Contents

1 Robustness of Regular Sampling in Sobolev Algebras
Hans G. Feichtinger and Tobias Werther

© 00 O U W

Introduction . . . . . . .. ... o oo
Wiener Amalgam Spaces W(B,¢P) . . ... ... .. ....
Generalities on Spline-type Spaces . . . . . .. .. .. ...
Sobolev Spaces H2 . . . . ...
LP-Theory . . . . . . . . . i e
Changing the Smoothness Parameter . . . . . . . ... ...
Changing the Sampling Lattice . . . . . ... ... ... ..
Jitter Stability . . . ... ..o
References . . . . . . . .. L

This is page 0
Printer: Opaque this



Robustness of Sampling in
Sobolev Algebras

Hans G. Feichtinger and Tobias Werther !

ABSTRACT

It is the purpose of this paper to feature the link between the theory of
minimal norm interpolation over lattices by elements from Sobolev algebras
Hs(RY) with what is known as the theory of spline-type (or principal shift
invariant) spaces. As an extremely useful tool allowing to establish various
kinds of robustness results we will present the so-called Wiener Amalgam
spaces W (B, (?), with general (smooth) local components and global ¢P
behavior. For this reason a summary of their most important properties,
including convolution relations and the behavior under the Fourier trans-
form, is presented.

The discussion of projection and minimal norm interpolation operators is
not restricted to the pure Hilbert space setting for which these concepts
were developed originally. Among others we show LP-stability of the (for
p = 2 orthogonal) projection from LP onto the corresponding spline-type
spaces with £P-coefficients.

As a main result (which can be formulated in several different concrete
ways) we show that for s > d/2 the mapping f — Qs,q(f), from f to
the minimal norm interpolation in M over the lattice aZ?,a > 0, depends
continuously on the input parameters (s, a). It also extends to certain frac-
tional LP-Sobolev spaces consisting of continuous functions in L. In this
modified setting the outcome of this procedure depends continuously on
(s,a) in the LP-sense. Moreover, the mapping is robust against small jit-
ter errors. Wiener amalgam spaces turn out to be very useful, both for a
precise formulation and in the proofs of such results.

IThe first name author wants to thank the Dept. of Applied Mathematics at the
University of Heidelberg for hospitality during the time when this paper was finished.
The work of the second named author was supported by the EU project NetAGES,
IST-1999-29034.

This is page 1
Printer: Opaque this



2 Hans G. Feichtinger and Tobias Werther
1 Introduction

Sobolev spaces over R?, derived by differentiability conditions in the L2-
sense, play an important role in many areas of analysis. Using the Fourier
transform they can be defined for fractional (positive and even negative)
orders s € R, and will be denoted by H4(R?). For s > d/2 they are em-
bedded into the space of continuous and bounded functions over R?, due
to Sobolev’s embedding theorem; and hence they are reproducing kernel
Hilbert spaces. Since ordinary translation operators act isometrically on
Hs(RY) there is a single function ¢5 € H,(R?) which completely describes
the reproducing kernel through the identity

f(x) = <f7 Tw@s>7‘l3 Vf € H87 LS Rd7 (1'1)

where T, denotes the translation by x. The spaces H,(R?) are even Ba-
nach algebras (we name them Sobolev algebras) with respect to pointwise
multiplication in this case.

Given Sobolev’s embedding it makes sense to ask the question whether
for a given lattice aZ? <t R? and for an arbitrary function f € H,(R?) the
samples (f(ak))zeze are in ¢2(Z%), and, on the other hand, whether for
arbitrary sequences (dk)k czd it is always possible to interpolate exactly
those data by some function f, which thus satisfies f(ak) = di. The an-
swers to both questions turn out to be affirmative; and there are indeed
infinitely many different such functions in the latter case. In order to make
the problem unique one may require therefore to choose the minimal norm
interpolation for the given data sequence. If we consider the mapping from
H4(R9) into itself which maps f to the minimal norm interpolator for the
sampling sequence (f(ak))pcze this turns out to be a well defined and
bounded linear operator on H(R?), which we denote by Qs,o- The under-
standing of the robustness properties of this family of operators is at the
center of this paper.

It turns out that a detailed analysis requires the description of cer-
tain spline type spaces. Indeed, as one of the remarkable facts, the family
(Tuk¢s)reze is a Riesz basis with respect to both the standard L? and the
‘H, scalar product. The properties of the corresponding biorthogonal bases
play a crucial role for the analysis, implying, for example, continuity with
respect to LP-norms, or robustness against jitter error for the sampling
process. Extended use of so-called Wiener amalgam spaces is made, and
therefore a separate section describes this useful family of Banach spaces.

Using them we can also show that the result of the minimal norm inter-
polation operator depends not only continuously on the sampled function
f € Hy(RY), but also on the smoothness parameter s > d/2 and the lattice
constant a > 0 for the sampling lattice.

We start this paper by giving a short survey of the relevant subclass of
Wiener amalgam spaces, as well as a summary of basic facts about Sobolev
algebras.
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2 Wiener Amalgam Spaces W (B, (P)

Although various kinds of Wiener amalgam spaces have been used in con-
nection with sampling theory, in particular in connection with qualitative
error analysis, there are few reliable references for this useful family of func-
tion spaces. In the present section we want to give a short self-contained
summary of those facts about Wiener amalgam spaces which are of interest
in connection with respect to the analysis of minimal norm interpolation
in Sobolev algebras.

In order to avoid unnecessary complication in the presentation we do not
introduce Wiener amalgams with general weighted spaces, but emphasize
that amalgam spaces (with global ¢? components) already allow to use a
variety of local norms. There are quite strong local norms, such as that of
bounded measures (allowing to handle sums of point measures) as well as
norms rather sensitive norms, such as local Lip («)-conditions, describing
local smoothness.

The main idea of Wiener Amalgam spaces is to control the global behavior
(in terms of global ¢? summability) of the local properties of a measure or
a function f. This local property, in turn, is measured by some local B-
norm. Typical examples will be given in a moment. We start by recalling
the relevant definitions.

First we describe a sufficiently large class of norms which can be used to
measure the local quality of a function.

Definition 2.1. A Banach space (B, || ||g) of tempered distributions is
called localizable, if the following three properties are verified:

(a) (B,| llg) is a Banach space of tempered distributions, continuously
embedded into S’'(R?), endowed with the weak*-topology;

(b) (B,] ||B) is isometrically translation invariant, i.e.,

IT.fls = Ifls V2€eR? feB.

(¢) D-B C B, that is, D = C° operates on B via pointwise multiplica-
tion.

