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§1. INTRODUCTION

It is the purpose of this paper to present an extension of N. Wiener's
third Tauberian Theorem (Theorem 29 in his book «The Fourier Transform
and certain of its Applications»). It applies to functions f€ MP(IR"), 1
< p < oo, e to [ with bounded p-means on the Euclidean n-space. The
approach will be elementary, relying only on the basic properties of the
ordinary Fourier transtorm and standard techniques from functional analysis.
The structure of the proof will be quite similar to that of Wiener’s first
general Tauberian theorem involving bounded functions (Theorem 4 in
his book), as described in the first chapter of H. Reiter’s book («Classical
Harmonic Analysis and Locally Compact Groups»). As will be shown, the
point of relevance lies in both situations in the fact that the functions under
consideration belong to the dual of a Banach convolution algebra of integra-
ble functions which admits local inversion of the Fourier transform (i.e.
for which the Theorem of Wiener-Lévy is available). In the case of MP{IR™)
this predual may be characterized as a dyadic decomposition space (this
gives already some information on its Banach space structure as well as
of that of MP(IR")), but also as a minimal element in a certain family of
Banach spaces (this gives an atomic characterization for its elements).

Although the results of this note [it into the general (abstract) frame
concerning Tauberian theorenis as presented in [7] we shall not make use of
terminology and results of that earlier note before the final part of this note.

* 1 risultati conseguiti m questo lavoro sono stati esposti nel seminario tenuto il
5 luglio 1984.
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As far as possible we shall make use of the notations and methods used
in H. Reiter’s book ([23]). However, in order to make this note self-con-
tained let us start by recalling the most important notations.

As main results of this paper the reader will find Tauberian theorems
related to (and extending) those given by N. Wiener (cf. [26]-[28]) as
Theorems 1, 12, 13, 19, 20, 30 and Corollaries 10.11,

§2. NOTATIONS

Throughout the paper p denotes any real number satisfying 1 << p < oo,
and g denotes the conjugate of p, given by 1/p + 1/g = 1. (LP(IR")," "p)
stands for the Lebesgue space of equivalence classes of) measurable func-
tions fsuch that

i/p
(1) ||f|;,,:=(f £ V’dx) <o,
IR"’I

Each of these spaces contains K(IR"), the space of continuous complex-
-valued functions with compact support on IR” as a dense subspace. Since
(LP) = L4, these Banach spaces are reflexive for 1 <p < oo. We write L&c
for the space of locally p-integrable functions and recall that Lfac_C_Lerc
for p>=r. For y, t € R" the translation and (character) multiplication

operators, given by

(2) L,f(x) :=f(x=y),

and

3) M f(x) 1= {x, 1) f(x),

with

(4) x({@#) i=A{x, tY:=exp (2wi E/"= 1 % tj)

act isometrically on each LP-space. The same is true or the inversion operator v,
given by f(x)=f(—x). Furthermore, for p>0 the following dilation
operators will be useful:

(5) M, f(x) = p"f(px),
(6) D, f(x):= f(x/p).
One has

7 M, 1), =p"2)f), for feLP(RY).
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In particular, Mp acts isometrically on (L(R"), I |- The operators M,
t &€ IR" and Mp, p > 0 also act as automorphisms with respect to the convo-
lution product, given by

(8) g*f(X):=j g flx—=y)dy for f,geK(RY,
IR"

for which one has

) lgx fly<lgli|fl, for l<p<e.

In particular, (LI(IR"')," |;) will be considered as a commutative Banach
algebra with respect to convolution. The Fourier transform F, given by

(10) F(r) s = (1) :=j F)(x,1ydx for feK(RM,teR",
IR”

extends to a contractive, injective homomorphism of Banach algebras

(an Fo @R, )~ (C'®RY,| |..)

into the space of continuous functions vanishing at infinity (as multiplica-
tion algebra with the sup-norm). The basic operators mentioned above
change their role under the Fourier transform, i.e.

(12) (L) =M_f; M) =Lf for yeR"
(13) M, f) =D, f; D) =Mf for p>o.
We write as usual D (= Cy) and S for the space of test functions or rapidly
decreasing functions on IR" and observe that they are invariant under these
basic operators. The formulas <Mpk, hy=(k, Dph), (Lyk, h)={k, L_yh) and
(M, k, h)=(k, M, k) allow to extend them to the dual spaces P'and §'.

In the second part of our paper intensive use of the extended Fourier
transform F :S'— S’ and formulas involving it will be made (cf. [15]).

We also recall that a continuous function w on IR” will be called a weight
function, if

(14 w{x}=1 and w(x + ) <w@)w(y) for x,yeR"
These are of importance, because the corresponding weighted Ll-spaces
(15) LL(R™ :={f|fweLl}

are Banach algebras (densely embedded into LI(IR™) and containing K(IR™
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as dense subalgebra) for the convolution product, with the norm

(16) 1Al s = 11w

called Beunling algebras (cf. [23], Chap. 1, §6). For us only the weight
functions

(an w () i=(1+|x|), a>0

will be of relevance, and it will be convenient to Write L}X instead of Lfv .
o

Finally we mention that we shall call a Banach space (B,| |, a BF-
-space (on IR") if it is continuously embedded into LEUC(IR”), i.e, if one has:

For T > 0 there exists C = C(T) > 0 such that

(18)
[ |F(x)[dx<C|f|; forall fe€B.
IxI<T

(B.| ||B) will be called a 40l4id BF-space, if further

feB.geLl e |<|fx)| ae.
(19)

impliesg € B and || g, <|f |5

A BF-space is called fnamstation (dilation) {nvariantif L,BCB
(MPB C B for all p>0). The operator norm of these (as for other opera-
tors) as a bounded linear mapping on (B,| |) is denoted by || L, |,
(|||M;J llz)- For convenience we agree to use the self-explaining symbol
|||a * |||p for the norm of the convolution operator f+> o * f as operator
on (LF| ||p). A translation invariant BF-space B is said to have
contimous translation (dilatior) if the mapping y > L, fp M, f)
is continuous as a mapping into (B,|| ||B) for all f& B. Since in that case
the convolution (as given by (8)) may be interpreted as a vector-valued
integral with values in (B, | ), i.e.

(20) g *f':f LJ,fg(y) dy for ge€K(R"),fEB
IR”

it follows that one has for the weight function w(x) : = max (1, || L, ||}
(21 lgxflp<lelylfly for g€l feB.

In fact, B becomes in this a Banach convolution module over the Banach
algebra L‘lu. It is even an essential Banach module, because any bounded
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approximate unit (e,) . ; in LY(IR") with joint compact support (i.e. a
suitable net of functions tending vaguely to the Dirac measure) is also
bounded in L] and one has

(22) lim, . |e * f~f|g=0.

If the weight function w is of polynomial growth, i.e. if there exist &> 0
such that || L, [l < Cw,(») it can easily be shown that B is continuously
embedded into the S$'(IR™). If B is furthermore a solid BF-gspace it is not
difficult to verify that § is embedded into B. Furthermore, in this case it
is sufficient to choose k€ § (IR™ with [k(¥) dy = 1 in order to have the
more concrete relation

(22) lim, | M kxf—f|;=0.

(For a short summary of relevant facts concerning Banach modules the
interested reader is referred to [6]).

Of particular importance is the family of mogeneous Banach spaces,
which are defined as isometrically translation invariant BF-spaces with
continuous translation (cf. [17]). Thus they are (essential) Banach convolu-
tion modules over LI(IR™): It follows that a homogeneous Banach space
(B,] |g)is a Segal afgebnra in the sense of H. Reiter (cf. [23], Chap. VI)
if and only if it is densely embedded (and thus even a Banach ideal) in
LR, | ).

If (B,] |p) is an arbitrary translation invariant BF-space one writes
B, := {f’y—>Lyf is a continuous function from R" to B}, If y - || L, s
is a locally bounded function, it is clear that B is a closed (the maximal)
subspace of B having continuous translation.

The suppot of fe Llh,c (considered as a measure) is denoted by supp f.
Given B—C—Léac and a set Q CIR" the symbol B, stands for {f[feB,
supp f € @}. The Lebesgue measure of Q is denoted by |2/, and ¢, stands
for the indicator function of Q. Positive constants are denoted by C, C',

C), - .. and may vary from occurence to occurence in different proofs.

