1 ® S(Y2X2122)0z§2(Y23X3)2
2 yle SV XY © S(X V)@ X5V
(220) Yl ® S(qu%Y;ﬂQYf’ ® S(qlx%Yf)ax?’YQ?’,
as we stated. -

4.6. THEOREM. If H is a quasi-Hopf algebra then the categories MY and BYD are
monotdally equivalent.

ProoF. By Corollary 3.2, we have that the functors F and G that provide the equivalence
between £ M and #Y D in Proposition 4.4, yield a monoidal equivalence between g M
and g M. Thus it is enough to prove that the strong monoidal structures on F and G
(as they were considered as functors between yp M and F M) extend to strong monoidal
structures when they are considered as functors between Y M and £YD. Otherwise
stated, it suffices to prove that ¢, u.n defined in (3.1) is left H-colinear, for all M, N €
BME and that popN in (2.36) is left H-colinear, for all M, N € #yD.

As before, for an object M in f M1} we denote by M > m — Ay(m) = my_13®mygy €
H ® M its left H-coaction and by M > m +— py(m) = mey ® may € M ® H its right H-
coaction, respectively. If M is a left Yetter-Drinfeld module over H, then its left H-action
will be denoted by Anv(m) = m_1] ® myy) € H ® M, for all m € M.

With these notations, we have that, for all m € M) and n € NoWH),

/\(M®HN)co(H)52,M,N(m QH n)

= Yoray g (s'sd - S()e? @ - S()
XY (gl me S(@Pad)at) (- S(Y) g S(QYR)Y?
e 219) OX i g a1 m S(n)c) On (nis(xgz))i()}'gQ%(Xg%l?l ’
XY (g Q= ylxl)lm{ G S(Q%2 Y2,2)T (2, 2))3/ Tin{-139 S(Q7Yyxy)Y
®X?Y, ( %zly%xi)g m{o} - GS( 2Q§z2y(121 %21)9%3
(4.15) ®uny - 9°S(X°Q'Y al)

X Z ity -y G S (@ Y3 25w (5,9))y° Ziwin -1y9' S (QY5 )Y
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®X2Y21Z21x%172) - M{o} G2S(q1in12x%27l))ay3Z§’x§
®HTL{0} . ng(X?’Qlfoi’).

On the other hand, we compute that

(Idg ® 527M,N))\MCO(H>®NM(W ®n)
(4.14) X2yt — m)[,l]:BQ(YQ — n)[,uY?’
Qg 1y n (X7 = ('Y 5 m)g @ X%2° — (Y = n)))
U XU Z @Y 5 m) 0 (P Z) 2T VY < n) oy G S(QVEVEY?
Qo (X2 = (U2 - (2" = m)qoy - ¢*S(U¢' Z7))
QX3 = (T?Vy - (Y2 =)oy - G2S(TPQ'V)))
(4.11),(4.15) X1U1Z11 (lel)(1,1)m{,1}915(q2222(x1Y1)(272))Z?’xQTlVfY(QM)n{,l}Gl
S(Q* VY0 VPY? @ WIXTU?Zy ('Y ) (1,2) - oy -
P SEW2XFU%q' ZH 2 Y1) 00)) ot WP XPT?V, Y )
@Hn{o} * GQS(t?’W;ng%T?’QlVfYéJ))

23) XL Z{ ('Y Y ymi—y9' S(P 25 (2 Y 1) 02)) Z°* T VY yng—iy G
S(QQ‘GQ}/(%’Q))V3Y3 ® XQUZIZQI (I’lyl)(lyg) . m{o}
-GS XTUG Z3 (1" ) o) )t (XU )i T2V Y
®Qungoy - G*S(EP(X3U?),25T°QVEYS )

(2.172(2-3) X1Z11Y(11,1)m{—1}915(q2 ($1Z2}/21)2)1’2Z?T1‘/11}/(21’1)n{_1}G15<Q2‘/22}/é72))
VAY? @ X2 ZyY ) - myoy - 2S¢ (2! Z2Y5 )1)at* (2P Z3 )\ T? VY o
®ungoy - G2S(X°0 (27 Z3),T°Q VY5 )

