Numer.Math. 69: 423-440(1995)

Numerische
Mathematik

© Springer-\¢érlag 1995

Efficient numerical methods
in non-uniform sampling theory

Hans G. Feichtinger!, Karlheinz Grochenig Thomas Strohmer®:*

1 Departmenbf MathematicsUniversity of Vienna,Strudlhofgassd, A-1090 Wien, Austria
E-mail: FEI@ YCHE.MAT.UNIVIE.AC.AT, STROHMERA@ YCHE.MAT.UNIVIE.AC.AT

2 Departmenbf Mathematics;The University of Connecticut Storrs,CT. 06269-3009USA
E-mail: GROCHaVMATH.UCONN.EDU

ReceivedDecember22, 1993

Summary. We presenta new “secondgeneration”reconstructionalgorithm for ir-
regular sampling,i.e. for the problem of recoveringa band-limited function from
its non-uniformly sampledvalues.The efficient new methodis a combinationof the
adaptiveweights methodwhich was developedby the two first namedauthorsand
the methodof conjugategradientsfor the solutionof positive definite linear systems.
The choiceof "adaptiveweights” canbe seenasa simplebut very efficient methodof
preconditioning Furthersubstantiabccelerations achievedoy utilizing the Toeplitz-
type structureof the systemmatrix. This new algorithmcanhandleproblemsof much
largerdimensionandconditionnumberthanhavebeenaccessiblesofar. Furthermore,
if somegapsbetweersamplesarelarge,thenthealgorithmcanstill be usedasavery
efficient extrapolationmethodacrossthe gaps.

MathematicsSubjectClassification(1991): 42A15, 65D05,65D10,65F10

1. Intr oduction

Oneof the principal problemsin signalanalysiss thereconstructioror approximation
of asignalfrom its discretesamplesin manypracticalconsideration®nemay safely
assumesomemaximal frequencyin the signal. One may thus considerthe sampling
problemfor band-limitedfunctions.In the ideal caseof equally spacedsamplesthe
reconstructiornis routineandcanbe carriedout explicitly by oneof themanyvariations
of the Shannon-Whittaker-Kotel’nikogamplingtheorem([6, 26, 33].

However,in many applications,for instancein astronomy,seismology,tomog-
raphy and physics,one is forced to samplesignalsat nonuniformly spacedpoints.
This problemhasreceivedmuch attentionin the pastyears,see[2, 14-16,18, 31]
for history and referencesBut despitean abundanceof work on the irregular sam-
pling problem— [30Q] lists about 300 references— its numericaland algorithmic
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aspectshave beenneglectedso far. Simple iterative algorithmshave beenproposed
in [2, 13, 18, 21, 22, 32, 35, 40, 41]. Thesealgorithmsseemto work decentlyfor
well-conditionedproblemsand for small datasets,but becomeslow and expensive
for more complicatedand morerealisticproblems.A comparisorof the performance
of the “first generation”of reconstructioralgorithmscanbe foundin [12, 18].

In the presentpaperwe introducea new “superfast’algorithmfor the reconstruc-
tion of band-limitedsignalsfrom irregular samples.This algorithm s iterative and
cutsthe numberof iterationsto achievea given accuracyby an order of magnitude
whencomparedwith the simpleiterationschemesWe will substantiateheseclaims
by both theoreticalestimatesand by the resultsof humericalsimulations.

Theproblem

Let f be a band-limitedsignal of finite enegy, i.e.

o
(1) | 1#Pit < o andsupp’ < [0,
—00

for somef? > 0, andsupposehatthe valuesf(t,,) areknownat a biinfinite sampling
sequence..t, 1 < t, < tp+1... With lim,_ 4 t, = oo. Then the questionis
whetherf is uniquelydeterminedoy its samplesif yes,how canit be reconstructed?
Is this reconstructionstable and how can error estimatesbe obtained?This is an
infinite-dimensionalproblem and has beentreatedin many variationsand through
many approachesSee[2, 15, 14] for recentcontributionsandreferences.

For the problemto be accessibldor numericalsolution, we first haveto create
a finite-dimensionaimodel For the discretetheory used below we follow [22]. A
discretesignal of length N is a finite sequencés(0), s(1),...,s(N — 1)) e CV. Its
£2-norm (the squareroot of the signalenegy) is

N1 1/2
2 I[sll = <Z |S(n)|2> :

n=0

With the help of the unitary discreteFouriertransform

N-1
1 )
(3) 5(k) = Vi > s(nye /N k=0, N-1
n=0

we candefinediscreteband-limitedsignalsof bandwidthM < N/2 asfollows:
(4) S ={s € CN[5(k)=0 for |k mod (N)| > M}

Hereandthroughouthe paperwe extendfinite sequenced C¥ to infinite sequences
of period N by s(n+IN) = s(n) ands(k+I(N) = 5(k) forn,k=0,...,N—-1, [ € Z,
sothat s(n) and s(k) makesensefor all n, k € Z.