§3. THE MAIN RESULT

In this section variants of the following extension of Wiener’s third
Tauberian Theorem concerning functions with bounded quadratic means
is to proved by elementary means:

THEOREM 1. Let fe L} (R™), 1 <p < oo such that

v
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lp

(23) ||f"[p] i= supT>1(T‘” I |7 (x) |de) < oo

Ixi<T

and K, K, € L},/p be given. If K, satisfies the Tauberian cond.ition

(24) R(5)#0 forall teR",

then one may conclude from the relation

Up

(25) limT_m(T""j | K, xfx)Pdx] =0,
Ix1€T

that the same relation holds true for K2.

REMARK A). As will be seen, actually less stringent integrability condi-
tions concerning K, K, will be sufficient. However, already the above
assumptions are strictly weaker than those made by N. Wiener and sub-
sequent authors, where forn =1, p = 2 it is assumed that (1 +|x|) K (x)
belongs to LN L%R), for i=1, 2 (cf. [27], p. 177). Besides this, our
approach is a different one.

Following the notation of earlier authors we are writing for the p-means

1p

1
Ap(f,T):=(-— / lf(x)l”dX)
Tn

IxlgT

and denote the space satisfying (23), i.e. of elements of L{ (IR") with
bounded p-means by MP(IR"). It is a normed space with respect to the
norm [|f||[p]:==supT>1 Ap(f,T). The subspace of elements satisfying
the stronger condition

(26) limg._, mAp(f, N=20

is denoted by JP(IR"). Furthermore it will be appropriate to identify M~
with L™ and I** with C°.

THEOREM 2. For feL? (IR"), 1<p<oo, define the sequence (of

tee
nonnegative real numbers) (d)e» 1 DY
/p
(27) dk:=(f|f(x)|pdx) , k=1,

by
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where }}c:={x|2k'1<|x|<2k} for k22 and P :={x||x|<2}, and
write | [|(p) for the norm given by

(28) 1fllgy = supg 5, 2774, .

Then one has
A) FEMP(R™ if and only if | £, < .
B) The norms|| "lpl and | |](p) are equivalent.
C) (MP(R"), | ”lpl) is a Banach space.
D) Forl €p<ee fE LZC(IR") belongs to JP(IR") if and only if

(29) lim_, ,27%"Pd, = 0.

E) IP(IR® coincides with the closure of K(IR") (or of C'(IR®) or of
L¥(IR"), for p <5 <o) in MP(IR"). In particular, /P(IR™) is a closed subspace
of MP(IR™).

F) (M%,| [|“D])l <p<w I8 a decreasing family of spaces, with continuous
embeddings M" C, MP forr > p.

G) MP(IR") is translation invariant and isometrically inversion invariant,
with I as an invariant subspace. For the translation operators the following
estimate is available:

(30) WLl <NEN,,<CU+]y|)" for yeR".

Furthermore translation is continuous in (J?, | ||[p]).

PROOF. A), B) Assume ”f"lpl < o0, Then one has forall & > 1
: fp
-~k
d,2 "/I’g(;’:’—; f |f(x)|”dx) <||f||[p]<oo,
Ix1€ 27
hence [|f||(p)<||f||[p]. Conversely one has for T>1: Te[2K-1 2¥] for
some k£ > 1 and consequently
: tp
nip| " —
AN <2 (an j ,f(x)lpdl) =
xls 2k

= 2NP 2—kn/P()3;‘= 1d;’)l/P g nip "f"(p) Z'kn/p(z:/k: 12/,,)1,p <
< Cn,p“f"(p) er all T} 1,

showing the required equivalence of norms.
C) As a matter of routine it is left to the reader that (MP,| ]|(p)) and
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thus (M2, ||[p]) is a Banach space (cf. [8]; it is easy to verify that absolutely
series are norm convergent).

D) It is clear that the space { f|f€& LPOQ, im, , 2~kn/p d=0}is a
closed subspace of MP containing J*(IR™. The converse inclusion follows
from the fact that the estimate d, 2-MP < ¢ for | = kg yields for T > 2;(0,1 :
T e [2%-1, 2% for some k = k, and therefore

~(k~ Ky oj ~ (k- Ce(Xk inyl
AL T)<2 * l)n/p"f”(p)(zjgl 2/myllp 4 o—(k=Dnjp €(2/=k0+1 2/mylip,

Considering these two terms separately one observes that the second one
is uniformly (with respect to k) bounded by some multiple of ¢. On the
other hand it is clear that the first one tends to zero if £ — oo (ko fixed).
This shows that (26) (i.e. f€ IP) can be derived from (29).

E) It remains to show that K(IR™) is dense in IP. For f&€IP and €>0
choose k,€ N such that 2~knfp d, <e fork >k, =2, hence ||f——npk_1 ||(p) <
<€, where yp,_, is the indicator function of D;_; 1= {x| [x]< 2%-13, Since
supp (g * ¢,f) €D, whenever g€ K(R™ with suppg €D,, and because
(for obvious reasons) the norms || ||p and || |[(p) are equivalent on Lf,k = Mpka

it follows that there exists g € K P such that

Since g * v, f€ K(R™) * Lf)kg K(IR™) the density of K in IP follows there-
from.

F) Follows from Holder’s inequality. The assertions in G) follows from
E) and the following estimate:

1
ANLfT)< — f 72 [Pdz <
Tn

lzl< 2max (ly,1)
<2"max (1, (|» | /T || £,

which directly implies (30). Since one has Ap(f, T = Ap(f, T) the inversion
invariance is obvious. After checking continuity of translation for f& K(IR")
it is a consequence of E) that JP has continuous translation.

REMARK B. Using the notations used in [8] one might say that MP =
= F(B, 7,17, ) and IP= F(},, LP, c{)”p'o), both spaces being built over
the dyadic decomposition 1]2 of IR". The estimate (30) might thus be derived
from Theorem 3.1 of [8] as well.

REMARK C. It is clear from E) that /” is a separable Banach space, which
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contains a subspace isomorphic to ¢, (cf. [19], Prop. 2.3): Fixing a sequence
(fdk»q in K(R") with supp f, C P, and ||J§c||p = knlp, {f|f= IS
@), € CO} is such a space. Of course, MFP (IR") is not separable.

In the next step we study duality relations involving the spaces MP (IR?)
and IP(IR™). ‘

THEOREM 3. A) Denoting as usual the conjugate index to p by ¢ (with
I/p 4+ 1/g = 1), one has for 1 < p < oo:
MP(IR™) is the Banach dual of E7(IR™), defined for 1 <gq < oo

EWRY :={h|h &Ll | h| =27 2Py |, <o),

where Y « 18 the characteristic function of P,k>1.
B) K(R") and S(R") are dense in (EY,| “E‘?) for 1 € ¢ <eo and thus

E9 has continuous translation for | € ¢ < oo.
C) EY(IR™ = (IP(IR™))' as a Banach space for 1 <p < oo,
D) (E9)) ||Eq) is translation and isometrically inversion invariant, satisfying

(309 2, <CU+|yp"?  for  yeR".

E) The Banach spaces E7, I” and MP are Banach modules over the Beurling
algebra L,}/p(IR") with respect to convolution.
As a consequence one has the following extension of Theorem 4.5 of

[19] to higher dimensions:
COROLLARY 4. (/P(R™)" = MP(R™ for | <p < co.

PROOF OF THEOREM 3. It is easy to check that (EY,| | E‘I) is a Banach

space containing K(IR") and S (IR") as dense subspaces (cf. e.g. [8], Theorem
3.1. C). The duality assertions stated in A) and C} being again quite elemen-
tary we may leave them to the reader (cf. Theorem 3.6 of [8], or Theorem
2.8 in [12] for such results in full generality. The estimate (30") follows
from (30), applying the duality stated in C), Continuity of translation then
follows from the density of K(IR"). The structure of a Banach convolution
module over the isometrically inversion invariant algebra L,ll/p for I? and
EY now follows via vector-valued integration, as mentioned in the introduc-
tion (which has of course the same effect as pointwise definitions). In
particular, one has (after renorming L,’,/p suitably with a norm, written

again as | []l‘n/p):
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lg* S o <I&hmpl g

and forf, g € K(R"),

lg* flp <l s,z "'f"[p]

In order to extend this last extimate to f& MP we observe that for g,
ke K(RY and fe Ll C § the following relation holds true:

Peg =
g ky=(f.gx k).
It implies by means of A) not only

& * f”[p]": Sul‘)uklqu <&k <|g Hl,n/p"f”[p]’

but shows as well that the module structure given by ordinary convolution
on MP = (IP)" coincides with the double transposition of the convolutive

structure on /7.
With these facts in mind one can now give the

PROOF OF THEOREM 1. It is well known that the Theorem of Wiener-
-Lévy on the local inversion of the Fourier transform holds true for the
Beurling algebras LZ!(R"), &> 0 (cf. [23], Chap. 1, §6.5). Consequently
the linear span of the set of translates of K is dense in Ll if(24) is satisfied,
Since (L K)*f L (X, x fYel? is f sausf‘lw (25), for all y e R, it
follows therefrom that (usmg, Theorem 3. E)) that K » f&I” for all KEL

REMARK U. For the classical situation (n = 1, p = 2) the above argument
implies not only that the integrability of (1 +|x|) K, (), i=1,2 would
have been sufficient for the conclusion, but that as well each of these assump-
tions might have been replaced by the condition (] +|x ] )Y K (x) € LYR)
for some a> 1/2 (e.g. o= 1). In fact, one has by Hélder’s inequality

12 12

||K||m,2<(j| K0 (1 +| x| )de) (I(l +x| )—Z«dx) < oo.

