Monatishette fiir

Mh. Math. 87, 181—207 (1979) Mall E :I " :l tlik

© by Springer-Verlag 1979

Banach Convolution Algebras of Functions II

By
Hans G. Feichtinger, Wien

With 1 Figure
( Received 22 May 1978)

Abstract. Let & be a noncompact, locally compact group. By means
of “generalized dyadic decompositions’ of @, translation invariant Banach
spaces F (3, B, X) of (classes of ) measurable functions on G are constructed,
. g. certain weighted amalgams of L?.spaces. Basic properties of these
spaces are derived and connections with spaces considered in the literature
are indicated. As a main result, sufficient conditions are given which imply
that a space of this type is a Banach algebra with respect to convolution.

1. Introduction

The study of convolution algebras on locally compact groups
is certainly one of the central themes of abstract harmonic analysis.
During the last decade a great number of publications appeared
which are concerned with Segal algebras introduced by H. REITER
(see [20], VI § 2, [21]; cf. also [19] for a survey of certain aspects,
with an extensive list of references). Beurling algebras L} (@Q)
([20], VI §7) represent another type of group algebras that has
been studied in some detail. These two classes of convolution
algebras are certainly of great interest inasmuch as they are — with
respect to different properties — very closely related to the group
algebra L!'(®); one may mention the ideal theorem for Segal
algebras, or the existence of bounded approximate units and hence
the factorization property for Beurling algebras.

Compared with these two types, more general translation-
invariant, dense Banach subalgebras of L!(@), such as suitably
weighted L?-spaces LZ (@), or spaces of the form I*nLj for
example, have not received such a systematic treatment. DoMAR’s
fundamental paper [7] seems to be the only significant exception
to this “rule”. The present paper is intended as a contribution to
such a theory of general Banach convolution algebras of functions
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182 H. G. FEICHTINGER

on locally compact groups. In this sense it represents a continuation
of the investigations begun in [9].

We shall introduce here a decomposition method which allows
the construction of an extensive family of dense subspaces of
L (@), for alocally compact group G. A variety of Banach convolu-
tion algebras related to these spaces will arise. Because the “dyadic
decomposition” of G=Rm appears as the typical special case of
the type of partitions of G to be considered here, they will be
called ‘‘generalized dyadic decompositions”. Another kind of
decompositions, related to the decomposition used in the definition
of Wiener’s Segal algebra ([20], I § 5, iii), is to be considered in
a subsequent paper. The most important special cases of the spaces
defined below are weighted L?-spaces, as well as spaces which are
closely related to Beurling-Herz spaces (cf. [15], [8], [1], and [17]).
We are thus able to prove convolution results for these spaces as
well as for anisotropic versions of them. Furthermore, connections
with the spaces /A (4,B,X), as defined in [9], are shown. We want
to emphasize the fact that certain weighted L?-spaces do not
only appear as special cases of the spaces defined here. Beyond
that, a somewhat refined treatment of weighted L?-spaces requires
more or less automatically the consideration of spaces defined by
means of decomposition methods (cf. for example Theorem 4.5,
or Theorem 5.3).

Together with the spaces defined in [9] the examples given in
this paper constitute a point of departure for the discussion of
general Banach convolution algebras. In particular, it is indicated
that several properties of Segal algebras, or Beurling algebras, carry
over to a more extensive class of group algebras, while several new
phenomena arise that do not exist, or do not play an important
role, in the context of, say, Segal algebras. We only mention the
behaviour under the canonical mapping 7'y: I'(Q)—L'(G/H) of
these spaces (cf. {10], 3.4), or the existence of compact multipliers
between certain spaces of this type on a non-compact group (see
[12], in contrast to the situation for Segal algebras, cf. [18], Pro-
position 2.2).

The paper is organized as follows. § 2 describes some notations
and the basic tools needed in §3: I) a partition P = (Pplus1;
II) a solid Banach function space B on G, III) a solid sequence
space X. In § 3 the spaces F(P,B,X) are defined and general
properties of these spaces are derived. In particular, sufficient
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conditions are stated implying that BNF (P, B,X) is a Banach
convolution algebra. In § 4 these results are applied and, in some
cases even extended. In the final section connections with various
spaces considered in the literature are discussed.

2. Terminology and Auxiliary Material

As far as possible the terminology in RErrer’s book [20] will
be used ; some further notations are taken from [9]. Troughout this
paper G denotes a non-compact, locally compact group with a fixed
left Haar measure dz. If G is not specified the group operation is
written multiplicatively. As usual it will be convenient to speak
— by abuse of language — of “measurable functions”, identifying
two functions coinciding 1. a. e. (locally almost everywhere). L2 (@),
1 <p <o, has the usual meaning. The values p and p’, 1 <p <o,
will always be related by 1/p + 1/p’ = 1. #(G) denotes the space of
all continuous functions on @ with compact support (supp). C°(@)
can be identified with the closure of ' (G) in L*(@).

The left (right) translation operators Ly(Ry), y € G, are defined by
Lyf(x): =fy =), Byf(2): =F(zy1) 4~ (y),

A being the Haar module on G. For a measurable set M = @, | M|
denotes its Haar measure.

Constants are denoted by C,XK,Cy,.... The same symbol may
refer to different constants at various occurrences.

For the construction of the spaces defined below we need some
auxiliary material. Except for a few additional assumptions this
will be very similar to that one considered in [9], pp. 138—140.

I) First we need an appropriate partition 9 = (Py)as 1 of the
group G. We obtain it in the following way: Consider a sequence
(@n)n>0 Of open subsets of ¢ satisfying @1)—@3):

Q1) Qo=10, QQF@;
R2) Qn- QrnsQuiifornz1;

Q3) Qu#Gforallnx>1.

@2) is the essential property; @3) excludes trivial cases, in
particular it makes it necessary to consider only non-compact
groups. Without loss of generality we may assume that 1€ @y, and

13*
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thus Qn < Qn+1 for n>1 according to @2). The required partition
P ==(Pp)ny1 is now given by

ni=Qn\ @n-1forn>1. (1)

The characteristic function of P, is denotes by vy, that of G\ @,
by 2n.
Examples. The dyadic decomposition Pz of G = Rm or Zm, given by

Pr:={z||z]|<1}, Pr={z]2"-1g|x| <22} fornz=2, (2)

is certainly the most natural example. Nevertheless it has to be
emphasized that neither compactness nor symmetry properties of
the sets Qn,n =1, are required. The following example is more
typical for the general situation:

Let o=(s1,8~1,82,..-,8m,5-m) be a finite sequence of real
numbers satisfying 2 <|s+4| <oo for 1 <é<m. Then P, denotes the
partition derived from the sequence (@n)n» 1:

Qn:= &= (D1, ..., %m),— ", <Hm <} i=1,2,...,m},nz1. (3)

For si=8-1=...=8-m=86 we call Pg= Py isolropic, otherwise
anisotropic. If Pp= P, for n>1, P is called symmetric. Besides
these systems of the form P =P, the partitions derived from
Qn:={z| || <2r?"} for n > 1, r >0, or any related sequence would
be admissible as well. If G is a compactly generated group,

G={) U*, then for any leN, I>2, the sequence @Qn:=U¥""
E=1

satisfies @1)—@3) (cf. also [9], pp. 138—139, where the notation

is different).

