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0. INTRODUCTION

These notes describe methods of decomposing & function of one real
variable into contributions that are mutually permuted under the action
of the two-parameter group of shifts and dilations. Such decompositions
are classical for pure shifts (Fourier transform) and for pure dilations
(Me1lin transform). The simultaneous consideration of both parameters
alters drastically the picture, for reasons that are easy to understand
from the point of view of group representations: while the action of,
say, pure shifts in LZ(IR,dt) is highly reducible, the simultaneous
action of shifts and dilations is essentially irreducible.

The group-theoretical background is shortly described in Chapter I,
and the results specialized to our case in Chapter II. Chapter III is
devoted to "voice decompositions" which are less general but possibly
more useful in practice.

Our methods are particularly well adapted to the study of func-
tions of zero average (ff(t)dt = 0) which occur naturally when one
considers the propagation of waves in elastic media.

A few references to related material are: A.L. Carey: Bull., Aus-
tral. Math. Soc. 15 (1976) 1-12; J.R. Klauder and Aslaksen: Journ,
Math. Phys. 10, 2267 (1967); A. Grossmann and J. Morlet: SIAM Journ. of
Math. Analysis 15, 723 (1984); T. Paul: Journ. Math. Phys. 25, 3252 (1584).

1. General Rg-Transforms and Lg-—Transforms

1.1 Invariant Measures on a Locally Compact Group

G: locally compact group:
X €6G.

Left invariant measure:

dx: d(yx) = dx (y € G).



Modular function: x > A(x) , positive-valued, transforming left-

invariant into right-invariant measure:

871 (x)dx = d_x

i
[=¥
>

dp (xy) R

A(x) s a positive-valued character: A(x) > 1, Afe) = 1,

-1 1

Bx ") = gy o A(xy) = A(x)Aly) .
One has:
d(x'l) = d X

1.2 Left and Right Reqular Representation
2

Left regular: If ¢ € L°(G,dx) and a € G, define

2

A(a)e € L°(G,dx) by

(A(a)®)(x) = ¢(a'1x) (x € G) .
Right regular: If ¥ € L%(G,dx) and a € G, define
o(a)¥ € L(6,d;x) by

(p(a)¥)(x) = ¥(xa).

The two representations act in different spaces, in general,

namely L%(6,dx) and L2(G,d

R ).



1.3 Square Integrable Representation

Let x ~ U{x) be a strongly continuous, unitary, irreducible re-
presentation of the locally compact group G 1in a Hilbert space H(U).

A vector g € H(U) 1is said to be admissible if

JI(U(X)g,g)I2 dx <o . (1.1)

In (1.1), the left-invariant measure dx can be replaced by the
right-invariant measure de , since (U(x)g,q) = (g,U(x"l)g); SO

{uww%mﬁm - [1ta,uxhya)i? ox

1 2

- [1wehg,e01%0x = 100,924y

= Jl(g,U(x)glzdx .
If there exists in H(U) a non zero admissible vector, the re-

presentation U 1is called square integrable. Any representation unit-
arily equivalent to U 1is then also square integrable.

If G 1is compact, any irreducible representation U of G is
square integrable.

We shall see below examples of square integrable representations
of groups that are not compact.

As an example of irreducible representation that is not square
integrable, consider the one-dimensional representation x - e'3% of
R.

1.4_gg—Transform and Rg-Transform

Let x - U(x) be a square integrable representation of G. If
g € H(U) 1is any non zero vector satisfying (1.1), define

cq = Nl J[I(U(x)g,g)lzdx . (1.2)



Now let f be an arbitrary vector in H(U). Associate with f the
two complex-valued functions L _f and Rgf on G, defined by

g
(LgF)(x) = v%; (U(x)g,F),  (x € 6) (1.3)
R0 = = (U001 . (1.3")
Clearly
(LgfNx) = R . (1.4)

Even though Lgf and Rgf are so closely related, it will be
useful to consider them both.

The function Lgf will be called the L-transform of f, with
respect to g and to the representation U.

Similarly, Rgf will be called the R-transform of f .
For fixed g, the correspondence f ~+ Lgf is Jinear.

The correspondence f -+ R f s also linear. (With our conventions,
the inner product (fl’fZ) is linear in f2 and antilinear in fl).