The discreteirregular samplingproblemcan now be formulatedin the following
way: given a subsequenc® < nj < ... < n, < N — 1 andthe sampless(n;),i =
1,...,r of adiscreteband-limitedsignal s € .77);, when can s be reconstructed?
The theoreticalanswerbeing trivial (one just hasto have enoughsamplingpoints),
the real questionis how cans be reconstructedastand efficiently? Sincethe number
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of samples- is often of the orderr ~ 10° — 1P, this leadsto large systemsof linear
equationswhich certainly cannotbe solveddirectly.

The numericalaspectf this problemhavenot yet beenexploredsatisfactorily.
The iterative algorithmsthat have beenproposedin the engineeringliterature [30,
32, 35, 40, 41] seemto work adequatelyonly for small dimensionsbut in realistic
problemstheir performances by no meansconclusive.ln large problemsmost of
theseare rather slow and they also lack robustnessfor instancewith respectto
irregularitiesin the samplingset.

Before we proceedto the deductionand presentatiorof a new “superfast” al-
gorithm, let us give a different and more convenientinterpretationof the irregular
samplingproblemfor discretesignals.Sincefor s € .72y, we have

M

©) ()= - ERE,
k=M

a discretesignal of length N and bandwidth A/ canbe interpretedas the restriction
of a trigonometricpolynomial of period 1 and degreeM to an arithmeticsequence
in [0, 1). More precisely,if s € .7, is given by (5) and

M
1 :
(6) p) = —= > Sk
VN k=—M
thens(n) = p(%),n =0,..., N — 1. Theoriginal questionnow turnsinto the problem

how to reconstructp from its samplesp(%¢),7 = 1,...,r. From this point of view
it is completelyirrelevantthat the sampling sequence: is a subsequencef an
arithmetic progression.For the remainderof the paperwe considerthereforethe
2M + 1-dimensionakpace

M
(7) A = {p FIOEDY ake&rikt}

k=—M

of all trigonometricpolynomialsof degreeM and period 1. The problemdiscussed
in this papercannow be formulatedasfollows: Givena samplingsequenc® < t; <
tr <...<t. <1 weaskhowp € 7}, canbereconstructedrom its sampledvalues
p(ti)-

It shouldbe notedthat this problemdiffers from the trigonometricinterpolation
which asksto find a trigopnometricpolynomial of appropriate degreewhich interpo-
latesthe givendata(t;,v;),7 = 1, ..., r, in thesensehatp(t;) = y;. Thereareseveral
explicit interpolationprocedure&nown, see[44] andalsoefficient algorithms[4, 34].
However,numericallythesemethodsseemto be fairly unstable.

In practicean upperboundfor the degreeof p is known asa consequencef the
band-limitednesandoneavoidsthe badconditioningby oversamplingi.e., collecting
more datathannecessaryor uniquenesslf dataarenoisy the interpolationof p may
no longer be possible,but in this casea leastsquareapproximationproblemcan be
solved.

In the sequelwe will give explicit estimatesvhich indicatehow a higheroversam-
pling rate(maximalgapsizedivided by Nyquistrate)improvesthe conditionnumber
of the reconstructiorproblem.
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2. Uniguenessand a primitive reconstruction algorithm

In the following sectionswe presenthe differentelementsecessaryor an efficient
reconstructiomalgorithm. The optimal methodthen resultsas a combinationof the
variousconsiderations.

We first discusshe principal solvability of thereconstructiorproblemandindicate
variousmethodsof reconstructiongf. also[13].

Lemmal. Let0 < ¢; < ... < t, < 1 ber arbitrary distinct samplingpointsin
[0,1) andp € “4,. Thenp is uniquelydeterminedy its » samples(t;) if andonly if
r > 2M + 1. In this casethere existtwo constantd < A < B sothat

1 T 1
®) A [ ord < Sl < B [ o i

Proof. This is of coursewell known and relies on the fact that €M*p(z) is the
restriction of a complex polynomial of order 2M to the circle {z € C : |z| = 1}.
Thusany 2M + 1 distinct points determinep completely.The existenceof A and B
then follows from the observationthat the mapp € “#s — (p(t:))i=1,...» € C" is
one-to-oneandthusinvertible on its range. O

The equivalenceof the normsin (8) can be exploitedin severalways to obtain a
reconstructioralgorithm.Let D, denotethe Dirichlet kernel

M

) Du(t)= ) &=

k=—M

sin(M + 3)2rt
sinwt

andobservethat

1
(10) p0)= [ DDt~ ) du = (o Dart 1)

Definethe frameoperator S [11, 43] by
(11) Sp(t) =Y p(t:)Da(t —t:) -
=1

Following Duffin and Schaefier [11] we obtainthe following simpleiterative recon-
structionalgorithm.