It is essentially a consequence of the closed graph theorem (for a fixed
¢ € D) and property (c) above that for each ¢ € D(RY) there exists
C = C, > 0 such that

If Toglls <Cy Iflls ¥ 2 € R (2.2)

For (B, || ||5) as above the space By, of tempered distributions belonging
locally to B can be defined as

Bioe = {0|0€S/(Rd), p-oc€B forall peD}.
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Definition 2.2. Assume that (B, || ||5) is a localizable Banach space of
distributions. Then for f € Bj,. the local control function with respect to
the B-norm, using some non-zero window ¢ € D is given as

Using these control functions we are able to generate different Banach
spaces of distributions by the following continuous and selective method:

Definition 2.3. Let a localizable Banach space (B, || ||5) and p € [1, 0]
be given. Then the Wiener Amalgam space W (B, LP) is given by

W(B,LP)(R?) = { f € Bioc|C(f. B,p) € LP(R")}. (2.4)
with the associated norm

1flws.ry == 1C(f: B, @)llp - (2.5)

One of the first things to be verified is that the above definition is in-
dependent of the particular window . Indeed, any non-zero test function
can be used as a window, defining the same space and an equivalent norm.
At this point essentially two properties of the global component LP(R9)
are used: it is invariant under translations, and it is a solid space, i.e.,
f € LP(R?) and |g(z)| < |f(x)| for some measurable function g imply
g€ LP(R) and [g]l, < || £l

Typical examples of Wiener Amalgam spaces are the classical amalgam
spaces W (L4, LP) and W(C, L?) for 1 < p,q < co. We will see many more
amalgam spaces throughout this paper. As a first observation let us formu-
late the following statement.

Lemma 2.1. W(B, L?)(R?) is a Banach space with respect to its natural
norm giwen by (2.5), continuously embedded into the space of tempered
distributions S'(RY) (with its weak*-topology).

Proof. We only give a hint concering completeness: One just has to verify
that absolutely convergent series in W (B, ¢P) are also distributionally con-
vergent, with a limit in W (B, ¢P) satisfying the obvious norm estimate. [

There is an equivalent characterization of Wiener Amalgam spaces re-
placing the continuous control function by a discretized version. The ideal
case of a discrete control function is based on regular partitions of unity.

Definition 2.4. A family ¥ = {T,,x9}reza is a bounded uniform partition
of unity (BUPU) of translates along aZ?, for some a > 0, if

(a) 9 as a bounded function with compact support,

(b) Y peza Tart(x) =1 Vo e R
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We say that the BUPU has size § if supp(v)) C Bs(0) = {z € R?| ||z|| < 6}
The BUPU is called smooth if ¢ € D(R?), i.e., if ¢/ is infinitely differentiable.

The following theorem describes the equivalence of the (more elegant)
continuous description with the (more practical) discrete description.

Theorem 2.1. Let U = {T,10}pcza be a smooth BUPU on R®. Then
W(B,LP) = W(B, (") :={f € Bioc | k= ||f - Tart||z € *(Z))}. (2.6)

Moreover, the (P(Z%)-norm of k — (C(f, B,%)(ak)) ez, i-e., for p < oo,

OIS (2.7

kezd
defines an equivalent norm on W (B, ¢P)

As a matter of fact there are degrees of freedom in both versions. In the
first case the “window” ¢ may be chosen arbitrarily. In most cases functions
with non-compact support, such as Schwartz functions ¢, or from spaces
of the form W (C®) (') can be used. On the other hand we have many
possible BUPUs in the case of the discrete description, and free choice of
a. It will be convenient to work with a = 1, for example, and in any case it
is recommended to think of one fixed norm from the large equivalence class
of norms for a given space. It is in this sense that we understand absolute
constants C' > 0 to be interpreted.

We also observe that in both cases property (2.2) is crucial. Therefore
the smoothness condition can be dropped in both versions as long as the
local component is just an LP space, and bounded, measurable functions
o resp. ¢ will do. In particular, we may use the “trivial” BUPU obtained
by starting from the indicator function of the unit cube Qo = [0,1)¢ C R¢
as long as B = LP(R?) or B = M(R?), the space of bounded Radon
measures on R%, i.e., the dual to CO(Rd), with sup--norm. Thus for the
Wiener Amalgam space W(L>, (), 1 < p < oo, a convenient choice of a
natural norm is

1/
1wz = (30 supacisg, 1)) (2.8)

kezd

The space W(Cy, ¢P) is a closed subspace of W (L, ¢P), counsisting exactly
of the continuous functions in W (L, ¢P) for the case p < co.

The following continuous embedding relations follow easily from the dis-
crete characterization of Wiener amalgam spaces.

1. W(B,¢) — W (B,¢") if and only if p <.
2. If B}

loc

- BIZOC then W(Bl,gp) — W(BQ’EP) fOI‘ 1 S p § 0.
3. W(B, ') — B — W(B, ).
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4. LP = W (LP,(P) — W (L, (7).
5. W(Co,tP) — LP N C,.

Note that properties (1) and (2) are true even for more general amalgam
spaces, while (3) follows from the fact that f = ), ;4 f¢r and the va-
lidity of (2.2), which in turn was deduced from the isometric translation
invariance of (B, || ||5).

One of the most useful “true” Wiener Amalgam spaces is the space

S, =W(FL' ¢,

also known as Feichtinger’s Algebra. Nowadays it is often described as the
modulation space M'(R%) or My (R?) in the literature. We refer to [40],
[53] for general references concerning S,(R?), [34] for descriptions of the
relevance of this space for Gabor analysis, and [25] for an elementary de-
scription of that space.

We also deal with the Wiener Amalgam space W (M, ¢P), 1 < p < oo.
For them the “trivial” BUPUs using the indicator functions of the standard
cubes are still admissible, so that (we write down only the case p < co0) one
has as one of the equivalent and very convenient norms for those spaces
the following expression:

e = (3 s+ o). (29)

kezd

Using amalgams we can express more precisely the fact that both the
convolution operation and the Fourier transform preserve, resp., switch
local and global properties, i.e., allow — at least at a formal level — to
handle them in a coordinate-wise manner.

Let us first introduce the following definition, see, for instance, [45].

Definition 2.5. A Banach space (B, || ||5) of locally integrable functions
is called a homogeneous Banach space on R if it satisfies

L | Tufls =fls VYfe€B,zeRY%
2. | Tof = fllg — 0 forx — 0, VfeB.

It is easy to show that any localizable Banach space B of Radon measures
for which D(R?) is dense in (B, || ||g), is a homogeneous Banach space, e.g.,
B=LrP(RY) for 1 < p < oo.

It is a well known consequence of Definition 2.5 that the convolution of
bounded measures p € M (R?) with elements from a homogeneous Banach
space exists as a vector-valued integral and satisfies

lns flls < el flle Yue M(RY), f € B. (2.10)

This observation motivates the following theorem which is a special version
of Young’s inequality for Wiener Amalgam spaces.
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Theorem 2.2. [23] Let B be a homogeneous Banach space. Then, for
p,q,r > 1 with 1/p+1/qg =1+ 1/r, we have

W (M, £P) « W (B, %) C W(B, ). (2.11)

Good illustrations for this convolution theorem are the following examples:

W (M, P) « W (Co, £') < W(Co, ") (2.12)
W(M,?)« W(FL*, ¢y < W(FL', ) (2.13)
W(M, )« W(ECE® My < w(e® ), (2.14)

where F is the Fourier transform operator (with any normalization). Since
L? x L? = FL', the same arguments as in Theorem 2.11 yield

WL, 01« W (L%, Y ¢ W(FL' ¢*) — W(Co,"). (2.15)

Besides the convolution relations which can be interpreted as working in
the local and global component independently, a similar statement can be
made for pointwise relations. Instead of giving a formal general statement,
let us give a lemma which covers concrete cases of interest.