In order to show that other conditions concerning the decay (at infinity)
of the kernels K, i = 1, 2 are sufficient as well, a more detailed analysis of
E9 will be important. We shall show a minimality property of E? first and
derive therefrom that £9 is Banach convolution algebra, Before doing this
we look for the behaviour of our spaces under dilations.
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LEMMA 5. The Banach spaces E?, MP and I” are invariant with respect
to the group of dilations (Mp)p> o for 1 < p, g <. For the norms of these
operators one has the estimates

(31) 1D, Ml py < max (1, o)
and
317 184, ]|, < max (1, ™7

PROOF. By the transformation formula one has for T2 1 (discussing
the cases p < 1 and p > 1 separately):

A,D,1, T) = A,(f, TIp) <max (|| f]py, 0/ AL, 1) <
< max (1, 0Y"|| ] s
which implies (31). The estimate (31') follows from the duality E9 = (/)"
"Mpf"Eq = Supug" a1 l (Mpf,g)l':

= supyy <1 1 D,8) | <max (1, p"P) | ],

llgll
REMARK E. Actually it is true that || D, |||Eq -|||M [l has exactly the

asymptotic behaviour indicated by (31) or (31') (consider, for example
||M k|| for p = oo for any k € K(IR™).

The announced minimality property can now be described.

THEOREM 6. A) For 1 <q <eo the space (E%] | q) is the minimal

Banach space in Ll  (actually in L1(IR™) with 1eqpect to the following
two properties:
a) LE(IR") is continuously embedded for any compact set K C IR";
b) (Mp)pE(O,l] acts uniformly bounded on the space,
In particular, the following ‘atomic characterization’ of £9 is available:
Given any compact neighborhood @ of the origin in R” (preferably the
unit ball Ql) one has £9 = B? (as a Banach space), which is given as follows.

Loc

(32) ={h|h= 1M /f/

fely for j=1, with Z7.,|f], <o},

in  LI(IRM, € (0,1

with the norm

(33) |2 lgy: = inf 27 15 -
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the infimum being taken over all ‘admissible’ representations as in (32).
Furthermore one has

(34) £y =17l, for feiy,

and (B, )= (L] -
B) (4| ]R ) is continuously embedded into LT(IR") for 1 <r<«q.

REMARK F. It is evident that different neighborhoods @ and @' define
equivalent norms on B9, It is also an immediate consequence of the defini-
tion (assuming now for convenience Q= Q, ={x|[x|< 1}) that one has

(35) [0 <1y, <r"/P||h|| forall &Ly (R")

I,
where Q, :={x||x|<r}CR" for r=>1 (cf. step iii) below; the second
estimate in (35) following from the representation A

h=M wl(Mrf) +0+4+0+..., andusing(7)).
r

PROOF OF THEOREM 6. i) First of all one may check that (B9, || || ) is
a normed subspace of (L, || || ). That it is actually continuously embedded
in L™ for 1 <r<gq (and tlmt any ‘admissible’ in actually absolutely con-
vigent in each L") follows from the following estimate (writing here r
for the conjugate of r):

|21 <% 1M, 5, <% P51, <
<|Q [”E]. 151, <eo (Withf:= 1/r —1/p)
for any ‘atomic representation’ of & &€ B9, hence

71, <IQPIslygy Tor feBe.

Using this it is not difficult to verify that absolutely convergent series are
convergent in (BY, | "{4 ), i.e. that it is a Banach space which has of course
the required invariance property under (Mp)pE(O,I]' It is also clear from the
construction that B9 has the required minimality property (and is thus
independent of the choice of O, cf. [9] for a related situation).

i) In order to show that BY coincides with £9 we verify first that I
is continuously embedded in B9 In fact, one has for # € E9 the representa-
tion ‘

=3P Mg =TPo Mg with =M.

This is actually an admissible representation, and since
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15l = 252 h el
one obtains the estimate
o . o0 k _
gy < B s Ml < Bmy 250y = [ g < o

Although it would be possible to verify the converse inclusion by a
direct device (using the atomic structure of B9) it is more convenient to
observe that E¥ satisfies the requirements a) and b) (cf. Lemma §5).

iii) In order to verify (34) note that |4 ||q<|]h||}q} is always true (cf.
i) above); conversely the trivial representation A=A+ 0+0+ ... is an
admissible one for A e L%, yielding the other inequality. The equality
E'= L' is obvious.

In order to improve Theorem above we shall stress the analogy between
Wiener’s Theorem 4 and 29 (cf. [27], p. 73/74 and p. 117). Actually, one
has in both cases (besides the Tauberian condition on K,) the element f
is choosen from the dual of some solid BF-space B on R (concrete: B =
=L!'=FE! and B =E? respectively). As will be shows below additional
algebraic structure (i.e. the convolutive structure) of that predual will
allow to persue the analogy further. However, before discussing it let us
show that these two results may in fact be considered as partlcular cases
of a real-parameter scale of result:

PROPOSITION 7. The decreasing family (EY, | ]| (q) ) 1 << q < o0 of Banach
spaces is closed with respect to complex interpolation, i.e. for 0 € (0, 1)
one has

(36) (E™,E™), = B9, with 1/q=(1—0)q,+0/q,.
In particular
(37) (LLEY = E9,  with q=2/(2—0) (or0 =2/p).

As a consequence, the family (M7, || ||[m)1 <psw fOTMS a scale of interpola-
tion spaces with respect to the upper complex method. In particular, one has

(38) (MP LYW= M7, with  1/r=(1—0)/p.

PROOF, It is clear from Theorem 5A) that 9= B9 C B*= E* for q = s.
(9, || ) being the retract ol a vector-valued sequence space the formulay
(36) and 337) follow from corresponding results concerning the interpolation

of such spaces (see [2], Theorems 6.4.2 and 5.6.3; ¢f. [8], Theorem 3.0). In
view of Theorem 3.A) the result concerning the MP-gpaces is an immediate
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consequence of Theorem 4.5.1 in [2].

The convolutive structure of E? is described now. Recall that a Banach
algebra (4, | 4) of continuous functions on IR” satisfies the condition
of Wiener-Ditkin (cf. [23], Chap. 2) if for ¢ € IR" there exists a sequence
(hn)" > 1in A such that hn(s) = 0 near t and, whenever & € 4 satisfies h{(t) =
= 0,||lz"h~—h||A—>Oforn—>oo.

THEOREM 8. A) For 1 <q <eo the normed space (£9, | || ) is a Banach
algebra in LI(IR”) (i.e. with respect to convolutlon)
B) FE9 .= h|hEE", with the norm Hh||

Banach algebra on R” satisfying the condition ot Wlenu Dlt in.
) C) The theorem of Wiener-Lévy applies to E9, i.e. given hOGEQ with
ho(t) # 0 on a compact set M C IR" there exists i, € E7 with le = l/fzo(t)
forallre M.
D) The set of translates of hy€ E? is total in (EY, | ” ) if and only
if ho(t) % (0 for all t € IR,
E) (ENK : = ={h|h € EY, supp h compact } is a dense ideal in (£9,| | q})
F) (FEY,| [| ) is a Wiener algebra in the sense of Reiter ([23], Chap. ID).

