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SECOND ORDER VARIATIONS IN VARIATIONAL SEQUENCES

MAURO FRANCAVIGLIA AND MARCELLA PALESE

ABSTRACT. In this note we provide a geometrical characterization of the sec-
ond order variation of a generalized Lagrangian in the framework of variational
sequences.

We define the variational vertical derivative as an operator on the sheaves
of the variational sequence and stress its link with the classical concept of vari-
ation. The main result is the intrinsic formulation of a theorem which states
the relation between the variational vertical derivative of the Euler—Lagrange
morphism of a generalized Lagrangian and the Euler—-Lagrange morphism of
the variational vertical derivative of the Lagrangian itself.

1. INTRODUCTION

Our framework is the calculus of variations on finite order jets of a fibered man-
ifold. More precisely, we consider the geometrical formulation of this framework in
terms of variational sequences introduced by Krupka [12, 13]. As it is well known,
in this formulation the variational sequence is defined as a quotient of the de Rham
sequence on a finite order jet of a fibered manifold with respect to an intrinsically
defined subsequence, the “contact” subsequence. Standard objects of the calculus
of variations can be interpreted as sheaf sections and morphisms in the variational
sequence, which turns out to be an exact resolution of the constant sheaf IR over
the relevant fibered manifold.

We provide a geometrical characterization of the second order variation (see
e.g. [1, 2, 3, 4, 6, 18]) of a Lagrangian in the framework of finite order varia-
tional sequences. We introduce the notion of iterated variation of a section as an
i—parameter ‘deformation’ of the section by means of vertical flows and thus define
the i—th variation of a morphism which is very simply related with the iterated
Lie derivative of the morphism itself. Relying on previous results of us [5] on the
representation of the Lie derivative operator in the variational sequence we can
then define an operator on the quotient sheaves of the sequence, the variational
vertical derivative. We stress some linearity properties of this operator and show
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that it is a functor on the category of variational sequences. Making use of suitable
representations of the variational vertical derivative we relate the second order vari-
ation of a generalized Lagrangian with the variational Lie derivative of generalized
Euler-Lagrange operators associated with the Lagrangian itself.

The Lagrangian characterization of the second variation of a Lagrangian in the
framework of jet bundles has been considered in [2, 3, 4, 6]. In particular, in [2, 3, 4]
it was shown how to recast (up to divergencies) the system formed by the Euler—
Lagrange equations together with the Jacobi equations for a given Lagrangian as
the Euler Lagrange equations for a ‘deformed’ Lagrangian.

As an outcome of the intrinsic representation of the second order variation of a
generalized Lagrangian, the above mentioned invariant decomposition of the second
variation is here provided at any jet order and geometrically interpreted as a simple
and direct application of the representation of the variational Lie derivative of
variational morphisms provided in [5] together with a suitable version of a global
decomposition formula of vertical morphisms due to Kolar [7, 9]. A new geometric
object, the generalized Jacobi morphism, is finally represented in the variational
sequence.

2. VARIATIONAL SEQUENCES ON JETS OF FIBERED MANIFOLDS

Our framework is a fibered manifold 7 : ¥ — X, with dim X = n and dimY =
n—+m (see e.g. [17]).

For » > 0 we are concerned with the r—jet space J,.Y; in particular, we set JoY =
Y. We recall the natural fiberings #} : J,Y — J, Y, r > s, 7" : J, Y — X, and,
among these, the affine fiberings m,_;. We denote by VY the vector subbundle
of the tangent bundle T'Y of vectors on Y which are vertical with respect to the
fibering .

Charts on Y adapted to 7 are denoted by (z*,%'). Greek indices A, i, ... run
from 1 to n and they label base coordinates, while Latin indices 4, j, ... run from 1
to m and label fibre coordinates, unless otherwise specified. We denote by (9, 9;)
and (d*, d*) the local bases of vector fields and 1-forms on Y induced by an adapted
chart, respectively.

We denote multi-indices of dimension n by boldface Greek letters such as a =
(a1,...,ap), with 0 <y, p = 1,...,n; by an abuse of notation, we denote with
A the multi-index such that o, = 0, if p # A, o, = 1, if p = A. We also set
la:=a;1 + -+ a, and al:=ay!...a,!. The charts induced on J,.Y are denoted
by (z*,3%,), with 0 < |a| < r; in particular, we set yj = y*. The local vector fields
and forms of J,Y induced by the above coordinates are denoted by (9%) and (d.,),
respectively.

