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Abstract. It is the purpose of this short note to highlight perhaps unexpec-—
ted connections between the topics described in the papers [G2] and [HW1] in
this volume, and at the same time belween various papers within a series of
Jjoint publications [FG1-8] with K.Groechenig on the two topics indicated in
the title: Algorithms that allow to recover a function (or tempered distribu-
tion) f from a suitable family of coefficient, which arise as integrals of
f against a countable coherent family of functions (such as Heisenberg or
afftne frames) and the problem of reconstructing a band-limited function from
a (sufficiently rich) set of irregularly taken sampling values. As will be
pointed out in detail below the basic observation, which may be taken as an
explanation of most common results for these two settings, concerns proper-
ties of functions which arise as  convolution products  with nice, integrable

functions on a locally compact group.

INTRODUCTION

The paper 1is going to describe in which sense the constructions of
frames (as described in [DGM],[HW1,2],...) can be seen as a result related
to the classical Shannon sampling problem. In both cases the '"classical"
approach puts its main emphasis on the use of Hilbert spaces methods (such
as orthonormal bases, frames, positive operators), using various formulas
(such as Poisson’s formula, expansion of functions into Fourier series,
..), based on the fact that the sampling points or the parameter sets involved
in describing these frames form a regular lattice.

As will be pointed out a group theoretical approach, using convolution

relations between suitable function spaces on the Euclidean space [Rm or suit-
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able locally compact groups naturally associated with these frames gives a
much more flexible tool, which allows much more freedom in the choice of
"mother wavelets" and sampling coefficients than one might expect from the
"regular" methods. Also, these methods (which are iterative ones) are not
restricted to the Hilbert space setting (thus a number of other function
spaces, Iincluding many classical ones, such as Besov spaces,...) can be
covered in the discussion. Finally, the methods allow error and stability
analysis with respect to the "right" norms, i.e. whenever a function belongs
to a reasonable normed and invariant function space, that the error with
respect to the norm of this space can be estimated .

As giving background information and pointing out connections is the
main concern of this note we only state few of the main resultsof the two
topics under discussions, in a non-technical (hence not most general) form.
Thus we shall restrict the discussion here to spaces related to (unweighted)
Lp -spaces, because in this setting the relevant theory is already available
in the literature (cf. [FG1,5] ) and does not require complicated technical
explanations.

We recall that for 1sp<w  the space Lp(lRm) consists of all measurable
functions F on R" such that ”F”p = [j[leF(x)lpdx ]’l/p < @ . We use the
symbol Ty for the translation oper‘afjor‘, given by TyF (z) := Flz~y)). 1We un-
der-stand the Fourier transform ¥F=F of an integrable functions FeL (R™) is
given by the usual integral formula. It is well known that the Fourier trans-
form ¥ may be extended to a mapping from LP(R™) for 1 = p = 2, whereas one
has use distribution theory (tempered distributions) in order to define the
Fourier transform for p>2 (cf. [F4] for an alternative) .

Thus the spectrum of a function is well defined as the support of the
Fourier transform: spec(F) := supp(E‘). A function in LP is called band-limited
(to some bounded set Q) if spec(F) € Q. Thus spec(F) € Q if F vanishes
on the complement of Q. It is also well known that band-limited functions are
continuous (by the Paley Wiener theorem in fact analytic), so pointwise evalu-
ations make perfect sense for these functions.

We start with the description of the most simple version of our problem,

the so—-called (regular) sampling problem. We first recall it in a slightly

more general form than usually presented in textbooks (cf.[G2] for more de-

tails, and see [BSSLI[H][J] for surveys of this topic and its relevance).



REGULAR SAMPLING

Theorem : There exists some positive constant CO (only depending on the
definition of the Fourier transform involved) such that for any C>0 the
following is true: Given any y = COC—1 (the sampling Ar'ate), such that any
band-limited function F e LP(R™) , for 1= p < », with F(t) = 0 For [t|=C can
be completely recovered From the sampling values (F(af'n))nezm . Actually,
there is an explicit formula, telling us that

F = Enezm F(y:n) T'a'-nG *)

whenever G is a band-limited and integrable function, satisfying G(t) =1
on Q , with G having sufficiently small support. Moreover, the series con-
verges in the pointwise sense (uniformly over bounded sets) as well as in the

Lp—sense.