” is a pointwise

COROLLARY 9. For 1<p <ee (MP,| ||(p)) is a Banach module over
the Banach algebra (E?| | q}) with respect to convolution, containing
IP and MPF as closed (essential) submodules.

PROOF. The first assertion follows from Theorem 8.A) combined with
Theorem 3.A):

lg* o]y <C.sup {|<g* 0, )|, fEEL| [y <1
=C.sup {|[<0,. 8+ }],.. .} <
<C[[oliplElgy= Clolimlelyg

Since transiation is continuous in E7 it follows that E9+ MP C MP. On
the other hand, since € MP? can be approximated by elements of K « MP C
C E% % MP it is clear that MP is the essential part of the E4-module M?
Finally, K{IR") being a convolution algebra, the density of K in E9 (Theorem
3.C) and I? (Theorem 2.E)implies the relation E9 » [P C IV,

PROOF OF THEOREM 8.A). By Theorem 6.A E9 is embedded into L. In
view of the ‘atomic’ structure of E9 = B7 the relevant work to be done is
to give an estimate in B? for elements of the form f; :=Mplf1 # Mp2f2m~
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=M, (M, fi ) with p,:=p,p7’. Assuming without loss of generality
that p, <p; <1, ie. p;>1 and by means of Remark F) (note that in this
case supp (Mf’afl *f,)CQ,+0,C Q,!) one obtains:

150y <13, 1y * By < 2" 1A 151, <21 2|7 41,1 51, -

Summation over atoms then yields (using suitable representations for hys
lzzqu) for ;> 0:

38) Lty Byl < Col iy gy Pl

(If convenient one may of course replace the norm || || {a) by the equivalent
one Gy | o} Which is submultiplicative).

B) Since E7 is a subalgebra of L!(IR") by A) above, we may use the
ordinary Fourier transform. It is than clear that FE?, endowed with its
natural norm || ||}q { is a pointwise Banach algebra of continuous functions
on IR™. In order to show that it satisfies the condition of Wiener-Ditkin
it has to be shown that for f € E9, & > 0 there exists 7, € E9, with

(39) '?1(x) = | near zero, satisfying ||f* T ——f(O)’r1 ||{q}< €.

(Since E? is solid FE9 is translation invariant and the origin does not play
a particular role for this question).

It turns out that (39) can be obtained by a slight modification of the
arguments for Lemma 1.2.4 in Reiter’s book ([23), p. 6): Let k€D be
any test function satisfying k(¢) = 1 near the origin. Then 7 : = F~ 1k belongs
to S(IR™), hence E and the set {M 7|p € (0, ]} is bounded in E. As
7, will be choosen from this set it will therefore be sufficient to check
the validity of (39) for f€ K(IR™ (the dense subspace). For f& K(R"),
however, we may argue as follows: Mp_lf+f(0)60(= (Jf(»)dy}8y in
the vague sense, for p - 0. Since the net (M,,—l T)pe(o,]] is concentrated on

a compact set in IR” it follow by the usual argument (i.e. by_ the interpreta-
tion of the convolution product as a vector-valued integral with continuous
integrand, because E9 has continuous translation) that one has

(40) lim,_, o Mp_lf «T—FO) T liq) = ©-

Applying now the (bounded) stretching operator M » it is clear that the
estimate in (39) is valid for any 7 : = Mp'r, with p 2 p,,.

C)-F) Since the proof of the Theorem of Wiener-Lévy as well as
of its consequences follows now exactly the same pattern as in the case
of FLY(IR™ (cf. [23], p. 7/8) we need not give any detail here.
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REMARK G. Of course it would have been possible to take 7 to be the
classical de la Vallée-Poussin kernel for the real line (and certain products
of tensor-products of these kernels for higher dimensions) in the above
proof.

COROLLARY 10. Theorem 1 holds true if one assumes K, K,e E? (all
other conditions remaining unchanged).

REMARK H. For p = 2, n =1 this is an other improvement of the classical
special case (Theorem 29 of Wiener), because the condition (1 +|x|)K(x) €
e L2(IR) used there implies that

1/2

d~ 2"/2([ | K(x)|2dx
M| | 2N +1

defines a uniformly bounded sequence (for n = 1), i.e. that KeE?% vhut
not necessarily K € Li/z-

It is perhaps appropriate to comment here on related results in the litera-
ture, which have been obtained by completely different methods:

REMARK K. That (E?, | "EP) is a Banach convolution algebra for 1 <p <

< oo can be seen as an immediate consequence of the fact that the space
F(I’z, LP, [al,b) (introduced in [8] and staying with the conventions of using
p and g as in [8] in this remark only) is a Banach convolution algebra for
a=n/p' and b >0 (see Theorem 4.3 of [8] 1/p' = 1 — 1/p there). Besides
the general structural properties it is important to observe that the space
is contained in L(IR™). Unfortunately just this exceptional case ([8], p.
196:g =1,a =n/p' =n(p — 1)/p, b = 0) has been stated incorrectly. Unlike
this particular case one has for ¢ > 1 (as stated there) indeed only for
b> 1/p' the embedding into LI(IR") for the critical index a = n/p’. It was
for this reason, and in order to demonstrate the advantage arising from the
atomic approach that we have given the proof in the above, conceptually
different form. However, the use of the other Banach convolution algebras
as described in [8] would allow to proof related Tauberain theorems not
discussed in this paper.

REMARK L. In this paper [5] A. Beurling (cf. Theorem 1) considered
already the algebras A 9(IR") which can be shown to coincide with E9 (e.g. by
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means of results of C. Herz in [14] and R. Johnson, cf. [16]). Again, it must
be said that following their concepts from the beginnings would be an
arduous task. We also mention that R. Johnson already conjectured that
it should be possible to use decomposition spaces for the proof of general
Tauberian theorems (cf. [16], p. 132).

REMARK M. In the case ¢ = 2 the fact that E2= F~ 1B12,1/2 (cf. e.g. [25],
§2.8.2) is a Banach convolution algebra corresponds to the fact that Bi V2
is an Banach algebra of (continuous) functions with respect to pointwise
multiplication (cf. [24], §2.6.2, Theorem 1, p. 133). A detailed discussion
of Ditkin conditions of such algebras (which should be possible for the
algebras FE? as well) has been carried out by G. Bennett and J. Gilbert (cf.

(1D.

§.4. FURTHER VARIANTS AND EXTENSIONS

A comparison of the conditions imposed on the kernels K, K, in Theo-
rem | and Corollary 10 shows that there are no implications between them.
Thus it is desirable to look for a joint generalization that should apply
at least to kernels K, = K} + K2, with K}l € L,li/p and K? € E7 respectively,
fori =1, 2. That this is possible will be shown below. Because the arguments
yielding this more general version of a Tauberian theorem are quite similar to
those used in the proof of Theorem 5 in [7] we start by stating explicitely
a special case of that result which is closely related to Theorem 6.2 of [20].
It is obtained by the choice 4 = E9, 4' = MP, A(’) = JP there. The assumptions

concerning A are satisfied in this case and therefore one has:

COROLLARY 1. Assume that py€ S '(IR™) defines a multiplier for I?
with nonvanishing Fourier transform (i.e. |uy* f ”(p]<, Cle | f "(p] for all
f€ S8(IR™ and bo(t)# 0 forall € (IR™). If a given f € MP satisfies uy * f €
€ IP then one has u * f € IP for any ¢ € S' which defines a multiplier on I”.

The above Corollary also follows immediately from the following result,
which does not impose the additional condition f GMf (in contrast to
Theorem 1 and Corollary 7), or at least allows tb replace it by weak addi-
tional conditions on u.

THEOREM 12. Assume that p,& S'(IR" defines a multiplier for IP with
nonvanishing Fourier transform. Let f€MP be given such that u,* feI”.
Then for any multiplier 4 of I” the following is true: g » f&I? if and only
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ifuxfeMb.

PROOF. We mention once more that any multiplier 4 of I? defines also
a multiplier for £9. Since E9 is contained in L1t follows that & (in particular
;’10) belongs locally to FE?. In particular, it is a continuous function and
therefore the pointwise condition dy(f) % 0 makes sense.

Since JP ¢ MP it is clear that only one implication has to be discussed.
Assume thus u* f& Mg’. Then, for € > 0 there exists k & L}l/p, with supp k
compact and | & px f—p f|, <e. Since FE? has local inversion (cf.
Theorem 7.C) there exists g € E such that §(t) = 1/i2,(t) for all £ € supp &.
It follows that &=k * u, g Consequently & f==k g« Mg * fe L}z/p *
x IP CIP and therefore k # p# = u* (k+ f) €IP. Since I? is closed in MP
the desired conclusion follows.