Lemma 2. Fix M € N andsuppose: > 2M +1and A < %, wheee B is the constant
in (8). Defineiteratively pg = 0,

(12) Pn = Pn-—1 + )‘S(p - pnfl) .
Thenlim,,_. p, =p for p € 4}, and

(13) ”p 7])71”2 < '\fn”pHZ

wherey =max{|1— A\A|,|1— A\B|} < 1. SinceSp depend®nly onthe sample(t;),
this is indeeda reconstructiorfromthe samplesonly.
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Proof. [11, 24, 39, 42, 43] Since (Sp.p) = >.'_; Ip(t:)|? by (10) and (11), S is a
positive operatoron /3, andthusinvertible. By (8) one obtains

(14) (L= AB)|Ipll3 < ((Id = AS)p,p) < (1= AA)||pl3
and consequently

Ilp = pul2=1[(d=AS)® = pn-Dl2 VP —Pnall2 < ... <A"pll2. O

In termsof linear algebrathis is the Richardsoniterationfor Sp = ¢ with ¢ given,
andit comeswith all its advantagesnd disadvantagef25, 24, 42].

The frame algorithm or Richardsoniteration of Lemma?2 yields decentconver-
genceonly if

— explicit estimatedor the constantsd and B canbe derived,and furthermore

— the optimal convegencefactor ’]33:2‘ for the Richardsorniterationis small. For a

convegenceanalysissee[39, 42].

Fortheirregularsamplingproblemtheseconditionsarerarely satisfiedlt is a hard
problemto derive explicit acceptablestimateof the constantsn (8), let alonegood
estimatesAlso, if r ~ 2M +1 andthe samplingpointsaredistributedvery irregularly,
thenevenfor low dimensionalproblems,r = 25, say, the condition numberscan be
of the order10'2 — 10'°. In fact, clustersin the samplingfamily imply thatthe upper
framebound B will be very large, whereasa singlelarger gapimpliesthatthe lower
framebound A is goingto be very small.

Although it is a generalexperienceof numerical analyststhat the Richardson
iterationshouldnot be used,the simplealgorithmof Lemma2 is very muchin favor
in the signalanalysiscommunity[30, 32, 40] andevenamongmathematiciang2, 1§].
The reasonavhy it is still in useare probablyits simplicity andthe closerelation of
the algorithm of Lemma2 to the Shannon-Whittaker-Kotel'nikogamplingtheorem.
Its discreteversionis the reconstructiorformula

N-1
(15) 0= 5 o) ur (1= )
k=0

for p € 73, andany N > 2M [33]. We seethatthe frame operator(11) mimics the
“cardinal series”in (15) literally with the regularsamples% being replacedby the
irregularsamplesat ¢;.

We canwrite the algorithmof Lemmaz2 in termsof matrices.Let A bether x r
matrix with entries

_sin(M + D)2m(t; — ty)
- sinm(t; — tg)

(16) Ajk = Du(ty — ty)

andlet v e C” be the vectordeterminedby p,(t) = 27—, v Ds(t — t;). Then
(17) o™ = =D 4 3O — XAy

wherev® = p(t;),i = 1,...,r, is just the input. Thenby Lemma2 v convegesto
veCrandp(t) = >y viDu(t —t;).

This implementationis rather clumsy becauseA is a full matrix and because
the dimensionof the problem grows with the numberof samplingpoints — a quite
unnaturalfeature.
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3. Reformulation as a Toeplitz system

To make the dimensionindependenbf the numberof samples— after all we are
dealing with a problemin the 20 + 1-dimensionalspace~3;, — we look at the
action of S on the coeficients of trigonometricpolynomialsasin [22]. Let p(t) =

ZQLM ar€™kt € 4 with coeficientsa = (ax))L ,, € C2M*1 Then

T T M M
Sp(t) = Zp(tj)DM(t —t;) = Z Z Z 1, €21t g2milt g 2rilt;
=1

=1 k=—M I=— M

M M

(18) - Z Z iefhri(lfk)tj ag e27rilt ]

I=—M [k=—M \ j=1

Thuslet T be the (2M + 1) x (2M + 1) Toeplitz matrix with entries

.
(19) Ty =Tip =Y e 2=Pk for i| k| < M .
j=1

Thenthe coeficients of the trigonometricpolynomialsSp € &4, areTa. Lemma?2
could now be rewrittenin the following form.