Proof.  Although this result can be easily obtained as a minor modification of
the usual Shannon sampling theorem we have no simple reference available. Thus
we indicate the main arguments (which actually work also in the setting of
weighted Lp—spaces) to be used (besides Poisson’s formula, of course):

First we observe that for band-limited functions (with bounded spectrum)
in LP  the sampling values (F(a'-n))mEzm are p-summable, in fact
T, gl Frm) PP = c
(due to Theorem 3.7.1) and Proposition 3.4. in [FG7], cf. also Remark 2.5 in

F”p for all felP(R™) with fixed compact spectrum

[FG5]). Using now some notations from [FGS] we may interpret the series as a
convolution of the discrete measure ZneZ"‘ F(y'n) aa'-n (which 1is convergent in
MLp) with the function G . Since we have assumed G € . to be band-limited,
the local maximal function G# also belongs to Ll] and thus the convolution
product in (*) is convergent in cLP, in particular in LP and locally uniform
over compact sets (by Theorem 2.1.ii1) and ii) of [FGSI).

Finally we mention, that the dependency of the necessary sampling density
from the band-width (size of the spectrum of f = support of f) is easily ob~
tained by proving the result first for @ being the unit cube and by reducing

the problem to that case by means of dilations in the general case.

Remark: For irregular (we should call them quasi-regular here)} lattices, which
can be obtained from a regular one by the application of a regular matrix,

such as rotation or (anisotropic) dilation the same arguments go through.



JRREGULAR SAMPLING

The proof of this so-called Whittaker-Shannon Sampling theorem on regu-
lar sampling is usually based on Poisson’s formula (in a more or less dis-
guised way). Since there is no substitute for Poisson's formula for irregular
sets (this has been shown recently by Cordoba) it is clear that one has to
use a completely different appreach in the irregular setting. In our papers
[FG5-8] we were able to show that the reconstruction is still possible (even
if the sampling points are completely irregular)supposing that the sampling
density (which is defined in the most natural way) is high encugh (in rela-
tionship to the size of the spectrum). Several variants of a possible con-
structive approach are described in more detail in [G2] and [FG5-8]) have

been found. One version of the resulting theorems reads as follows:

Theorem : Let Q be some compact subset of R™ . Then there exists an open
neighborhood U (only dependent of Q) , such that for any U-dense, discrete
family A = (7\1)iEEI

of points in R™ (which means that the gystem (A:.L+U)iEI
covers lRm) any band-limited function F e LP (lRm) with supp(F) ¢ Q , can

be completely reconstructed from the irregular sampling values (F(X)i)iel'

As a starting point for our arguments we took the following observation:

A function F e Lp([Rm) is band-limited if and only if there exists some
other function G € Lq(Rm) (which may be assumed to be band-limited itself)
such that G*F = F. In fact, if we choose G € L']([Rm) such that E- equals
1 over spec(F) (e.g. some De la Vallée-Poussin kernel), then I;= (A}I?‘
Assume conversely that this holds true for some G € L,‘([Rm) and some F with
unbounded spectrum. Then E} has to take the value 1 at points arbitrarily
far from the origin, which is not possible in view of the Riemann Lebesgue
Lemma (stating that the Fourier transform of an integrable functions tends to
zero at infinity).

Actually, we were using this reproducing convolution equation for F as
our starting point (also not relying on methods from complex analysis). At
present there are different methods and algorithms, using this equation in
order to recover F from it's sampling values.

The first approach (described in [F3] for weighted Ll]—spaces, and in
[FG5] for the most general situation, including weighted Lp-spaces) was put-

ting the main emphasis on an iterative approach. The main idea being the



following: Use the given information (the sampling values), to approximate
the function by some auxiliary function, involving only the sampling values.
This can be either (in the most simple case) be a step function (taking the
value F(Xi) near X, (ef. VXF in [FGB]), or some more sophisticated spline
type function (Spq/F, used in [FGS5]). Since a band-limited function is quite
smooth we may expect that such a function will yield a good approximation to
our given function F. But how to recover the remainder? We cannot directly
take the remainder term and iterate, because that remainder term does not
have any smoothness (at least if we use step functions). In order to circum-
vent this problem we smooth that first and simple approximation out, in order
to get a smooth remainder term, which allows to apply the same procedure over
and over and to recapture finally F completely from the sampling values
given. In fact, since F itself is not changed by convolution with G we
may expect that any approximation to F  will still be a good approximation
to F after convolving it by G . Altogether, one only has to take care that
in this procedure the loss of approximation (due to that additional smoo-
thing) and the win (obtained by having a smoother remainder term for the next
step) are in a good balance (so we reduce our approximation quality by inves-
ting a small part of it into additional smoothness which in return allows us
to keep the machinery running).