II) Throughout this paper X stands for a shifi-invariant, solid
BK-space (cf. [9], p. 139), i. e. X is a space of sequences &= (zn) =
= (% )n 5 1 Satisfying

X1) (X,] |lx) is a Banach space;

X 2) X is an £°-module (with respect to coordinatewise multipli-
cation), such that

X3) llzyllx <l|lzllz lyllo for all ze X, yesi~;

X 4) X contains all “finite” sequences and |/(1,0,0,...)|lx=1;
X5) D: (21,%s,...)—>(0,21,...) satisfles DX <X ;

X17) G: (21,%2,...)>(22,%3,...) satisfies GX =X.



Banach Convolution Algebras of Functions IT 185

It follows from the conditions above that D and @ define
bounded linear operators on X, the norm of which will be written
as ||D|| and || G| respectively. Sometimes we need property X 6):

X 6) The subspace of all “finite’ sequences is dense in X.

Let now a tripel X = (X3, Xs,X3s) of such BK-spaces be given.
We call X an S-tripel, if there exists € >0 such that the bilinear
mapping 8: X1 X X2+ X3, given by

8 (@, y): = (2a), 20 ::12 Tk Yk (4)

satisfies
I8 @, 9)llx, <Cllzlx, lylx, forallzeXi,yeXs.  (5)

The following two properties will be of relevance later on:
X8) (X,X,X) is an S-tripel;
X9) (¢, X,X) is an S-tripel, or equivalently

Iz]lx <Cllz|lx, for zn:=k2|xk|,xeX. (6)
=N
We write &~y Or &y~ Yn if there exists K >0 such that K-1x, <
Lyn < Kzy for nz1. The most important examples of such BK-
spaces are weighted sequence spaces X, :={z|rweX}, with the
norm ||z|lx,: =|2w|x, derived from rearrangement-invariant
BK-spaces X, such as the spaces £?, 1 <p<oo, ¢o (the space of
sequences converging to zero), or more generally, Lorentz- or
Orlicz sequence spaces. It is clear that X, = Xy, iff w~ w;.
In our examples we confine our attention mainly to the family
of spaces £} ,,1 <p <o, a,beR, given by

lg’b:={x](wn2“”nb)ﬂzleﬂ’}, (7)

together with ¢ ,: = {@|(#n 2" nb)s »1€¢°}. For shortness of nota-
tion we write 7 instead of /§ ;, if no confusion can arise, or £2
instead of #7 ;. o

Note that a comparison with the notation used in [9] shows:
Xi=¢§,, X;=cf, (p. 140), and XZ=1¢2 = (p.160). The following
theorem gives information concerning properties X 8) and X9)
for these spaces:

Theorem 2.1. Let q, 1 <q <00, be given.
A) 2%, and ¢, satisfy X9) (and hence X 8) for a >0, beR;
B) (¢4,,28,2},) is an S-tripel for by +bg > bs+ 1fr.
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C) £} satisfies X8) for 1<g<2 and b>1]q, and for 2<g< o,
b >1/q’. Furthermore ¢ satisfies X 8) for b >1.

Remark 2.1. Tt can be shown that at least the results A) and C)
are sharp, i. e. the conditions on the parameters a,b,b1,... cannot
be weakened.

The proof of Theorem 2.1 is based on two lemmata: In order
not to interrupt the presentation we postpone their proofs to the
end of this section. For the following definition cf. [9], p. 136—187.

III) A,B,Bi,... shall be solid BF-spaces on @&, i.e. Banach
spaces of measurable functions which are L%®(G)-modules with
respect to pointwise multiplication. The norm of a BF-space is
unique up to equivalence. The intersection B;nN By of two solid
BF-spaces is again a solid BF-space, endowed with the canonical
norm

Ifllz,~5,: = [Ifllz, + IIfl5, - (8)

If B is left (right) translation invariant, then | Ly|z(||Ry|lz)
denotes the norm of the translation operator on B.

The basic examples of solid BF-spaces are the spaces L?(Q),
or, more generally, the Lorentz spaces L (p,q) (see [22]) and Orlicz
spaces (see [5]). For a given solid BF-space B and a positive
(continuous) function w on @, By denotes the space {f|fweB}. We
write L , (Rm) for the spaces Lf , (R™), with

Wa,b () = (1 + |z])*log? (e + |z|),a >0, beR. (9

A tripel B=(Bj;,Bs,Bs) of solid BF-spaces is called a Banach
convolution tripel (BCT) if fxg is well defined and if there exists
C1 >0 such that

If*gliz,<C1liflz,llglls, forallfeBi,geBs. (10)

A BF-space A is called a Banach convolution algebra (BCA) if
(4,4,4) is a BCT, and B is called a left (right; twosided) Banach
convolution module over A if (4, B, B) (or; and (B, 4, B)) is a BCT.
Note that the associativity of convolution is guaranteed by Fubini’s
theorem, since f*g exists iff |f|*|g| exists, the spaces under con-
sideration being solid.

Given a solid BK-space X and a BF-gpace B, X (B) denotes the
space of all B-valued sequences (fu)n> 1< B such that (||fz|s)rs16X.
The expression

(| (fn) llz By = = 1([lf [|B)n > 112 (11)
defines a norm on X (B) for which X (B) is complete.
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The terminology and the results concerning the real and the
complex method of interpolation are taken from [2] and [6]. We
conclude this section with the proof of Theorem 2.1.

Lemma 2.2. Let X=17¢%,1<q<0, be given. Then X satisfies
X 9) if the sequence (wn)n 1 satisfies the following conditions:

i) supwn Y wit=C1 < 0;

n k=n
n
it) supw,® Y wy=Cp < 0.
n k=1

Proof. Let ze£? be given. Then the inequality

220 s <sup s 5 o] <sup [az | wesupwn S, wgt <l O
k=n n k=n

shows that i) implies that £ satisfles X 9). For ze/., assumption
i) implies

2wl < anmeklwk —~Zlmwklwk12wf\
=1 k=n k=1 J=1

<wa|[15upwk1_z wi<|lzw|Cs,

l.e. £, satisfies X9). For 1 <g<{oo the result now follows by
complex interpolation (see [2], 4.4.1 and 5.5.3).

