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Summary. We presenta new “secondgeneration”reconstructionalgorithm for ir-
regular sampling, i.e. for the problem of recoveringa band-limited function from
its non-uniformlysampledvalues.The efficient new methodis a combinationof the
adaptiveweightsmethodwhich was developedby the two first namedauthorsand
the methodof conjugategradientsfor the solutionof positivedefinitelinear systems.
Thechoiceof ”adaptiveweights”canbeseenasa simplebut very efficient methodof
preconditioning.Furthersubstantialaccelerationis achievedby utilizing theToeplitz-
typestructureof thesystemmatrix.This newalgorithmcanhandleproblemsof much
largerdimensionandconditionnumberthanhavebeenaccessiblesofar. Furthermore,
if somegapsbetweensamplesarelarge,thenthealgorithmcanstill beusedasa very
efficient extrapolationmethodacrossthe gaps.

MathematicsSubjectClassification(1991): 42A15,65D05,65D10,65F10

1. Intr oduction

Oneof theprincipalproblemsin signalanalysisis thereconstructionor approximation
of a signalfrom its discretesamples.In manypracticalconsiderationsonemaysafely
assumesomemaximal frequencyin the signal.Onemay thusconsiderthe sampling
problemfor band-limitedfunctions.In the ideal caseof equally spacedsamplesthe
reconstructionis routineandcanbecarriedoutexplicitly by oneof themanyvariations
of the Shannon-Whittaker-Kotel’nikovsamplingtheorem[6, 26, 33].

However, in many applications,for instancein astronomy,seismology,tomog-
raphy and physics,one is forced to samplesignalsat nonuniformly spacedpoints.
This problemhasreceivedmuch attentionin the pastyears,see[2, 14–16,18, 31]
for history and references.But despitean abundanceof work on the irregular sam-
pling problem — [30] lists about 300 references— its numericaland algorithmic
�
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aspectshavebeenneglectedso far. Simple iterative algorithmshavebeenproposed
in [2, 13, 18, 21, 22, 32, 35, 40, 41]. Thesealgorithmsseemto work decentlyfor
well-conditionedproblemsand for small datasets,but becomeslow and expensive
for morecomplicatedandmorerealisticproblems.A comparisonof the performance
of the “first generation”of reconstructionalgorithmscanbe found in [12, 18].

In thepresentpaperwe introducea new“superfast”algorithmfor the reconstruc-
tion of band-limitedsignalsfrom irregular samples.This algorithm is iterative and
cuts the numberof iterationsto achievea given accuracyby an orderof magnitude
whencomparedwith the simple iterationschemes.We will substantiatetheseclaims
by both theoreticalestimatesandby the resultsof numericalsimulations.

Theproblem

Let � be a band-limitedsignalof finite energy, i.e.�
� �

� � (� ) � 2 	 ��

� andsuppˆ��� [ ������� ](1)

for some��� 0, andsupposethat thevalues� (��� ) areknownat a biinfinite sampling
sequence��������� � 1 
�����
���� +1 ����� with lim � �"! � �#� = � . Then the questionis
whether� is uniquelydeterminedby its samples;if yes,how canit bereconstructed?
Is this reconstructionstableand how can error estimatesbe obtained?This is an
infinite-dimensionalproblem and has beentreatedin many variationsand through
manyapproaches.See[2, 15, 14] for recentcontributionsandreferences.

For the problemto be accessiblefor numericalsolution,we first haveto create
a finite-dimensionalmodel. For the discretetheory usedbelow we follow [22]. A
discretesignal of length $ is a finite sequence( % (0)��% (1)����������% ( $&� 1)) ')(+* . Its, 2-norm (the squareroot of the signalenergy) is

- % - =
* � 1

� =0

� % (. )
� 2

1/ 2

�(2)

With the help of the unitary discreteFourier transform

ˆ% ( 0 ) =
11 $

* � 1

� =0

% (. )e
� 22 i 3 � / * 0 = 0����������$4� 1(3)

we candefinediscreteband-limitedsignalsof bandwidth 56
7$98 2 asfollows:
:<;

= %='>( * �
ˆ% ( 0 ) = 0 for

� 0 mod ( $ )
� �75(4)

Hereandthroughoutthepaperwe extendfinite sequencesin ( * to infinite sequences
of period $ by % (. + ?@$ ) = % (. ) and ˆ% ( 0 + ?A$ ) = ˆ% ( 0 ) for .+��0 = 0����������$B� 1��?C'ED ,
so that % (. ) and ˆ% ( 0 ) makesensefor all .+��0F'GD .

The discreteirregularsamplingproblemcannow be formulatedin the following
way: given a subsequence0 HI. 1 
J�����K
L.NMFHO$P� 1 and the samples% (.NQ ) ��R =
1����������S of a discreteband-limitedsignal %T' :<;

, when can % be reconstructed?
The theoreticalanswerbeing trivial (one just hasto haveenoughsamplingpoints),
the realquestionis how can % bereconstructedfastandefficiently? Sincethenumber
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of samplesS is often of the order SFU 103 � 106, this leadsto large systemsof linear
equationswhich certainlycannotbe solveddirectly.