Lemma 3. Let p(t) = ,Z:LM a€™*t € 4, with coefficientsa = (ag)M_,, €
C?M*1 andlet0 < t; < ... < t,. < 1 be an arbitrary samplingsequencewith
r > 2M +1. Letb € C?M*! pe definedby
(20) b =Y plt;)e 2™k for k| < M.

j=1

Thenfor A small enough the iteration a©® = 0,
(21) a® =gk _\Ta* D+ b k>1

convegesto a € C?M*1, Asa® = \b requires only knowledgeof the samplesof p,
this is a reconstructiorof p.

This is just a reformulationof Lemma?2 by meansof (18) and (19) and

M

(22) Sp(t): Z r p(tj)efzﬂiktj e?rikt
=1

k=—M \ j=
We can evenobtaina much simplerreconstructiorof p.

Lemma 4. Letp(t;),5 = 1,...,r, bethesamplesof p € 74, withr > 2M + 1 and
let b = (bx) k<1 bedefinedasin (20). Compute

(23) a=T"1be M1

thenp(t) = St an€ 5 € Ay
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Proof. This is clearfrom (21), sincewe obtainTa = b asa*) convegesto a. The
invertibility andpositivity of 7" is alreadypart of Lemmal, because

(24) (Sp, ) 12001y = (Ta, @) comss O

RemarksAlthoughLemma3 and4 arejust reformulationsof the usualreconstruction
algorithm,we havealreadyobtaineda muchbettermethod.

(a) The dimensionof the problemis now 2M + 1 andit dependonly onthesize
of the spectrumandis independenbf the numberof samples.

(b) We have gainedsomeadditionalstructure.Insteadof storingr?/2 entriesof
A (16) which arenon-zeroanddistinctin generalwe haveto storeonly the 2M +1
entries

(25) Top =Y € k=0,1,...,2M .
j=1

(c) The matrix 7' of equation(19) is a Toeplitz matrix for any spectrumof the
form [ My, M>].

(d) Thereis a large repertoryof Toeplitz solversat our disposal[l, 36, 37, 3,
10] which can solve (23) with only O(M?), O(M log® M) or even O(M log M)
operationsDependingon the size of M andthe requiredprecisionone may choose
either

(I) direct methodsfor the completeinversionof T, or

(1) iterative methodsfor an approximationof 72,

4. The adaptive weights method and estimatesof the condition number

Although we would obtain decentreconstructiondy meansof Lemma4 andappro-
priate Toeplitz solvers,the reconstructiongan be further improvedby the so-called
adaptiveweightsmethod This methodis also more satisfactoryin theory becauset
improvesthe condition number of the irregular samplingproblem, providesexplicit
estimatesfor the rate of convegencedependingonly on the maximal gap size,and
thereforegives useful stoppingcriteria.

The following statementasbeenderivedin [22].

Proposition 1. Supposehat0 < t¢; < ...t,. < 1 anddefinethe maximalgapé as

1
(26) 6= ma)(ti+l — tl) < m

whee wesettg = ¢, — 1 andt,+; =t; + 1. Then

- tier — ti
@7)  @=20MP plf < Y Ip(t)F " < (@ 28M) [l

=1
holdsfor all p € #};.

Insteadof repeatinghe proof of [22] we commenton the rationaleof the weights
w; = %(tm — t;_1). They help to keepthe condition numberlow in the presenceof
clustersin the samplingset.

To understandhe effect assumethat there are many sampling points in some
subintervall of [0, 1). Thenthe upperboundB in (8) increasestoughly proportional
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to the numberof sampleswhereaghe lower boundis virtually unafected— just take
a polynomialwhoseenegy is most“concentrated’outsidel. Thenthe convegence
factor i;é“ ~1-— % is almost1 and the frame algorithm of Lemma2 conveges
extremelyslow.

On the otherhand, usingthe weightedframe operator

(28) Swp(t) =D plt:ywi D (t — t;)

=1

andthe modifiediterationpy = 0 and

(29) Pn=Pn—t AoptSw(p — Pn-1)

With Aopt = 1328752 leadsto the explicit error estimates
45 M "

30 e < | 7—5-—5

(30) o= rull < (g ) Il

with convegencefactor v = 46 M Agpy < 1.

Thusthe rate of convegenceis independentf clusteringeffects of the samples
and dependsessentiallyonly on the maximal gap betweenthe samples.The use of
weightsw; compensatethe local variationsin the samplingdensity.If we repeatthe
computationin (18) with the weightedoperatorsS,, in placeof S, we areleadto the
Toeplitz matrix 7', with the entries

(31) (Twe = (Tw)i—ks = Y wje >R for I, k| < M .
=1

The improvedand quantifiedversionof Lemma4 now readsas follows.