Notice that for A €€, A *0. X = [)\|e“p .

..'](p
= e R f
Ag g

o)
~
i

_ -l
Agf = @ Lgf .

1.4 Isometry

The transform Lg is isometric from H(U) into LZ(G,dx).

The transform Rg is jsometric from H(U) into LZ(G,dR ).

In other words: Let f, and f2 be in H(U) . Then

[0 (0dx = (1,8, (1.5)



and

JRFDOD RFDNx = (F1uf)) . (1.6)

These isometry properties will be basic in many applications. They
imply in particular that, on their ranges, the transforms Lg and R

are inverted by their adjoints.

For a proof of (1.5), (1.6), and of more general "orthogonality
relations", see e.g. the paper by Carey quoted above or a Marseille pre-
print by A. Grossmann, J. Morlet and T. Paul, submitted to J.M.P.

1.6 Intertwining

We have
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In words: Lg intertwines U and the left regular representation.
Rg intertwines U and the right regular representation.

1.7 Characterization of the Range of Lg and of Rg

a) Reproducing equation for functions in the range of Lg:
Define:

1
pgla) = & (U(a)g,a) (2 € G). (1.7)
g
Then, the necessary and sufficient condition for a function ¢ € LZ(G,dx)
to be in the range of Lg , 15
2(a) = [py(a Ta)e(ar)dat . (1.8)
b) Reproducing equation for functions in the range of Rg:
The necessary and sufficient condition for a function VY € LZ(G,de)

to be in the range of Rg is



¥(a) =Jpg(a' 2 ¥ (a')dga’ (1.9)

1.8 Left-Invariant Interpolation

Let CPEREREL be n elements of G. Assume that they have been
‘chosen so that the matrix A = {Aij} (i,d = 1,...,n), with

A, =p ((a.) ta)) (1.10)

Let ¢1,...,¢n be any n complex numbers. Consider the function
h(x) defined by
n -1

h(x) = £ ¢, B.. p (a:

PP ML x) (x €G) . (1.11)

Then:

(i) For i =1,...,n we have
h(a,) = ¢. (1.12)

j.e. the function h(x) takes the preassigned values ¢; on the pre-
assigned points a; -

(ii) The function h belongs to the closed subspace LgH(U) =
PLZ(G;dx) c L2(G,dx) discussed in Sec. 1.7.

(iii) Among the functions that belong to LH(U) and solve the
interpolation problem, h has minimal norm: if h(Other) belongs to
LH(U) and satisfies (1.12), then one has

hil < phéother)y



(iv) Finally, consider the left-shifted interpolation problem. If
b is any element of G, consider

Then the interpolation problem h'(a%) = ¢% (i =1,...,n) is solved

' -1
. ; Bij pg(a F X) .

The r.h.s. of this equation does not contain b ; the interpola-
tion procedure is invariant under group multiplication from the left.

In other words, the formula (1.11) gives the projection of LgH(U)
on the subspace spanned by the functions pg(a”} x) (corresponding to
the function U(aj)¢ in H(U)).

1.9 Right-Invariant Interpolation

The notations being as above, consider the matrix C
_ -1
Cij = pg(ai 3 ) .

Assume that C 1is invertible, and define

Then the function



belongs to R H < LZ(G,de), satisfies the interpolation property

(1.12), and is of minimal norm. This interpolation procedure is invar-
iant under right shifts.

1.10 Bounds

By the unitarity of U(x) we have

LAY )1 < c M2 en ngl

g g
(R = )2t gl
for every x € G.
If
9=9,%9

- where 9, and 94 need not be admissible - and if

then:

(L) (x) = e /2 u(x)g, ) + e uix) gy )

and consequently

-1/2 -1/2
I(Lgf)(x)--cg (U(x)go,f)lIScg e

for every x € G. Similarly for Rgf.

If

f=f o+ f

#

with Hf1||s £, then (Lgf)(x) (L f )(x)~F(Lgf1)(x) , and so

g o
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1/2

I(Lgf>(x) - (Lgfo)(X)I < c; lgll €

and

[RGFY(X) - (RF)(xI = cél/z ligh & .