The numericalaspectsof this problemhavenot yet beenexploredsatisfactorily.
The iterative algorithmsthat have beenproposedin the engineeringliterature [30,
32, 35, 40, 41] seemto work adequatelyonly for small dimensions,but in realistic
problemstheir performanceis by no meansconclusive.In large problemsmost of
theseare rather slow and they also lack robustness,for instancewith respectto
irregularitiesin the samplingset.

Before we proceedto the deductionand presentationof a new “superfast” al-
gorithm, let us give a different and more convenientinterpretationof the irregular
samplingproblemfor discretesignals.Sincefor %V' : ;

we have

% (. ) =
11 $

;

3 = � ;
ˆ% ( 0 )e22 i 3 � / * �(5)

a discretesignalof length $ andbandwidth 5 canbe interpretedas the restriction
of a trigonometricpolynomial of period 1 and degree5 to an arithmeticsequence
in [0 � 1). More precisely,if %V' :<;

is given by (5) and

W (� ) =
11 $

;

3 = � ;
ˆ% ( 0 )e22 i 3�X(6)

then % (. ) = W ( �* ) ��. = 0����������$I� 1. Theoriginal questionnow turnsinto theproblem
how to reconstructW from its samplesW (

�ZY
* ) ��R = 1���������[S . From this point of view

it is completely irrelevant that the samplingsequence
�\Y
* is a subsequenceof an

arithmetic progression.For the remainderof the paper we considerthereforethe
25 + 1-dimensionalspace

]";
= W � W (� ) =

;

3 = � ;L^ 3 e22 i 3�X(7)

of all trigonometricpolynomialsof degree5 and period 1. The problemdiscussed
in this papercannow beformulatedasfollows: Givena samplingsequence0 H_� 1 
� 2 
B�����`
a��MV
 1, we askhow W ' ]b;

canbereconstructedfrom its sampledvaluesW (��Q ).
It shouldbe notedthat this problemdiffers from the trigonometricinterpolation

which asksto find a trigonometricpolynomialof appropriate degreewhich interpo-
latesthegivendata(��Qc��dZQ ) ��R = 1����������Se� in thesensethat W (��Q ) = dZQ . Thereareseveral
explicit interpolationproceduresknown,see[44] andalsoefficient algorithms[4, 34].
However,numericallythesemethodsseemto be fairly unstable.

In practicean upperboundfor the degreeof W is known asa consequenceof the
band-limitednessandoneavoidsthebadconditioningby oversampling,i.e.,collecting
moredatathannecessaryfor uniqueness.If dataarenoisy the interpolationof W may
no longerbe possible,but in this casea leastsquareapproximationproblemcanbe
solved.

In thesequelwe will give explicit estimateswhich indicatehow a higheroversam-
pling rate(maximalgapsizedividedby Nyquist rate)improvestheconditionnumber
of the reconstructionproblem.
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2. Uniquenessand a primitive reconstruction algorithm

In the following sectionswe presentthe differentelementsnecessaryfor an efficient
reconstructionalgorithm. The optimal methodthen resultsas a combinationof the
variousconsiderations.

Wefirst discusstheprincipalsolvabilityof thereconstructionproblemandindicate
variousmethodsof reconstruction,cf. also[13].

Lemma 1. Let 0 HJ� 1 
f�����g
&��M>
 1 be S arbitrary distinct samplingpoints in
[0 � 1) and W ' ]";

. ThenW is uniquelydeterminedby its S samplesW (��Q ) if andonly ifSFh 25 + 1. In this casethere existtwo constants0 
7iIHLj so that

i 1

0

� W (� ) � 2 	 �kH
M
Q =1

� W (��Q ) � 2 H7j 1

0

� W (� ) � 2 	 �(8)

Proof. This is of coursewell known and relies on the fact that ei
;Fl W (m ) is the

restrictionof a complexpolynomial of order 25 to the circle npo>'
( :
� o � = 1q .

Thusany 25 + 1 distinct pointsdetermineW completely.The existenceof i and j
then follows from the observationthat the map W ' ]b;sr

(W (��Q )) Q =1 �utut tu� MT'B( M is
one-to-oneandthus invertible on its range. vw
The equivalenceof the norms in (8) can be exploited in severalways to obtain a
reconstructionalgorithm.Let x ;

denotethe Dirichlet kernel

x ;
(� ) =

;

3 = � ;
e22 i 3�X =

sin( 5 + 1
2)2yC�

sin yC�(9)

andobservethat

W (� ) =
1

0

W (z ) x ;
(�{�|z ) 	 z = } W ��x ;

( �e�|� ) ~��(10)

Definethe frameoperator � [11, 43] by

� W (� ) =

M
Q =1

W (��Q ) x ;
(�{�G��Q ) �(11)

Following Duffin andSchaeffer [11] we obtain the following simple iterativerecon-
structionalgorithm.