REMARK N. Since the interesting implication above starts with the
assumption ﬂ*fEMf it is useful to describe sufficient conditions for
this to be true, Of course, it is satisfied for any multiplier 4 of MP, if f
happens to belong to Mg’. On the other hand it is satisfied if one has u €

(S Lrlr/p + E9, because in that case one has

(47) paf=lim_  k +«f forall f&MP(R™

for a suitable net (k) ., in K(IR"). Actually, the approximation of the
multiplier £+ p * f in the strong operator topology by elementary multi-
pliers of the form f + k « f is sufficient in order to have p » f'€ MP for any
feM?.

The following result is mentioned here, because practically the same
proof applies (stated in the terminology of Wiener-Type spaces).

THEOREM 13. Let G be a locally compact abelian group,

Let a multiplier f > uy« f of W(LP, CY, 1 <p < oo, with non-vanishing
Fourier transform (i.e. ﬁo(t) # (0 for all t€IR"). Assume that by fE
W(LP, C% for some f& W(LP, L™). Then one has for any multiplier v of
W(LP, CO v« fe W(LF, L), if and only if v « f€ W(L, CY).

PROOF. It is sufficient to observe that W(LP, C%) is the closure of K((G)
in W(LP, 1) = W(L9,1}) = A'. Since A is a Segal algebra (with its natural
norm), hence a dense ideal in L1(G), the pointwise algebra FA coincides with
the ordinary Fourier algebra A(@) = FLY(G) and has thus local inversion
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(cf. [23], Chap. VD).

In view of Theorem 12 it will be of interest to give sufficient conditions
implying that o € §'(IR™ defines a multiplier for J? (hence on E%, M”, by
transposition). A result in this direction is given in the next Proposition,
which involves once more an atomic approach.

PROPOSITION 14, Let 1 <p < oo be given. Then g€ S'(IR") defines a
multiplier of I?, E9 and MP? if it has a representation (in $') as a
(41 o= Ej";lMpioi

with (;0/)/>1 being any sequence in (0, 1] and (orj)j>1 a sequence of LP-
-multipliers (hence in S'(IR™)) with common compact support, satisfying
the condition

42) Ej“': Al gy % |||p pj“"/P < oo,
Ifo, € LR for allj > 1 then o maps MP into MP.

PROOF. We show first that f— ¢ » f defines a multiplier for IP. After
normalization we may assume that supp 0, C Q forj = 1. In orderto estimate

the action of a given ‘atom’ o let us choose an appropriate representation
of fEEY . f= E;’:lMpkfk.This gives

O'j *f= E}:;]U/ * Mpkf;c= E;::lMpk(Mpk'"l 0'} *f}c).
Since it is known (and not difficult to verify) that

M0, =loxll,=llox],
and because

supp M, _9; *[,CpQ+Q2CQ+0
it follows that

loy* fl,<C- E;:=1"Mpk-1“i * fill, <

<flo; *ll, - € 2= 1M fely <N gy * o1 Fll g

hence ] o; » [ < C' 19 [

For o as described above one has thus for f€ £7 as a by means of Lemma 5:
“ o f"Eq < Ejm:‘ 1 " ijoj * f"Eq = Ef:: 1 "Dpj(aj * Dpi— lf“Eq <

<ZL D, Mol ey # Mg NP1 Mg 1l <
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<l 7=l o™

as was required. Of course G is a multiplier on £ as well and the infimum
over all expressions (42) defines a norm majorizing the operator norm on
E7 (up to some constant), and therefore o= (&)~ defines a multiplier on
MP = (E?) (by transposition). Since furthermore the partial sums approxi-
mate @ % even with respect to the operator norm on E7 (and MP) (cf. above)
it follows that 77 is left invariant by the multiplier f + o * f. If, furthermore
o; € LI(IR™), then the partial sums may be approximated by elementary
multxphers of the form g * £ j=10; € K(IR"). Since K % MP C MP the proof
is now complete.

REMARK O. Without going into details we mention that o has a represen-
tation as described above if and only if it belongs to a certain decomposition
space (as described in [12)]), with local component being the space of all
LP-multipliers, and a global weighted /'-condition, and with the dyadic
decomposition of IR" as underlying scheme. Such spaces can be described
in various different ways which are to be explained elsewhere.

A slight change in the perspective occurs if one considers — instead of
multipliers on JP which extend to MP — those multipliers of M? which leave
I? invariant. One result in this direction is given in the following characteri-
zation:

THEOREM 15. Let ¢ € S' be amultiplier for MP. Then o leaves I? invariant
if and only if there is a net (ky)-,e pin K(IR") such that

(43) Oxg= limv_mk,r*g for ge& K(R™
and
(44) supyEP” kv* g||[p]<C“g||lpl for g& K(R™M.

PROOF. (43) implies that o+ g€ (K # IP)~ CIP for g € K(IR"). On the
other hand, (44) shows that the family (k1 *)7er‘ is uniformly bounded in
the operator algebra over I?, and therefore (by the density of K in IP) (43)
holds for any g IP,i.e. 0 « IP C TP,

Assume now the converse, i.e. 0 % /P CJP. Then given ¢ >0, and g € K C
< I? one has |oxg—d=*ox g||[p]< € (cf. (22)) for a suitable test function
d€D C K. Density of K in /7 also implies continuity of ¢~ M,/ for any
h € I and consequently continuity of f » M (0xd)» g=M[(o*d)+M_ &),
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by the estimate
1M, (0% d) « M_ 2]~ M,[(0 % d) » M_] oy <

<[ (M, ~M Yo % d « M_.g8) ﬂ[p]+[|Ms[o «d*(M_, —M_ gl ||[p]

using the fact that M,se IR,, acts isometrically on the solid BF-space I?,
and that T1 :f—= o % d« fis a bounded operator on IP. Let us fix a neighbor-
hood U of zero such that

(45) |{Mt0*d*g—o*d*g[[{p]<e for rev.

As an integral of a continuous. vector-valued function with values in J?
one has for any & € LY(IR")

(46) jh(r)[Mt(a* d]sgdr=[a(ox dlxg

(a detailed justification of this formula is left to the reader). If 7 € S (IR is
choosen in such a way that heD , with 13(0) = [ k() dt = 1 and supp R cu
one has in view of (45) and

| [h(ox k) +g— 0« gll[p]<e.
Since /i(o k)€ D(S' *D) CD C K(R") assertion (45) is verified. The
construction also yields (44), and the proof is thus complete.

§5. SUBORDINATIVE OPERATORS AND ABSTRACT TAUBERIAN
THEOREMS

A still more abstract approach, indicated by the results given by Lau
([20]) and J.P. Bertrandias ([4]) suggests to deal with subordinative opera-
tors: A bounded, linear operator on a translation-invariant BF-space (B,
[ [g) is called subordinative (on B) if Tf belongs to the closed, translation
invariant subspace of B generated by {fo, x €R"}, for all fEB. Several
simple observations conceming subordinative operators are collected in the
following proposition:

PROPOSITION 16. Let (B, | ||z) be a translation invariant BF-space on IR".

Then one has
i) Any closed, translation invariant subspace of (B,| |g) is invariant

under subordinative operators.

iiy The set of all subordinative operators is a subalgebra of the operator
algebra L (B), closed respect to the strong operator topology.
In case (B, | ) has continuous translation one has further:

iii) T is subordinative if and only if for any f€B Tf belongs to the
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closure of {k * f| k€ K(R™}in (B,] |z ‘
iv) For any k€ K(IR") the (elementary) multiplier T, fokxfisa

subordinative operator.

As a matter of routine (i.e. by working with vector-valued integrals)
the proof is left to the reader. Of course, R"® might be replaced by any

lca . group G.

REMARK P. From ii) and iv) above, applied to MP, it follows 0 =g, + g,
with gleLn/p, gzeE , or ¢ as described at the end of Proposition 14,
define subordinative operators on MP.

The following characterization of subordinative operators will allow us to
derive from Theorem 12 a result which is in a certain sense the n-dimen-
sional extension of K. Lau’s Theorem 6.2 (in [20]) as a corollary.