2. A SPECIAL CASE: SHIFTS AND DILATIONS

2.1 The Group of Shifts and Dilations

Consider the set G of all pairs {x,y}, with x€ R, y € R,
y + 0. The pair {x,y} 1is the element x € G of the preceding sec-
tions. Define a product

Dyt Dgavph = vy * Xpaypyph (2.1)
and the inverse
oyt = ey v h (2.2)

With these operations, G becomes a group.

The identity (unit element in the group) is {0,1} .

Wie have
Oy Y 0,0 (R, g2y (2.3)
-1 -
O i e R (2.4)
1

-1 -1 ‘
{Xl,yl}{xzsyz}{xl,yl} {Xz,yz} = {Xl—X2 +y1x2 - X1y2 ,:1} . (24 )
In {x,y} we call x the shift parameter, and y the dilation
parameter. The law (2.1) corresponds to the multiplication of inhomo-
geneous linear transformations t - yt+x in one dimension.



Notice that y is allowed to be negative.

The set of pairs {x,y} with x € IR and y >0 is a normal
subgroup G, =G with G_/G = Z2 (the two-element group). The group
G, , contains the normal subgroup of translations, consisting of all
the pairs {x,1} (x € R).

G, s known as the "a

The left-invariant measure in G is

dix,y} = szgx , (2.5)

The right-invariant measure in G is

_dx d
dR{Xs)’} —-TS’TX . (2.6)

Comparison between left and right action:

a) Left multiplication by {b,a} =
{b,alHx,y} = {ax+b, ay} .
b) Right multiplication by {b,a}
{x,y}b,a} = {by+x, ayl} .
In the usual metric of the {x,y}-plane, left multiplication
stretches or compresses a set on a line y = const. and moves it to

a line y = a const. The right multiplication does not stretch or com-
press lines y = const. The term by 1is an additive constant.

2.2 shifts and Dilations as Operators; the Representation U

a) Notations: Fourier transform

~

F: (Ff{w) = (27r)'1/2ff(’c)e-i“)t dt, also written as f = Ff
(f € L2(R,dt)) - (2.7)



el ) = en) Ve f(wet du .
Convolution:

(f*g)(t) = ff(t-x)g(x)dx .
2

If geL(R,dt), and liglly= flg(t)ldt, then, for every p

(1 £ p £ o), the assumption f € LP(R,dt) implies fxg € LP(R,dt) ,

and
Hf*gllps llglll Hpr
F(Fxg) = (2m)Y2(FF) (Fg) .

Shift operator:

T (T*)(t) = f(t-x) (x € R).
Multiplication by exponential:
EX: (E*F)(t) = e XY (t) (x e R).

Unitary dilation operator (with possible parity):

o¥: (0¥ (t) = Iy 2y Le) (veR, ys0).

b) Formulas:

A1l the above operators are unitary. They satisfy

H]

| ]
TXTX = TX+X ,T“‘X (TX)* - (TX)""I

EXpX' o XXt x| (Ex)* - (Ex)~1
D.YD.Y| = D‘y’y‘ 01/2 = (Dy)* = (Dy)"l
0ol s the parity operator.

(2.10)

(2.11)



Products:

DX o gTbx x b ’ % b = o ibx b ox (2.12)
FT* = e7"F , FED - 10F - (2.13)
Pl et Fret 1Pt (2.13")
ARSI S A A X Y oY XY (2.14)
oY P = P 2 pY =Y e (2.15)
FoY - MY p , iy ol el (2.16)
P2 .l (2.17)

Writing out:

(0 TX £)(t) = 1y17H? (-0, oY ) - y1-1/2 =

Relationship with complex conjugation: (z 1is complex conjugate of z)

™ = X 0Yr = 0%F (2.18)
¢ - £0F (2.19)
N 5 O JE S

G D X 4 (2.20)

v
where f(t) = f(-t).

It will be convenient to introduce the function f*(t) defined by

f*(t) = f(-t).
So
Ff = Ff* |,
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Remark on dilations: Imagine f(t) as the air pressure near a loud-
speaker playing a record. Then (D(l/z)f)(t) corresponds to the record
being played at twice the speed (so it will be heard an octave higher;

but this is not transposition in the sense of a musical instrument).
-1)
ol

f corresponds to the tape being played in reverse.

b) The representation U

Define
Uix,y) = TV, e (Uxn)D(8) =y VRS (2.21)
Then
U(x,y) = F200x,p)F =EX02 1ie. ((x,y)F) (0) = 1y 11219 (y) .
(2.22)
Notice that
({11 - g1 [ pl-Dlpxg(-1) o (2.23)

The representation U 1is irreducible.