Proposition 2. Supposehat § < ﬁ Let p(t;) be r samplesof somep € +#},. Set
b € C2M*1 with entries

-
(32) by = Zp(tj)wjefz’riktj for |k| < M,
Jj=1

andcalculatea = T, 'b. Thenp(t) = Y2, a,€*™* is the desied reconstructiorof
p. Moreover,the conditionnumberof 7', can be estimatedby

1+26M)2

< | ==
(33) condT,, < (1_ 2501

Remarks 1. The estimate(33) shows clearly how oversampling,in other words,
more information,improvesthe conditionnumber of the problem.For instance with

twofold oversamplingj.e. § = 4—}W, condT,, < 9 holdsuniformly over all sampling

configurationswith maximalgap of length ﬁ.

For samplingsequenceshat do not satisfy condition (26) on the maximal gap
size we do not know any estimatedor the condition number.Numerically we have
observedthat the problemremainswell-conditionedif larger gapsare compensated
by anincreasechumberof samplingpointsin otherregions.However,if r ~ 2M +1
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andif large gapsoccurin the samplingset,thenthe problemis usuallyill-conditioned
and condition numbersas large as 10*4 may occur.

2. Oncethe coeficientsa of thetrigonometricpolynomialp areknown, its values
canbe computedat any point ¢. In particular,p canbe evaluatedon any grid {n/N :
n=0,... N —1} by FFT. All our plots of reconstructionfiavebeenobtainedin this
way.

3. By Caratheodory’sheorem[20] every positive definite Toeplitz matrix T can
be written as

,
Ty = Z w; rill—h)t;

J=1

for someuniquely determinedsequencev; > 0 and¢; € [0,1). From this point of
view the useof the weightsw; servesto minimize the conditionnumberof a Toeplitz
matrix with nodesO < t; < ... < t,. < 1. Although we do not havea formal proof
that the particularchoiceof weightsin (27) is optimal, we havebeenableto verify
this claim numericallyfor a large numberof examplesSee[18] for anillustration of
this effect.

5. Acceleration of iterative algorithms

Up to this point we have analyzedonly the mathematicaktructureof the discrete
irregular samplingproblemwithout any effort to producea numerically efficient al-

gorithm. Obviously the simple Richardsoriteration of Lemma2 and 3 suficesonly

for small and well-conditionedproblems.In our experiencedatasizesr ~ 50 and

considerableoversamplingcan be handledwell with the simple iteration scheme.
However,in this casethe direct solution of the Toeplitz system(33) can be easily
performedanditerative methodsare not needed.

In interestingapplicationsghe amountof datar is muchlarger,typically r ~ 10° —
10°, andthe samplingtakesplacecloseto the critical density,i.e. 7 ~ 2M +1 or § ~
ﬁ An improvementof the Richardsoniterationis then indispensableFortunately,
in this problemall operatorsS and S,, (11), (28), and the Toeplitz matricesT' and
T, (19), (31) are positive definite. Thus a large variety of acceleratedalgorithms
is applicable,see[25, 24, 39, 42]. Here we only discussthe variantsof conjugate
gradientiterationwhich is the most powerful and mostflexible acceleratiormethod.
Moreover,it is particularlywell suitedfor the solution of Toeplitz systemdq36, 37].

Proposition 3. [24] Let A bea positivedefinite N x Nmatrix with smallesiigenvalue
) andlargesteigenvalued. Letzo € CN bearbitrary, ro = go = b — Azg. Forn > 1
set

<7’nfla anl>

34 Tp=Lp 1+t """ n_

(34) Y (Agn1, gnn) 1
Tn—1,4qn—

= R
<Tna AQn—1>

36 =Ty o Qn—

( ) dn n <A(Infl;(Infl> qn—1

Thenz,, convegesin at mostV iterationsto the exactsolutionof Az = b. Forn < N
the error is at most
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(37) ||x_anA S2<\/Z\/X> ||.CE—$0||A

VA+VA

whee ||z|| 4 = (z, Az)Y/? is the A-normof z.

Consequentlywe could accelerateeachof the simple iterationsof Lemmaz2, 3,
and (4) and (29) [23]. Theimmediateadvantagesire:

1. Improvementof the convegenceby an order of magnitude.

2. If the error is measuredwith respectto the operatorusedin the iteration
(S, Sw, T, or Ty,), thenthe convegenceis optimal in the classof polynomial accel-
erationalgorithms[24].