2.17),(2.1

I XY yming S PV PR 2 VYR ynn G S(QVEYE )
VIY? e X2Z21Y(11,2) " Mo} - 925(91(tlﬂﬁlZzYzl)1)0”5335%Z?1,2)V21Y(21,2)
®unqoy - G*S(X°°Z3Q'ViY5,))

2.3),(2.17

S XNZV Y )imin g S BV ) ) (ZV (V0 imy
G'S(Q*(Y?2®),)Y? @ X2(Z'VH (Y 2')1)s - myo
-g°S(q' (' Z3VA (Y 2 )2 )1)at® (Z3V7?)o (Vs a?),
®@ungy - G2S(X3Z°Q' (Y?2®),)

) XYVl ymiy g S(@ (V) V G S(QYF )Y

RXYy Vo a9y -myoy - 625 (¢! (' V2az)1)at’ Vi'as
®ungy - G*S(X°Q'Y{al).

Hence, by comparing the two computations performed above we get that 527 v 18 left
H-colinear, as needed.
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In a similar manner one can show that ¢, v is left H-colinear, for all M, N € gyD.
Indeed, on one hand we have

)\(MQQ%\I;@H(PZM,N((W ®h) @y (n@h))
36
= )\(M®N)®H(($1 -m ® 22hy - n) @ 2°hoh)

EXN @ meath ) gyPathe
(4.8),(4.14) N 1(X12 1<y11 . 1(x11 e IZM 2n)1) [g] N X3?13I?2)2(2é2)?/2) /
= X Z (2T - m)az” (Typa™h - )Ty wihehy
(2.3),(2.1) ((5(1212 21' (1Z1T1y%xl ém)Q[O] ; X122Z3z3 ' <7;2y%x2zl “n)jo) © Xy waho.0)ht)
=7 X' Z(2y m)y (W h)iz' - n)y(y ha)ea”hy
- ®1(()1<12?21- (zy* - n”;)[g] ® X322 ((yPh)1z" - n)p) ® XPyPhaa®hl)
= X'ZN Yyt m) g 2fyihan (2 n)oya®h)
(2.1),(4.7) ®1(<)1(121Z21. il TZ)[O]1® Xngzgygh(m; (o) @ Xy hahe)
= X' Z yl(z -m)[,l]z Y h(l,l)(x -n)[,l]x hll
. ® (X7Z%s5 - (2" - m)g @ X3Z2°y° Y *hii gy - (2 n)p) @ X 925 Y hoa®hi)
2.3

= XU m)y2?Y hay (@t n)ya®h
@ ((y' X% (2" m)g @ X720 *higy - (2 - n)p) @ y> X525Y  hoa®hi)

for all m € M, n € N and h,h’ € H. On the other hand we compute, again for all
m &€ M, n €N and h,h' € H, that

PoMNAMeH)e,Nom) (M @ h) @ (n @ h'))

(m® h)—13(n @ h){—1y © amN((m @ h)goy @u (n @ h)qoy)

X'zt m) g2 Yy n)gyPhy

Do (X2 - (2! - m) g @ X2 ho) @ (Y2 (y' - n)jo) @ Yoy’ hy))

XU (@ m)eg@®Y T hay (v n) gy’ @

® ((2' X% (2" - m) ) ® 22 X7 h12) - (y' - 1)) ® 2° X525 hon®R)) .

(4.9)

(2.36),(2.1)

This shows that o m N is left H-colinear as well, completing the proof. [

4.7. A STRUCTURE THEOREM FOR BICOMODULE ALGEBRAS. We will continue the ideas
in Subsection 3.3 in order to give a structure theorem for algebras within the strict
monoidal category (PME @y, H).

4.8. DEFINITION. Let H be a quasi-bialgebra and A an associative unital algebra. By
an H-bicomodule algebra structure on A we mean a quintuple (X, p, ®x, ®,, ) ,), where
A and p are left and right H-coactions on A, respectively, and where @, € H ® H ® A,
¢, c A9 H®H and ®), € H® A® H are invertible elements, such that:

(i) (A, N, ®,) is a left H-comodule algebra;
(1) (A, p,®,) is a right H-comodule algebra;



20 DANIEL BULACU
(iii) the following compatibility relations hold:

D) ,(A@1dy)(p(u) = (Idu @ p)(Mu))®r,, ¥V ue A, (4.16)
(1g @ Pxp)(Idg @ A @ 1dg) (P ,) (Pa @ 1k)