For r > 1, we consider the natural complementary fibered morphisms over the
affine fibering J,.Y — J,._1Y induced by contact maps on jet spaces

O:J,Y xTX —-TJ._1Y , 9:J.Y x TJ._1Y—-VJ._1Y,
X Je 1Y
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with coordinate expressions, for 0 < |a| < r — 1, given by
I =d@I,=d @0\ +y,,,0%), ¢ =9,00%=(d, -y, d")20*.

We have the following natural fibered splitting

r—1 r—1

(1) LY x T*JHY:(JTY X T*X)@al[YL

where C,_1[Y]:=im ¥} and the canonical isomorphism C,_1[Y] ~ J.Y x

Jr Y
V*J,.—1Y holds true (see [12, 13, 15, 17]).

The above splitting induces also a decomposition of the exterior differential on
Y, (w:“)*o d =dg + dy, where dg and dy are called the horizontal and vertical
differential, respectively. The action of dy and dy on functions and 1-forms on
J,Y uniquely characterizes dy and dy (see, e.g., [17, 21] for more details).

If f:J,Y — IR is a function, then we set Dyf :=I\f, Dayrf :=DxDqf,
where the operator D) is the standard formal derivative.

A projectable vector field on Y is defined to be a pair (Z,§), where £ : Y —
TY and £ : X — TX are vector fields and = is a fibered morphism over £. A
projectable vector field (2, £) can be conveniently prolonged to a projectable vector
field (j,Z,€), whose coordinate expression can be found e.g. in [5] and [11, 15, 17].
A wertical vector field on Y is a projectable vector field on Y such that & = 0.

i. For r > 0, we consider the standard sheaves /Zir of p—forms on J,.Y.

ii. For 0 < s < r, we consider the sheaves 7?[(7,,5) and 7}3& of horizontal forms,
i.e. of local fibered morphisms over 7} and «" of the type a: J, Y — AT* JsY and
6:J.Y — XT*X, respectively.

iii. For 0 < s < r, we consider the subsheaf g(ns) C 71-7((“5) of contact forms, i.e.
of sections « € 71-)[(“5) with values into X(ES[Y]) There is a distinguished subsheaf
gr C g(r+1,r) of local fibered morphisms « € g(r—&-l,r) such that @ = Aim Vi [Yea,
where @& is a section of the fibration Jr+1Y]><Y KV* J.Y — J.+1Y which projects

down onto J,Y.
According to [21], the fibered splitting (1) yields naturally the sheaf splitting

D p—t t D

His1y) = Bi—g C (r+1,,) NHry1, which restricts to the inclusion A, € @},
p—t t P D

C »AH! |, where H" | := h(A;) for 0 < p < n and h is defined to be the restriction

P
to A, of the projection of the above splitting onto the non—trivial summand with
the highest value of t. We define also the map v:=id —h.
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1 n
Let a € Cr A Hfﬂ. Then there is a unique pair of sheaf morphisms

1 n 1 n
(2) E, € C(QT,O) A ng—i—l ) F. € C(QT,T) A ng-&-l ’

such that (wff{l)*a = E, — F,, and F, is locally of the form F, = dgpe., with

1 n—1
Pa € C(Qr—l,r—l) NH 2r (See €.g. [9, 113 2”)
1 1 n ~
Recall (see [21]) that if 3 € C; A C(5,0) A Hs, then, there is a unique Hp €
1 1 n ~
C(2s,5) ® C(25,0) N Has such that, for all Z: Y — VY, EB =Ct (jgsE®Hﬁ), where

B:: §s= 1 3, C} stands for tensor contraction and | denotes inner product. Then
there is a unique pair of sheaf morphisms

1 1 n 2 n
(3) Hg € C(as,6) NC250) N Has, Gp € Cras,s) N Has,

such that 72°" 3 = Hs—Gg and Hp = i A(Hg), where A stands for antisymmetrisa-
2 n—1

tion. Moreover, G is locally of the type Gg = drgg, where gg € Cos—1 A H 25—1,

hence [§] = [Hp]. Coordinate expressions of the morphisms E, and Hg can be

found in [21].