THEOREM 17. Let T be a bounded linear operator on I”. Then the follow-

ing conditions are equivalent:
i) T is subordinative on I?;

ii) T commutes with translations, i.e. TL, = LxT for all x € IR™;

ifi) There exists a2 uniquely determined o € S'(IR™), such that Tf = o * f
for all f€ S(IR™ (i.e. Tf is represented by the continuous function x -
- (fo, 0));

iv) There exists (a uniquely determined function) & € C?(IR") such that
(Tf)" = hf forall f € S(IR™).

PROOF. The implications iv) = iii) = ii) are easily checked. That iii)
implies i) may be considered as a consequence of Theorem 15. In fact, as
a consequence of (44) the relation (43) holds true for any g € IP(R™). The
most interesting implication is i) =1iv). Its proof requires several steps.
That ii) =>iv) holds true will be proved at the end by similar arguments.

Step I). Given a subordinative operator T on I” let us first consider the
associated operator T :k - F(TF k) (or: 7f = (Tf)" for short) as mapping
from the dense subspace D(R™) C F/P(IR") to D'(IR™) D FIP(IR™ (cf. Theo-
rem 3.B). We claim that T does not increase supports. This can be shown as
follows: Since I? is-continuously embedded into D' with the weak (= o(8’,
S) - topology) one has for f&IP: Tf = weak- hmo‘_“m u, * f, for a suitable
not of (discrete) finite measures. It follows that Tf weak-lim ,_, m,umf
Let now ¢t € R"\ supp fbe given. Then kf=0 forall ke D y (for some small
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neighborhood U of f), and consequently k(7f) = weak lim_, kf)af =0,
ie. ¢ supp Tf as required.

Step II) In view of the duality relations it is clear that f‘ as an operator
on FE? with its canonical norm “h"FE‘I =|F~ 1y || It is not difficult to

check that 7' does not increase supports as well. It may therefore be consi-
dered as a mapping from D C FEY to K(IR™) satisfying for some C > 0:

(48) [T'h|.. < C|n lppe forall hED(RM

Step III) Let now KeD'(IR?*) be the kernel associated with 7" by
the Schwartz kernel theorem ([15], Theorem 5.2.1). It is characterized
by the formula

(49) (T'h,gy= (K, heg) for h,geD(RY).

We intend to show that K is supported by the diagonal in IR" x IR", In fact,
assuming that there exists (x, ¥) € supp K for some x # y one obtains a
contradiction "as follows: Let U, V be disjoint, compact neighborhoods
of x and y respectively. It is then possible to find h €D yand g€ Dy such
that (K. heg)=0. This leads to a contradiction, because
supp (T'h) Nsuppg C UN V = ¢ implies (T"'%, g) =

Step IV) Since K is supported by the diagonal, 7' has to be of the follow-
ing form (by Theorem 5.2.3 in [15]):

(50) T'h=Za, 0%h, with a,€D', for heD

the sum being locally finite. Thus, for any given A€ 0 one may assume
that only derivates of order | |<k (for some k € N) appear in this sum.
We intend to show that a,e Cb(]R") for any multiindex « and then that
a,=0 for a+ 0. That only regular distributions a,, given by continuous
functions may appear in our case is checked as follows (cf. [21] p. 126):

In view of the local character of this question and the translation invarian-
ce of the situation it will be sufficient to consider the family (a ) near the
origin. Starting with a test function h ED(IR") satisfying ho(z‘)-—} in an
open neighborhood U of zero one has Th =ayhy=a,on U. But T’ maps
D CFETt0 FEI1C CO%IR™ and therefore a has to be continuous function
on U. For higher indices o = (&, ..., &,) the same assertion can be proved
by recurrence. Let e be given and assume that ag is continuous on U for

B == o satisfying B <o (i.e. ifﬁj <@ forl <j<n).
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Without loss of generality we assume o ~{31 + 1, and & ﬁj forj=2.
Then one has for the test function A : = A“holoz‘

Th,=3 J<pdy 07 +a, 0% = 18, +ahy on U

for some g € S', which is a continuous function on U (by the assumption).
It follows thata = a, h =T h,—g, is continuous on U.

Step V) It now remains to show that a (1) = 0 for a# 0. Assume the
contrary, i.e. that for a certain o= (&, ..., @), with | =0yt ke >
> 0 one has a_# 0. We want to bring this to a contradiction with the estimate
(50). For simplicity we assume that a (0) # 0 (this is allowed due to the
isometric translation invariance of FE?). There are twa estimates. For /i =
= h, as in Step II) one has as a consequence of (50) and Lemma 5:

3 -1 = 17
SUP, (0,1 | 7D, h) . <Csupp6[0.1]”Mp(T k) ”E‘l =C|F 'h "L"""
An other hand one has

| 7D, B .. =2, (0) || 9%(D,m)(0)|=]a,(0)]p ' §*h(0) = p~'*'|a,(0)].

The contradiction resulting from these two estimates {p - 0) implies the
required assertion.

ii) = iv) If T commutes with translations it also commutes with convolu-
tions by elements in Ll wp OF E4, because IP has continuous translation. As in
the above proof it follows that T: f— (Tf)" does not increase supports: In
fact, for ¢ ¢ suppfthere exists an neighborhood U of ¢ such that # f = 0 for
all he Dy But h=§, with g€S C EY, and therefore g+ Tf = T'(g * f),
hence A(Tf)=&(Tf) =(gx Tf) = [T(g* N} = T(&) =T =0 for
Al hE€D et & supp 7f. Thus supp f‘fg suppfancl the above arguments
can be applied.

REMARK Q. The assertions concermng the operator T as given in Steps
[-1I1) could have been derived directly from Theorem 2 in [22], due to J,
Peetre. Also for the implication ii) = iii) a standard result, would have been
sufficient (instead of ii) = iv) above). However, for the convenience of the
reader, and, above all in view of possible further extensions (c¢f. Theorem
20 below) we have prefered to present the complete proof bcl‘:(.d on results
available in Hormander’s book ([15]).

Step VI) We finally observe that (48) implies, together with the solidity
of F4:
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1T <Csup, |2, = Cla)

and further

[0 < G e = Coll Pl -

It is now clear that f‘f= hf for all S € EY, with h € CE(IR™), and the proof of
i)~ iv) is complete,

The above theorem implies among others the following result which is
of great use in the proof of the abstract Tauberian Theorem stated below.

PROPOSITION 18. i) Any w* — continuous, i.e. o(M®, E) — continuous
and subordinative operator T on MP is of the form S 0 * f, and leaves IP
as well as MP invariant,

i) Any subordinative operator on /? extends to a bounded linear operator
on MP, There is only one w* — continuous extension.

PROOF. i) We begin with the discussion of the problem of representing
subordinative operators on MP which is necessary because difficulties arise
if a pseudomeasure has to be convolved with an element of MP. Consider
therefore any subordinative, w* — continuous operator 7 on MP(IR").
Because IP is a translation invariant, closed subspace of MP T leaves I?
invariant. By the preceding theorem there exists a pseudomeasure o€
€ FT1L™(IR™ such that Tf= o « f for all f€S CIP. As will be shown in
a certain sense the same is true for any f&MP. Technically one proceeds
as follows: For k, he D, with fk(¥)dy =1 and #(0)= 1 one has (cf.
[6], Coroliary 2.3 for such regularizations in a more abstract setting) as a
consequence of the w* — continuity of T

Tf=w* —lim,,  TIM,k+(D,h)f]= lim,_, oMk« (D, h)f]

(M, k w (D, h) factually belongs to D « D - 8" CIP 1),

On the other hand, convolution by o defines a bounded operator on J?,
hence convolution by & is a bounded operator on E? (cf. the proof of
Theorem 3 and observe that & * g is well defined as a product of pseudo-
measures, i.e, through pointwise multiplication of Fourier transforms). The
second adjoint of the action of o on IP may be written formally as a convo-
lution product, because it extends the convolution given on S C /7 in a
natural way, but one should keep in mind that o # f, for general ¢ and f&
& MP is now characterized by the relation (o » f,g) :=(f, 0 g) forg € E1,
It follows



o
=4
3

Hans G. Feichtinger

(o Mk x(D,h)f,g)= D h(M, k™ + 5 xg)y~
»({f.axg)=(ox [, g for p- oo

because § * g€ E? for any g€ E9 and D is dense in E9. (cf. [6], Lemma
3.4). It is now clear from these two limit relations that, in this sense, the
representation 7f= o = f is to be interpreted in the sequel. In order to
avoid problems below we mention that this kind of ‘extended convolution’
is of course associative, commutative and fully compatible with ordinary
convolution whenever two interpretations are possible.

i) is verified using similar arguments.