= (Idg @ Idy @ p)(Px)(A @ Td4 @ Idg)(Py,), (4.17)
(1r ® ©,)(Idy @ p @ Id ) (@) (Pr,p @ 1)

= (Idg @Idy @ A)(®y,) A @ Idy @ 1dg)(®,).  (4.18)

As we will see, the structure theorem for algebras within £ M# is nothing but the
structure theorem for quasi-Hopf bicomodule algebras given in [Dello, Panaite, Van Oys-
taeyen, Zhang, 2016]. To this end, we start by describing an algebra in ¥ ME.

4.9. LEMMA. Let H be a quasi-bialgebra. An algebra in EME is a quadruple (A, X, p, i)
consisting of a k-algebra A, a k-algebra morphism i : H — A, and k-linear maps A : A —
H®Aandp: A— AR H such that the following conditions hold:

o \(i(h)) = hy ®i(hs) and p(i(h)) =i(hy) ® hy, for allh € H;

o (AN p, P\ =X'®X?®i(X?),P,:=i(X)@X?® X3 ®,,:= X' ®i(X?) @ X3
is an H-bicomodule algebra, where ® = X' @ X? ® X3 is the reassociator of H.

PROOF. Let A be an algebra in #MH. Since the forgetful functors ZMIE — gME
and EME — T My are strong monoidals, we get that A, with the same H-bimodule
structure, is both an algebra in g M and #My. Hence, by Lemma 3.5 and its left
version, we deduce that A is a k-algebra and there exist ¢ : H — A an algebra morphism,
and \: A — H® Aand p: A— A® H algebra maps such that

e \(i(h)) = hy ®i(ha) and p(i(h)) =i(h1) @ hy, for all h € H;

o (A NP, :=X'®X?*®i(X?)) is aleft H-comodule algebra and (A, p, ®, = i(X')®
X? ® X3) is a right H-comodule algebra.

There is only one property of A that we did not explored yet. Namely, the compati-
bility between the left and right H-coactions on A. More precisely, by (4.2) we have, for
all u € A, that

Xy, @U(Xu),, ® Xoua) = up-13 X' @ ugoy ) i(X?) @ ugoy,, X°,

{0}
and this means that (A,\, p, @) = X' ® X? ® i(X3),®, = i(X") @ X2 @ X3 @, , =
X' ®i(X?) ® X?) is an H-bicomodule algebra.

The converse follows from Lemma 3.5 and its left version. n

As it was pointed out in [Dello, Panaite, Van Oystaeyen, Zhang, 2016, Proposition 1.3],
examples of algebras in £ M are given by particular cases of smash product algebras. At
this point we can get a more conceptual proof for [Dello, Panaite, Van Oystaeyen, Zhang,
2016, Proposition 1.3] as follows.
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4.10. PROPOSITION. Let H be a quasi-bialgebra and A an algebra in £V D, with coaction
denoted by A — H ® A, a — a_1) ® ap). Then (A#H, X, p,i) is an algebra in FMY,
where i : H — A#H 1is the canonical inclusion map and

A A#H — H® (A#H), Ma#h) = X' (2" - a)_g2’*h @ (X7 - (2" - a)jq# X2’ hs),
p: A#H — (A#H) @ H, pla#h) = (2" - a#t2’hy) @ 2°hy,

foralla e A and h € H.

PrOOF. By Corollary 3.6 we know that (A, p,) is a right H-comodule algebra. Also,
since A is an algebra in #YD and the functor F from the proof of Theorem 4.6 is strong
monoidal we obtain that F(A) = A® H is an algebra in # M#. Firstly, by (4.8), (4.9)
and (4.10) we deduce that A ® H is an object in £ M via the structure given by

W (a®h)-B" = hi-a® Byhh,
Ma®h) =X'(z' a)y2z*h ® (X7 (2" - a)j @ X°2°hs),
pla®@h) = (' - a®2*hy) @ 2°hy,

for all a € A and h,h/,h” € H. Secondly, as we have seen the multiplication on F(A) is
given by

(a@h)(d @P)=pra4((a®h) @y (a' h/))@gi)

(z' - a)(x®hy - d') @ 2> hoh,

foralla,a’ € Aand h,h' € H, and the unit is (Idg®14)po(1g) = 1g®14. In other words,
F(A) = A#H with the algebra structure in 2 M provided by i : H 5 h +— 1a#h € A#H
and A, p as in the statement, and we are done. [

The next result can be viewed as a two-sided two-cosided version of Theorem 3.7. It is
also an equivalent version of [Dello, Panaite, Van Oystaeyen, Zhang, 2016, Theorem 1.7].