Lemma 2.2.
W(Cy, P) - W (M, £>°) C W (M, LP); (2.16)

W (Co, €%) - W (M, %) C W(M, ") (RY) = M(RY). (2.17)
Next, we describe how the Fourier transform F acts on amalgams.

Theorem 2.3. [26] For 1 < q¢ < p < oo we have
FW(FLP, 07) — W(FL1,¢P). (2.18)

When combining this result with the classical Hausdorff-Young theorem
we immediately obtain for 1 < p,q < 2 that

FW(LP,09) — W (LY *") (2.19)
where 1/p+1/p' =1/q+ 1/¢ = 1. In particular, we have
FIW (L2, ")) — W(FL', ?) — W (Cy, £?). (2.20)

For the discussions later on in this paper, and in order to derive basic
results related to sampling theory, the following lemma will turn out to be
of high relevance:

Lemma 2.3. The following estimates hold true.
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(1) For any ag > 0 there exists C(ag) > 0 such that

(3 1r@rr)"" < Clao) Wfllwicnn ¥F € W(Co ). (221)

kezd
foralla > ag and 1 < p < oo, with the usual modification for p = co.
(2) For g € W(L®>, ), there exists C = C(g) such that for all p € [1, ]
1L Tog) ez gy < C Ifllee  VfELPRY).  (222)

(3) For ag > 0 there exists a constant C' = C(ag) > 0 such that for any
© € W(L>®,0Y), any a > ap, and 1 < p < oo,

1Y aTurpllwssry < C lellelellwmey Yee . (2.23)
kezd

Proof. For (1) we assume that the norm on W (Cy, ¢P) is given by (2.8).
For any k € Z¢ there are at most (1/a+ 1)? points of aZ? in k + Q. Hence
a > ag yields

/p
(S 1sa@mr)” < G+ Wlweon  WeLn

kezd

The second part is Lemma 2.10 in [4], but it can also be derived directly
from equation (2.12), followed by (2.21). The argument given for (1) com-
bined with the proof of Lemma 2.9 in [4] gives (2.23), but it can also be
seen as a consequence of the L*-variant of equation (2.12) by interpreting
the left hand side as convolution of = >, 4 ciTurdp € W (M, £P) with
© € W(L*>,04). O

Another important property of most Wiener Amalgam spaces is their

invariance under dilations.

Lemma 2.4. Assume that (B, | ||5) is invariant under arbitrary dilations,
i.e., for any a > 0 the mapping f — D, f, with

D.f(z) = f(z/a) Yz eRY, (2.24)
maps B boundedly into itself. Then the same is true for W (B, {P).

Corollary 2.1. Each of the spaces B =W (L",{?) or B = W(Cy, {P) with
r,p € [1,00] is dilation invariant. Moreover, for r,p € [1,00) the mapping
a+— Dg,f is continuous, for each f € B.

Corollary 2.2. The mapping (f,a) — (f(ak:))kezd s continuous from
W (Co, £1)(R?) x (0,00), and hence also from S,(R?) x (0, 00) into £*(Z%).

Proof. Since S,(RY) = W(FL', ') — W(Cy, ') the result is a simple
consequence of Lemma 2.3.1, for p = 1 and Corollary 2.1. O
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3 Generalities on Spline-type Spaces

In this section we will summarize a few basic facts about spline-type spaces.
Although most of the results are valid for general locally compact groups
we restrict ourselves to RZ. We denote by

f&) = | fle?=ds, ¢eR? (3.25)
Rd

the Fourier transform of an absolutely integrable function f, with the un-
derstanding that by Plancherel’s theorem it extends to a unitary isomor-
phism of the Hilbert space L?(R?) into itself.

Definition 3.1. A sequence (hy) in a separable Hilbert space H is a Riesz
basis for its closed linear span if for two constants 0 < D < Dy < o0,

2
Dille|2 < H chth < Dylle|?,  Vee . (3.26)
A H

The concept of Riesz bases is nicely described in [66], see also [18]. In
particular, a sequence (hy) is a Riesz basis if and only if the correspond-
ing Gram matriz, whose entries are the scalar products ((hg, b))k k1S
invertible on the corresponding ¢2-space.

Definition 3.2. Given a > 0, and a function ¢ € L*(R?) we call V,,, the
spline type space generated by the pair (¢, a) if the family (Tak‘p)kezd is a
Riesz basis for V,, 4, its closed linear span in L?.

Clearly, V,, , is translation invariant with respect to the shifts from the
discrete subgroup aZ¢ <\R?. Therefore such spaces, generated from a single
atom, are often called principal shift invariant spaces.

Due to the assumed Riesz basis property of (Takw)kezd,
Voa={ > aTuw|ce @)}

kezd

we have

In the present case it is easily verified that the corresponding Gram matrix
is a circulant matrix over Z¢, via the simple calculation

(Tare; Tarr o) = @ * @ (a(k' — k)) (3.27)

where ¢*(z) = p(—2z). Using a standard Fourier argument, it is therefore
clear that the invertibility question can be settled positively by verifying

that the function
W) = 16 —a k)P (3.28)
kezd
is essentially bounded and essentially bounded away from zero, i.e., there
exist positive constants Dq, Do, such that

Dy < () < Dy  ae EcR (3.29)
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Note that a='Z¢ is the orthogonal subgroup to aZ?.

Since the usual Sobolev spaces are invariant with respect to dilations
we may - without loss of generality - restrict our discussion of the general
case to the special case a = 1, and suppress the index a for most of the
section. We will re-introduce this parameter when we discuss the continuous
dependence on the lattice constant a in Section 7.

It is well known that the dual basis (biorthogonal system) within the
span of a Riesz basis can be obtained through suitable linear combinations
of the elements of the original basis, the coeflicients being taken from the
inverse Gram matrix. For the case (chp) peza 1t is further well known (see
[4] for generalities and a large number of references, or [50] for an early
reference), that the dual basis is given by the collection of Z?-translates of
the function ¢? defined by

—

pl(€) = ¢(&)/2(€), ¢eR™ (3.30)
Then, every f € V,, enjoys the representations
F=Y (£ TeYTho = > (f. Tep) e (3.31)
kezd kezd

Due to the symmetric role of the atom ¢ and the dual atom ¢? in this
formula, the overall quality of this expansion depends on the properties
of both ¢ and ¢, and therefore it is of great interest to investigate the
question to which extent good properties of ¢ (such as decay conditions)
are automatically shared by ¢?. The following theorem improves on a cor-
responding statement in [30], where the case B = Sy has been discussed.
Using weights, much stronger results can be given which, however, will not
be needed in the present context.