Remark 2.2. Tt should be observed that the properties i) and
ii) are preserved if w is multiplied by another sequence w! satisfying
wy, ,y >w;, for all n>ne.

Lemma 2.3. Let (wn)ns1 be an tncreasing sequence. Then
(£2,£%,¢7) 18 an S-tripel for 1<q<oo, and b > 1fr. In particular £2
satisfies X 8) for 1<g<2, b>1/q.

Proof. We suppose throughout that #>0, y>0 holds. Let
zell, yelr, be given. Then

llzwlleo = supwn 3, vk yx <|2 ity wlle.
n kzn

This shows that (¢1,7;,7;) is an S-tripel. On the other hand
(£5,1:45,75) is an S-tripel, since

==} [-.]

lzwlhi= Y way xrye< Z ( an )25 95 < ZﬂwffofélleHwZM

=1 k=n j=1 n=1 j=1 j=1
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for zely,, yety. Complex interpolation ([2], 4.4.1 and 5.5.3)
implies that (¢3,¢2,¢5,) is an S-tripel for b > 1/r. Bub this is equi-
valent to the assertion that (£;°,£%,£,) constitutes an S-tripel.
Further complex interpolation, now applied to the last two asser-
tions, implies that (£4,£%,¢7,) is an S-tripel for 1 <g< o, and b >1/r.
The special case 7 = ¢, wn=n>, shows that (¢Z,¢7 /%) is an S-tripel
for b > 1/q. This implies that ¢7 satisfies X 8) for 1 <¢<2, b>1/q.

Proof of Theorem 2.1. A) It is easy to check that the sequence
wy, =207, g >0, satisfies i) and ii) of Lemma 2.2. Consequently
w,, = 20npd = 20’ n[2@-a") npb] satisfies these conditions for & >0,
beR (choose 0 <a’ <a and cf. with remark 2.2). That cj , satisfies
X9) for these indices follows from the result for £7°,, since ¢,
satisfies X 6) and § takes “finite sequences” into finite sequences.

B) follows readily from Lemma 2.3.

C) For 1<¢<2, b>1/g this is Lemma 2.3. Since (£1,¢;°, £;°)
is an S-tripel for b>0 and (/1,¢;°,¢1) for b>1, it follows that
An¢y satisfles X 8) for b>1. In particular, £;° satisfies X 8) for
b >1. Combined with Lemma 2.3, taking there ¢ =2, the complex
method of interpolation yields X 8) for ¢, b >1/¢’, 2<g<co.

3. Basic Results

Definition. Let P =(Pa)us1, (Yn)ns1,X, and B be given as
described in § 2, I—III). Then we define

BB X): = {f| (fvndns1X (B)}, (12)

L Iflle: =1 (fen)ns1liz @ (13)
Fo(P, B, X): =BAF (P, B,X),|fllz,: = lIflz+ Ifle.  (14)

Again, we write simply F or F (B,X), occasionally.

Remark 3.1. In many cases F coincides with Fy, and the norms
| ll= and || ||z, are equivalent, for example, if X <7*.

Theorem 3.1. 4) F=(F (P, B,X),| ||r) and hence Fo is a solid
BF-space on G.

B) If X satisfies X 5) and X7), and if B is left (right) invariant,
then so are F and Fo. Furthermore, there exists C > 1 such that

Il Lyllr <||Lylls C**1 for y=t€ Pn;m>1. (18)
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) If A (@) is dense in B, and if X satisfies X 6), then X (@) is
dense in F and in Fy.

Proof. A) it is clear that || |z defines a norm on F (B, X). The
completeness of (F(B,X),|l |lr) follows directly from the fact that

an absolutely convergent series Z Ji with Z (Ifellr < C < oo defines
k=1
some f= ka with [|fllr <C.

B) Suppose that B is left invariant, and let feF(B,X), ye G
be given. Then y~1e P, for some n >1. For k >n Q2) implies

Ly-19r <yr-1-+ v +ye+1, and
| (Lo f)wellz < || Lyl lf Ly-1pells <

< Lylla(lf yr~1lle + lfvels + [ fye+alls) -
For I <n assumptions @2) (cf. (17) below) and X 7) imply

(Lo f) wrlls < | Ly Zf"/’f Iz <l Ly Iz Z IFwillz <l Lyllz Z I Gl e

j=1

Combining these two inequalities we obtain by X 4)

1 Lyl <l Lyl [(cn _go 1G4+ el + D114 1]

for all ye P;, with ¢,:=||(1,1,...1,0,0...)||x (cf. [9], p. 139). Since
n=1
en < ). || D], it is obvious that the required estimate can be given

E=0
(e.g. C=[Dl+1GlI+1).

C) It follows from X 6) that for any feF (B, X) there exists
noe N such that ||[f—fxu|lr <<e for n>mne. On the other hand the
shift invariance of X implies that the norms | ||z and || ||z are equi-
valent when restricted to Bg :{g=|geB,gy. =0}, for any given
neN. Thus, by assumption, there exists ke (G) such that
lfxn—Fk|lr < e. This implies ||f—%|r <<2e¢, and the proof is com-
plete.

The decisive step towards the main results is contained in the
following theorem:

Theorem 3.2. A) Let a tripel (F,F2,F3), Fi=Fo(P,Bs,Xs),
1=1,2,8 be given such that
a) (Bi, Bz, Bs) is a Banach convolution tripel;
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b) (X1,Xs,X3) 15 an S-tripel; and

¢) X1+ X2 Xs.

Then (Fy,F%,F3) constitutes a Banach convolution tripel.

B) Let B be o two-sided Banach convolution module over a Banach
convolution algebra A. Then ANF (P, B, X) is a Banach convolution
algebra, if X satisfies X 9).

Corollary 8.8. Let A be a BCA, and let X be a BK-space satis-
Juing X 8). Then Fo(P,B,X) is a Banach convolution algebra.