Lemma 2. Fix 5�'T� andsupposeSFh 25 +1 and ��
 1� , where j is theconstant
in (8). Defineiteratively W 0 = 0,

W � = W � � 1 + ��� (W � W � � 1) �(12)

Thenlim � � � W � = W for W ' ]";
and

- W � W � - 2 H_� � - W - 2(13)

where � = maxn � 1 �E��i � � � 1 �>��j � q=
 1. Since� W dependsonly on thesamplesW (��Q ),
this is indeeda reconstructionfromthesamplesonly.
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Proof. [11, 24, 39, 42, 43] Since }c� W � W ~ =
MQ =1

� W (��Q ) � 2 by (10) and (11), � is a
positiveoperatoron

]";
andthus invertible.By (8) oneobtains

(1 ����j )
- W - 2

2 HB} (� 	 ����� )W � W ~{H (1 ����i )
- W - 2

2(14)

andconsequently- W � W � - 2 =
-
(� 	 ����� )(W � W � � 1)

-
2 H_� - W � W � � 1

-
2 HL������H_� � - W - 2 ��vw

In termsof linear algebrathis is the Richardsoniteration for � W = � with � given,
andit comeswith all its advantagesanddisadvantages[25, 24, 42].

The frame algorithm or Richardsoniteration of Lemma2 yields decentconver-
genceonly if

– explicit estimatesfor the constantsi and j canbe derived,andfurthermore
– the optimal convergencefactor

� ����
+� for the Richardsoniterationis small.For a

convergenceanalysissee[39, 42].

For theirregularsamplingproblemtheseconditionsarerarelysatisfied.It is a hard
problemto deriveexplicit acceptableestimatesof theconstantsin (8), let alonegood
estimates.Also, if S�U 25 +1 andthesamplingpointsaredistributedvery irregularly,
thenevenfor low dimensionalproblems,S = 25, say, the conditionnumberscanbe
of the order1012 � 1015. In fact, clustersin the samplingfamily imply that the upper
framebound j will be very large,whereasa singlelarger gapimplies that the lower
framebound i is going to be very small.

Although it is a generalexperienceof numericalanalyststhat the Richardson
iterationshouldnot be used,the simplealgorithmof Lemma2 is very muchin favor
in thesignalanalysiscommunity[30, 32, 40] andevenamongmathematicians[2, 18].
The reasonswhy it is still in useareprobablyits simplicity andthe closerelationof
the algorithmof Lemma2 to the Shannon-Whittaker-Kotel’nikovsamplingtheorem.
Its discreteversionis the reconstructionformula

W (� ) =
1
$

* � 1

3 =0

W 0
$ x ; �{� 0

$(15)

for W ' ]";
andany $�� 25 [33]. We seethat the frameoperator(11) mimics the

“cardinal series” in (15) literally with the regularsamples 3* being replacedby the
irregularsamplesat ��Q .

We canwrite the algorithmof Lemma2 in termsof matrices.Let i be the SF�"S
matrix with entries

i�� 3 = x ;
(�����G� 3 ) =

sin( 5 + 1
2)2y (�����G� 3 )

sin y (�����G� 3 )
(16)

andlet � ( � ) '>( M be the vectordeterminedby W � (� ) =
MQ =1 � ( � )Q x ;

(�{�G� Q ). Then

� (� ) = � ( � � 1) + ��� (0) ����i{� ( � � 1) �(17)

where � (0)Q = W (��Q ) ��R = 1����������S , is just the input. Thenby Lemma2 � (� ) convergesto�T'>( M and W (� ) =
MQ =1 ��Qcx ;

(�{�|��Q ).
This implementationis rather clumsy becausei is a full matrix and because

the dimensionof the problemgrows with the numberof samplingpoints – a quite
unnaturalfeature.



428 H.G. Feichtingeret al.

3. Reformulation as a Toeplitz system

To make the dimensionindependentof the numberof samples— after all we are
dealing with a problem in the 25 + 1-dimensionalspace

]b;
— we look at the

action of � on the coefficients of trigonometricpolynomialsas in [22]. Let W (� ) =;
3 = � ; ^ 3 e22 i 3�X ' ]";

with coefficientsa = ( ^ 3 )
;
3 = � ; '>( 2

;
+1. Then

� W (� ) =

M
� =1

W (��� ) x ;
(�{�G��� ) =

M
� =1

;

3 = � ;
;

�
= � ;L^ 3 e22 i 3�X@� e22 i

� X e� 22 i
� X@�

=

;
�
= � ;

;

3 = � ;
M
� =1

e
� 22 i(

� � 3 )X@� ^ 3 e22 i
� X �(18)

Thuslet � be the (25 + 1) � (25 + 1) Toeplitz matrix with entries

� � 3 = � � � 3 =

M
� =1

e
� 22 i(

� � 3 ) X@� for
� ? � � � 0 � HL5��(19)

Then the coefficientsof the trigonometricpolynomials � W ' ]b;
are � a. Lemma2

could now be rewritten in the following form.