Theorem 3.1. Let (B, || ||g) be some isometrically translation invariant
Banach space, continuously embedded into W (L2, ¢'). Assume that ¢ € B
generates a Riesz basis for its closed linear span in L*(RY). Then the dual
atom ¢? also belongs to the same space B.

Proof. The Hausdorff Young principle for Wiener Amalgam spaces as
described in the previous section implies that if ¢ € W(L2, ('), then
¢ € W(FL', %) which in turn gives |¢|?> € W(FL!, (). Tt follows that
the periodic function ® has an absolutely convergent Fourier series expan-
sion. By Wiener’s inversion theorem, see [53], also 1/® has an absolutely
convergent Fourier transform. This implies that for some £!-sequence ¢ we
have

ol = Z Tk (3.32)

kezd

which in turn implies that ¢¢ € B whenever ¢ € B, due to the assumed
isometric translation invariance of B. O
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Example 3.1. Besides B = W(L? (') and S,(R?), other typical exam-
ples of spaces B as in the above theorem are the spaces W (Cp,¢!) and
W (C® ¢, for k> 1.

Remark 3.1. We emphasize that in contrast to the classical spline case on
R, the atom ¢ generating a Riesz basis in L? for the spline-type space Ve
is, in general, not of compact support and convergence of sums of the form
> pezaeTe® in W(Co, £2), for coefficients ¢ € £2(Z%), has to be controlled
using amalgam estimates such as (2.12).

Another observation, bringing some interesting Wiener amalgam spaces
into the game, is contained in the following statement.

Theorem 3.2. Assume that (chp)kezd with o € W(C® ') is a Riesz
basis for V,, in L2(RY). Then, on V,,, the norms of L*(R%) and W(CW, ¢?)

are equivalent, for any 1 € {0,1,2,...,k}. In other words, V,, sits continu-
ously and closed in W (CY £2) for any 1 € {0,1,2,...,k}.

Proof. Since oW

2 . . i
1oe — Ly, for any nonnegative integer /, the norm estimate

£z < Cillflwewey — VfeW (@D, 2 (3.33)

with some C; > 0 is always satisfied. Due to the properties of a Riesz bases,
f €V, if and only if

F=> alip= (> cd)*¢ (3.34)

kezd kezd

for the sequence ¢ = (Ck)kezd = ({f, T ) neze € *(Z?) and the £2-norm

of the coefficient sequence c is equivalent to the L?-norm of f.
The right-hand side of (3.34) is convergent in the W (C®*) ¢2)-sense,
which follows from the convolution and embedding relations for 0 <1 < k:
W (M, 2« W(C® Yy cw(e® 2) - w(EeW, ?) — L2(RY). (3.35)

The last relation also implies the estimate

[fllwewey = lu*xelweo.ey < COlelwarnellelwem o

C(law) ||CH€27 0<I<k
where p1 =), ;a0 and f = p* . The proof is complete. O

Remark 3.2. The situation above indicates that it will be possible to
combine sampling of derivatives with amalgam techniques.
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4 Sobolev Spaces H>

Sobolev Spaces in the L?-context are Hilbert spaces that can be identified
with the classes of those tempered distributions whose Fourier transform
belongs to some weighted L?-space. This concept allows for the extension
to fractional Sobolev spaces defined for any s € R by

HRY) = {1 € SRY | fuw, € BRYY with w(€) = (1 +1¢)*/2,
H2(R?) is a Hilbert space with respect to the natural scalar product
(f,9)s = (fws, gws) 2. (4.36)
We recall the Sobolev Lemma, cf. [54], which says that
H2RY) — Cc®(RY)  for s>d/2+k. (4.37)

Within the context of Wiener Amalgam spaces the case k = 0 can actually
be derived quite easily using amalgam methods. Observe first that

L2 (RY) =W(FL? ) — W(FL* ("),

because (2, (Z*) — (*(Z*) due to the Cauchy Schwartz inequality since
w_g € EQ(Zd) if and only s > d/2. Then (2.20) implies

H2(RY) — W(FL, %) — W (Cy, ¢*) C L*(R?) N Cp(R?) .

From now on we always assume s > d/2. In this case H, = H2(R%) is an
isometrically translation invariant reproducing kernel Hilbert space whose
kernel is given by

Di(z,y) = ps(z —y) = Ty(]:_lw—%)(x)’

where the inverse Fourier transform is in the classical sense because w_s;
is integrable whenever s > d/2. Obviously, ¢, is an even function, and

f) = (f.2(,y))s = ([, Typs)s  Vf € H(RY), ye R (4.38)
For s > 0, the weight functions w; are weakly subadditive, that is,
ws (€ +w) < Cs(ws(é) + wy(w)) Vw,&eRY, (4.39)
for some Cg > 0, which in turn implies the pointwise estimate for all &:
|hysha(z)w(€)] < Cs(lhal*[halw+hi|wk|hol)(€)  Vhi,ho € L7, . (4.40)

It follows easily from this estimate that L2 N L'(R?) is a Banach convolu-
tion algebra, but since L2, < L'(R?) for s > d/2 this is just L2, ((R?), up
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to equivalence of norms. This in turn implies that H; is a Banach algebra
for pointwise multiplication.
Since L, coincides with W (L?,£2 ) (cf. [42]), Theorem 2.3 for weighted

spaces, cf. [26], yields

He=F L2 | = F WL E)] =W (F L2 7)) = W(H,, 7).
‘ ‘ ‘ (4.41)
Hence, H, is a so-called [?>-puzzle, cf. [59], and we may apply amalgam
techniques whenever it is convenient.
In order to see that the reproducing kernel ¢, is in S,(R9) we follow the
arguments of [51], where it is shown that the short time Fourier transform
of 4 with respect to the Gaussian window function g is

2d,n_dfs [e%S) B . Cane? L B
Vggos(x@)zw//o /2= = (A g 42 tf)TIg(t) dudt

(4.42)
which implies the estimate

lealls, = IVygsllr < C / W 4 An?) ey (4.43)

the last expression being finite whenever s > d/2. We thus have shown the
following:

Lemma 4.1. For s > d/2 the reproducing kernel function o is in S,(R?).

Remark 4.1. One may replace ws; by more general weight functions w
with similar properties. The arising reproducing kernel Hilbert spaces are
Harmonic Hilbert spaces as discussed in [20], see also [37].

Since for s > d/2 we have ¢, € S,, both $5 = w_os and |H4|?
are in S,, which in turn implies that both

= W_4s

V() =D puE—k),

kezd

(&) =) [@s(§ — k)?

kezd

are periodic functions which have an absolutely convergent Fourier series
expansions, and are bounded above and away from zero, i.e., there exist
pairs of positive constants (As, Bs) and (A%, B.) such that

A, <U()<B, (€€RY, (4.44)
A <M < Bl (€eRY). (4.45)

These observations lead us to the following result:
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Theorem 4.1. For s > d/2, the family (Tk%)kezd is a Riesz basis for

its linear span Vs = Vi, 1 in both L? and Hs. The functions ¢¢ and oL
defined via their Fourier transforms as

@s(g) f c Rd (4.46)

generate the dual basis for L? and Hs, respectively.