Proof of Theorem 3.1. Step I. Let feF§, geFZ be given. Since
|f*g|<|fl*|g| holds and since Fi,i=1,2,3 are solid BF-spaces,
we may suppose without loss of generality f>0, g=>0. We start
by considering the expression

o n—-2 n-+1 ©
f D=2 X (Ffor*gym)pn= ) ...4 2 ...+ 2, ... (16)
k=1m=1 k=1 k=n—1 k=n+2

It is clear that Py Pp N Py =@ implies (fyg *gym)wn =0, and there-
fore it turns out that the inner sum i can be replaced by a finite
sum in all three cases respectively. Ig?act, @2) implies

P; P Qj41 forj =i, and

PiPicQi(G\Qj-1) =G\ Qj—2 for j=i+2. Thus
PiP;nPy=0 implies j— 1 <I<j+1 for j=i4+2 or I 2442, (17)

Consequently,

n—2 n—2
k; (fyr*g)pn< kzl(fwk) * g (Yn—1+ Yo+ pu+1) <

(18)
<49 (Wn-1+ vu+ Yo+1);
n+1 .
ka_l(fwk *0)Pn < f (Yn—1+ Yo+ Pa+1) *g; (19)
Y, (For*)wn< Y fyr*g (Wr—1+ pr+ pre1) - (20)
k=n+2 E=n+2

If we set 7= (rx): = (|Ifyxlls,), 8= (s):=(llgyxlls,) and t=(tx):=
= (I[(f*9) vxl|z,), we have

Iflle, = lIrllz,s gl = llsllx, and [If*g]le, =],
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By assumption a) (18)—(20) together with (16) imply

tn <Ki1|/flls, (Sn—1+ 8n + $n+1) + K1 (ra—1-+7n + ra+1) |gl3, +
o (21)

+ K3 z Tk(S};_l—l-Sk-I—S/g.._l) forn=1,1i. e.
k=n+2

t<E1|fls, (Ds+ 5+ G8) + Ki(Dr + 7+ G7)lgls, +
+ K, @S(r,Ds+ s+ Gs).

Assumption ¢) implies r,s€ X3 and ||7(|x, <Ci|7|x,, |sllx, <Czlls||x,-
Using b) we derive from (22)

]z, <KiCa| fllg, | Ds+ s+ Gsllx,+ K1 C1]|[Dr +r+ Grlx,llglls, +
+ K1 K || @21z, || BBs + G2s + Os|x, . (23)

Since D and @ are bounded operators on X;, i=1,2, we can find
some Kz >0 such that

ltlle, < Ks(Ifllz, I8z, + 7]z, gz, + 7]z, slle,) . (24)

This implies that there exists K4 >0 such that

If *gllrs <Kallfllrs llglles

(25)
for alleFo (Bl, Xl), q EFo (Bz, Xz) .

Step I1. In order to prove B) it will be sufficient to give an
estimate for ||f*g|r@,x) for f,geANF(B,X). Let r,s,t have the
same meaning as above, with B; = By= B3=B. We now use the
inequality

(F %) ¥n <f #§ (oot + n + Pass) + iszg. (26)

=h—-

Then
tn <||fll4(82~1+ 8n + Sn+1) +k % kallgllA, (27)
i e.
i<|flla(Ds+s+ Gs)+ D28 (r,]lg]la). (28)
By X 9) this gives

itz <Iflla K5 sllx -+ Kell7llxlg]la- (29)
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It thus becomes clear that there exists K >0 such that

1F*glla+If *gllr <K (Ifla+ Iflle) (llglla + g i)
for all f,ge AnF(B,X).

This completes the proof of B).

Remark 3.2. i) The connection between part B) and Theorem
2.2 of [9] will be discussed in section 5 (see Theorem 5.1).

ii) Theorem 3.2 and Corollary 3.8, together with Theorem 2.1
would allow us to write down already a number of concrete exam-
ples of new Banach convolution algebras. Since for some of these
examples results are available that go beyond those that can be
derived immediately, we prefer to give a more detailed discussion
in the following section.

The remaining part of this section is devoted to an exposition
of general properties shared by the spaces F (9, B,X) on a locally
compact group &. For the sake of shortness, By denotes in the
sequel of this section one of the spaces F(B,X), Fo(B,X), or
ANF(B,X). Suppose that B; is a translation invariant Banach
convolution algebra containing £ (G) as a dense subalgebra (cf.
3.1.C). Then we have, among others, the following results (cf. [9],
pp. 154—155, a proof of Theorem C can be found in [8]):

Theorem 3.4. By possesses multiple, two-sided approximate units
in K (@) and the closed left (right) invariant subspaces coincide with
the closed left (right) ideals of Bi.

If furthermore the underlying group is Abelian we have (cf.
[9], pp. 155—158):

Theorem 3.5. Suppose that Ly is an isometry on B. Then By
satisfies BD"), and B is of type F. Then the only multiplicative linear
functionals on By are those of the form f—f (o), xoeG. The topology
of G is the weakest among all topologies for which all fe By are con-
tinuous functions on G. Therefore the space of regular maximal ideals
of Bi can be identified with the dual group G. Moreover we have

Lim [|f#f % ... xfY" = | fllo (n-fold convolution).

n—
Further, the functions fe By such that f has compact support are dense
in Bi. Therefore B is a Wiener algebra in the semse of [20], II,
§ 2.4. In particular, any closed ideal I of By contains all functions
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fe By with supp Ff= @\ cosp I. If further P is symmetric, and 4 and
B are rearrangement-invariant, then Bi has the (weak) factorization
property if and only if By has bounded approximate units.

Proof. First of all one has to verify that B, satisfies BD'), i. e.
that y n-2log|w(z")| <o for all ze @ ,with w (z): =max (1,] Lsz,).

=1

Sincg |Lzlla=]||Lsllp=1 for all ze@ it is no problem to verify
that this relation holds, using (15) (cf. [9]). That B; is of type F
follows now from Lemma 4.1 of [9]. The other assertions are there-
fore a consequence of the corresponding results in DoMaAR’s paper [7].

The results concerning weak factorizations follow from the
converse to Cohen’s factorization theorem for self-adjoint group
algebras (cf. [11], Theorem 3), the symmetry of 9, together with
the rearrangement-invariance of 4 and B implying that B is

invariant under the involution frsf*, f*(2):=f(—=), of L(G).
For later use we state the following result on duality and on
complex interpolation.

Theorem 3.6. 4) F(P,B,X) =F(P,B',X’) if X satisfies X 6).
In particular, F (D, B, X) is a reflexive space if B and X are reflexive.

B) (F (P, B1,X1), F(P, Bz, X))oy =F (P, By , X, ) for0 <0 <1,
with B* = (Bl, Bz)[o] , ond X* t= (X1, Xz)[o] .

Proof. A) If X satisfies X 6), then X has absolutely continuous
norm. Thus X’ coincides with the Kdthe dual X2 of X (cf. [26],
§ 72). The proof of assertion A) is now essentially the same as of
Theorem 2 of [16] and is therefore omitted. Since any solid, reflexive
BK-space has absolutely continuous norm (cf. [26], § 73), it satifies
X6) and the additional assertion follows.

B) We observe that F (P, B, X) can be considered as a retract
of X(B) (cf. [2], Definition 6.4.1), given by &Lf:=(fys);>1, and

Z((f)i»1): =2 fs. According to Theorem 6.4.2 of [2] the inter-
j=1

polation of the spaces F;,7=1,2 is reduced to the interpolation

of the corresponding spaces X;(B;) of vector-valued sequences,

which in turn may be carried out on the pairs (X1, Xs) and (Bz, Bs)

separately (see [2], Theorem 5.6.3).