3. No additional parametelis necessaryln contrastto the Richardsoniteration
the error estimate(37) doesnot dependon estimatesfor the spectrumof A. Bad
estimatesof the constantsin (8) make the simple Richardsoniteration notoriously
slow andinconvenientThis fact hasseriouslyhamperedts usein signalprocessing.
Comparetheremarkin [32]: “The main problemin choosinga [relaxationparameter]
A is thatit cannotbe determinedheoretically sinceA and B arenotknown. Therefore
experimentakesultswill determinethe rangeof \.”

The combinationof the adaptiveweights method with the conjugategradient
acceleratiomprovidesanefficient methodfor thereconstructiorof band-limitedsignals
from non-uniformsampleg23]. A detaileddiscussionof this methodcan be found
in [38].

6. Superfastreconstruction from irr egular samples

By combiningthe reformulationof the original problemasa Toeplitzsystemwith the
adaptiveweightsmethod andwith the conjugategradientacceleration we arriveata
fast and efficient reconstructioralgorithm. Becauseof its small storagerequirements
it is particularly well suitedfor large datasets.Furthermoreit alsoworks well near
the critical samplingdensityandfor samplingsetswith large gaps.

Sincethis algorithmis a combinationof the adaptiveweightsmethod,conjugate
gradientacceleratiorand the useof Toeplitz matrices,we call it ACT algorithm.

Theorem 1 (and Algorithm). Let M be the sizeof the spectrumandlet 0 < ¢; <
. < t,. < 1 bean arbitrary sequencef samplingpointswith » > 2M + 1. Set
to=t, — Lt,sa =ty +Landw; = 3(t;+1 — t;_1) and compute

v = Z e 2™k, for k=0,1,...,2M .
=1

Theassociatedloeplitzmatrix has (T, )i, = v« for ||, |k| < M.
To reconstructi trigonometricpolynomialp € 3, fromits sample(t;), compute
first

b =Y pltj)wje > for [k| < M,
=1

andsetrg = go = b € C?M*1, 4y = 0. Computeiterativelyfor n > 1
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<Tn717 qn71>
Ap =Qp_1+——"""—"7"7"——"— _
" not <T1UQTL71; QTL71> "
<Tn71a Qn71>
Tn=Tp1— ————— Twqn—
n n—1 <qun71’ qn71> wln—1
and
_ <Tn-, Tan—1>
dn = Tn — n—1

<Tanflv anl>
Thena,, convegesin at most2)M + 1 stepsto a vectora € C?M*1 solvingT,,a = b.
- i i — M ikt
Thereconstructiorp € .73 is thengivenby p(t) = >~ ,, a, €t
If in addition§ < 51 andp,,(t) = ZQQM an €Mk € A3 denoteghe approxi-
mating polynomialafter » iterations,then
1/2 1/2

(38) D Ip(t) — palt)Pw; | < 2@M)" [ Ip(t;)Pw;

J=1 J=1

Sincewe havealreadydiscusseall stepsthatleadto this algorithm,we only need
to verify (38). Givenp € A, p(t) = Y0, ax€ * with a € C2M*! and S,, asin
(28), we obtain

Dt Pw; = (Sup,p) = (Twa,a) = [lal%, -
i1

(38) follows from (37), since(27) implies
(L—26MP? <A< A< (A+25M)°.

Further discussion

1. TheT,, or S,-normin (38) is the correctnorm to measurehe error. In contrast
to the previouserror estimatesn the || - ||-norm, (38) usesonly the givendata to
comparethe quality of the n-th iterationwith the initial data.\WWe emphasizeonce
more that without the useof weightsno estimateof the form (38) is known.

2. The ACT method can be appliedto any given sampling set with sufficiently
many samplesHowever,lacking knowledgeaboutthe spectrumof T;,, we can-
not predict the quality of the approximation.Under the additional condition on
the maximal gap length the error estimate(38) yields a guaranteed rate of con-
vergence.ln generalthe CG acceleratioris significantly fasterthanin (38), both
on accountof the fact that (1 + 26M)? are just estimatesfor the extremaof the
spectrumof 7,,,, andalsobecausehe convegencedependon the distribution of
the singularvaluesof T,, andnot just on the extremaoccurringin (37).