Using the terminology of subordinative operators we arrive at the following
very general (and abstract) Tauberian theorem, which may be considered as
an extension of Theorem 6.2 in [20] to the case of higher dimensions and
p 2.

THEOREM 19, Let Tl be a subordinative, w* — continuous operator on
MP(R"). Assume that a given f&MP(IR") satisfies T,f€JP. Provided T,
satisfies the Tauberian condition 7,(x,)# 0 for all 1 &€ IR" {where X, is the
character x > exp (i E/":: X; ;)] one may conclude therefrom: For any
other subordinative, w* — continuous operator 7, on MP(IR") one has
T,/ € MP(RY) if and only if 7, f & IP(IR").

REMARK R. It is not clear whether the w* — continuity is actually
relevant for the validity of the result.

PROOF OF THEOREM 19. Having concentrated the technical discussions
to the above results we may come directly to the heart of the proof, where
quite familiar arguments can be used. Since /P C M? we only have to verify
one jimplication. Let 0}, 0, be the pseudomeasures associated with T} and
T,, respectively. Assume T,/ €M} for a given FEMP. Then for any a &

€ S(IR™M _C_L,’,/p, with fa (¥) dy = 1 one has (cf. [22] and i) above:

lim Mpa vy f=T,f.

oy o

It will be convenient to assume here that @ :=suppa is a compact set
(hence supp (Mpa)“=supp (.Dpﬁ) =p(@). Fixing now p for a moment,
one observe that 51 belongs locally to FE? because ¢, defines a convolu-
tion operator on the convolution algebra E9 and &, is locally invertible
(due to the Tauberian condition and Theorem 7). Choose gpeE" such
that §p = 1/61(t) = I/Tl(x,) forall £ € p@. Then one has
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Maa*Gz*fzaz*(M a*f)=02*(M a*g *Ul*f)'

But M E*E, *(0,xf)=M pA*E, *TfEEq*Eq*IpCIp

Smce 0, % IF CIP it follows altogether that T, € IP = [P, and the proof
is complete

Without going into details we mention that a quite similar statement for
subordinative operators on Wiener type spaces over lca. groups can be given.
In general, the same line of arguments goes through with suitable modifica-
tions. Of course, one has to replace the approximate units used above (and
obtained by dilations) by suitable approximate units for LX(G) or C%(G),
for example. A decisive change concerns the use of the kernel theorem.
Fortunately there is another kernel theorem, applicable in this situation
(and for the case G = IR" in a sense much more easier to obtain, cf. [10],
Theorem B). Again the limiting case p = oo corresponds to Theorem 4 in
Wiener’s book.

THEOREM 20. Let G be a (non-compact) locally Abelian group, and let
T, be a subordinative, w* — continuous operator on W(LP, L™) = W(L4, Ly,
for some p, 1 <p <eo. Assume that T; does not vanish on characters, i.e.
T,)#0 for any x€ G, and that Tfe W(LP, C% = K(G) (closure in
W(LP L™)) for some given f& W(LP, L™). Then one has for any other
subordinative and w* — continuous operator on W(Z?, L™):

T,fe WP, C% ifandonlyif T,f€W(LF, L),
(i.e. if and only if {k(Ly(Tzf)) | € G}is relatively compact in LP(G) for
any k € K(G&)).

A comparison of our results with those given in [20] by K..S. Lau suggests
to consider not only multipliers (i.e. subordinative operators in his paper)
on MP or MP, bit also on a certain subspace of ‘regular’ elements '€ M,
satisfying the additional assumption

1p
(51) limz_m(z‘"[ |f(2)|P dz) =0.
z+Q

Making once more use of the terminology of Wiener-type spaces as treated
in [11] one is thus Jead to consider operators on the following space

(52) MP(R™) :=ME 0 WP, Co)-
This is a Banach space and a closed subspace of MP:=MFN WP, L%,)
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which in turn is endowed with the natural norm

59 TR T
the last term being given as the supremum over z € IR” of the expression
used in (51). It is also convenient to set

- 0
(54) Ir” c= PN W(LP, C_n/p)
and
(55) El.=E%+ W(LP, L},/p)

the latter being endowed with its natural norm, to be written as || || q)s (as
a sum of two compatible Banach spaces, cf. [2], Chap. 2 for this construc-
tion).

With these notations in mind it is now possible to give the relevant preli-
minary informations concerning Mf in the following result:

PROPOSITION 21. For 1 <p, g < oo one has:

(i) The spaces D and S are dense in ]rp and E7 in their respective norms;

(ii) Both Banach space have continuous translation and are Banach
modules over the Beurling algebra Lrli/p with respect to convolution;

(iil) MP = (E?)" as a Banach space;

@iv) Ef = (1}’)’ as a Banach space;

v) (B9, H{q ) a dense Banach ideal in (£, | |[{q}s)

(vi) (Ef, [ g ;) is a Banach convolution algebra in LY(IR" to which all
statements given in Theorem 8 apply.

PROOF. The verification of i) — iv) is left to the reader (see {2], Chap. 2,
cf. also [6]). Only obvious modifications of earlier proofs are required.

In order to verify v) observe first that E? is continuously embedded into
LY(IR™. That it is a Banach convolution algebra containing E9 as a dense
Banach ideal follows from the fact that W(LY, L},/p) is a Banach ideal in
L} (cf. [11]), and hence one has for f1, f2€ E9, written as f¥ =g’ + !

n/p £
withg' € B9, h' e W(LY, L, ) fori=1,2:

Frafl=glag?+ (gl «h24 g2 h) +h' s hle

€ETwEV+ETx L], + L1« WY, L)) C

CET+ WU, L)) =EY.

It is clear that the corresponding norm estimates can be verified as well.
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In order to verify properties C) - F} as stated in Theorem § one may argue
as follows. Since FE? is a dense ideal in FE? containing § these two
algebras coincide locally. The Wiener- Lévy theorem being local in nature
and valid for E7 it must hold for E7 as well.

Let now hy€ EJ be given with nonvanlshmg Fourier transform. WnteE
for its closed translation invariant linear span in El. For any h €S thh
nonvanishing Fourer transform it follows that h *h €S8 mE"hE C

CEIN E, by’ . By Theorem 8.D) the closed, translatxon invariant linear span
in E? coincides with E4, hence E, , =EZ and consequently E, =EZ
Conversely, it is clear that E, ~E" 1mphes that A o(f) #0 for all z? R

The verification of condltlons E) and F) can now be left to the reader.

Following the arguments given in the proof of Theorem 17 and using
again the fact that FE" coincides locally (with corresponding local equiva-
lence of norms) with FE‘I it is not difficult to verify that an analogue of
Theorem 17 holds true for operators on I”. One thus has

PROPOSITION 22. Any subordinative operator T on the Banach space
17 is of the form T:f— F~Y(k Ff) for all fE€G, for some h e CP(IRM).

After these preliminaries it is possible to state the following abstract
Tauberian theorem for the space of regular elements in MP (recalling that
the w *-topology is understood to be the a(MP EJ)-topology on Mgc).

re?

THEOREM 23. Let T, T, be subordinative, w*-continuous operators
on MP. Assume that T 1(X,) # O for all € IR", and that for a given f €ME
one has 7, f € IP. Then one has T,f€1? as well.

As the proof does not require unexpected modifications compared with
those given earlier it is omitted. Let us mention however that even subordi-
nativity with respect to the norm | ”(pl would have been sufficient as assum-
ption (as in [20]).

Furthermore it would have been possible to derive related results by
replacing MP by any of the spaces MP N W(I, L2 ), for any r with p<
<r<e and «>n/p, endowed with its natural notm. The decisive step
consistsin checking that the predual E?+ W(L!, L)), with 1/r=1—1/r,
is once more a Banach convolution algebra fulfilling all required conditions.