Remark 3.3. i) A more elementary proof of part B) can be
given, using the characterization of (Fi1,Fs)) as F}~°F5 (cf. [6],
§ 13.5, or [2], 5.8.1).
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il) For the sake of correctness let us mention that the ambiguity
of the symbol 9P, denoting either the partition given by (2) or
the isotropic partition 9P;, with $=2 is of course irrelevant, since
the corresponding spaces F (P2, B, X) are equal.

4. Applications, Concrete Examples

In this section we show that the method introduced in section
3, combined with complex interpolation, enables us to prove that
anumber of spaces which are closely related to the spaces F (P, B, X)
are Banach convolution algebras. In view of the vast variety of
possible examples we restrict our attention mainly to the spaces
B=L?(G)or B=L'NL?(F),1<p <0, and to the spaces X =77 ,,
1<g<o, a0, beR. We thus have to look for appropriate condi-
tions for the indices involved which ensure that the spaces under
consideration are convolution algebras. Many of the results derived
are best possible, i. e. the conditions on the parameters cannot be
weakened, at least for the dyadic decomposition of R™. We begin
with a Lemma which gives a general necessary condition.

Lemma 4.1. Let a space F=F(Ps,B,X) or F=Fo(Ps,B;X)
on @=Rm, with B=L?(G) or B=I1NL2(G), 1 <p <o, be given,
which is o BCA. Then F is contained in L' (G).

Proof. Suppose the contrary. Then there exists f#0, feF,
feL1(Rm), f=0. Thus, a sequence (Ku)ny1 of compact subsets of
Rm can be found such that

ff(y)dy?n,n=1,2,.... (81)
o
Given j,neN let us define the sets
Pli={z|zePs2;20,i=1,2...,m} (32)
and 8 (n,j): = {z|ve P}, —Kn C P}}. (33)

We assert that there exists a sequence (jn)ny1C N such that
|8 (n,jn)| 26" |Pf |, n=1,2,.... (34)

In fact, suppose that Kye[—7qn,rs]™. For o= (81,8-1,...,8-m) We
have
m . m . m .
1Pyl =I1si—I] sl <] & (35)
i=1 i=1

=1
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If we choose j, large enough, we have
127y <si~fori=1,2,...,m;j>jn. (36)

Observing that s; 22 we have $8;—7Z>s/6. Combined with (36)
and (35) this allows us to prove (34)

s> ei—2rm—T 6 + 251 45— TT 35
= i

i=1 i=1 fem1
m
>6-m]] si>6-m|P}| for j 2jn.
i=1
If ] denotes the characteristic function of P} we can give the
following estimate (cf. (31)):

oyt @3 [f0)v a—9)dy>n for 28,7052 (37)
Kn

For 1 <p <co (37) implies

I *9]) pillo 20 (8 (0,Ju) [P 20 - 6-m/2 | Pf U2 > (38)
> 6-m/2[|pf |l for j > 5.
Since (38) holds true for any n>1 it follows that F cannot be a
BCA, and the proof is complete.

Corollary 4.2. A) Suppose that G is connected and that Ly is an
tsometry on B. Then F (B,X) is not a BOA if X &1, in particular,
if X=12¢, 0<b<1/g, 1<g<soo.

B) Let P=Ps be the dyadic decomposition of Rm™. Then
F(L2,¢2,) is mot @ BCA for a<mjp', beR, or a=mfp’, b<1/q'.

Proof. A) Take any foe# (@) with suppfo= K. Then, according
to Lemma 3.1 of [9], there exists koe N and (yx)r»1< G such that
yx K S Py +x for k>1. Let now (xx)r>1 be any sequence which
belongs to X, but not to £1. Then the function f, defined by

fi= Y axLyfo, (39)
¥>1

does not belong to L1(&), but

f wnllz = [1%n -k, Ly, g, follB = Zu—r, |lfolls for n > ko.
Thus f belongs to ¥(B,X) and Lemma 4.1 applies.
B) Let (zn)a>1 be a sequence in #Z\ ¢! for b==1/g’. Since
ll9nllp~ 2mn/2, the function f:= 3 xnyn belongs to F(L?,/2,), but
not to Lt (Rm) for the indices indicated.
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The two theorems below are the main result of this section.

Theorem 4.3. Let 1<p,g<0, a>0, beR, G wunimodular, be
given.

A) I*nF(P,L2,£L,) is @ BCA for a >0, or =0, p<g, b>0.

B) F(Pe,L2,¢L,) is a BUA on G=Rm or Z™ if and only if
a>mlp' or a=mlp’ and b >1/q".

Proof. A) For a >0 the space X = /% , satisfies X 9) according
to 2.1.A, and the result is a consequence of 3.2.B. The case a =0,
b>0 can be treated in the following way. For p=g¢ the space
IANF(P,L?,¢%) coincides with LA nL%b, wy being the strictly
positive function on @ given by wy(y): =n? for ye Py, n21. It is
no problem to verify that wp is a weakly subadditive function
(cf. [4]), i. e. that there exists Cp >0 such that

wy (Y1y2) <Op (w (y1) +w (y2)) for all y1,p2e@. (40)
This implies
[f#g|ws <Co(|f|wok |g|41f|* |g| ws) for all f,ge 1 NLE, (G). (41)
It is an immediate consequence of (41) that 1N Lf, is a BOA for
b>0. For p=1, g=o0, we have to consider F: =IL1NF(L1,/)=
=F (L1, 1nsP). 2.1.B implies that (£1n£°,N40,4°) is an
S-tripel for b>0, and thus F«F C F(I1,¢°) according to 3.2.A.
Since the inclusion F»F C L' is obvious one verifies without
difficulty that F is a BCA.

The general result of A) follows from these two special cases
by means of complex interpolation (cf. 3.6.B). In fact, one has

DIAF (L2, ¢8) = (IA N F (L2, 200, AN F (I 60 (42)

for b>0, p<gq, if one takes p1=1-41/g, and =14 1/g—1/p.
B) In view of part A) and Lemma 4.1 it will be sufficient to
prove that F(Pq,L?,72,)C LH(R™) for a=m/p’, b>1/¢’ (and
hence for a >m/p’, beR). Since |Py|~ 2mn for n->co, Holder's

inequality implies
[Fenlls <IIfynllnllpnllp <O - 222 || fypn|lp,n 2 1. (43)

Therefore
F (%%LP’ fg,,b) CF (CDZ’ Ll: Ig) cF (sza It Jl) =1 (Rm)
for a=m/p’ and b>1/q’, and the proof of B) is complete.
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Remark 4.1. i) Further Banach algebras of the form F (L1, X;) N
NF (L?,X,) are easily derived from the results given above.

ii) The special case p=g¢, b =0, @ =R of Theorem 4.3. B gives
the Banach algebras considered by WERMER ([25], the proof given
there is completely different).

iii) The result of 4.3 remains true of one replaces F by F,.

iv) That the condition p<g¢ in 4.3. A cannot be dropped in
general is shown by the following example.

