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ON CHERN-LAGRANGE COMPLEX CONNECTION

GHEORGHE MUNTEANU

Abstract. In this note we make a report about the utility of a new nonlin-

ear connection in complex Lagrange space, which generalize the well-known

Chern-Finsler complex connection.
A significant result establish its relation with a complex nonlinear connec-

tion previously obtained by us from the variational problem.

1. Introduction.

Giving up the homogeneity condition of the fundamental function in a complex
Finsler space, in last years we have made an approach in a new type of geometry,
called by us the complex Lagrange geometry([9],[10],[11]).

In brief we shall recall here the basic concepts of this geometry.
Let M be a complex manifold, dimC M = n, (U, (zi)) complex coordinates in a

local chart. The complexified bundle of the real tangent bundle TM is decomposed
in any z ∈ U according to (1, 0)− vectors and respectively to (0, 1)− vectors,
TCM = T ′M ⊕ T ′′M.

The bundle πT : T ′M → M is holomorphic and T ′′M is its conjugate. The
geometric support of complex Lagrange geometry is the complex manifold T ′M,
dimC T ′M = 2n, and the induced complex coordinates in a local chat are denoted
by u = (zi, ηi).

In its turn, the complexified TC(T ′M) is decomposed in TC(T ′M) = T ′(T ′M)⊕
T ′′(T ′M), where T ′′(T ′M) = T ′(T ′M) and, therefore, our attention is focused on
the (1, 0)−type vectors, by conjugation are obtained the vectors from T ′′

u (T ′M).
Let V (T ′M) = {ξ ∈ T ′(T ′M) / πT∗(ξ) = 0} be the vertical bundle of T ′M and{
∂

∂ηi = ∂̇i

}
i=1,n

a local base in vertical distribution Vu(T ′M). An horizontal bundle

is a supplementary subbundle of V (T ′M), i.e. T ′(T ′M) = H(T ′M) ⊕ V (T ′M)
. This determines a distribution N : u → Hu(T ′M), called complex nonlinear
connection, in brief (c.n.c.). A local base in the horizontal distribution Hu(T ′M)
is denoted by:

(1.1)
δ

δzi
=

∂

∂zi
−N j

i

∂

∂ηj
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Usually, the functions N j
i are called the coefficients of (c.n.c.) and if they are

transformed under the rule:

(1.2) N ′i
k

∂z′k

∂zj
=

∂z′i

∂zk
Nk

j −
∂2z′i

∂zj∂zk
ηk

then the base
{

δ
δzi = δi

}
i=1,n

, called the adapted base of N j
i (c.n.c.), satisfies the

following rule of transformation:

(1.3)
δ

δzi
=

∂z′j

∂zi

δ

δz′j

A (c.n.c.) determines the following decomposition of TC(T ′M) :

(1.4) TC(T ′M) = H(T ′M)⊕ V (T ′M)⊕H(T ′M)⊕ V (T ′M)

and the corresponding local adapted base in any u ∈ T ′M is obtain by conjugation,
briefly being denoted by

{
δi, ∂̇i, δī, ∂̇ī

}
.

Let D be a derivative law on TC(T ′M) which preserves the four distributions
from (1.4). In [9] a particular class of this kind of derivative law is considered,
called N − (c.l.c.),(N− complex linear connection), characterized by the fact that
in addition the complex and tangent structures associated to the (c.n.c.) are pre-
served. Locally, a N − (c.l.c.) is determined only by the following set of coefficients(
Li

jk, Ci
jk, Lī

j̄k
, C ī

j̄k

)
and their conjugates, where:

Dδk
δj = Li

jkδi ; D∂̇k
∂̇j = Ci

jk∂̇i

(1.5) Dδk
δj̄ = Lī

j̄kδī ; D∂̇k
∂̇j̄ = C ī

j̄k∂̇ī

Definition 1.1. A complex Lagrangian on T ′M is a differentiable function L :
T ′M → R under the condition gij̄ = ∂2L/∂ηi∂η̄j is a nondegenerate metric. The
pair (M,L) is called a complex Lagrange space.

If the function L : (z, η) → L(z, η) is absolutely homogeneous of two degree in
respect to η, i.e. L(z, λη) = |λ|2 L(z, η), the pair (M,L) is said to be a complex
Finsler space. In a complex Finsler space , the Finsler metric gij̄ satisfies in addition
the following formulas which are consequences of Euler theorem concerning the
homogeneity:

(1.6)
∂L

∂ηi
ηi = L ; gij̄η

i =
∂L

∂η̄j
;

∂gkj̄

∂ηi
ηi =

∂gij̄

∂ηk
ηi = 0 ; gij̄η

iη̄j = L

The geometry of a complex Lagrange space, particularly complex Finsler one,
depends on the choice of the (c.n.c.)N. Certainly, such geometry must necessary
contain only geometrical objects related to the space metric. Consequently, the
(c.n.c.) is required to be expressed only on complex Lagrange function L.

Initially this problem was solved by us using the variational problem for a com-
plex geodesic([9])
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Theorem 1.1. Let Hj be given by :

(1.7) Hj =
1
2
gh̄j ∂2L

∂zk∂η̄h
ηk

Then
c

N j
i = ∂Hj

∂ηi are the coefficients of a complex nonlinear connection, determined

only by the complex Lagrangian L.