4.11. THEOREM. Let H be a quasi-Hopf algebra and (A, p,\,i) an algebra in EMIL.
Then there exists an algebra A in BYD such that A is isomorphic to A#H, as algebras

. H AH
n g M.

PROOF. (A, p,i) is an algebra in yME. If A := A®UH) then by Theorem 3.7 we know
that A is a left H-module algebra and A = A#H, as algebras in yg M. Furthermore,
since A is actually an algebra in M and G from the proof of Theorem 4.6 is a strong
monoidal functor, we get that A is an algebra in Y D. Consequently, A#H is an algebra
in # ME via the structure described in Proposition 4.10.

Thus it only remains to check that the isomorphism y in the proof of Theorem 3.7
intertwines the left H-coactions of A and A#H. But this follows from Proposition 4.4,
since any M € B ML decomposes as M @ H in & ME, via an isomorphism, say xas,
and Y = x4. [
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5. The structure of a coalgebra in £ M

We move now to the coalgebra case. The quasi-Hopf algebra notion is not selfdual.
Indeed, the dual space H* of a finite dimensional quasi-Hopf algebra H is a coassociative
coalgebra and a non-associative algebra, and it is an example of what is called a dual
quasi-Hopf algebra. Dual quasi-Hopf algebras have their own theory. Thus the results
of this section cannot be viewed as the formal dual of the ones proved for quasi-Hopf
(bi)comodule algebras. But we should stress the fact that in both situations the key role
is played by the monoidal equivalence between g M¥ and gz M, and M and ZYD,
respectively.

Recall that, for any k-algebra A, the category of A-bimodules 4 M 4 is strict monoidal
under the structure given by ®4; the unit object is A itself. A (co)algebra in 4 M4 is
called an A-(co)ring. It is well known that giving an A-ring R is equivalent to giving an
algebra morphism i : A — R.

The next result describes the structure of a coalgebra within z M. For the notion
of cowreath and its connection to the structure of certain corings we refer to [Bulacu,
Caenepeel, 2014].

By an H-coring defined by a left H-module coalgebra we mean a coring of the form
C' ® H with the coalgebra structure in (gMpy, ®p, H) given by the cowreath (H,C') in
¥M, as it is defined by the “op”-version of [Bulacu, Caenepeel, 2014, Corollary 6.4],
specialized for the H-comodule algebra equals to H.

5.1. PROPOSITION. Let H be a quasi-Hopf algebra. Then there exists a one to one cor-
respondence between

i) coalgebra structures in HME;
ii) coalgebra structures in gM;
iii) H-coring structures defined by left H-module coalgebras.

PROOF. The one to one correspondence between i) and ii) is established by the monoidal
category equivalence between g M and gy M. Up to an isomorphism, any coalgebra C
in g M is of the form C' ® H for a suitable coalgebra C'in gz M. Once more, remark that
C ® H is an object in ygME via the structure determined by

he(c@W) -1 = h - c® hol' B,
peer(c®@h) = (z' - c®2?hy) ® 2°hy,

for all c € H and h,h',h” € H. Furthermore, by the strong monoidal structure of the
functor F, we deduce that C'® H is a coalgebra in y M with comultiplication and counit
given by

Ac)

A:CeH=FC) S ]—“(C®C)%CCJ-"(C)®H}“(C):(C®H)®H(C®H)



A STRUCTURE THEOREM FOR QUASI-HOPF BIMODULE COALGEBRAS 23
-1
ande: C® H = F(C) 7eg) F(k) 2 H, where A¢ and e¢ are the comultiplication and
the counit of the coalgebra C' in yM. According to Theorem 2.8, we have that

Alc®h) = (X' 1 ® 1) @y (X? -, ® X?h) and £(c® h) = c(c)h, (5.1)

for all c € C' and h € H, where this time Ag(c) := ¢1 ® ¢o, for all ¢ € C, and - is the left
action of H on C.