2.3 The Admissibility Condition

A) We have defined the representation U(x,y) = 70 of G in
LZ(Hi,dt) and the unitarily equivalent representation ﬂ(x,y) =
F'1U(x,y)F = ExDl/y in LZ(Hl,dm) . In order to determine whether this
representation is square integrable in the sense of Section 1.3 we have
to write down the admissibility condition (1.1) with x replaced by
the pair {x,y} and dx by dxdy[yz.

A straightforward calculation shows that

”,(Tnyg,g) |2_%>£gl - ”I(Expl/yg,g)lz %—2931 = 21 gl [ 15(w)1?

and we obtain



Proposition: The representation (2.21) is square integrable, A
function g € L2(R ,dt) is admissible if and only if

- 2
] |
J wﬂgf%—- o <o . (2.25)
The number cg defined, in general, by (1.2) is now
e = 2nj Gw)® g, (2.26)
g - . .

Remark: We see that admissibility is a restriction on the behavior of
g around zero frequency. In particular, if g € Ll(IR,dt) then ad-

missibility implies

]
o

3(0) = [ g(t)at (2.27)

Conversely, if (2.27) holds and if § € LZ(HQ,dw) has a bounded
derivative, then g is admissible.

2.4 L and R_-Transform
—-g g

L -transform: Assume that the function g € L°(R,dt) satisfies
(2.25). Define c¢_ by (2.26). To every function f € LZ(R,dt), as=
sociate the function (Lgf)(x,y) (x € R, y€ R, y*0) defined by

2

(L (6y) = (e ) ATDa,f) = () MAETO g R (2.28)
that is,
(L) (3) = (e M 2y1TH 2 [5et -yt (et
= (cg)"l/zlyl"l/2 f g ((x-t')/y)F(t")at"
= (e 21y € Glay)f(w)du (2.29)

with g (t) = g(-t) .



For fixed vy, Lgf can be written as a convolution:

(LgF) (o) = (e 2 (0Yg")st (2.30)
It is important to notice that (L _f)(x,y) - and also (R _f)(x,y) -
can be expressed either in terms of f(t) or in terms of f(w). These
functions are sensitive toconcentration or support properties both in
the "time domain" and the "frequency domain". This will be seen in
more detail in Section 2.6.

a')_Bg—transform: Define, in accordance with (1,31), Rgf as
- -1/2 XY x 1

R _f)(x, = o, 17D7°F) = (L f)-%, =

( g )(X5¥) Cq (g ) = ( g )( v y)

- cél/z (0E%g, )

-1/2),,1/2 I (ty+x)F(t')dt"

9
/ 1/2 ! t I
cg Iyl f (-x-t'y)f(t')dt
/21y [ Y G 0y (2.31)

For fixed vy, Rgf can be written as
- 1 *
(RF)(x,y) = .20 ) (%) (2.32)
g g y
The function Lgf is expressed in terms of Rgf as

1
L f)(x,y) = (R F)E2,2) .
(LF)(ny) = R A2,
b) Simplest properties: (i) Lgf and Rgf depend linearly on f.

If x i 1 and non zero, then L, f =L f, and R, f =R f.
is real a Ag g a Ag g

(i1) If g 1is real and f 1is real, then, by (2.29),

(Lgf)(x,y) = (Lgf)(x,-y)



and

(Rgf) (X,y) = (Rgf) (X9".Y)

i.e. it is enough to know, say, (Lgf)(x,y) on the half-plane y > 0.
iji) If g and f are real, then Lgf and Rgf are real.