Proof. Because of (4.44), the L?-case is already described in Section 3. For
Hs, we verify that (Typ), . satisfies (3.26). For ¢ € £*(Z¢), we have

1Y exTipslf;, =

keza

LS aemao] uie ae

kezd

Z /n+[0,1]d

nezd

2mikE 2\:[/(3) de .
J |2 e e a

kezd

3 ene?™ pu €2 wle) de

kezd

Because of (4.45) it follows that (Tkys), ,. satisfies (3.26). Hence,
(T k(ps)k czd is a Riesz basis for its linear span in H, and since

(Ty0s, Tios Y m, = dji
Z%-translates of the function L generate the H,-dual basis. O

Corollary 4.1. For s > d/2, the spline type space

Vs = { > eTrps

kezd

ce zQ(Zd)} (4.47)

is a closed subspace of L? and H,.

As a consequence of this characterization of biorthogonal Riesz bases we
find that the orthogonal projection Qs from H, onto V; is given by

Qsf = > f()Thpk,  feH,. (4.48)

kezd

Since ¢, is an interpolating function (Lagrange interpolator), that is,

oy (k) = (¢F Tups)n, = b keZ?, (4.49)
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we immediately see that
Quf(k)=[(k)  (keZ). (4.50)

Note that all the statements hold true for more general lattices aZ? <{R?,
a > 0. In this case,

Ve =Y g€ —a k) (4.51)

kezd

and the orthogonal projection @, from H; onto V; , takes the form

Qsaf = Y flak)Turpl, [ €M, (4.52)

keza

now with $%,(€) = . () /() (€) for € € R
We now summarize the above results in a slightly different form.

Theorem 4.2. For every lattice aZ® {R?, the minimal norm interpolation

problem in Hs for a given data sequence (dk)kezd has the unique solution

h=">" diTurpk,,

kezd

where <pSL7a is the Lagrange interpolator in Vy o (corresponding to the unit
vector eg € (2(Z%)). Moreover, the sum is unconditionally convergent in
the Hs-norm.

5 LP-Theory

In order to obtain LP-variants, 1 < p < oo, for the Hilbert space results
stated in the previous sections, we first recall two important results for
spline type space (cf. [4], Theorem 3.1 or [30]) which are both essentially
based on Lemma 2.3.

Theorem 5.1. Assume that (T’f‘p)kezd s a Riesz basis for its closed linear

span V,, in L*(RY), for some o € W(Co, ). Then it is also an uncondi-
tional basis for its closed linear span Vé’(Rd) within LP(RY), for 1 < p < oo,
that is, the synthesis mapping

extends to an isomorphism between (P(Z?) and Vé’(Rd), forp € [1,00), and
between co(Z?) and Ve In particular, there are constants Ay, By such that

Aplleller <] D erTwpl|,, < Bplleller V¢ € () (5.53)
kezd
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1s satisfied for all 1 < p < co. Furthermore

VP(RY) = { S aTie ‘ ce ep(zd))} (5.54)

kezd

and the W (L (P) and the LP-norms are equivalent on those spaces, for
1<p<oo.

This result is closely related to the fact that the orthogonal projection
from L%(R?) onto V,, extends in a natural way to projections from LP(R%)
onto VZ(R?), for 1 < p < oo.

Theorem 5.2. Assume that o € W(Cy, 1) and that (Tk‘p)kezd is a Riesz

basis for its closed linear span V, within L2(R%). Then the dual atom 2,
generating the biorthogonal Riesz basis (Tkgod) to (Tk‘p)kezd also be-
longs to W (Co, £') and therefore the operator

P:fe > (fiTep") 2 Thp (5.55)
kezd

kezd

defines a continuous projection from LP(R?) onto Vé’(Rd) for1 <p<oo.

Theorem 5.1 says that the W(Cp, ¢P)- and the LP-norms are equivalent
on the spline type space V! with ¢ € W (Cp,¢'). We even have uniform
estimates for the constants for these norm-equivalences, for all 1 < p < oco.

Proposition 5.1. Let V' a spline type space with ¢ € W(Co, Y. Then,
there exists a constant ¢ > 0 such that for all p € [1,00],

cllflwecowry < Wfllee < fllwicory VeV (5.56)

Proof. The upper estimate is always satisfied. For the lower estimate we
recall that any f € V! is of the form

= (£, Tup") > T
kezd

where ¢? denotes the L? dual atom of ¢ and by Theorem 3.1 ¢? €
W (Co, £}). Applying (2.22), we see that ¢ = ({f, Txp?)) is in ¢. Hence,

f=(20k5k)*</7
kezd

and from the convolution relation (2.12) we obtain the lower estimate. [

Let ¢ € W(Cp, ') generates a Riesz basis of aZ?-translates for all a
within some set A C RT. As a consequence of (2.23), the linear map

Qa:fr D flak)Tue (5.57)

kezd
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is bounded from W (Co, ¢*) to V2, for all a € A. For a = 1 we skip the
index and simply write Q = Q.

Proposition 5.2. Assume that ¢ € W(Cy, (') generates a Riesz basis of
aZ?-translates for all a in some A C RT with minimal ag > 0. Then there
exists C' = C(ag) > 0 such that for alla € A and 1 <p < o0

1Qaf Wy < Cllfllwicoery — Vf€W(Co, ).
Proof. The claim follows from (2.21) and (2.23) in Lemma 2.3. O

The operator ), which coincides with the minimal norm interpolation
for the dual element ¢% of o, in H,, can be extended to a family of Sobolev
spaces or potential spaces H? which we define for s > 0, as in [56], by

HE = J(LP(RY)),

where Js is the Bessel potential J(f) = G, * f, and Gy is the kernel of
(1 — A)=%/2 For s = 0, we have H? = LP. Properties of G can be found
in [56]. Here we just state properties of H? with corresponding references.

1. 'H? endowed with the norm

1G5 * fllwg = 1 fll e

is a Banach space, continuously embedded into L? = H} which follows
from the norm estimate for all 1 < p < co and s > 0, see [56], that

Ifllze < W fllwz YV eHE.
2. 'H? coincides with the classical Sobolev space W*? for all positive
integers s and 1 < p < o0, [1].

3. 'H? is an algebra under pointwise multiplication if and only if H? — C
that is if and only if s > d/p, [56].

4. H? — C° for all s > d/p + o with @ > 0 where C* denotes the
Holder space of order «, see [60].

The following connection to Wiener Amalgam spaces is given by the
so-called localization principle of the Triebel-Lizorkin spaces F ,, which
contain the fractional Sobolev spaces as special case, cf. [61], section 2.4.7.

Lemma 5.1. For any 1 <p < oo and s € R we have
HE = W(HE ),
with equivalence of the corresponding norms.

Combined with the classical embedding theorem into C* we obtain an
interesting embedding result (both locally and globally):
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Lemma 5.2. Let p € (1,00) be given, and sy > p/d + « for some a > 0.
Then, H? — W (C*,¢P) and there exists C = C(p,a, s9) > 0 such that

[fllwceeey < Clfllne  VfEMHL, (5.58)
for all s > sg.