Lemma 3. Let W (� ) =
;
3 = � ; ^ 3 e22 i 3�X ' ]";

with coefficientsa = ( ^ 3 )
;
3 = � ; '

( 2
;

+1 and let 0 H�� 1 
�������
���M�
 1 be an arbitrary samplingsequence,withSFh 25 + 1. Let b ')( 2
;

+1 bedefinedby

� 3 =

M
� =1

W (��� )e� 22 i 3�X@� for
� 0 � HL5��(20)

Thenfor � smallenough,the iteration a(0) = 0,

a( 3 ) = a( 3 � 1) ����� a(3 � 1) + � b 0Fh 1(21)

convergesto a 'I( 2
;

+1. As a(1) = � b requiresonly knowledgeof the samplesof W ,
this is a reconstructionof W .

This is just a reformulationof Lemma2 by meansof (18) and(19) and

� W (� ) =

;

3 = � ;
M
� =1

W (��� )e� 22 i 3�X@� e22 i 3�X �(22)

We canevenobtaina muchsimplerreconstructionof W .

Lemma 4. Let W (��� ) ��� = 1����������S , be the samplesof W ' ]";
with SGh 25 + 1 and

let b = (
� 3 ) � 3 �u� ; bedefinedas in (20). Compute

a = � � 1b '>( 2
;

+1 �(23)

then W (� ) =
;
3 = � ; ^ 3 e22 i 3�X ' ]b;

.
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Proof. This is clear from (21), sincewe obtain � a = b as a( 3 ) convergesto a. The
invertibility andpositivity of � is alreadypart of Lemma1, because

}[� W � W ~¡  2(0 � 1) = }¢� a� a~¡£ 2 ¤ +1 vw(24)

Remarks. AlthoughLemma3 and4 arejust reformulationsof theusualreconstruction
algorithm,we havealreadyobtaineda muchbettermethod.

(a) The dimensionof the problemis now 25 + 1 andit dependsonly on thesize
of thespectrumandis independentof the numberof samples.

(b) We havegainedsomeadditionalstructure.Insteadof storing S 2 8 2 entriesofi (16) which arenon-zeroanddistinct in general,we haveto storeonly the 25 + 1
entries

� 03 =

M
� =1

e22 i 3�X@� 0 = 0� 1��������� 25��(25)

(c) The matrix � of equation(19) is a Toeplitz matrix for any spectrumof the
form [ 5 1 ��5 2].

(d) There is a large repertoryof Toeplitz solversat our disposal[1, 36, 37, 3,
10] which can solve (23) with only ¥ ( 5 2) �¦¥ ( 5 log2 5 ) or even ¥ ( 5 log 5 )
operations.Dependingon the sizeof 5 and the requiredprecisiononemay choose
either

(I) direct methodsfor the completeinversionof � , or
(II) iterativemethodsfor an approximationof � � 1.

4. The adaptive weights method and estimatesof the condition number

Although we would obtaindecentreconstructionsby meansof Lemma4 andappro-
priateToeplitz solvers,the reconstructionscanbe further improvedby the so-called
adaptiveweightsmethod. This methodis alsomoresatisfactoryin theorybecauseit
improvesthe conditionnumber of the irregular samplingproblem,providesexplicit
estimatesfor the rate of convergencedependingonly on the maximal gap size,and
thereforegivesusefulstoppingcriteria.

The following statementhasbeenderivedin [22].

Proposition 1. Supposethat 0 H_� 1 
7��������M=
 1 anddefinethemaximalgap § as

§ := max(��Q +1 �|��Q ) 
 1
25(26)

where weset � 0 = ��M�� 1 and ��M +1 = � 1 + 1. Then

(1 � 2§p5 )2 - W - 2
2 H

M
Q =1

� W (��Q ) � 2 ��Q +1 �|��Q � 1

2
H (1 + 2§p5 )2 - W - 2

2(27)

holdsfor all W ' ] ;
.

Insteadof repeatingtheproof of [22] we commenton therationaleof theweights¨ Q = 1
2(��Q +1 �E��Q � 1). They help to keepthe conditionnumberlow in the presenceof

clustersin the samplingset.
To understandthe effect assumethat there are many samplingpoints in some

subinterval� of [0 � 1). Thentheupperbound j in (8) increases,roughlyproportional
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to thenumberof samples,whereasthe lower boundis virtually unaffected– just take
a polynomialwhoseenergy is most “concentrated”outside� . Then the convergence
factor

� �`�� +
� U 1 � 2�� is almost1 and the frame algorithm of Lemma2 converges

extremelyslow.
On the otherhand,usingthe weightedframeoperator

��© W (� ) =

M
Q =1

W (��Q )̈ Q[x ;
(�+�|��Q )(28)

andthe modifiediteration W 0 = 0 and

W � = W � � 1 + � opt ��© (W � W � � 1)(29)

with � opt = 1
1+4ª 2

;
2 leadsto the explicit error estimates

- W � W � - 2 H 4§p5
1 + 4§ 2 5 2

� - W -
2(30)

with convergencefactor � = 4§p5�� opt 
 1.
Thus the rateof convergenceis independentof clusteringeffectsof the samples

and dependsessentiallyonly on the maximal gap betweenthe samples.The useof
weights̈ Q compensatesthe local variationsin thesamplingdensity.If we repeatthe
computationin (18) with the weightedoperator��© in placeof � , we areleadto the
Toeplitz matrix �«© with the entries

(�«© ) � 3 = (�«© ) � � 3 =

M
� =1

¨ � e� 22 i(
� � 3 )X � for

� ? � � � 0 � HL5��(31)

The improvedandquantifiedversionof Lemma4 now readsasfollows.