Counterexample 1. Let 1 < q < oo be given. Then L1 N F (Pa, L=, £])
is not a BCA4 on G'=Rm, for any & >0.

Proof. We give the proof for m=1, but essentially the same
argument is applicable to the general case. Denote the charac-
teristic function of [—2-7-1pb 2-72-1n?] by ¢,, n > 1, and set

20—

Jor=1La Y Lpt1pca. (44)
k=0

Then |[fali=n" and |[fallo=1. Thus |fFll=|fall=I[/nll+
~+ 72| fn |lo = 270, Consider now fy xf¥. Then fn *f¥ (0) = ||/ [z =n?,
and further fy *f¥ (k) >nb/2 for k<27-1, ke N. This implies

n—-1
fn xf I~ m¥[2( ), kPO e~ 20+ L~ nta || fu |1 (45)
k=1

The assertion is thus proved.

Theorem 4.4. Let 1 <p,g <0, ¢ 20, beR be given.

A) F(I*nL»?,¢%,) is @ BOA for a >0, beR, or a=0, and
b >bo, bp: =max(1—1/g,1/g—1/p).

B) Fo(I*nL?,¢%,) is a BCA for a >0, beR, and for a=0,
b zmax (0,1/qg—1/p), if G is unimodular,

Proof. Step I. For a >0 part A) is a simple consequence of
4.3.A (cf. remark 4.1.i). Let us therefore consider the case a=20.
Figure I may serve as an illustration of the result as well as a tool
for the proof, in the sense that we shall be able to take the final
result directly from the figure instead of presenting long calculations.

The figure has to be interpreted as follows: F (P,I1NL»,¢Y) is
a BOA for 1<p, ¢<o, b>0, as long as the tripel (1/¢’, 1/p’, b)
(2 (p,g,b))is to be found above the threedimensional body sketched
below.

14 Monatshefte fiir Mathematik, Bd. 87/8
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267

- %,
©G89-FEp=g=7 B2p=] g=co %
Step II. Let us start with the observation that the scale
(I*NL?(@)h<p<w is closed under complex interpolation; more
precisely, ‘
(Lt N L2y, IA N Lvs)o) = L1 N LPs,

1/py = (1—0)/p1 + 6/p2, for 0 <<H <1,

This, together with the interpolation formula 3.6.B implies that the
set of all triples (1/g’, 1/p’, b) with the property that F (LN L2, %)
is a Banach convolution algebra is convex in R3. Having the above
figure in mind we see that it will be sufficient to find the optimal
indices b at the points Py, Pa,..., Ps.

Step I1I. Consider the question at Py, i. e. for p=¢g=1. Then
F(IA, ) =IAnF (LY ¢3) = Ly, is a Beurling algebra (cf. 4.2.A).
For the line Py P3PyPs,i. e. for p=o00, 1 g <0, and for 1 <p <o,
g=oo, the result follows from Corollary 3.3, combined with
Theorem 2.1.C. In view of step Il the proof of A) is now complete.

Step IV. We have to prove B). For a >0 this is the same result
as A). For a = 0 the result is once more derived by means of complex
interpolation. It will therefore be sufficient to check the result for
p<gq, and for p=o0, ¢g=1. For p<q F(L? ¢} coincides with
Fo(L?,£§). It is therefore possible to write

Fo(IAn Lo, ) =[L* N F (LY 1N [LANF (L2, 10)].

It now follows from 4.2.A that this space is a BC4. That the space
Fo(ItnL>,¢}) is a BCA for b > 1 follows from 3.2.A combined with
2.1.C. This completes the proof of B).
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Remark 4.2. It follows from Corollary 4.2 that the condition
b>1/q' is also necessary in order to have A) for a=0. Further-
more, the counterexample below shows that at least for =0 the
condition b > 1/g—1/p is necessary as well.

Counterexample 2. For b < 1/g we can define a sequence (fr)n»1C
C Fo(LtnL®,¢}) such that |fullr,=|If7llr,<C, but |faxfllr is
unbounded.

Proof. Denote the characteristic function of [—2-7~1 2-7-1]

by ¢s. Set
27-1

Jni=n"0Lg Z Lg+1y260 . (46)
k=0

Then ||fall = Ifal = [lfalbo =72 for n>1, i. e. ||fallr, <4 for n>1.
If d, denotes the triangular function ¢, *cy,, we have

on
fasft=n2 3 (20— |j]) Lydn. (47)

j=—gn
Consequently fr *f¥(j) 2n-29/2 for jeN, |j|<27-1, This implies

n—1
Ifn *fo llp@e, g = 0202 ), kP9~ On-2opb+1la.  (48)
k=1

Since this expression tends to infinity for b < 1/q the proof is complete.

Remark 4.3. i) For the general case, i.e. for 1 <g<p <o we
have no counterexample showing that the condition b >1/¢g—1/p
is necessary as well, but one can ‘show’ that such an example is all
but obvious. Therefore this question has to be left open.

ii) There is another relation which breaks down for b < 1/g—1/p:
Let 1 <p <o, and a weight function w on G (cf. [20], VI §7) be
given. Consider now the translation invariant BF-space LZ2(G).
Then it is easily shown that

| Ly, & "L:,, ~ “Ly,, ”L{;, for any ke A7 (@), (Yn)n>1,yn—>00. (49)

Relation (49) is still true if one only assumes that L2 (@) is a trans-
lation invariant BF-space. It is an interesting fact that (49) is
not true for F=F(Pq,L?,¢]), if b<1/g—1/p. In fact, one has
| Lonk||p ~ n? for ke K (G), but || Lgn||p ~ nlle-1/p,

For any weight function w, e.g. for w=wjy,», one has the
relation L2 « L2 C L2, as a consequence of the inequality

Ifxglw<|flw=|g|w. (50)

14*
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The following theorem shows that the method given above yields
better results:

Theorem 4.5. Let G be unimodular. Then we have:

A) Fo(L,£8,) «Fo(L7,£2,) C Fo(L8,£%,) for 1js=1/p-+1jr—1,
if 1<g<2, and a>0,beR, or a=0and b>1/q'.

B) L2, * L2, C Fo(L™,¢2,) for 1<p<2, a>0, or a=0,
b=1ip'.