In particular , when L = gij̄η
iη̄j is a complex Finsler metric, and denoting by

γi
jk = 1

2gl̄i(∂gjl̄

∂zk + ∂gkl̄

∂zj ) the first of the Christoffel symbols corresponding to the
Hermitian metric gij̄ ([3], [6]), from the above theorem it results:

Theorem 1.2. The functions:

(1.8)
c

N j
i =

1
2

∂γj
00

∂ηi
, where γi

00 = γi
jkηjηk

are the coefficients of one (c.n.c.) on T ′M , called the Cartan complex nonlinear
connection of (M,L) Finsler space.

For a given (c.n.c.)N j
i , a metric N−(c.l.c.) in respect to the hermitian structure

on T ′M

(1.9) G = gijdzi ⊗ dzj + gijδη
i ⊗ δηj

is given by ([9]):

c

Li
jk=

1
2
gli(

δgjl

δzk
+

δgkl

δzj
) ;

c

Ci
jk=

1
2
gli(

∂gjl

∂ηk
+

∂gkl

∂ηj
) = gl̄i

∂gjl̄

∂ηk

(1.10)
c

Lī
j̄k=

1
2
gīl(

δglj̄

δzk
−

δgkj̄

δzl
) ;

c

C ī
j̄k=

1
2
gil(

∂glj̄

∂ηk
−

∂gkj̄

∂ηl
) = 0

and is called canonical N − (c.l.c.)
In the particular case of complex Finsler spaces, as a rule, is studied a special

connection called the Chern-Finsler complex connection ([1],[2]..):

(1.11) N j
i = gm̄j ∂glm̄

∂zi
ηl ; Li

jk = gm̄i δgjm̄

δzk
; Ci

jk = gm̄i ∂gjm̄

∂ηk

and Lī
j̄k

= C ī
j̄k

= 0, which being of (1, 0)−type, assume some facilities in calculus.
On the other hand, the canonical N − (c.l.c.), although is not of (1, 0)−type,

has the advantage of h− (h, h) and v − (v, v) vanishing torsions.
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2. The Chern-Lagrange complex connection.

Having in mind the dualism of Lagrangian-Hamiltonian principles from classical
mechanic, recently we have made an intensive approach of the geometry of complex
Hamilton spaces ([12]). Firstly, by direct hand calculus and then by geometrical
reasons, we have succeeded in finding one (c.n.c.) in a complex Hamilton space with
a very simple expression and also its utility was proved. Then we have asked to
find its back image by the complex Legendre transformation in complex Lagrange
space . The purpose of the note is not to describe this technique which is quite
ample. We shall make here just an analyze of the obtained result.

Theorem 2.1. The following functions
KL

N j
i are the coefficients of a (c.n.c.) in the

complex Lagrange space (M,L) :

(2.1)
KL

N j
i = gk̄j ∂2L

∂zi∂η̄k

called the complex Chern-Lagrange nonlinear connection.

By direct calculus is proved that the coefficients
KL

N j
i verify the (1.2) law of

transformation.

Proposition 2.1. The brackets of the adapted base of Chern-Lagrange (c.n.c.) are:

[δj , δk] = 0 ; [δj , δk̄] = δk̄(
KL

N i
j )∂̇i − δj(

KL

N i
j )∂̇ī(2.2) [

δj , ∂̇k

]
= ∂̇k(

KL

N i
j ) ∂̇i ;

[
δj , ∂̇k̄

]
= ∂̇k̄(

KL

N i
j )∂̇i[

∂̇j , ∂̇k

]
= 0 ;

[
∂̇j , ∂̇k̄

]
= 0

and [X, Y ] =
[
X̄, Ȳ

]
.

Proposition 2.2. If
1

N j
i is a given (c.n.c.) on T ′M then

2

N j
i = 1

2

∂
1

N j
0

∂ηi , where
1

N j
0=

1

N j
k ηk, is a (c.n.c.) too, called the spray of

1

N j
i .

The proof consist in verifying of (1.2) law of transformation.

As a result, from a given (c.n.c.)
1

N j
i we can obtain a sequence of (c.n.c.). A

question is when this sequence becomes constant. Usual calculus prove that it is
happening if and only if:

(2.3)
1

N j
i =

∂
1

N j
k

∂ηi
ηk
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Theorem 2.2. In a complex Lagrange space the
c

N j
i (c.n.c.) given by (1.7) is the

spray of
KL

N j
i (c.n.c.).

Also, taking into account the first (2.2) formula of brackets it is obvious our

interest for the
KL

N j
i (c.n.c.).

Proposition 2.3. In a complex Finsler space the
c

N j
i (c.n.c.) and

KL

N j
i (c.n.c.)

coincides..

Therefore, the Chern-Lagrange (c.n.c.) is a natural generalization of Chern-
Finsler (c.n.c.) on a Lagrange complex space.

In respect to adapted bases of Chern-Lagrange (c.n.c.) we can consider the
KL

N j
i −(c.l.c.) which has h− (h, h) and v − (v, v) zero torsions.
Remark. Similar reasons gives the notion of spray for a nonlinear connection

in a real Lagrange space, where a nonlinear connection depending only on the
fundamental function of the space is well-known, [8],pag.160:

N i
j =

∂Gi

∂yj
with Gi =

1
4
gih(

∂2L

∂yh∂xk
yk − ∂L

∂xh
)

The existence of one nonlinear connection
1

N i
j such that N i

j be the spray of
1

N i
j

is still now an open problem.
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