Since the forgetful functor from y M to y My is strong monoidal, it follows that a
coalgebra in g M is nothing but an H-coring (C, Ag, £¢) for which the comultiplication
Ag : C — C®py C and the counit g are right H-colinear maps. Since C = C ® H in
M with O = C*® a left H-module coalgebra, we deduce from [Bulacu, Caenepeel,
2014, Proposition 5.1] that C = C'® H is the H-coring in ;M completely determined by
the triple (4,4, f) consisting of (c € C', h € H)

o) HRC - C®H, Y(h®c)=hy c® hy;

0):C—>C®CRH,ic)=X"c® X?h; @ X3hy;

o f:C — H, f(c) =¢cc(c)ly.

In other words, (H,C) is the “op”-version of the cowreath considered in [Bulacu,
Caenepeel, 2014, Corollary 6.4], specialized for the H-comodule algebra equals to H. As
C=C®H = F(C)in T MH we deduce that Ag and g are as in (5.1), and therefore right
H-colinear maps. Thus the one to one correspondence between i) and iii) is established,
too. [

Proposition 5.1 does not say that, up to an isomorphism, a coalgebra in zFME is a
sort of smash product coalgebra, a construction due to Molnar [Molnar, 1977] in the Hopf
algebra case, and which does not exist in the quasi-Hopf algebra case. Otherwise stated,
even in the Hopf case the smash product construction does not characterize coalgebras
in yME. To have such a dual result, we must work with coalgebras within the category
BMM because TMH can be regarded as the formal dual version of the category g M.
This has been already done in [Wang, Zhang, Niu, 2013], for the dual context provided
by the dual quasi-Hopf algebras. To make a long story short, the result in Proposition 5.1
cannot be seen as the formal dual result in Theorem 3.7.

We pass now to the study of a structure of a coalgebra in £ M. Due to the extra
corner that we have in this case, this time we can characterize coalgebras in £ M as
some sort of smash product coalgebras. To achieve this, we use as a source of inspiration
some results obtained in [Bespalov, Drabant, 1998] for the category of Hopf bimodules
(two sided two cosided Hopf modules in our terminology) in braided monoidal categories.
Note that, our results are not particular cases of some results shown in [Bespalov, Drabant,
1998], since a quasi-Hopf algebra cannot be viewed as a Hopf algebra in a suitable braided
monoidal category.

We start by proving the following key result. In order to avoid any confusion, we
denote by g My the category of bimodules over a quasi-bialgebra H, endowed with the
monoidal structure defined by the structure of H as in Subsection 2.2.



24 DANIEL BULACU

5.2. LEMMA. Let H be a quasi-bialgebra. Then the forgetful functor
U: gMp = (gME, @u, H) = gMy = (aMp, ®,k,d' ', 1)
is opmonoidal under the structure given, for all M, N € EMH by
Youn UM ®@g N) > m g n— my - ny_13 @ may - ny € UM) QU(N)

and o= UH)=H — k.

PROOF. 15 5s v is well defined since, for all m € M, h € H and n € N we have that

Youn(m-h@gn) = (m-h)e)-niy @ (m-h)aqy-no
= M) - ng1y @ mayhs - nyoy
= m) - (h-n)1y @ may - (h-n)qo
= ¢27M7N(m ®H h- n)
Also, it can be easily checked that 15 ps n is an H-bilinear map.

We next show that 1, fulfills the relations in (2.23)-(2.25). Indeed, for any M, N, P €
HME we have

ayvny vy () (V2N @ Idyp)) Vo peyn.p(m @ n @y p)
ayan vy upy (2N (M @w 1)) - pr-1y) ® (M @u 1)) - Proy)
gy vy () (2,008 (M0) @1 o) - PL-13) @ Mynq) - Proy)
= Xt m(0,0) * n(o){il}p{_l}lxl ® (XQm(O,l) . n(o){o}p{_1}2m2
DX mynq) - ppoy - 7°)

(2.27)
(4:2) mo) - n{—l}le{—lhxl & (m(l)l : n{o}(o) : X2p{_1}2$2
(4.1) ®m(1)2n{0}<1>X3 - Proy - £°)