Proof. According to Young’s inequality, (L®,Lr, L*) constitutes
a BCT on a unimodular group for 1/p -+ 1/r =1+ 1/s > 0. It follows
from 2.1.B that (£2,¢7,¢/f) constitutes an S-tripel for b>1/g".
Further, 22+ £§ C £ for 1<g<2. It follows that the same is true
for @ >0, beR. It is now possible to apply Theorem 3.2.A in order
to derive part A). The second part is only a special case of A), with
g=p, r=p', and s=o0.

5. Relations to Other Spaces, Equivalent Norms, Inclusions

First of all we discuss the relations to the spaces A (4, B,X)=
= ANA(B,X) introduced in [9].

Theorem 5.1. Let B, X be given, and suppose that A(B,X) and
F(B,X) are defined by means of the same increasing sequence
(@n)nz0C G. Then A(B,X)C Fo(B,X). If further X satisfies X9),
we have A(B,X)=Fo(B,X)=F (B,X).

«

Proof. It follows from the assumptions that yu <yn-1< ), ¥
for n > 1. Therefore k=n—1

Ifpnlle<llfgn-1llz< X [IFyells for feB, n>1.  (51)
—r—
The inclusion for general X is now obvious. Since any X satisfying
X 9) must be contained in ¢! we have F=FoC B in this case
(cf. Remark 8.1), i.e. ||fyolls<<co. An application of X9) to the
second half of (51) gives the inclusion F(B,X)C A(B,X), and the
proof is complete.

Remark 5.1. In contrast to the above result, which implies
F(L»,¢%,)=A(L?,¢2,) for a>0, it can be shown that for
G=Rm L*nA(L?,¢3) is a proper subspace of L'NF(L2,¢]) for
1<p, g <00, b >0 (except the case p=g=o00).

The connection with the spaces K2 (Rm) introduced by HERrz
[15] is as follows.
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Theorem 5.2. Let G=Rm, a >0, 1<p, ¢<co be given. Then
A) Fo(Po, L2,/ =L?NK? ;

2,9°
B) Fo(P2,L?, L) is a dense subspace of K | for 1 <q<co, and
it coincides with the space of all feLf, (R™), such that LyfeKS
for all yeR™.
Proof. A) It follows from Theorem 2 of [17] (or from [14],
Theorems 5.1 and 3.7.) that

K2 (Rm) = {f|fe Lt ®R),[ T 2eme([ |f(2)|pde)t/r]tie <co} (52)
=~ 0 Sn

with Sp:={z|27-1 <|z| <2} for neZ. Consequently L?NKj; C

C Fo(L2,£9). On the other hand we have for a >0

S 2o ([|f (@) |pda)alo <K |2 for fe Lo (Rm).

n=— 0 Sa
This gives the converse inclusion.

B) Since Fo(L#,/?) is a translation invariant subspace of
L»(Rm) it will be sufficient to point out that f must belong to
L?(Rm) if f and Lyf belong to K2  for some y, |y| >4. In fact,
equation (52) implies that fyeeL? for any feK? , while
Ly(f(wr+v2) < (Lyf)yz imlies  f(yp1+wys)eLr. Consequently,
f=fvi+Sfy2+fx belongs to L?(Rm). Since the functions with
compact support not containing the origin are dense in Kj = for
1<g<coo (by (52), of. also [13], § 3 vi), it follows that F is dense
in K3 .

The above result already suggests that some of the spaces
F(B,X) can be interpreted as real interpolation spaces for a pair
of weighted L2-spaces. This is, in fact, true:

Theorem 5.3. Let G=Rm or Zm, 1<p<o, 1<g<o0, ¢ >0,
0<<0<1 be given. Then

F (P2, L2, £8) = (LB, LE),, for a=(1—0)a1+ Oaz.

as

Proof. For a;=0 this result follows from Theorem 3.7.i) of
[14] (choose r = 2). Xf as, 1 =1,2 are given, such that ¢ = (1—0)a; -
+ 0as, Theorem 5.4.1 of [2] implies L = (L2, L2 )o,p for any as,
ag >max (a1,as), with 6;=a;/as. The general result follows now
from the reiteration theorem ([2], Theorem 38.11.5).

We use the above Theorem in order to identify the Beurling
spaces bg? (Z) considered in [1] with spaces of type F (B, X).
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Corollary 5.4. For a >0 we have b3? (Z) = F (P, 1*(Z), ¢2).

Proof. This result follows from Theorem 5.3, using the charac-
terization of b%?(Z) as (17(Z),1(Z)s,q), With ke N, 0 <O=alk <1,
and 12(2): —{(xn)nezl(a:n(l + |n))¥)nez€l?(Z)}, given in [1], p. 46.

Remark §.2. It is worth mentioning that the results of § 4 and
§ 6 imply that the spaces L'NL?PNKZ (Rm) or (1Nb?(Z) are
Banach convolution algebras for @ >0, 1<p, ¢ <o (the last men-
tioned result implies for example Theorem 4.4 of [1]). Beyond these
special cases the results derived in § 4 give as well convolution
results for anisotropic versions of these Beurling-Herz spaces on
G=Rm or Zm, for spaces with other ‘‘weights” (¢/{ instead of ¢
for example), as well as for spaces on more general groups.

It has to be mentioned that in many cases the “discrete’” method
of defining Fo (P, B, X) can be replaced by a “continuous’ method,
involving integrals over R* instead of finite sums. Since the proof
of this result is only a routine matter, we state the result without
proof.

Proposition 5.5. Let 1 <p, ¢ < 0, and a strictly positive, increasing
Sfumction w on [0,00) be given, satisfying w(2xz) < Kw(x) for all z >0.
Set wn:=w(n), and S():={x|zxeRmi<|z|<2t}. Then the ex-
pression

Ifllo 4L f wa(log (¢ + 1) ( [ 1f (@) |pda/o (16 a0 (53)
st
defines an equivalent norm on Fo(Pa, L2 (R™),£2).
The case p=0o or g=0© requires only obvious modifications.
In particular, for X = ¢, or X =cJ, a useful characterization of
F(L» (Rm) ), X) arises. For example

Il = Ifllp+supta( [ |f(x)2da)t/?
t>1  i<lal<2t
gives a complete norm for Fo( CDZ,LP, £2), az0.
The following proposition gives a short summary of the most
important inclusions.

Proposition 5.6. Let G = R™ or Z™, 1 <py,¢9; <0, as,0ieR, 1=1,2
be given. Then

i) F(P,Lr, 28, )C F(P,L2,L8,,) fora)ar>as,
or b) a1=az, and by >bs 4+ max(0,1/ga—1/q1);

it) F(P,IANL" L ,) C F(P, LN L% L2 ,) for p1>pa;
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did) F (P2, L2, 08, ) C F (Do, I 08,) for pa<pr, if o>
> ag -+ m (1pa—1/p1).

Proof. The assertions are either obvious or a consequence of
the generalized Holder inequality. It is left to the reader to carry
out the details.