Proposition 2. Supposethat §�
 1
2
; . Let W (��Q ) be S samplesof someW ' ]b;

. Set
b '>( 2

;
+1 with entries

� 3 =

M
� =1

W (��� )̈ � e� 22 i 3�X@� for
� 0 � HL5��(32)

andcalculatea = � � 1© b. ThenW (� ) =
;
3 = � ; ^ 3 e22 i 3�X is thedesiredreconstructionofW . Moreover,theconditionnumberof � © canbeestimatedby

cond �«©aH 1 + 2§p5
1 � 2§p5

2

�(33)

Remarks. 1. The estimate(33) shows clearly how oversampling,in other words,
more information,improvestheconditionnumber of the problem.For instance,with
twofold oversampling,i.e. § = 1

4
; , cond �«©�H 9 holdsuniformly over all sampling

configurationswith maximalgapof length 1
4
; .

For samplingsequencesthat do not satisfy condition (26) on the maximal gap
size we do not know any estimatesfor the condition number.Numerically we have
observedthat the problemremainswell-conditionedif larger gapsare compensated
by an increasednumberof samplingpointsin otherregions.However,if S�U 25 + 1
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andif largegapsoccurin thesamplingset,thentheproblemis usuallyill-conditioned
andconditionnumbersas large as1014 may occur.

2. Oncethecoefficientsa of the trigonometricpolynomial W areknown,its values
canbecomputedat anypoint � . In particular,W canbeevaluatedon any grid n¬.{8�$ :. = 0��������$�� 1q by FFT. All our plots of reconstructionshavebeenobtainedin this
way.

3. By Caratheodory’stheorem[20] everypositivedefiniteToeplitz matrix � can
be written as

� � 3 =

M
� =1

¨ � e22 i(
� � 3 )X­�

for someuniquely determinedsequencë �®� 0 and ����' [0 � 1). From this point of
view theuseof theweights̈ � servesto minimizetheconditionnumberof a Toeplitz
matrix with nodes0 H¯� 1 
������°
±��Mb
 1. Although we do not havea formal proof
that the particularchoiceof weightsin (27) is optimal, we havebeenable to verify
this claim numericallyfor a large numberof examples.See[18] for an illustration of
this effect.

5. Acceleration of iterative algorithms

Up to this point we have analyzedonly the mathematicalstructureof the discrete
irregular samplingproblemwithout any effort to producea numericallyefficient al-
gorithm. Obviously the simpleRichardsoniterationof Lemma2 and3 sufficesonly
for small and well-conditionedproblems.In our experiencedatasizes SaU 50 and
considerableoversamplingcan be handledwell with the simple iteration scheme.
However, in this casethe direct solution of the Toeplitz system(33) can be easily
performedanditerativemethodsarenot needed.

In interestingapplicationstheamountof dataS is muchlarger,typically SFU 103 �
106, andthesamplingtakesplacecloseto thecritical density,i.e. S�U 25 +1 or §=U

1
2
; . An improvementof the Richardsoniteration is then indispensable.Fortunately,

in this problemall operators� and ��© (11), (28), and the Toeplitz matrices� and�«© (19), (31) are positive definite. Thus a large variety of acceleratedalgorithms
is applicable,see[25, 24, 39, 42]. Here we only discussthe variantsof conjugate
gradientiterationwhich is the mostpowerful andmostflexible accelerationmethod.
Moreover,it is particularlywell suitedfor the solutionof Toeplitz systems[36, 37].

Proposition 3. [24] Let i bea positivedefinite$7�g$ matrixwith smallesteigenvalue� and largesteigenvalue² . Let m 0 '>(+* bearbitrary, S 0 = � 0 =
� ��i{m 0. For .ah 1

set

m³� = m³� � 1 +
}¢S´� � 1 ����� � 1 ~
}ciV� � � 1 ��� � � 1 ~ �¬� � 1(34)

S´� = S´� � 1 � }¢S´� � 1 ����� � 1 ~
}ciV��� � 1 ����� � 1 ~ iµ�¬� � 1(35)

��� = S´�®� }¢S´����iV�¬� � 1 ~
}ciµ�¬� � 1 ���¬� � 1 ~ �¬� � 1(36)

Thenm³� convergesin at most $ iterationsto theexactsolutionof i{m =
�
. For ._
7$

theerror is at most
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- m��Gm³� - � H 2

1 ²E� 1 �1 ² +
1 �

� - m��Gm 0
- �(37)

where
- m - � = }¢m¶��i{m·~ 1/ 2 is the i -normof m .

Consequentlywe could accelerateeachof the simple iterationsof Lemma2, 3,
and(4) and(29) [23]. The immediateadvantagesare:

1. Improvementof the convergenceby an orderof magnitude.
2. If the error is measuredwith respectto the operatorused in the iteration

( �³����©+�[� , or �«© ), then the convergenceis optimal in the classof polynomialaccel-
erationalgorithms[24].