§6. CONCLUDING REMARKS
REMARK S. It is of interest to investigate the spaces E9(IR") and MP(IR")
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as Banach spaces with a double module structure as considered in [6] (as
convolution module over L1 W cf. (21), and as a pointwise module over
A = CO»IR™). As pointed out in [6] practically all relevant informations
concerning this double module structure can be exhibited by means of
the socalled main-diagram and the corresponding set of equalities. (cf.
[6], p. 199 ff.). Since El=L! and M~ = L™ we restrict our attention to
the case 1 <p, g <oo. The case p = 1, ¢ = o= has to be discussed separately,

For E9(IR") this question is easily answered. Since E4 contains 4, = K(IR")
as a dense subspace {(cf. Theorem 3.C), but is on the other hand a dual
space of the double module 7 (Theorem 3.E) the minimal and maximal
space in the diagram coincide with E4, i.e. the diagram is as simple as it
can be. _

For MP(IR"), 1< p < oo, the situation is more interesting. As we shall
explain below the diagram for this space has the following form:

MP

N

(56) MF (ure
IP

Its set of equalities is E(MP) = {1, 2, 3}. In fact, as a dual module (cf. Theo-
rem 3.A) it is clear that MP satisfies E and E,, ie. MP = (MP)” = (MPY4 =

= (MP)C. That E, holds true follows from the fact thatIP = (M”)0 MP) 46
and that K(IR") - MP CIP Evidently MP ; = MP. Completing the discussion
of the left part of the diagram we note that the inclusions I ¢ MP C MP
are proper ones (cf. Theorem 2.E) and consider functions of the form:

h:=2%

k,
k>12n /pszhk’

(57)
with (R | in L5, (R™), and with || A, || ,= 1

where the sequence may be choosen to be equicontinuous in LP(IR") or not,
respectively, It thus follows that equalities 4 and 5 do not hold, and it
suffices to show, that-E, does not hold, i.e. (cf. [8], Proposition 4.4)
MP),C={f|feEMP,gxfe(MP), for all gELL }={f|fEMP, kxfEI
for all k€ K(RM} = (I?)° contains I as a proper subspace. Again 4 of the
form (57) can be used, now with (hy)y », tending to zero in LI(IR™) (this is

v . /
possible since p> 1, take e.g. (knpcl~1/k,1/kr')k>1)' It follows that the
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sequence of seminorms associated to f:=kxh by (27) satisfies d, ~
~ 2P| K w b > i€ & % h € IP by (29), as was required.

Without giving details it may be mentioned that the exceptional case
p =1 would require a separate discussion. Very likely Corollary 11 does
not hold in that case. However, it is not difficult to carry out the necessary
modifications in order to formulate the correct duality statements. Concem-
ing the diagram it is possible to show that one has for M? as the set E(M 1) =
={2, 5}, i.e. the diagram consists of 6 different spaces in that ease, and
E(E™)Y=1{1,2,3,4}.

Of course, it would be of great interest to obtain a complete description
of the set of all multipliers of JP(IR™), considered as a subspace of S'(IR")
with double module structure.

There are certain similarities between the family of LP-multiplier spaces
and the corresponding spaces for I? and E9, 1 <p, q <oo. One might say
that, for example, Theorem 17 holds for the LP-spaces, in a slightly modified
form. Other similarities are described in the following remarks.

REMARK T. There does not exist a compact multiplier on I? or E4 for
1 <p,q < oo,

PROOF. Assume that T :f— 7 » f defines a nontrivial compact multiplier
on IP. Then the adjoint operator T' :k— 7« k is a nontrivial compact
operator on E4, It is therefore sufficient to show the nonexistence of nontri-
vial compact multipliers S :f— o * f on E4. If § % 0 then G(t) # 0 on some
compact set U with nonvoid interior (6 € CP(R™ by Theorem 17!). If
g € E9 satisfies §(t) = 1/6(t) on U then f—>g* 0 »f=Ff, ie. the identity
operator over the appearently infinite dimensional Banach space {fIfeET,
supp f ¢ U }in E9 would have to be a compact operator which is not possible.

REMARK U. There does not exist any nontrivial multiph'er T :.E" 4 E®
forq, <q,orT 1P > P! for p, > p,.

PROOF, The proof of the first assertion being similar we discuss only the
second one. Assume that Tf# O for some f€IP. Since T commutes with
translations and the representation f= Eje z" f (Lj ¥) (with Yy being a
suitable test function satisfying 2 g v (x—7 =1) converges in the
norm | ||“,] for f€IP one may assume that suppfC @, (and Tf# 0). For
any sequence (V) in IR", satisfying |, |= 2%¥-14 1, this implies
supp Lykf C P for k > 2, and therefore by Theorem 2
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~kn/py

1L, flpy<C2 for k>2.

An estimate in the other direction can be obtained as follows. Because Tf =
# (0 there exists z & IR" such that g := CQI(Lsz) # 0, hence |g(x)|<

<|L,Tf(x) | forallx € R”, Thus

1Ly, &l <ULy, T ol L2 llip = Co N TCLy D i1 < Col Ly Flipr

Finally, using now once more that Theorem 2 allows to calculate the norm
of L, g becausesupp L, g C F for k> 2, one notes that

~knfp
||Lykg"[pl]>C2 2 Help,-

Combining these three estimatesonearrives of course at a contradiction
(for k = o0).

REMARK V. If g, < g, there exists a multiplier on E™ which is not a

multiplier for E*2,

PROOF. As already observed earlier in this paper the local structure of
the algebra of Fourier multipliers for E7 is the same as that of FEY. There-
fore it suffices to show that these algebras (FE‘I)1 <g<e form even locally
an increasing scale (for g - o). This can be shown as follows: Assume that
(Fqu)Q = (FE“)Q for some open set @ C IR", Then, by the closed graph
theorem, the norms || "{‘11} and | [|{qz} would have to be equivalent on the
space {f|f€ S, suppf C @}. That this cannot be the case follows from the
fact that for f€ E? the function y —| Lyf"gz (1 +|»])"P is bounded from
above and below for any f &€ S (cf. Theorem 3.D).

REMARK W. For the nontrivial situations, i.e. for q,<q,0rp;=p,itis
possible to obtain a representation theorem for the space of multipliers from

EN o E™? or (what even can be shown to be the same, using abstract,

Banach module theoretic arguments) from " to Mp‘, in the sense of Figi-
-Talamanca/Gaudry [13]. Of course, such results are based on Theorem 15,
which is closely related to Theorem 1 of [13].

REMARK X. At the moment it is not clear whether there are inclusions
between the multiplier spaces of £7 for different values of g, or what the
relations to the corresponding spaces of L7-multipliers are (beyond Proposi-
tion 14). Of course, it would be interesting to have also sufficient conditions
for h € CY'(IR™ to define a Fourier multiplier on E9 or IP, for example.
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REMARK Y. There are of course many variants of the results presented
in this paper (in particular those in §3 and §4) which can be obtained by
suitable modifications of our arguments. A general frame for their treatment
has been presented in [7]. For example, it would be possible to treat aniso-
tropic versions of the above spaces (cf. [8] for a general treatment of Banach
convolution algebras related to E9). The most interesting among them could
be handled by means of anisotropic dilation operators, replacing the opera-
tors M , and D pPE [0, 1]. Another generalization concerns Theorem 23 the
assertions stated there hold true if MP is replaced by MP n W(L", L"), for
1 <p,r<es,

On the other hand, it would be of interest to compare discrete versions
of our results (where IR is replaced by Z") with results to be found in the
literature on summability theory. Actually, decompositions into dyadic
blocks are quite familiar in this setting (see e.g. [18]).

REMARK Z. As a final observation let us mention that the approach
choosen in this note allows to stress the analogy between Theorem 4 and
29 in Wiener’s book. In contrast to the work of K.S. Lau ([20]) or J.P.
Bertrandias ([3], [4]) we have worked with functions (and distribution)
instead of the classes constituting the Marenikiewicz-space M 2= M¥I2
This has allowed us to make use of the ordinary Fourier transform instead
of the ‘Wiener transform’. This was perhaps decisive in order to go to higher
‘dimensions and arbitrary p with 1 < p <o (not only p = 2). To get rid of
such results by means of (reasonable) characterization of the Wiener trans-
form of MP(IR™ (which first has to be defined in an appropriate way) seems
to be an very delicate and elaborate task.

However, one must admit, that despite the appearent similarities between
the results obtained in these two different settings there are also remarkable
differences. Although some of them might go back to the technique of
proofs (e.g. the w*-continuity assumed in Theorems 19 and 23) there are
at least certain structural differences. Only to mention here one of the most
striking ones (cf. [3]): Whereas M7 is a Banach module over LI(IR™ under
convolution one cannot say this with respect to MP, which is only a Banach
convolution module over the Beurling algebra L,}/p(IR") (cf. Corollary 9).
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