=" m) - ng-1yP{-1} ® (M), * N0}y * Plo,~1} @ M(1),10} ) * P{o,0})

= m) - n-13p{-13 @ ((may - ng0}) 0) - Pro,-13 @ (M) ngoy) 1) - Proo})
= M) - (n KH p){q} X ¢2,N,P(m(1) : (n X p){o})

= (Idyny ® Yon,p) o mNayP(M @ n @y p),

forall m € M, n € N and p € P, as required. We leave it to the reader to check that the
relations (2.24)-(2.25) are obeyed by our v, too. n

At this point we can prove one of the main results of this paper.

5.3. THEOREM. Let H be a quasi-bialgebra. Then giving a coalgebra in B ME is equiva-
lent to giving a pair (C,m) consisting of an H-bimodule coalgebra C' and an H-bimodule
coalgebra morphism w: C — H.
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PROOF. Let (C, A, ) be a coalgebra in 2 M. Since the forgetful functor I/ in Lemma 5.2
is opmonoidal, it follows that C' is an H-bimodule coalgebra via the original H-bimodule
structure, but with comultiplication A¢c and counit ¢ defined by

UA)

Ac:C=UC) S uc on o) S ue)euc)=cac

and e : C =U(C) “Q U(H) NS Explicitly, for all ¢ € C' we have
Ac(c) = 1) - Capyy @1y - Caqgy and ec =ee: C =k, (5.2)

where we denoted A(c) := ¢; ® ¢o. If we take m = ¢ : €' — H, then 7 is a morphism in
HEME and so in particular H-bilinear. The left and right H-colinearity of 7 read as

A(m(c)) = i1y @ T(cqoy) = m(c)) ® cq,

for all ¢ € C. These equalities allow us to compute that

(r@m)Ac(c) = ey caqyy) @ (e - C2qp)
= mleyg))ez_yy @ agym(ezy)
(

c1)17m(e2)1 @ m(cy)am(ca)a
A(m(cr)m(cz))
(

A (m(e1)ez)) = Alw(c)),

for all ¢ € C, where we freely used that 7 is an H-bimodule morphism and the counit
of A. Hence we have shown that C is a coalgebra in aMpy, and that 7 : C — H is a
morphism of coalgebras within y M.

Conversely, let (C,7) be a pair consisting of an H-bimodule coalgebra C' and an H-
bimodule coalgebra morphism 7 : C' — H. As above, denote by (A¢,e¢) the coalgebra
structure of C'in yMy. We claim that C' becomes a coalgebra in M via the original
H-bimodule structure of €', H-coactions given by

|
S

Ao(c) = co13®cqoy == m(c1)®cy € HRC | pe(c) = coy®cqy = c1@m(cz) € CQH, (5.3)
for all ¢ € C, and coalgebra structure determined by

A(c) = E(c1) ®g ¢ and g =, (5.4)

for all ¢ € C, where E is the projection in (2.28) specialized for the object C', considered
in g MU with the structure above.

Indeed, the fact that C is an object in £ M modulo its regular H-actions and (5.3)
follows easily from the defining properties of the pair (C,7), as well as the fact that
7 : C — H becomes a morphism in # M. The comultiplication A in (5.4) is an H-
bimodule morphisms since

é(h . C) = E(hl . Cl) Ry hg cCo = E(hl . C1) . h2 Ry 02(220)}1 . E(Cl) Xy o = h- é(C)
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and A(c®@h) = E(cy-hy) ®H02-h2(2§1)E(01) ®pca-h=A(c)-h,forallce Cand h € H.
The computation