(
(iv) If g and f are Hardy, (i.e. §(w) =0 for w< 0 and
F(w) =0 for w< 0) then Lgf and Rgf vanish in the half-plane
Y

c) Isometry of Lg and Rg : The general isometry results (1.5)

read now
nen? = [ xoni? 24 = [[ir 0 xyn? P (2.33)
and the corresponding equalities for scalar products:
[rrertyeaae = [ f) (up) (Lgfy) (xy) B
= [[RgFD ) R Fp) (xy) S
- [F()fpo)d . (2.33')

d) Inversion of Lg and of Rg

Lg and Rg are isometric operators. Consequently each of them is
inverted,on its range, by its adjoint. This gives, formally,

f(t) = (cg)'l/ZH(Lgf)(x,y)lyl'l/2 g({t-x)7y) Qigi

= (cg)'l/zﬂ(l_gf)(x,y)Iyl's/2 g((t-x)/y)dxdy (2.34)

—H?
~
£
S
i

= e M i it B T guy) 2

= (cg)‘l/ZJJ(Lgf)(x,y)Iyl’3/2 e 19 §(uy) dxdy (2.35)



f(t) = (c )“1/2’-(R f)(x,y)lyll/2 g(ty+x) gxdy

9 JJ'g Iyl
= (o) RGN (xaygleymn) 25 (2.36)
T y
TN = -1/2(( -1/2 dwx/y _wy dxdy
flw) = (eg) 77 JRFIGy) Iyl e 9t Ty
= (e AR O iy ™ e o) oy (2.37)

The integrals (2.34) to (2.37) may fail to converge at some points.
By (2.33'), however, they give rise to convergent expression when
"tested" with any square integrable function.

In particular, of for any & > 0 we consider the averaged values

$

F(tt)dt = i%—(xt

,f)
with Xé, the characteristic function of the interval [t-6,t+6].
t

Similarly, consider

L[t 1 8
96(t$xsy) = "2‘3 J 9((t'“x)/Y)dt' = ’2‘8’ (LgXt

t-é

) (x,v)3

then (2.34) is replaced by

ra(t) = g2 [ hxan ™2 gyl nylansy . (2.38)

Similar results hold for (2.35) to (2.37).

e)_gg-Transform of Shifted and Dilated Functions:

We have
(Lthof)(x,y) - C;l/Z(Tnyg,Ttof)=C;l/2(Tx~toDyg,f) = (Lgf)(x-to’y)’(to €R).

(2.39)



If the graph of the function f is shifted, say, to the right,
the function Lgf is shifted by the same amount along the x-axis in
the x,y-plane.

For dilations, we have
(L™ (xy) = ¢/ 2(T0Yg,0%) = c M2 (145 g, 1)

=(Lgf)(x/z,y/z) (xeR, yeR, y+0, z€R,z+ 0).
(2.40)

If the function f s, say, raised by an octave (z = 1/2), then
the values of the function L f are pulled in by a similarity trans-
form which halves all the vectors of the x,y-plane.

f) Rg—Transform of Shifted and Dilated Functions:

If f 1is shifted, we have

(RTH)(x,y) = ¢ 2(g, 70T )

i C;l/z(g,TX+yt DY f) = (RSF) (x4yt,y) (2.41)

If f dis dilated, we obtain
(R, D2 £)(x,y) = c;l/z(g,Tx Y pZ f) = (RF)(x,y2) - (2.42)

If the function f 1is raised by an octave, then Rgf is spread
out along the direction of the y-axis, by a factor of two.

A1l these transformations are unitary, i.e. do not change the
L . 2 dxdy _
total energy, which is proportional to ffl(Lgf)(x,y)l =

y2
III(Rgf)(x,y)l2 %?%X

g) The Function pg and Reproducing Equations

The function p_, defined in Section 1.7 for an arbitrary group
and any square integrable representation, is now
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b (x,y) = - (X 0¥g,q) =—-1-—|yr“2[‘§(kﬁ>g(t)dt -
g C C Yy
g g
- & (€7 oM,y = Ly | e gl . (2.93)
g g

For y =1, one has

(- L[ dex a2
b (x,1) = -Czj S(t-x)g(t)dt = Egj ! 15012 du . (2.44)

Then: A function &(x,y) € L2

and only if it satisfies, for every x,y, the equation

(G, 9?%1) is in the range of Lg if

o (X, Xy ey Gudy
o06y) = [[p 55, 30 olxy) B9 (2.45)

This follows from (1.8) and (2.3).

A function VY(x,y) € LZ(G, %%%1) is in the range of Rg if and
only if it satisfies, for every x,y, the equation

viy) = [[ogEHEYE L) e,y SCAC (2.46)

This follows from (1.9) and (2.4).