The theorem above actually applies to more general situations, based on
the same arguments. Thus convergence can be shown to hold true with respect
to certain weighted Lp—norms if F Dbelongs to these classes (which simply
means that both decay properties and summability properties of f imply better
convergence of the series near infinity). In the argument G has to be taken
in a suitable weighted Lq—space in that case. The presentation in [FGB] gives
the shortest available proof for a (still general) special case., In [FG7] an
operator theoretic setting has been choosen to describe the most general
version. This is also the basis for the error estimates given in [FG8I.

An interesting variant of this result, which might me of great practical
use, is the following one (cf. the section on error analysis):

Corollary. In the above situation there exists a bounded famlly (Ei)iel in
Lq (actually uniformly decaying, continuous functions) such that any
FeLP(R™) with spec(F) € 2, 1= p <w , can be written as

Fo=Yiep FOQIE,

with unconditional convergence in Lp(lRm) and unifeormly over compact sets.

iel



FRAMES

Coming to the next topic now we have to speak about coherent frames.

Actually, the concept of a frame in a Hilbert space is a classical one (cf.
[DS] for a basic account of properties of frames, and [Y] for applications in
the theory of non-harmonic Fourier series). It underwent a glorious revival
after the discovery of the "wavelet orthonormal system" by Y.Meyer (cf.
[M1,2], [LM], [D2].. for details). These are orthonormal systems for Lz(lRm)
having the wuseful property of being generated from a single function g
(called the mother wavelet) by means of elementary operations only, l.e.
translations by elements from the lattice " < [Rm and dilations (of the
argument by powers of 2). Thus the typical basis vector is given by
gk,n(x) ;= 2™2g((x-k)/2"), We consider this family as a coherent one,
coherence being understood as the possibility of applying certain elements
from a (continuous) group of transformation to one single function in order
to obtain the full system. In the wavelet case these transformations are of
course unitary transformation induced on LB([Rm) induced by the the affine
transformations of the argument. We only mention in passing that the notion
of "coherent states" is an important concept in quantum mechanics and is the
place where this terminology comes from (see [HW1,2] for details).

The observation, that under certain circumstances (e.g.the Heisenberg
setting) the requirement of orthonormality turns out to be too strong in
companion with coherence, smoothness and decay properties apparently lead to

the discussion of frames. First the so-called tight frames came up. These are

families (gi)iel in Lz(lRm) which behave very much like an orthonormal
system without being a basis in the usual sense. By definition a Gtight frame
2

(of.(DGM]) is identified by the property that |f], = (T, |<f.e>|HVE As =
simple functional analytic consequence one obtains f = ZieI<f’gi>gi‘ Thus,
in order to expand a given function f one only has to calculate the
coefficients (f‘,g.l) and to write the above sum, as if we had an orthonormal
bases. As the most simple example of a coherent tight frame one may take as a
Hilbert  space [Rz, and (up to normalization) the unit vectors
(e,],ez,—e,l,—-ez), which are coherent, because they aris under the action of
rotation by multiplies of 90° from e, This set is of course no basis (so
expansions are not unique), however we are free to require additional proper-

ties on the coefficients (in this simple case we could ask for positivity).



An important fact concerning these tight frames is the following. All
information about a function is contained in these coefficients, and one can
say, if one has an affine tight frame (arising as above by translates and
dilates only), that the coefficients <f’gk,n> for fixed an {(and running k)
correspond to the contribution to f at a scaling (or smoothness) level n ,
also indicating where (depending on the indices k for which large
coefficients arise) in the function f relevant contributions at this fixed
level prevail. It allows also to find partial sums of the double sunm,
involving only comparatively few terms and representing nevertheless the
function to a variable degree at different places (very precisely on some
interval, and only roughly at infinity, for example).