3. If we startwith data(;, y;);=1,...,», Wherethe y;’s arenot necessarilysamplesof
a trigonometricpolynomial, thenthe algorithm— in fact all proceduresliscussed
so far — computesthe trigopnometricpolynomial p € =73, which minimizesthe
expression

.
> Inty) — yjPw;
j=1

The algorithm canthereforealso be usedfor the fitting andleastsquareapproxi-
mation of databy trigonometricpolynomials.Comparealso[34].
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4. In manyproblemsarisingin practice— suchasreconstructiorof lost samplesn a
CD-signal—- the samplingsequencés a subsequencef anarithmeticprogression.
In this casethe entriesof the Toeplitz matrix 7;, canbe computedparticularly
fast, asexplainedin the following result:

Corollary 1. Assumethat the samplingsequence® < t; < ... < t,. < 1is a sub-

sequencedf the arithmetic progression0, 2 N Forn =04, A
defineu,, andu, by
_ | w; if n=1t;
(39) wo={ 5 bl
and
_J pmn)-w; if n=t;
(40) up(n) = { 0 else.

Thenthe entries~o, 71, . . ., 725 Of the Toeplitz matrix 7, and the vectorb can be
computedvia Fourier transformby

(41) v =qa,(k) fork=0,1,...,2M and by =u,(k) fork <|M|.
Proof. Since

Y=Y wie Pk fork=0,1,...,2M
j=1

we canwrite «, in the form

N-1
Tk = Z “w(n)eiZﬂ-ink/N = 1y (K).

n=0

Parttwo of assertion41) for b canbe obtainedin a similarway. O

7. Efficient implementation of the algorithm

An importantadvantageof Toeplitz matricesis that they can be invertedwith con-
siderablylesscomputationakffort than matriceswithout specialstructure A number
of so-called“superfast”direct inversion methods[1, 10] have beencreatedin the
lastten years.Howeverthe stability of thesefast direct solversis still a problem[5].
Furthermore since in many applicationsa solution is requiredonly with a certain
accuracy put not the exactsolution, we preferto useiterative methods.

In [36] Strangproposedaniterativemethodfor solvingpositivedefiniteHermitean
Toeplitz systemsin this methodthe Toeplitz matrix is preconditionedy a circulant
matrix. The entriesof a circulantmatrix C' of sizen x n satisfyc;; = ¢;—; = ¢i—jn.
The multiplication of a vectorby a circulantC is identicalto discrete(cyclic) convo-
lution of that vector by the generatingsequence:. In otherwordsthe linear system
Ca = b is the sameas the convolutionequationc x a = b, wherec is the first col-
umnof C. Applying the discreteFouriertransformto this equationit becomesga = b.
Thereforea is given by a component-by-componedivision, anda is recoveredrom
a by inverseFouriertransform[36, 9].

Multiplication of avectora by a Toeplitzmatrix I' canalsobe carriedout quickly
by meansof anappropriate=FT. The n x n matrix T' is extendedo a circulantT" of
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size (2n — 1) x (2n — 1), andthe vector a is completedto @ by n — 1 zeros.Then
Ta appearsn thefirst n component®f T'a. Although T is largerthanT’, this matrix
action can be performedmuch faster becauseit is just discreteconvolutionand is
carriedout usingthe FFT.

Since the main calculationin the ACT algorithm of Theorem1 is a matrix-
vectormultiplication asdescribedabove eachiterationrequiresroughly O(2n log 2n)
operationslt is often profitableto augmentthe matrix 7' somewhaty zeropadding
to alengthfor which the FFT is efficient, i.e. alengthwith manysmall prime factors.
We demonstratehe augmentatiorby the first row of T

(”/Oa Y15 In—1, 0,...,0, '?nfla cee 7'72: '71)

Observethat we do not claim that zeropaddings compatiblewith the FFT. We only
makeuseof the fact thatthe enlagementof the Toeplitzmatrix in the form described
abovedoesnot influencethe first n componentf the solutiona.

If the signalis samplednearthe critical densityor if thereare manylarge gapsin
the samplingset, it may happenthat eventhe conjugategradientmethodconveges
ratherslowly. To remedythis problemoneusuallyturnsto the preconditionedsystem
C~1Ta =Cb[24, 25, 36]. If the preconditionelC is chosenappropriatelythe pre-
conditionedconjugategradientmethod(referredto asPCG)will convege muchfaster
thanthe original CG method.Variousefficient preconditionerdiavebeendeveloped
in the last ten years,see[7, 29, 27, 8] for detaileddiscussionsof preconditioners.
In the presentpaperwe usethe optimal circulant Frobeniusnorm approximationC'r
introducedby T. Chan[8]. We have mentionedin Sect4 that the use of weights
servesto minimize the condition numberof the Toeplitz matrix, if the samplingset
satisfieghe Nyquist criterion. In Sect8 belowwe shalldiscusghe effect of applying
T. Chan’s preconditionerto the use of weighted Toeplitz matricesand considera
combinationof both.