3. No additionalparameteris necessary.In contrastto the Richardsoniteration
the error estimate(37) doesnot dependon estimatesfor the spectrumof i . Bad
estimatesof the constantsin (8) make the simple Richardsoniteration notoriously
slow andinconvenient.This fact hasseriouslyhamperedits usein signalprocessing.
Comparetheremarkin [32]: “The mainproblemin choosinga [relaxationparameter]� is thatit cannotbedeterminedtheoretically,sincei and j arenotknown.Therefore
experimentalresultswill determinethe rangeof � .”

The combinationof the adaptiveweights method with the conjugategradient
accelerationprovidesanefficientmethodfor thereconstructionof band-limitedsignals
from non-uniformsamples[23]. A detaileddiscussionof this methodcan be found
in [38].

6. Superfast reconstruction fr om irr egular samples

By combiningthe reformulationof theoriginal problemasa Toeplitzsystemwith the
adaptiveweightsmethodandwith theconjugategradientacceleration, we arriveat a
fast andefficient reconstructionalgorithm.Becauseof its small storagerequirements
it is particularly well suitedfor large datasets.Furthermoreit also works well near
the critical samplingdensityandfor samplingsetswith large gaps.

Sincethis algorithmis a combinationof the adaptiveweightsmethod,conjugate
gradientaccelerationandthe useof Toeplitz matrices,we call it ACT algorithm.

Theorem 1 (and Algorithm). Let 5 be the sizeof the spectrumand let 0 H<� 1 
�����k
4��M>
 1 be an arbitrary sequenceof samplingpoints with S¸h 25 + 1. Set� 0 = ��Mk� 1����M +1 = � 1 + 1 and ¨ � = 1
2(�#� +1 �|��� � 1) andcompute

� 3 =

M
� =1

e
� 22 i 3�X@� ¨ � for 0 = 0� 1��������� 25��

TheassociatedToeplitzmatrix has(�«© )� 3 = � � � 3 for
� ? � � � 0 � H75 .

To reconstructa trigonometricpolynomialW ' ]b;
fromits samplesW (�#� ), compute

first

� 3 =

M
� =1

W (��� )̈ � e� 22 i 3�X@� for
� 0 � HL5��

andset S 0 = � 0 =
� '>( 2

;
+1 � ^ 0 = 0. Computeiteratively for ._h 1
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^ � = ^ � � 1 +
}¢S´� � 1 ���¬� � 1 ~

}¢�«©+�¬� � 1 ���¬� � 1 ~ �¬� � 1

S´� = S´� � 1 � }¢S´� � 1 ����� � 1 ~
}¢�«©���� � 1 ����� � 1 ~ �«©+�¬� � 1

and

�¬� = S´�®� }¢S´�����«©���� � 1 ~
}¢�«©���� � 1 ���¬� � 1 ~ ��� � 1 �

Then ^ � convergesin at most25 + 1 stepsto a vectora 'a( 2
;

+1 solving �«© a = b.
ThereconstructionW ' ]";

is thengivenby W (� ) =
;
3 = � ; ^ 3 e22 i 3�X .

If in addition §=
 1
2
; and W � (� ) =

;
3 = � ; ^ � � 3 e22 i 3�X ' ]b;

denotestheapproxi-
matingpolynomialafter . iterations,then

M
� =1

� W (��� ) � W � (��� ) � 2̈ �
1/ 2

H 2(2§´5 )
� M

� =1

� W (��� ) � 2̈ �
1/ 2

(38)

Sincewe havealreadydiscussedall stepsthat leadto this algorithm,we only need
to verify (38). Given W ' ]"; � W (� ) =

;
3 = � ; ^ 3 e22 i 3�X with a '>( 2

;
+1 and ��© asin

(28), we obtain M
� =1

� W (��� ) � 2̈ � = }c��© W � W ~ = }¢�«© ^ � ^ ~ =
- ^ - 2¹eº �

(38) follows from (37), since(27) implies

(1 � 2§p5 )2 HL�»HL²�H (1 + 2§p5 )2 �
Further discussion

1. The �«© or ��© -norm in (38) is the correctnorm to measurethe error. In contrast
to thepreviouserrorestimatesin the

-�¼e-
2-norm,(38) usesonly thegivendata to

comparethequality of the . -th iterationwith the initial data.We emphasizeonce
morethat without the useof weightsno estimateof the form (38) is known.

2. The ACT method can be applied to any given sampling set with sufficiently
manysamples.However,lacking knowledgeaboutthe spectrumof �«© , we can-
not predict the quality of the approximation.Under the additionalcondition on
the maximalgap length the error estimate(38) yields a guaranteed rateof con-
vergence.In generalthe CG accelerationis significantly fasterthan in (38), both
on accountof the fact that (1 ½ 2§p5 )2 are just estimatesfor the extremaof the
spectrumof �«© , andalsobecausethe convergencedependson the distributionof
the singularvaluesof �«© andnot just on the extremaoccurringin (37).