pewycA(c) (c1)(0) ®n ¢y ® E(cr)ym(cee)
(z' - BE(c ))®HC21 ® 27 (c(2.2))
E(z' ) @y 2 “C2,1) & m(z®- C(2,2))
(cay - 2') ®p e - 2° @ 7(cy - %)
E(C(1,1)) ®u ca2) @ m(c2)
(A ®@Idn)pc(c),
valid for all ¢ € C, shows that A in (5.4) is right H-colinear. It is also left H-colinear.
To see this, observe that, for all ¢ € C', we have
E(X' )1 Xr(e) @ E(X" c1)2- XP=¢q1 cany ' ®qs - c(1,2) p*S(¢*7m(cy)). (5.5)
Indeed, since
q" e ® S(@Pm(ca))m(er) = c1 - X' @ S(r(c@n) X am(cpy) X? =c- ¢ @ S(¢?),
for all ¢ € C' we compute that
E(X'-c)1 - X?7m(c)) @ B(X - ¢1)y- XP
= (¢'X] - BS(@Xam(cam))h - XPm(ca)
®(q' X7 - ca - BS(* Xam(caz)))2 - X°
(¢' X1 - can - 6" (63X poym(ca ))f "X (cy)
®(¢' X1 - )z - 02 5(Q1 nT(ca,) X
(¢ (@' e -116'S (Q2 (caz)z 2*)m(ca)
®(¢" - (Q" - caay)e - 5702525( T((Q" - cuyy)2)r?)
(ql ey Q%1,1)p155(Q2) ( “C1)2 Q(1,2)p25(q277(02)Q5)
Qi ©C(1,1) p'® q%  C(1,2) ~p25(q27r(02)),
as desired. With the help of this relation we have that

AconcA(c) = Aceyc(E(c1) ®u c2)
= m(E(c))7(cen) ® E(a): ®n g
m(B(X!. ca - o), (X2 ca12) z%))
(X)E(X1 (1,1 1ty @y XP ey - 2

(B(X! 11)) XZW( c12)) ® E(X" - can)z - XP @p e
(g1 - (c ) p )® % - ()2 - PPS(@Pm((¢1)2) ®u e

(z* - (c ) ) ® ga? - (1)) - B2 7 (1) 22)) O 2
(X' c cany) ® B(X? C(1,2) n X3

m(c1) ® E(ce1)) @n c2,2)
(Idg ® A)Xe(c),

(2.19)

[\
=

(2.9)
(2.17),(2.6)

A
S
Il e
=

™

AA
T
S )
2lz
3

—
o
w
=

=
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for all ¢ € C, and therefore A in (5.4) is left H-colinear, as stated. So it remains to show
that A is coassociative in Z M and that ¢ is a counit for it. To this end, let us note
that, for all ¢ € C,

E(E(c))®E(c)y = EBElg-cuy- (BS(@m(c2)) ® g5 - caay - (BS(¢m(c2)))2
C20 Bt cn) @ ab - e - BS(? w(@)).

Therefore, we get that, for all ¢ € C,

(A®ldc)Ale) = E(E(c)) ®n E(c1)2 @n ¢
(2?1) E(q} (e)an) ©n qz (Cl)(1,2) : 55(‘12”((61)2)) Qu Co
(2?1) E(giz' - (c ) ) @5 g1’ (1)) - BS(g*x* - m((c1)2,2))) @m ¢
: (

(:) E(X' ¢ 11)) ®HE(X (172)) ®HX3-CQ
2.31
=" E(a)®n E(ce) ®n ¢

= (Ide ® A)A(c),

ie. Ais coa(s;g)ciative in £ M as desired. Finally, 7 is a counit for A since E(cy)-m(cy) =
E(c)) - ¢y = ¢ and

T(E(er) ez = q'm(can)BS(e’m(cay)) - co
= X'BS(XHaX?. 50(01)02(2—;6)0,

for all ¢ € C. One can check that the two correspondences defined above are inverses of
each other, so we are done. [

Denote by H — BimCoalg(m) the category whose objects are pairs (C,m) consisting
of an H-bimodule coalgebra C' and an H-bimodule morphism 7 : C' — H. A morphism

T:(Cym) = (O ) in H — BimCoalg(7) is a morphism of coalgebras 7 : C' — C’ within
HMH such that 7/7 = 7. Also, by Coalg(EM!I) we denote the category of coalgebras
and coalgebra morphlsms within Z M.

5.4. COROLLARY. The categories H — BimCoalg(r) and Coalg(2¥ ME) are isomorphic.

PRrROOF. By Theorem 5.3, the desired isomorphism is given by the functors 7 : H —
BimCoalg(w) — Coalg(yzgM¥) and V : Coalg(gM%) — H — BimCoalg(w) defined as
follows. T sends (C, ) to C, viewed as coalgebra in £ M under the structure given by
(5.3) and (5.4). T sends a morphism to itself. If (C,A,g) is a coalgebra in # M then
V(C) = C, considered as a coalgebra in g My with the structure in (5.2). V acts as
identity on morphisms.