At the end of this paper we discuss the dependence of F (P, B, X)
on the partition 9 involved in the construction.

Theorem 5.7. Let 1<p;,qi<o0, a4,0;20, =12, and
0= (81,8-1s:+08-m), @=(r1,7—1,..,7-m), 1<<8 <0, 1<<ry<co be
given. Then

F(L))O,,Lm,/m

a1, b1

y=F (Po, L7, 13, 5,)

* Vag, by
iff pr=1p2, 1=02, bi="b2, and s;=00 iff ry=00, 1<|i| <M, and

i) o =04 (i. e. r;=25% for some d >0, 1 <|i| <m), and az=da; or

w) a1=a2=0, PM=p2=q1.=4q2.

Proof. The proof is divided into several steps. For simplicity
denote the two spaces by F! and F2, and write Py=:(P}),5,
Po=:(P2),,. At first we prove that the conditions stated are
necessary in order to have I = F2,

Step I. First of all, F1=F? obviously implies that, for any
given 4, 8 is finite iff »; is finite. Therefore we may assume in the
sequel that we have 1<s; <o, 1 <r;<oo for 1<|¢|<m. Since
P17 pe implies L (K) L*2(K) for any compact subset KC @, it
is clear that g1 ==ps =:p is a necessary condition.

Step II. If F*=F2, then the corresponding norms are equi-
valent; in particular, there exists C >0 such that

C-Y|Lyk|m < || Ly k|l < C|| Ly k|lm for all ye G, ke A" (F). (54)
Now, for any i, 1<|4{|<m, there exists d; >0 such that r;=s¥.
Define the sequence (¥n)ns1 by yn:=1(0,...,5",0,...). Then we have
for ket ()

280 by~ HLyﬂk”FiN ”Lynk“FEN 2eandy (1 d;)ba (58)

This implies a1 = dsaz2 for all 4, and by ==bg. Thus, either a; =a9=0,
or di=aifag=:d4 >0 for all 4, 1 <|i| <m.

Step I1I. In both cases we obtain by renorming, and choosing
a suitable subsequence of (Ly k)n»1, a sequence (ga)ny1C A (&)
with the properties

i) suppgn N Pis @=suppgy N Pi =0 for n#4, and
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i) 1 <|gnllps<C for ¢=1,2.
These two conditions imply

k
1> gnllrs~ ke fori=1,2,i.e. 1 =¢q2=19q.
n=1
Step IV. It remains to show that also in the case a;=a3=0
F1=F? implies p=o0?, if p7q. Observing the configuration along
the 2;-axis one sees that for ke N there exists k;e N such that

kldi<ki<(k+ 1)/d; + 1, and PN P> V0, V open. (56)
Suppose that not all d; are equal. We may assume di >ds. Then
ko —ky 2k(1/d2——~1/d1)——-2 >kdforkz=ko (57)

and some § > 0. Since P2 is connected this implies that there are
at least ko—ky - 1 sets P} such that P} N P25 y; -+ U for some open
set Uz~ 9. Note that we have C71k<j <Cik for some C1 >0, k> 1.
Choose now any ke (@) with suppkiC U, and define hy:=

J’

sk
=Y Ly k1. Since supphs < P}, but suppLy b <P}, we have
i=1
1k |l7, = 2 (| Pllp ~ &P (8 1)/ 2 || Rer || p, ourt

k
|||, = ( Zd',j”anl [2)/a~ kP (S kYa] k.
=1

This yields a contradiction if ps#gq.

Step V. We have to show that the conditions stated are also
sufficient in order to imply Fy = Fp. Assume therefore p; = ps=7p,
qi=(qa=1, bl=b2= :b.

At first let us consider the case a;=as=0, p=¢. Then
Fi=I'NnLE , and Fo=L'n L}, for suitably defined weight fune-
tions wy,ws (cf. the proof of 4.3.A). It is not difficult to verify that
these two weight functions are equivalent; thus Fy = F.

We conclude the proof by showing that gp=o%, a1=asd, for
some d >0 implies F; = Fy. For reasons of symmetry it is sufficient
to show that Fy = F;. The agsumptions imply that

Pic P In:={jlk/d<j<(k+1)/d+ 1} (58)
jelx
Therefore
kjd+1+d-1 .
20k P waillp < Y 2% (d5)|fvils- (59)

J=kld
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Taking in account that ¥ , is shift-invariant and that any given
jeN appears for at most d 41 different values of %, (56) implies

o0

171, < Olkzl‘jZ2“”"3'“’Hf?/)}ll,KC'zllfll‘l’w1 forfeFy.  (60)

This completes the proof of theorem 5.7.

Remark 5.3. In view of the above Theorem one may restrict
the considerations to . if one is only interested in the isotropic
case. Furthermore, the restriction s;>2, 1<|i|<m, imposed in
§ 2, can be replaced by the condition s; > 1.

For G =R, a=0, the situation is still simpler.

Corollary 5.8. On =R we have F(Pq,l)=F(P,,¢l) for
1<g<00,b>0.

Proof. The norms of F(Ps), F(Ps,), F(Pr), F(Pr,) are
equivalent to each other by 5.7. Write f=fi /5, with fi(z)=0
for <0, and fa(w) =0 for 2 >0. Then ||fi|r -+ ||fo|lr defines an
equivalent norm for any of the spaces F(P,B,X) listed above.
Combining these arguments one derives the result.

Concluding Remarks. 1) Besides the decomposition method
presented in this paper there is at least one different type of de-
compositions of a locally compact group @ into sets of ‘equal
seize’, which can also be used for the construction of a family of
Banach convolution algebras. These ‘“weighted algebras of Wiener-
type’”” will be treated in a subsequent paper.

2) Finally, we mention that the essential part of the results
given in the present paper can also be derived for a more general
class of Banach convolution algebras B of measurable functions
satisfying certain smoothness conditions (e. g. spaces of continuous
functions, or the spaces B! ,(R™), for appropriate indices s,p,q;
for details see Volume II of TrizBEL’s book: [23], Theorem 2.3.8).
In this case one has to replace the characteristic functions of Py
by a suitable sequence of smooth functions (yn)ns1, satisfying

such that for some C >0
Ilfynllz<C|flls for any fe B. (62)

With these assumptions Corollary 8.3 can be proved in this more
general context for any X =¢! satisfying X 8). It is left to the
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interested reader to carry out the necessary modifications in the
proof. The most interesting Banach convolution algebras arising
in this way are certain spaces of Kudrjavcev-type as treated by
H. TrIEBEBL [24].

3) For the sake of completeness let us mention that there are
also results concerning the behaviour of the spaces F (B, X) under
the canonical mapping Ty, : L' (@) - L2 (G/H) (see [10], in particular
Theorem 3.4).
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