3. If we startwith data(���¾��dZ� )� =1 �utut tu� M , wherethe dZ� ’s arenot necessarilysamplesof
a trigonometricpolynomial,thenthe algorithm– in fact all proceduresdiscussed
so far – computesthe trigonometricpolynomial W ' ]b;

which minimizes the
expression M

� =1

� W (��� ) �GdZ� � 2̈ �
The algorithmcanthereforealsobe usedfor the fitting andleastsquareapproxi-
mationof databy trigonometricpolynomials.Comparealso[34].
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4. In manyproblemsarisingin practice– suchasreconstructionof lost samplesin a
CD-signal– thesamplingsequenceis a subsequenceof anarithmeticprogression.
In this casethe entriesof the Toeplitz matrix �«© can be computedparticularly
fast, asexplainedin the following result:

Corollary 1. Assumethat the samplingsequence0 H�� 1 
P�����+
���MTH 1 is a sub-
sequenceof the arithmetic progression0� 1* � 2* ��������� * � 1* . For . = 0� 1* ��������� * � 1*definez³© and z³¿ by

z³© (. ) =
¨ � if . = ���
0 else(39)

and

z³À (. ) =
W (. )

¼ ¨ � if . = ���
0 else.(40)

Thenthe entries � 0 �[� 1 ����������� 2
;

of the Toeplitz matrix �«© and the vector b can be
computedvia Fourier transformby

� 3 = ˆz³© ( 0 ) for 0 = 0� 1��������� 25 and
� 3 = ˆz³À ( 0 ) for 0FH � 5 � �(41)

Proof. Since

� 3 =

M
� =1

¨ � e� 22 i X@�Á3 for 0 = 0� 1��������� 25
we canwrite � 3 in the form

� 3 =
* � 1

� =0

z³© (. )e
� 22 i � 3�/ * = ˆz³© ( 0 ) �

Part two of assertion(41) for b canbe obtainedin a similar way. vw

7. Efficient implementation of the algorithm

An importantadvantageof Toeplitz matricesis that they can be invertedwith con-
siderablylesscomputationaleffort thanmatriceswithout specialstructure.A number
of so-called“superfast” direct inversion methods[1, 10] have beencreatedin the
last ten years.Howeverthe stability of thesefast direct solversis still a problem[5].
Furthermore,since in many applicationsa solution is requiredonly with a certain
accuracy,but not the exactsolution,we prefer to useiterativemethods.

In [36] Strangproposedaniterativemethodfor solvingpositivedefiniteHermitean
Toeplitz systems.In this methodthe Toeplitz matrix is preconditionedby a circulant
matrix. The entriesof a circulantmatrix Â of size .���. satisfy Ã#QÄ� = Ã#Q � � = Ã#Q � � +� .
Themultiplicationof a vectorby a circulant Â is identicalto discrete(cyclic) convo-
lution of that vector by the generatingsequenceÃ . In other words the linear systemÂ ^ =

�
is the sameas the convolutionequation Ã�Å ^ =

�
, where Ã is the first col-

umnof Â . Applying thediscreteFouriertransformto this equationit becomeŝÃ ˆ^ = ˆ� .
Thereforeˆ^ is givenby a component-by-componentdivision,and ^ is recoveredfrom
ˆ^ by inverseFourier transform[36, 9].

Multiplication of a vector ^ by a Toeplitzmatrix � canalsobecarriedout quickly
by meansof an appropriateFFT. The .Æ�". matrix � is extendedto a circulant ˜� of
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size (2.)� 1) � (2.>� 1), and the vector ^ is completedto ˜^ by .)� 1 zeros.Then� ^ appearsin thefirst . componentsof ˜� ˜^ . Although ˜� is larger than � , this matrix
action can be performedmuch faster becauseit is just discreteconvolutionand is
carriedout usingthe FFT.

Since the main calculation in the ACT algorithm of Theorem1 is a matrix-
vectormultiplicationasdescribedabove,eachiterationrequiresroughly ¥ (2. log2. )
operations.It is often profitableto augmentthe matrix ˜� somewhatby zeropadding
to a lengthfor which theFFT is efficient, i.e. a lengthwith manysmallprimefactors.
We demonstratethe augmentationby the first row of ˜� :

(� 0 �[� 1 �����������`� � 1 � 0��������� 0� ¯�Ç� � 1 ��������� ¯� 2 � ¯� 1) �
Observethat we do not claim that zeropaddingis compatiblewith the FFT. We only
makeuseof thefact that theenlargementof theToeplitzmatrix in theform described
abovedoesnot influencethe first . componentsof the solution ^ .

If thesignalis samplednearthecritical densityor if therearemanylargegapsin
the samplingset, it may happenthat eventhe conjugategradientmethodconverges
ratherslowly. To remedythis problemoneusuallyturnsto thepreconditionedsystemÂ � 1� ^ = Â � 1 � [24, 25, 36]. If thepreconditionerÂ is chosenappropriately,thepre-
conditionedconjugategradientmethod(referredto asPCG)will convergemuchfaster
than the original CG method.Variousefficient preconditionershavebeendeveloped
in the last ten years,see[7, 29, 27, 8] for detaileddiscussionsof preconditioners.
In the presentpaperwe usethe optimal circulantFrobeniusnorm approximationÂ+È
introducedby T. Chan [8]. We have mentionedin Sect.4 that the use of weights
servesto minimize the condition numberof the Toeplitz matrix, if the samplingset
satisfiestheNyquistcriterion.In Sect.8 belowwe shalldiscusstheeffect of applying
T. Chan’s preconditionerto the use of weightedToeplitz matricesand considera
combinationof both.