2.5 Cycle-Octave Transform:

In view of the property (2.42) (behaviour of Rgf under dilations
of f ), it is natural to work with the logarithm of the dilation para-
meter. We choose base 2 for convenience in numerical implementation,
and by analogy with the terminology of music.

The notations and assumptions being as above, associate to
f € L2(R,dt) the pair of functions

(Ré+)f)(v,u) = (Rgf)(-v,Zu) (2.47)



(Ré‘)f)(v,u) = (Rgf)(v,-Z“) (2.48)

(veER, ueR) .

The pair R;f,Réf is called the cycle-octave transform of f
with respect to g.

If f and g contain only positive frequencies, then R;f
vanishes identically.

Suppose now that f 1is raised by an octave. Then R;f is shifted
upward by 1 :

R 012y (v.u) = (R

g f)(v,u-1) . (2.49)

+
g

The =-sign in the first argument of (2.47) has no intrinsic sig-
nificance; it has been chosen to give customary behaviour under shifts
of f .

An important property of the cycle-octave transform is related to
the problem of storing only the values of the transform at a discrete
set of points and reconstructing the original function from these
values. It turns out that the appropriate discrete sets are best des-
cribed in the cycle-octave parametrization. These matters will be dis-

cussed elsewhere. N L
3)\ &f\. lui .-
M

2.6 Support and Concentration Properties:

a) Dilation Parameter

Under suitable assumptions on f and g, the functions (Lgf)(x,y)

and (Rgf)(x,y) are non-negligible only in certain domains of the cut
X,y-plane.

We consider first the limitations on the dilation parameter y.
Fix Yo * 0. From the last equation (2.29) and (2.31), one can obtain
the integral of |Lgf(x,y0)|2 and of I(Rgf)(x,y0)12 along the hori-

zontal line y = Yo °



j((Lgf)(x,yo)lz dx = %S Iyolj@(y W) 12 1F ()12 du (2.52)

jl(:zgf)(x,yo)lzdx= 2n

J u_;(—y—‘“—)a2 1F(w) 1 2dw (2.53)

In concrete applications, the function § 3. c«plicitly known
(compare Section 2.5), and so "a priori” bounds on f can be translated
into estimates of the quantities (2.52) and (2.53).

We shall consider here only the extreme case where f and §
have compact supports. The results below can be exteaded with the help
of bounds in Section 1.10.

Proposition: Assume that §(w) vanishes outside the compact set
K§ which does not contain the point w = 0. Assume similarly that ¥
vanishes outside the compact set K? which does not contain the point

w=0. Then (L f)(x,yo) vanishes for every x, if Yo is outside
the compact set Kg/K? (the set of all ratios w/w' with wEZK§ and

w' € K; ) . Similarly, (Rgf)(x,yo) vanishes for all x, if Yo s
outside the compact set K?/Kg.

Expressed simpler:

If (Lgf)(x,y) is to be different from zero, the dilation para-
meter y must be a ratio of a frequency occurring in g and of a
frequency occurring in f.

If (Rgf)(x,y) is to be different from zero, the dilation para-
meter y must be a ratio of a frequency occurring in f and of a

frequency occurring in g.

b) Shift Paramter

Consider now the opposite case, and assume that f and g have
compact support. The corresponding limitation on the shift parameter
can be read from (2.30) and (2.32):

Assume that g*(t) = g(-t) vanishes outside the compact set
Kg*, and that f(t) vanishes outside the compact set Ke . Then



(Lgf)(x,y) vanishes if x is outside the compact set Kf-+ng*, and

(R_f)(x,¥) vanishes if x is outside the compact set -yK

g -yK f+K

Figx= g
The support properties just described become concentration esti-
mates under more general assumptions on f and g.

A~
3. VOICE DECOMPOSITIONS Aol
X
3.1 Strengthened Admissibility Conditions
We consider now "analyzing wavelets" g such that
1 2

g€ L"(R,dt) n L°(R,dt) (3.1)
and that

g€ (R\JO} ) n L2(Rr\{0}, ll ). (3.2)

’ T—T

The requirements g € Lz(ﬂl,dt) and § € L2(IR\iO}, %%T) ensure
that g 1is admissible in the sense of Section 2.3. The condition
g € Ll(ﬂi\{O}, ?wl) enables us to define the number

Jfﬁ—— duo (3.3)

which will play an important role in this section. Notice that kg is,
1n general, not equal to the multiple of the norm of g in

L (RR\{0}; 5Eg~), namely V271 fﬁg————-dm This is the case if §(w)
is positive.