We leave the verification of all these details to the reader. (]
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5.5. DEFINITION. For a coalgebra B in YD denote by B < H the k-vector space B® H
endowed with the comultiplication

Abo< h) =y X by o< Y (2" X2 - bo)_yy2® XThy
QYsY? - (' X7 be) g b< Y3 Y 2 2P X3 ho, (5.6)

and counit e(b>< h) = ep(b)e(h), for allb € B and h € H. As before, b+ b_1] ® byo) s
the left coaction of H on B, Ag(b) = by ® by is the comultiplication of B in gyD and g
15 its counit. We call B>< H the smash product coalgebra of B and H.

We have now all the necessary ingredients for the proof of the main result of this
paper. In particular, it says that a smash product coalgebra is indeed a coalgebra, but
within g Mp. In the Hopf case it is just the smash product coalgebra defined by Molnar
in [Molnar, 1977]. Note that in this case we don’t need the H-module structure on B,
and that B < H is an ordinary k-coalgebra, too.

5.6. THEOREM. Let H be a quasi-Hopf algebra, C' an H-bimodule coalgebra and w : C' —
H an H-bimodule morphism. Then there exists a coalgebra B in gyD such that C' 1is
1somorphic to Be< H, as an H-bimodule coalgebra.

PROOF. Consider C' = T((C, 7)) as a coalgebra in # ME with the structure given by
(5.3) and (5.4). Then B = C*°M) is a coalgebra in 2D and C is isomorphic to B ® H
as coalgebras in ZME. The fact that C' and B ® H are isomorphic objects in ZME
follows from the structure theorem for two-sided two-cosided Hopf modules over H. That
they are, moreover, isomorphic as coalgebras in # M is a consequence of a more general
result, somehow dual to the one uncovered at the end of the proof of Theorem 3.7. Namely,
if the functors S : C — D and R : D — C define a monoidal category equivalence then
RS(C) = C is a coalgebra isomorphism in C, for any coalgebra C within C, where RS(C)
has the coalgebra structure provided by the monoidal structure of RS and the coalgebra
structure of C, respectively.

The structure that makes B ® H an object in ¥ M1 is the one in (4.8)-(4.10), while
the coalgebra structure of B ® H in £ M is obtained from (5.1). With these structures,
T((C,7)) and B® H are isomorphic as coalgebras in £MI. By Corollary 5.4 we deduce
that (C,7) = VT (C) is isomorphic to V(B ® H) as objects in H — BimCoalg(7), and
consequently as H-bimodule coalgebras. To end the proof it suffices to show that V(B ®
H) = (Br< H,ep ® Idg). As a byproduct, we get that Br< H is indeed a coalgebra in
My, as claimed.

The latest assertion follows from the following computation:

Aboh) E peh)y, boh)y  © 0ok, (0O
WX e 1)y - (X? by ® X°h)(qy
(X' @ 1)) - (X? - by ® X?h) g0y
((4%)0)) (' X' b @y?) - Yt X2 bg)[_l]xZXf’hl

®y3 . (Y2 . <I1X2 : bg)[o} (029 Y3LU3X§h2)
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WX by @ Y (@ X2 by) g2 XPhy)

Q(yiY? - (z' X ba)[o] ® ysY31* X3 hs),

valid for any b € B and h € H, and the fact that e(b® h) = ec(b® h) = eg(b)e(h). This
finishes the proof of the theorem. ]

5.7. REMARK. The comultiplication on B ® H defined in (5.6) and its counit appear
for the first time in [Bulacu, Nauwelaerts, 2002] as the coalgebra part of the Radford’s
biproduct construction for quasi-Hopf algebras. At that time we had no clue how to
introduce a smash product coalgebra, and by hard computations we proved that it is
coassociative up to conjugation by an invertible element. At this point it is clear that this
coassociativity is nothing but a reformulation of the fact that Br< H is a coalgebra in
g My, provided that B is a coalgebra in 22YD. So we don’t need B to be a bialgebra in
BYD, as it was assumed in [Bulacu, Nauwelaerts, 2002].
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