Proof. For 1 < p < oo, the continuous embedding HZ, (RY) — C* for
s0 > d/p+ « is a special case of Theorem 2.8.1 in [60]. Furthermore, it can
easily be seen from the definition of HZ that

He = Mg, and |[fllae) <[fllz if 5> s0.
Therefore, we obtain

[fllce < Clp,a,so) I fllaz, < Clp,a,s0)l[fllz YV €HE
if s > so > d/p + a. The estimate (5.58) follows using Lemma 5.1. O

We now see that the operator Q, is well defined from H2 into W (L°, ¢P)
for 1 < p < oo and s > p/d, and we can state a result that is similar to
Proposition 5.2 except for the uniformity with respect to p.

Proposition 5.3. Assume that ¢ € W(Cy,P) generates a Riesz basis
of aZ%-translates for all a in some A C Rt with minimal a9 > 0. For
1< p<ooand sy > d/p, there exists C = C(p, ag, s0) > 0 such that

1Qafllw (Lo my < Cllfllpe VfeH, (5.59)
for all s > sy and a € A.

Proof. As a summary of the above results, we now have for f € H?

1Qafllw(re.ery < Cllf(ak)ller < Clao)llfllw(co.ery < C(p;a0,50) | fllnez

for all s > so > d/p and a € A. O

6 Changing the Smoothness Parameter

In this section we discuss the influence of the parameter s of the weight
function w, and state some stability results of the minimal norm interpo-
lation in the form of continuous dependence on s.

We first consider the S,-norm. In Section 4, we have seen that ¢4 € S,
for s > d/2. Using (4.42) and (4.43), dominated convergence gives

So
Ps — Pso 5\50>d/2'

The result is true for both the L2-dual ¢? and the H,-dual ¢L atom of ;.
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Lemma 6.1.

s\yso > d/2.

d d
805 - SDSO

Proof. We only prove the statement for o~ since for ¢? we can apply
exactly the same arguments. Because g € S,, we know that

Z @s(g 7 k‘) _ Z b;:)ef%rikg _ i)(s)
keZa kezZe

with
b = (ps(k)) € £1(2%).

From the estimate (2.21) of Lemma 2.3 we obtain

> 1 =50 < Cllps = el
kezd

hence
1

4
b —— b0 s\ 5o > d)2.

By Wiener’s Lemma, there exist ¢(*) € £1(Z?) such that

&) =16 wkez! and o =Y ITips.
kezd

Because the mapping b — b~! is continuous in any Banach algebra, in
particular in ¢'(Z%) with respect to convolution, it follows that

1

O ) N 1
Hence, ¢®) is uniformly bounded and the norm estimate
ek — 0E llg, = || e Tups — 3 e Tiepn, ||, =
H > CI(CS)TMDS -2 CJ(:)TMPSO +> Cl(cs)Tk%o -2 CkSO)Tk‘PSo HSO =

< Ol lalllles = @solls, + Cllesolls, [l =]l

implies that

Oy — Qg s\ so > d/2.



20 Hans G. Feichtinger and Tobias Werther

Remark 6.1. For s > so we have Hy — H;, . In particular, ¢, is in Hs,
for all s > sg > d/2. Since

|w_gs(z) — W-25 (x)|2w230 (z) < W—s, () Va € Rdv

dominated convergence gives

Hs
G —5 gy s N\uso > dJ2. (6.60)

Similarly, we show that the dual atom L and the interpolation

st = Z f(k)TkSD£ (f € Hso)

kezd
enjoy the same convergence behaviour, i.e., depend continuously on s for
s\, S0-
Theorem 6.1. If s\, sg > d/2, then we have
() lles — @5,
(i) |1Qsf = Qso fl., — 0 for any f € Hs,.
Proof. We know that

D pu(E—k) <Y @u(§—k) < By,

HSO _)07

Thus,
2

B (€) AN PN

1
Zsbso(f—k)_z:@s(f—k) _Bigo

Hence,

los — s lin., = 65, = &llee, < Blller — wglln.,

and by (6.60)
HS
<pf—0><pfo s\ s0 > d/2.

Since (f(k)) is in £ for any f € Hs = W (Hs, £?), the estimate

| 32 st = Y fmek | <
|k|<N |k|<N °
= [| 3 smeme] ok - ok )] u?, e

k<N

< X WPler =0 I,

keza

holds uniformly for all N which implies

SR Tiel —2 ST F BTk, s \so > df2.
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7 Changing the Sampling Lattice

In this section we want to discuss the influence of the lattice constant a > 0
on dual atoms, as well as on the the resulting minimal norm interpolation,
by showing continuous dependence of the Lagrange interpolator on the
lattice constant a > 0. Again, Wiener amalgams are the appropriate tool
to formulate the corresponding statements. Recall that we write % for the
generator of the biorthogonal Riesz basis of (Tyx¢)nezd-

Theorem 7.1. For every ¢ € W(L?, (') the set of all parameters a > 0
such that (Tak(p)kezd defines a Riesz basis for its closed linear span

Vi(RY) C L3(RY), is an open subset O, C (0,00). Moreover,
1. the mapping a — 2 is continuous from O, into W (L2, (1),

2. for any homogeneous Banach space (B, || ||g) in W (L?,£'), we have
ol € B for all a € Oy, and a — ¢ is continuous from O, into

(B: [ I5)-

We can even state a somewhat stronger result, emphasizing the jointly
continuous dependence on both the “atom” and the lattice constant.

Theorem 7.2. Define a subset of W(Cy, ') x (0,00), by
O (W(Co, ") ={ (¢,a) | (Tak‘p)kezd is a Riesz basis in L>(RY) }.

Then O (W (Co,£Y)) is open, and the mapping (p,a) — o is continuous
from O (W (Co, £Y)) into W(Co, 1).

Proof. Since the arguments are quite analogous to the proof of Theorem
6.1, making use of the inversion of the corresponding Gram matrix as in
Theorem 3.1, we only give an outline of the key arguments required for the
proof of Theorem 7.2, making clear that the W (L?,¢!)-context stated in
Theorem 7.1 can be derived by the same arguments.

Let as assume that (¢g,a0) € O (W(Cy,¢")), i.e., we have invertibility
of the Gram-matrix associated to the system (T, x9)peze. Since this is a
circulant matrix whose entries are just the samples over agZ? of ¢ x p* €
W (L2, 0%« W (L2, 0%) — W(Cy, ¢!), we only have to invoke that Lemma 2.2
to guarantees that, for (p, a) close enough to (g, ag) in W (L?,¢') x (0, c0),
the ¢1(Z?) convolution kernels representing those Gram matrices are close
to each other in the /!-sense.