2.1. Variational sequences. We recall now the theory of variational sequences
on finite order jet spaces, as it was developed by Krupka in [12]. By an abuse of

notation, denote by dker h the sheaf generated by the presheaf dker h. Set ©, =
ker h + dker h. The following diagram is commutative and its rows and columns
are exact:

0 0 0 0 0 0
R
0 v0—wo-—wo L& 4 L4 oL Lo
| |
oai%aﬁr—d»}i—d»é—d» iilri’xii. 49
oaz}zaﬁ{ﬁiriér Ai@»g»AieAl—d» 29
. .
0 0 0 0 0 0

Definition 2.1. The bottom row of the above diagram is called the r—th order
variational sequence associated with the fibered manifold Y — X. L]
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The quotient sheaves in the variational sequence can be conveniently represented
as follows [21].
Let k < n. Then, the sheaf morphism A yields the natural isomorphism

ko k k k
I : A /O, — H =V s [a] = h(a) .

Let & > n. Then, the projection h induces a natural sheaf isomorphism
k k k—n n h k
Iy : <Ar/@r) — ( C ., /\Hr+1> /h(dkerh):=V, : [a] — [h(a)].

n
We remark that a section A € V, is just a Lagrangian of order (r 4+ 1) of the

n+1
standard literature. Furthermore, £,()\) € V , coincides with the standard higher
order Euler-Lagrange morphism £(\) associated with A.

Making use of the above sheaf isomorphisms and of decomposition formulae (2)
and (3), in [5] we proved that the Lie derivative operator with respect to the r-
th order prolongation j.= of a projectable vector field (E,&) can be conveniently
represented on the quotient sheaves of the variational sequence in terms of an
operator, the variational Lie derivative L; =, as follows:

ifOSpgn—landuegr,then

(4) Ljzp=Eldup+ jry28v Jdvp+du(§1p);
ifp=nand A € ]@T, then

(5) LizA=Ey 1EN) +du(§rEv Jpayr +EIA);

n+1
ifp=n+4+landn€ V ,, then
(6) L =n=EGEy In) + Han(j2rs15v) -

3. VARIATIONS

We shall here introduce wvariations of a morphism as multiparameter deforma-
tions showing that this is equivalent to take iterated wariational Lie derivatives
with respect to vertical vector fields.

We define the i—th variation of aksection and introduce the i—th variation of a
morphism of the kind « : J. Y — AT*J.Y along the section ¢ in terms of the

pull-back by means of the r—th prolongation of the i—th variation of a section
c: X —-Y.

Definition 3.1. Let ¢ : X — Y be a section and 7 any integer. An i—th
variation of ¢ is a smooth section I'; : I x X — Y, 0 € I ¢ R!, such that
r;(0) =o. ]
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In other words, I'; is a i—parameter smooth deformation of o.
Let Z4,...,2; be vertical vector fields on Y and let T';(¢,...,¢;) be an i—th
variation of the section ¢ such that

Ty -

%, (tl’o""’0)|t1:o =Ejo00,

ar; =

Bt; (t1,12,0,.. .,0)|t2:O = Zp 0 I(t1,0,...,0),

oy -

i (tista,- oo tions )], g = Eio Tl b2, ., tim1,0).

In this case we say that T'; is generated by the i—tuple (Z4,...,Z;).
We have thus the following characterization of I'; as the variation of o by means
of vertical flows.

Proposition 3.2. Let wfk, with 1 < k <14, be the flows generated by the vertical
vector fields 2. Then for the T'; generated by (Z1,...,2;) we have:

(7) Fi(th...,ti):¢zio...owgloa. L]

Definition 3.3. Vertical vector fields on any fiber bundle which ‘deform’ sec-
tions as above are called variation vector fields.

U

3.1. Variations of morphisms and Lie derivative. We shall define the vari-

k
ation of a generic fibered morphism of the kind « : J,Y — AT*J,.Y along the
section o.

E

Definition 3.4. Let «: J,. Y — AT*J,Y and let I'; be an i—th variation of the

section o. We define the i—th variation of the morphism « to be
7 P y . .