Remark.If many signalsof the samebandwidthhaveto be reconstructedrom the
samesamplinggeometry,it is usefulto establishthe inverseof the Toeplitz matrix
in the Gohbeg-Semencuformula [19] once,which can be easily done by a slight
modificationof ACT. Thereconstructiorof the signalscanthenbe doneconsiderably
faster[28, 38, 17].

8. Numerical results

In this sectionwe will discusssomenumericalresultsof the proposedalgorithm.We
will demonstratehe efficiency of the ACT algorithmandillustrate how appropriate
preconditioningmay allow to reconstructsignalsfrom sampling setshaving many
large gaps.

We considera syntheticsignal of length8192with bandwidth500 and randomly
generated~ourier coeficients. The sampling set satisfiesthe Nyquist criterion and
consistsof about2300 samples Sincewe know the actualsignal x, we canmeasure
the error ||x — x,||2/||z]]2 betweenz andthe approximationz,, of the n-th iteration.

We apply the Marvastimethodof Lemmaz2, the adaptiveweightsconjugategra-
dient method— which canbe derivedby a combinationof Lemmaz2, Propositionl
and Proposition3 — andthe ACT methodpresentedn Theoreml to this situation.
We measurehe error andrequiredtime for 25 iterationsfor eachmethod.
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Marvasti

error
=
(=]
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adaptive weights-CG

0 5 10 15 20 25 30 35 40 45
time

Fig. 1. Comparisorof requiredtime for 25 iterations

Onecanseein Fig.1 thatthe Marvastimethodwith optimal relaxationparameter
is very inefficient, both in time and rate of convegence.The adaptiveweights-CG
methodrequiresonly negligibly moretime thanthe Marvastimethod,but the rate of
convepgenceis higherby severalordersof magnitude By constructionACT andthe
adaptiveweights-CGmethoddeliver the sameerror after eachiterationif we assume
exactarithmetics.However since the bandwidthof the signalis small comparedto
its length, ACT needsconsiderablylesscomputationtime. The overall improvement
of ACT comparedo the Marvastimethodis significantand very convincing.

In Fig.2 we illustrate the required total number of floating point operations
(FLOPS)for completenumericalreconstructiorof the signal. We comparethe three
methodsaboveandthe adaptiveweightsmethod which canbe derivedby combining
Lemma?2 and Propositionl. Although the ordinary adaptiveweights methodneeds
about5 timeslessFLOPSthanthe Marvastimethod,the computationakffort is fur-
ther reducedby the ACT methodby more than 7 times. Theseplots demonstrate
drasticallythat the methodsusedpreviouslyin engineeringare quite inadequatefor
signalsof this size.

To supportthe claim that the use of weightsminimizesthe condition numberof
the Toeplitz matrix, we considerthe numberof iterationsrequiredto obtaincomplete
reconstructionof the signal. We comparethe ACT methodto the preconditioned
versionof the ACT method(denotedas “PACT” in Fig.3) aswell asto the method
of Lemma4, acceleratedy CG andPCG (labeledas“CG” and“PCG” in the plot).
We usethe samesignal and samplingset as above.Figure 3 showsthat ACT and
PACT terminateafter about half the number of iterations as requiredby the CG
methodappliedto the unweightedToeplitz matrix of Lemma4. Furthermorethe rate
of convegenceof ACT is betterthanthat of solvingthe Toeplitz systemof Lemma4
by PCG. This result supportsthe claim that the singular values of the weighted
Toeplitz matrix of Proposition2 are better clusteredthan those of the unweighted
but preconditionedToeplitz matrix. Observethat all methodsterminatewithin 45
iterations,althoughthe rank of the Toeplitz matrix is 1001.
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x 16° Comparison of FLOPS
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In Fig.4 we considerthe requiredfloating point operationsfor the four methods
abovefor completereconstructiorof the signal. Although ACT needsslightly more
iterationsthan PACT (seeFig. 3), it requiressignificantlylessFLOPS.

Thelastfigureillustratesa typical “critical” situation,wherethe standardnethods
areby no meansableto reconstructhe signal.We considerthe samesignalasabove,
but a samplingsetconsistingof 2210points. Approximately1% of the gapsbetween
the samplingpointsare 2-3 timeslarger thanthe Nyquistinterval,i.e. 2-3 larger than
52, andabout10% of the gapsareslightly larger than - o

All standardnethodglivergein this situationandarethereforenot shownin Fig. 5.
Although the ACT methodis convegent,the rate of decayis very poor. In sucha
situationit is usefulto applythe preconditionedrersionof the ACT algorithm(denoted
by “PACT” in the plot) to obtain a betterrate of convegence.The preconditioned
ACT algorithm deliverscompletereconstructiorafter about200 iterations,while all
standardmethodsfail to reconstructhe signal.
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