From now on, we shall assume that g satisfies (3.1), (3.2) and
that k_# 0.
g



3.2 _!9 - Transform:

a) Definition: For any f € L2

(IR,dt) define ng as the func-
tion of two variables

(V) (6 = = 7 st hfena )

(t € R, y € R\{0}) .

&

The function ng will be called the>«M
pect to g) .

Ay

nsform-of f (with res-

b) Comparison with the Lg-—transform: For every f € LZ(H%,dt)
one has
Ve, o
(v ) (Ey) =2y 2L ) () (3.5)

g

This is seen immediately, by comparing (3.5) and (2.29). The same
comparison shows that (ng)(t,y) is also

(V) (55) = [ €™ Fluy F(w)do (3.6)
g

(t € R, y € R\{0}).

c) An isometry property: From (3.5) and (2.33) one sees that

k2 |
2 __af 2 dtdy
el %, IV e 1575 (3.7)

3.3 Voice Decomposition Formula

a) Statement

The reason for introducing V f 1is an extremely simple formula

which allows to reconstitute f from V f, and to decompose f into

. . C s ' 9 ...
contributions from disjoint ranges of the dilation parameter. Such
contributions will be called voices; they merge to recreate: f by

25
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addition. We shall see that, in the terminology of music, a voice has
some concentration properties but no sharp cut-off in frequency.

The advertized formula is

fe) = | (v h ) & (3.8)

with suitable definition of convergence.

b) Derivation of the formula

i) Consider first (V f)(t,y) as a function of t, for fixed
y # 0. The definition (3.4? can be written as a convolution:

(VP () = g 1 e (0Ygm) s (3.9)
g

. * - 1 .
with g (t) = g(-t) . By (2.10) and by g € L*(R,dt), if f € LP(R,dt),
it follows that (ng)(-,y) € LP(R,dt) (1<p<e). In particular,
fe L2(H2,dt) gives (ng)(-,y) € Lz(ll,dt). In (3.9), one can then
take the Fourier transform with respect to t. Defining

(Vg™ ) = (em V2 [y ) (et (3.10)
and using FDY = Dl/yF , one obtains, by (2.11)

(VgF (@) = Y Gly)F () (3-11)
g

for almost every w .

ii) One has to notice now that the integral

Jaw%ﬂ. (3.12)

is independent of w. This can be verified directly or deduced from
the fact that -9¥ s the invariant measure for the (one-parameter,

two connected components) group of dilations with 1nveq§ion. Consequent-
ly (3.12) is equal to its value at w = 1, which is Vé% by (3.3).



One obtains then, by multiplying (3.11) with lyl'l and integrating
with respect to y,

f) = [ (g0 ) (3.13)
The assertion (3.8) is, formally, the inverse Fourier transform

of (3.13). The convergence of (3.8) will be discussed elsewhere.
g —

3.4 Relationship Between Band-Limited and Voice Limited Approximations

By (3.6) or (3.11), one has

Jl(vgf)(t,y)lg it = W‘z{‘-f jflg(mynz F(0) 12 do (3.14)

which shows (as in Section 2.6), that (ng)(t,y) is non-negligible

only if the dilation parameter connects the support of § and the sup-
port of f.

We consider now a compact domain Y < R\{0} of the dilation
parameter and ask how well f is approximated by

) = [ ney &

T (3.15)
Y

One starts again from (3.11). Integration over the compact set Y

gives
[g @yt - Fw) = rywi) (3.16)
Y
where
- V2T | = d
rylw) =1 - -,;—g"’-’-l g(wy) TyL. (3.17)

depends only on g. For any fixed w, rY(w) tends to zero as Y
grows toward IR\{0} . This convergence is uniform on compact subsets



of the w-axis.