(8) o= TS |t1,...,ti:0(a 07, Li(t1,...,t;)). U

If just one variation I'1, generated by a single vector field =1, is involved we write
for simplicity ¢ instead of '. The following Lemma states the relation between the
i—th variation of a morphism and its iterated Lie derivative.

Lemma 3.5. Leta: J, Y — ;C\T*JTY and L; =, be the Lie derivative operator
with respect to j,.Z.

Let T'; be the i—th variation of the section o by means of the variation vector
fields =1,...,Z; on'Y. Then we have

(9) (SiOé = (jT'U)*Ler1 .o LjTE,ia )
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PrOOF. By applying Definition 3.4 and Proposition 3.2 we have

7 ai . i *

oo = gl molUr(¥i, 0004, 0 0))"a) =
ai . * - * . 1\ *
o e aimolr0)T 0 Grd )T 0 0 (r0f, ) el =

81’

0r0)" g bt G )" o -2 (i)l =

o O . 0 . s
(jro) [ajl(wtﬂ) RIS 871-(”%) f_ola =
(Jro)"Lj,z ... Lj,z,0,
where wfk are the vertical flows respectively generated by Zg, for k=1,...,1.

From now on, we will restrict to the case of the second order variation of a

n
morphism A € A,.. Higher order variations will be deeply investigated elsewhere.

In the following Lemma we show that the first order variation 6'\:=38\ of X is
simply related to the vertical differential of A.

Lemma 3.6. Let o be a section of Y, = a variation vector field on' Y and
n
A€ A,.. Then we have

(10) OA=jro"(§r21dy ).
PRrROOF. In fact we have

N =jro" LA = jro (EL1EN) +du(jrE 1 payr)) =
Jro*(ELEN) + (JrE Jdupayr)) = jro" (5,2 1dv A),

since Z _|dy = dy= |, for any vertical vector field Z on Y. QED

For notational convenience, in the sequel we shall denote with a superimposed
bar all objects defined on a vertical prolongation VY and with two bars those
defined on the iterated vertical prolongation V (VY); e.g. Z will denote a variational
vector field on VY and 6 the variation operator on VY.

By iterating this result we can characterize the second order variation of A\ as
follows.

n

Proposition 3.7. Let A € (A,)y and o be a section of Y — X. Let 21, Zo
be two variation vector fields on' Y generating a second order variation I's of o,
and let 25 be a wariation vector field on VY, which projects down onto Z5 and
generates a first order variation T' of 0. Moreover, let d, £ and p be the exterior
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differential, the Euler—Lagrange morphism and the momentum morphism on VY,
respectively. Then we have

(11) A = Ep JEON) +du (=2 I Daysn)
(12) = S(E1JEN) +du(§rZ1 Jpayr)) -

PROOF. We apply the above Lemma and the fact that dyd = dd g, which follows
directly from the analogous naturality property of the Lie derivative operator.

Remark 3.8. Owing to the linearity properties of dy A\, by an abuse of notation,
we can think of the operator § as a linear morphism with respect to the vector
bundle structure J,.VY — Y of the kind

(13) §:JY x J,VY — AT*X .
Y

This property can be obviously iterated for each integer i, so that one can analo-
gously define an i—linear morphism 0°.

U

4. VARIATIONAL VERTICAL DERIVATIVES

In this Section we restrict our attention to morphisms which are sections of
sheaves in the variational sequence. We define the i—th order variational vertical
derivative of morphisms, by showing that the i—th variation operator passes to the
quotient in the variational sequence.

Lemma 4.1. Let o € ({},«)y. We have
[5°a] = §'[a],
where we set 6 ==Lz, ... Lz, .

PROOF. In fact, we have
[(VC%] = [LE ... L= OZ] = EE-

i =1 i

Lz, [a]:=6[a],

since 8%, as well as Lg, (see [5]), preserve the contact structure. QED

Definition 4.2. We call the operator &t the i—th variational vertical derivative
operator. L]

Theorem 4.3. The functoré 1s defined on the category of variational sequences
and sends the sequence associated with the fibration Y — X into the sequence
associated with the fibration VY — X.

PRroOF. It follows from Proposition 3.7, Equation (11), Remark 3.8 and Lemma
4.1.