Remark.If many signalsof the samebandwidthhaveto be reconstructedfrom the
samesamplinggeometry,it is useful to establishthe inverseof the Toeplitz matrix
in the Gohberg-Semenculformula [19] once,which can be easily doneby a slight
modificationof ACT. Thereconstructionof thesignalscanthenbedoneconsiderably
faster[28, 38, 17].

8. Numerical results

In this sectionwe will discusssomenumericalresultsof the proposedalgorithm.We
will demonstratethe efficiency of the ACT algorithmand illustratehow appropriate
preconditioningmay allow to reconstructsignalsfrom samplingsetshaving many
large gaps.

We considera syntheticsignalof length8192with bandwidth500 andrandomly
generatedFourier coefficients. The samplingset satisfiesthe Nyquist criterion and
consistsof about2300samples.Sincewe know the actualsignal m , we canmeasure
the error

- m��Tm³� - 2 8 - m -
2 betweenm andthe approximationm³� of the . -th iteration.

We apply the Marvastimethodof Lemma2, the adaptiveweightsconjugategra-
dient method– which can be derivedby a combinationof Lemma2, Proposition1
and Proposition3 – and the ACT methodpresentedin Theorem1 to this situation.
We measurethe error andrequiredtime for 25 iterationsfor eachmethod.
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Fig. 1. Comparisonof requiredtime for 25 iterations

Onecanseein Fig.1 that the Marvastimethodwith optimal relaxationparameter
is very inefficient, both in time and rate of convergence.The adaptiveweights-CG
methodrequiresonly negligibly moretime thanthe Marvastimethod,but the rateof
convergenceis higherby severalordersof magnitude.By constructionACT andthe
adaptiveweights-CGmethoddeliver the sameerror after eachiterationif we assume
exactarithmetics.Howeversincethe bandwidthof the signal is small comparedto
its length,ACT needsconsiderablylesscomputationtime. The overall improvement
of ACT comparedto the Marvastimethodis significantandvery convincing.

In Fig.2 we illustrate the required total number of floating point operations
(FLOPS)for completenumericalreconstructionof the signal.We comparethe three
methodsaboveandtheadaptiveweightsmethod,which canbederivedby combining
Lemma2 and Proposition1. Although the ordinary adaptiveweightsmethodneeds
about5 timeslessFLOPSthanthe Marvastimethod,the computationaleffort is fur-
ther reducedby the ACT methodby more than 7 times. Theseplots demonstrate
drasticallythat the methodsusedpreviouslyin engineeringare quite inadequatefor
signalsof this size.

To supportthe claim that the useof weightsminimizesthe conditionnumberof
theToeplitzmatrix, we considerthenumberof iterationsrequiredto obtaincomplete
reconstructionof the signal. We comparethe ACT method to the preconditioned
versionof the ACT method(denotedas“PACT” in Fig.3) aswell as to the method
of Lemma4, acceleratedby CG andPCG(labeledas“CG” and“PCG” in the plot).
We use the samesignal and samplingset as above.Figure 3 showsthat ACT and
PACT terminateafter about half the number of iterations as required by the CG
methodappliedto the unweightedToeplitz matrix of Lemma4. Furthermorethe rate
of convergenceof ACT is betterthanthatof solving theToeplitzsystemof Lemma4
by PCG. This result supportsthe claim that the singular values of the weighted
Toeplitz matrix of Proposition2 are better clusteredthan thoseof the unweighted
but preconditionedToeplitz matrix. Observethat all methodsterminatewithin 45
iterations,althoughthe rank of the Toeplitz matrix is 1001.
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In Fig.4 we considerthe requiredfloating point operationsfor the four methods
abovefor completereconstructionof the signal.Although ACT needsslightly more
iterationsthanPACT (seeFig.3), it requiressignificantly lessFLOPS.

Thelastfigure illustratesa typical “critical” situation,wherethestandardmethods
areby no meansableto reconstructthesignal.We considerthesamesignalasabove,
but a samplingsetconsistingof 2210points.Approximately1% of thegapsbetween
thesamplingpointsare2-3 timeslarger thantheNyquist interval, i.e. 2-3 larger than*2
;

+1, andabout10% of the gapsareslightly larger than *2
;

+1.
All standardmethodsdivergein thissituationandarethereforenotshownin Fig.5.

Although the ACT methodis convergent, the rate of decayis very poor. In sucha
situationit is usefulto applythepreconditionedversionof theACT algorithm(denoted
by “PACT” in the plot) to obtain a better rate of convergence.The preconditioned
ACT algorithmdeliverscompletereconstructionafter about200 iterations,while all
standardmethodsfail to reconstructthe signal.
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