Since the set of all invertible elements is open in the Banach convolution
algebra ¢'(Z4) and the mapping associating with each invertible element
its inverse is continuous in the #!-sense we may conclude that we will use
“similar” coefficients to synthesize the dual atom with respect to aZ% from
shifts of ¢ along aZ? if the lattice constants a and ag are close to each
other. However, for a # ag the difference between ak and agk becomes
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arbitrarily large (for |k| large) and thus we cannot just use the standard
jitter error argument (as used in section 8). The claimed continuity result
is shown below in Lemma 7.1. O

Lemma 7.1. Assume that (B, || ||B) is a homogeneous Banach space. Then
the mapping R : (o, a,9) — > ;cza a(k)Tarep is continuous from €*(Z%) x
(0,00) x B into B.
Proof. Let (a,a,¢) — (ag,a,p0) in £1(Z%) x (0,00) x B. We are going
to verify that R(«,a,¢) is in a given e-neighborhood in B of R(ayg, ag, )
provided that all parameters are d-close to their limit, for some § > 0.
Without restriction we assume a priori that convergence takes place in
some d1-neighborhood of (ag, ag, @), for some §; < 1. Since ||Tarellp =
llell g for all @ > 0 and ¢ € B, the following estimate is obvious:

[ R(ev, ag, ) — R(w, a0, o)llp <

< ||R(a — a0, a0,¢)|[B + [[R(a0, a0, — #0)ll B
lao = allerzay llellB + llewllerzay le — wolls
<01 (1+[leollB + lowllerzay) < /3

(7.61)

IN |

for 0, sufficiently small. This shows that the estimate can be reduced the
the case where (g, o) is fixed. As in the above estimate we may replace
the sequence «y, if necessary, by another sequence with only a finite number
of non-zero coordinates (at the cost of a possible approximation error of
the order < £/3). For the case of finite, hence bounded, subsets of Z¢ one
has of course uniform convergence of || T,r0 — Taokollz — 0, according to
the definition of a homogeneous Banach space. Hence we can choose § > 0
such that ||R(ag,a, o) — R(ag,ag, pollp < €/3 for |a — ag| < § < 61, and
the proof is complete. O

We have seen that a central part of the proof of Theorem 7.2 was Wiener’s
inversion theorem, which guarantees the invertibility of the Gram matrix
for the family (Takgo)kezd, as an operator on ¢!(Z%). The entry point to
this argument was the fact that for ¢ € W (Cp, £') or at least W (L2, £1) its
autocorrelation function belongs to S,(R?) and therefore its samples over
Z% are in (*(Z%). For the case of the Sobolev scalar product (f, g)s, the
situation is similar and in a way easier: Due to the reproducing property
of s we find that the entries of the Gram matrix for the same system of
translates are just the sampling values of ¢,, known to belong to S,(R?) if
only s > d/2, ¢f. Lemma 4.1 and equation (4.38).

The following result is a corollary to the (proof of the) above theorems:

Corollary 7.1. Let s > d/2 be given. Then,
(a) the mapping a — ¢, is continuous from (0,00) into So(R?),

(b) the mapping a — <pf7a is continuous from (0,00) into S,(R?).
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The relevance of Corollary 7.1.b for minimal norm interpolation in
Sobolev algebras is described in the following theorem.

Theorem 7.3. For each p € [1,00) the mapping (s,a, ) — Qs.a(f) is
continuous from (d/2,00) x (0,00) x W(Cy, £P) into W(Cy, ¢?).

For the proof of this theorem we will need another continuity statement,
similar to Lemma 7.1.

Lemma 7.2. Let p € [1,00) be given. Then the mapping

R : (a,a7g0) = Z a(k)Tak@
keZa

is continuous from (P(Z%) x (0,00) x W (Co, £}) into W(Cq, £P).

Proof. By Lemma 2.3.3. we know that over compact subsets of the param-
eter a within (0, 00) we have uniform boundedness of the bilinear synthesis
(a, ) — R(a, a,¢) from £P(Z4) x W (Cy, £}) into W (Cp, ). As in the proof
of Lemma 7.1 we may reduce the discussion to the second variable, keeping
(av, o) fixed, even with o in any dense subspace of W (Cp, ¢!), such as
C.(R9), and ag with only finitely many non-zero coordinates. The rest of
the proof is then similar to that of the previous lemma, using the density
of “finite” sequences in ¢P(Z?) for p < occ. O

Proof. (Theorem 7.3) According to Corollary 7.1 the mapping (s, a) — ng”a
is continuous with values in S, (R%). In combination with Lemma 2.3.1 and
Lemma 7.2 the claim is verified. O

In view of Lemma 5.1 the following statement is an immediate conse-
quence of Theorem 7.3:

Corollary 7.2. For every pair (p,s1) with s; > d/p the mapping
(a,s,f) — Qsalf) is continuous from (0,00) x (d/2,00) x HE (R?) into
W (Cy, £P), hence, in particular, into LP(R?) as well as Co(R?).

Remark 7.1. By means of complex interpolation or by means of a di-
rect proof making use of the corresponding Wiener amalgam convolution
relation (2.11) the following analogue to the two statements about the
continuity of R can be obtained, which contains the previous ones as lim-
iting case: Let p € (1,00) be given. Then the mapping R : (a,a,p) —
> peza (k) Tapep is continuous from £7(Z%) x (0,00) x W(Co, (%) into
W (Cy, P) provided that 1/p > 1—1/r—1/q.

8 Jitter Stability

In this section we discuss various forms of jitter which may occur in the
context of minimal norm interpolation along some lattice. The first problem
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coming to mind is related to the following situation: What happens to the
minimal norm interpolation operator in case that, instead of the exact
sampling values f(ak)pcze, sampling values taken at nearby points, i.e.,
values (f(ak +nk))reza, are used ? Can we control the error on the output
side in terms of the maximal jitter error ||n]jcc = supk|nr| 7 We will show
that the resulting minimal norm interpolator is still well defined and that
maximal reconstruction error (for all possible families of jitter errors) tends
to zero when 7 becomes small. For our proof we will make use of properties
of the oscillation function.

Definition 8.1. For a function f on R¢ and any § > 0 , the function

w— oscs(f)(x) = sup |Ty f(z) — f(z)| = sup |f(z) = fz+y)

ly|<é y€EB;(x)
is called the §-oscillation of f.
The following lemma summarizes basic facts:

Lemma 8.1. Let p € [1,00) be given. Then

(1.) f € W(Co,tP) implies oscs(f) € W(Cop,tP), and
lloses(F)llw(co.ery < 20f lwco,er)-

(2.) lloscs(f)llw(co,ery — 0 as & — 0, for every f € W(Co, £P).