The above can be summarized in the following diagram.
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00— ... ... du (]@T)Y En ("“T)Y Ent1 5n+1(7$1r)y Ento 0
j| 5l 5|

0—> ... du Bvy 2 (P vy —S 2 (Y vy Enva
A A

0= it d}T)V(VY) & (nﬁlr)v(VY) Enty _n+1(n{§1r)V(VY) Ensa, 0

This enables us to represent variations of morphisms in the variational sequence.
Here we shall investigate in detail the case of the second order variation of mor-
phisms in the variational sequence. We show that classical results concerning the
second variation can be restated in a very simple way in terms of variational Lie
derivatives and global decomposition formulae.

To this aim, let us consider how the representations (5) and (6) of the variational
Lie derivative specialize in the case of variation vector fields.

Lemma 4.4. Let =1, S5 be two variation vector fields on' Y and =a be a varia-
tion vector field on V'Y, which projects down onto Zo. Let £ and p be, respectively,
the Euler—Lagrange morphism and the momentum morphism associated with the
Lagrangian 6X\. Then we have

(14) Ljz,A=E1 JEN) +du(jrZ1 I Py ) ;

(15) L =2,L5,=,A =53 | E(ON) + du[jiZs Py (5x) — 5(5r21 I Pay )] -
ProoF. It follows from Equation (5) and Lemma 4.1. QED

The above Lemma together with Proposition 3.7 and Equation (11) gives us the
following characterization of the second order variation of a generalized Lagrangian
in the variational sequence.

Proposition 4.5. Let A € (V,)y, SA € Vr)vy. We have
(16) 02X\ = E(S5 10N + Hyz, (E2),
~ 1 1 n
where H ;5 is the unique morphism belonging to Cayry @ C(2,,0) A Hay such that,
for all 212 Y = VY, E; o |45, = Cl(j2rE1®H;,), and Cf stands for tensor
contraction.
PrOOF. In fact we have

(17) OPAN=L; 5,0\,
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so that the assertion follows from a straightforward application of the representation
provided by Equation (6). QED

This result provides an equivalent intrinsic interpretation of the second variation
of the action functional evaluated in [4], equation (2.14), by just setting Zo = p
and =1 = 1.

The following is an application of an abstract result due to Kolaf [10], concerning
a global decomposition formula for vertical morphisms.

Lemma 4.6. Let i : JY — ék[VY} /\XT*X, with 0 < p < n and let dgji = 0.
Then we have i = Ey + Fj;, where

(18) Ep: JossxVY — ColVY] ART*X

_ % 1
and locally, Fj, = dg My, with My, : Jos1 1,1 VY — Cr1[VY] A p/\ T*X.

Proo¥F. Following e.g. [9, 10, 21}, the global morphisms E;; and DgM;, can be
evaluated by means of a backwards procedure. Hereafter the canonical isomorphism
J.VY ~VJ.Y is obviously understood.

Now, it is very easy to see from Remark 3.8 and by means of a simple calculation
that the following holds true.

Lemma 4.7. Let x(\) := H5,. We have x(\) : Jo,Y — E’T[VY] A (7\T*X)
and dgx(\) = 0.

Thus, as a straightforward application of Lemma 4.6, we obtain our main result
which consists in a suitable geometrical interpretation of the second variation of a
generalized Lagrangian and provides a new characterization of the Jacobi morphism
in the framework of variational sequences.

Theorem 4.8. Let x(\) be as in the above Lemma. Then we have
X(A) = Exoy + Fxn s
where

(19) By JnY — ColVY] A (AT X),

— * n—1
and locally, Fy(xy = duMy(yy, with My\y : Jar 1Y — Co q[VY A ANT*X.
Remark 4.9. If the coordinate expression of x()\) is given by

X(A) = x§5 Aw,
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where 192‘ are contact forms on Ji VY, the corresponding coordinate expressions
of Ey(n) and M,y are respectively given by

EX()\) = Ei’gi Nw,

Mx(k) = Mia+)\19; AWy .

We have, in particular

Eyn = (-1)PDgyP9" Aw,

with 0 < |8| < k. O

Definition 4.10. We call the morphism J()):= E, () the generalized Jacobi
morphism associated with the Lagrangian . ]

Again, this result can be compared with equation (2.19) of [4].
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