- Let now QQ be a compact subset of the w-axis. The band limited
approximation f° of f € LZ(IR,dt) is defined as

Ft) = (2n)"1/2 J 't Fu)dw . (3.18)

Q

If Y s a compact subset of IR\{0} (the range of the dilation
parameter) then the voice limited approximation fY of f € LZ(IR,dt)
is defined as

F (1) = i (v ) () 2% (3.19)

Equation (3.16) gives then

. Q Q

iy - £ < 1 supIrY(w)l < Ufil sup IrY(m)I (3.20)
weS 3y

where rY(w) is defined by (3.17). For given g, the function rY(w)
is explicitly known and so (3.20) gives us control over the approxi-

mation of f by fY.

3.5 Examples

We shall now briefly describe some families of admissible wavelets.

a) Linear combinations of shifted and dilated gaussians.

The gaussian

() = exp(-55) (3.21)

is not admissible, since ﬁo(w) £ 0. It is easy, however, to construct
admissible Tinear combinations of shifted and dilated gaussians.

Let ¢,s,a,b be real, with a # 0. Define

h(9,5,a,b) = e 0% h_ . (3.22)



i.e.
h(@,5,2,b3t) = ol (OFO(E=8)/a) 1 -1/2y (Los)
Then
T*h(@,s,a,b) = h(®,s+x,a,b)
p'h(@,5,2,b) = h(@,sy,ay,b)
E%h(p,s,a,b) = h(p+zs,s,a,az+b)
-h_(go,s,a,b) = h(-QD,S,a,"b)
- sb b1 _s
(Fh)(@35:asb)- h("p' a *a’ a° a)
= !® ¢S D1/a Tb ho
i.e. h(9,s,a,bjw) = el® o-isw lall/2 ho(mu-b) .

(3.23)

(3.24)

(3.25)
(3.26)
(3.27)

(3.28)

(3.29)

The linear span of the functions h(0,s,a,b) is an algebra with-

respect to pointwise and convolution product. One has
h(@y,515275b75t) h(@y,5,,8,,b,5t) =

_ 1 (51— Sa

(a3+a) " O Vafval

) h{w,s,a,b;t)

with
a =V;EEE__ j.e. 1 1 1
2 2 e iy ey
agtaz a?  aj a3
2 2
_ sqa5+s,a} s?  si . s3
s = ——=— 1.e. =3 = —5 + =5
2 4 32 a a3 a3
a‘l 2
b:—-——__—_—_b1a2+b2a1 i.e 222_1__'_9_2_
CYEwYy a a a
\/a1+a2 1 2

(3.30)

(3.31)

(3.32)

(3.33)
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and

©=@ e+ -0 Sma (3.34)

The inner product of h(l) = h(0,s,.a;,by) and h(2) =h(0,5,,3,,b,)
is
1/2 2 2 .
(h(1),h(2) = VZ7 _gi__g_é__z_z exp( - (54-52) +(bzas-bsa)y ) eTw
ah+ad S 2(ad + a3)
(3.35)
with
w = (51"52)(61b1+a2b2) . (3.36)
a% + a}

In particular,

52+ b2

. 1/2
b 241
(h(O,s,a,b),ho) = VT e'd s/(a%+1) .a_:Ti.l exp (-~ 572743 ). (3.37)

A Tlinear combination

g =2 ¢, h(0,s ,a,b) (3.38)

" ondlich

is admissible if and only if

h (b)=0. (3.39)

The above formulas allow a discussion of the reproducing kernel

and of other quantities of interest.



b) The wavelets h(b)

Define h(t) = exp(-t2/2) , and hy(t) = tho(t) . Then Fn_ = h

and Fh1 = -1h1.

O’

For any b # 0., define h(b) as

h(b) = bE%h + 1 E%h, (3.40)
. .\ ibt -t2/2
j.e. h(b;t) = (b+it) e e . (3.41)
R b . .
Then Fh(b) = bT h, * Thy, which gives
h(bsw) = wh (w-b) . (3.42)
Consequently the wavelet h(b) is admissible.
The maximum of h(b;w), if b >0, is attained at
wb = (bs2) + V(B/2)ZFT . (3.43)

max

The value of cb and of kb:

We have
Iy . 2 _h2
¢, = 2m J lh‘giw 12 dw = 2b VT erf(b) + 2me b (3.44)
- lh(b;w) | - b
~ m[-—(—-l—m o = 2r erf (35) . (3.45)

X

-2
where erf(x) = J e dt .
0

A