(3.) Let ¢ € W(Co,l") generate the spline type space VP. Then
lloscs(f)lw(co,ery — 0 as & — 0, uniformly over the unit ball of
V2 in W(Co,?), i.e., Vg >0 36>0 such that

loscs (F)llwcoeryy < - I fllwicoery Vf€EVE. (8.62)

Proof. The proof for (1) is an easy exercise. Note that oscs(f) is continuous.
Claim (3) as well as claim (2) for p = 1 can be found in [4], Lemma 6.3.
(the corresponding result for spaces of band-limited functions is given as
Lemma 6.3 in [36]). The arguments for p > 1 in (2) are essentially the same
as for the case p = 1. O

Corollary 8.1. Let f € W(Cy,¢?). For any given ag > 0 and € > 0 there
exists some § > 0 such that for all a > ag on has:

l(oscs(Pak ezl = (3 losca(Paml?) " <.

kezd

Proof. The statement follows from Lemma 8.1(2) and inequality (2.21). O
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We have seen in Section 5 that for any ¢ € W(Cj, ¢*) the operator

Q:fr Y flak) Ture (8.63)
kezd

is well defined, mapping W (Cy, £P) boundedly into itself, for every p €
[1,00]. It even maps W(Cy, ¢P) into Vf;(Rd), if only (Turp)reza is a Riesz
basis for its closed linear span within L?(R%). Indeed, by Theorem 5.1
the W(Co, £?)-norm is equivalent to the LP-norm on V! which in turn is
equivalent to the £’-norm of the sequence of coefficients of functions in V.
Our first goal is to discuss the influence of imprecise sampling on this
operator, i.e., the effect of using, instead of the exact samples at ak, only
values at nearby points. Thus for fixed a > 0 and ¢ € W (Cp, £}), we define

for any sequence (nk)kGZd in R,

Qu: [ flak+m) Turep (8.64)
kezd

which is again a bounded operator from W (Cq, #) into VZ(R?), by essen-
tially the same argument as for @Q, if only ||n]|ec = supy |7x| < § < co. We
only have to argue that the pointwise estimate

|f(ak + )| < |f(ak)| + oscs f(ak) € £7(27) (8.65)

holds true as a consequence of Lemma 8.1(1) in conjunction with
Lemma 2.3(3).

Our first claim concerns the fact that @, is close to @ in the sense of the
strong operator topology on W (Cy, ¢P), if only ||n||o is small enough.

Theorem 8.1. Let p € [1,00) be given. Then for every f € W(Cy, ¢P)
HQf - Q"fHW(CO,KP) —0 for [n]lec —0. (8.66)
Proof. We make use of estimate (2.23) in Lemma 2.3(3):
HQf - an”w(co,gp) < C- ”‘p”W(CO,Zl) || (f(k) - f(k + nk))keZngp <
< C-lellwce,mloses(H)F) o < C-llellwicoery - lloses(F)llwco,er) -
The claim now follows from Lemma 8.1. O

Of course, the above theorem applies to the particular choice p = L,
s > d/2. Then @ is a quasi-interpolation operator. For p = 2 we can even
give a stronger statement:

Corollary 8.2. For f € H,, we have

|Qsf = Qunfll,, =0 as |l =0—0.
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Proof. This immediately follows from Theorem 8.1 and the fact that the
norms of Hg and W (Cy, £P) are equivalent on V. O

In order to verify uniform convergence over certain subspaces of
W (Cy, ) we will need statements like the following ones:

Proposition 8.1. Let a > 0. Assume that (Torp) s a Riesz basis. Then
for every € > 0 there exists § > 0 such that

lloscs fllw(co,ery < €-[lfllwiceery VeV (8.67)
Proof. For f =3, c;aciTarp the following pointwise estimate is valid:
oscs(f)(z) < Z lex | Taroscs (@) (x) (8.68)
kezd

which yields via Lemma 2.3, estimate (2.23),

loses (f)(@)lw(co.ery < Cla) [lefler - [loscs (D) w(co.e)- (8.69)

In view of the norm equivalence between the ¢? —norm of ¢ and || f|lw (c,,er)
for f € V2, and the fact that [loscs(¢)|lw(cy,e1) — 0 for 6 — 0, the proof
of the Prop. 8.1 is complete. O

We are now ready to formulate the following uniform variant of Theo-
rem 8.1.

Theorem 8.2. Let ¢ € W(Cy, ') and p € [1,00) be given. Then, for every
€ > 0 there exists some 6 > 0 such that ||n]|ec <6 implies

1QF = @ufllwicymy < & IFlwicoe VfeVE. (8.70)

Corollary 8.3. Assume that s > d/2,a9 > 0, and p € [1,00). Then, for
every € > 0 there exists some § > 0 such that |n]jec < ¢ implies for any
a > ag

HQS@f - QS@WfHW(Cg,EP) < e ||f||W(Co,€p) Vf € Vgg) (871)

Although our jitter error estimates rely essentially on the equicontinuity
of those sets of functions within W (Cp, ¢?) to which the minimal norm
interpolation procedures are applied we need a slightly stronger control on
the decay of oscs f.

Definition 8.2. A bounded and continuous function on R? belongs to
Lip (o) for some a € (0,1) if and only if there exists C' = C'y > 0 such that

[f(@) = f)I < Clz —y|*  Va,yeR% (8.72)
The Lip (a)-norm of f in such a class is given by
11 Lip (@) = Ifllc + Ct, (8.73)

where C'; is the minimal constant for which the estimate 8.72 is valid.
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A crucial estimate allowing us to give a uniform control of jitter errors
for functions in fractional LP-Sobolev spaces is the one given below. Let us
start with a trivial pointwise estimate for oscs(f) for functions f € Lip («).

Lemma 8.2. For f € Lip(a),0 < a < 1, one has for 6 >0
oscs f(x) < Cyp- 6% < 0% - || fllLip (a)- (8.74)

In the following proposition it is shown that we have uniform decay of
oscs f in W(Cy, £P) over the unit ball of a fractional Sobolev space.

Proposition 8.2. Assume s > d/p. Then for any o € (0, min(1, s — d/p))
there exists C = C(a, s,p) > 0 such that

loscs fllwicnen < C- 8l Vf € HIRY).  (8.75)

Proof. According to the localization property expressed in Lemma 5.1 for
HP(RY) we may assume from the beginning that f = > oweza [ Trp, for
some test function ¢ € D(R?) with Y-, ;4 ¥x(z) = 1, where we write 1y,
for Tk, such that the following estimate is valid:

(O IFeellf) ' < Cullfllae

kezd

Next we observe that for any « € (0, min(1, s —d/p)) there exists C(a) > 0
such that for all k € Z¢

lloscs(fYr)|loo < Cla) - | forlpez - 6.

Since, however, we have to estimate (oscs f) - (¢) instead of oscs(f)r), we
need one more observation: For k € Z% we have the pointwise inequality

(oscsf - r)(x) < Cp-oscs(f - Thd)(z) Vo € RY (8.76)

whenever ¢(y) = 1 in some sufficiently large neighborhood of the support
of 1. By adding over k € Z%, we obtain

1 o 1 " o
(D (loses Favnlle)?) " < C'(@) (Y I aly )" < € (@) 61 fllrer
kezd kezd
and the proof is complete. O

Theorem 8.3. Let ¢p € W(Cp,¢'),a > 0,51 > d/p be given. Then, for
every € > 0 there exists some § > 0 such that ||n|lcc < implies

1QF = @nifllwicoery < € IFllnz, VI €HE R, (8.77)

Proof. The arguments for the proof of Theorem 8.3 are completely analogue
to that of Theorem 8.2. O
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