This requirement of storing all information in coefficients (together

with the possibility of recovering f "easily" from these coefficients) can
also be considerably weakened. Thde general notation of a frame (gi)iEI in
the Hilbert space Lz({Rm) only requires to have constants A,B > O such that
2.1/2 2,.m
Adff], = Qg |<Eg>[T) 77 = Be|f|, for all f e L(R") .

It is then still possible to recover £ by means of an iterative procedure
(described in detail in the referred papers).

It was Grdchenig who extended the notion of a frame to a larger class of
spaces (so making it a Banach spaces concept as opposed to a Hilbert space
notion which iz was up to that time). In fact, if we restrict our attention to
coherent frames (with few technical restrictions) then it is possible to speak
of a frame for a Banach space of functions (actually a coorbit space) by means
of an associated Banach space of sequences, if the coefficient mapping allows
to embed the Banach space in a complemented way into that sequence space. So,
in the case of the Hilbert space the associated Banach space if of course the
expected one, namely the space of square summable sequences 12. Again, there
are in this setting norm convergent (iterative) methods to recover the func-
tion from its coefficient.

The following turn-around brings us to the heart of the matter, show-
ing that the question of coherent frames (as described in [DGM],[HW],..) is
close related to the irregular sampling problem.

As we mentioned, coherent systems arise from a (continuous) group of
operators. We formalize the setting by assuming the we have (unitary) opera-
tors Tx’ the index x being taken from some group § , fulfilling the rules

»*
Tx"l =T (the adjoint corresponds to the inverse group element) and



TXoTy = Tx-y (i.e. a group representation). Usually ¥ «can be thought of as a
matrix group, so we may use for the wavelets (we describe for simplicity only

the case m=1) the group of affine transformation of the real line, given
by Xr— ax+h, a > 0, beR , and T(a b) associated with x=(a,b) € § by:
£(x) := a™2g((x-b)/a),

f, with T
a,b) {a,b)
Fixing now some "nice" function g, We can define the following function on

fl—-—-)T(

the group ¥ (depending on your background you may call it either a
representation coefficient of the above representation, or simply a continuous

wavelet transform, also called generalized wavelet transform, if the domain

is not only an Hilbert space, but some space of distributions :

f — F, with f(x) := <f,TXg> .
In this situation F is a continuous function on the group ¥ .Since any
locally compact group carries a unique (left) translation invariant measure,
the Haar measure on ¥ , the notion p-integrability with respect to that Haar
measure (F € Lp(‘:‘?)) makes sense, and actually F is square integrable for the
elements f € LZ([Rm). Also, convolution make sense, being defined by

F*G(x) = f G(ydlx)F(y)dy for decent functions F,G. Moreover, as in the case
g

of R™ we have estimates of the form ]|G"*F||p = |[G||,][[F||p , but one has to care-
ful (if the group is not unimodular, i.e. if left and right invariant Haar
measures are not the same for ¥) that one has in general only
PG|, = IGl, ,IFI, . for some weighted L'-norm | |, . Having a nice’ func-
tion means now to assume that the function G (i.e. the one associated with
g itself by the mapping to induced via g) is integrable over ¥ . In practice
this corresponds to decay and/or smoothness or moment conditions on g (cf.
[FG1] for details). Moreover, it is possible to recover f from F by some
inversion formula (involving again g).

Speaking now about about having a coherent frame of the form (n(xi)iel)
turns out to be equivalent (if appropriately defined) to say: f is completely
determined by the sampling values of F at the points of X = (Xi)ieI in ¥,
if Fe Lp(§’), for example. Looking at the examples of the wavelet theory and
other papers on (tight) frames (cf.[DGM],[FJ},...) one might get the impres-
sion that the sets X arising there have to be lattices in the group (not in
the sense of discrete subgroups with compact quotient, but still lattices in
a very strict geometric sense). This is actually useful for labeling the
points by double indices and allows to use certain formulas, but at the same

time restricts the flexibility of choosing X ). So what what about sampling



information from irregular sets X? Or what can be said about continucus wave-
let transforms based on wavelets g satisfying no special preperties. The
answer turns out to by quite similar to the above one on band-limited func-
tions: Given g (which somehow corresponds to the information of the size of
the spectrum in the band-limited case) we can find some neighborhocod U  of
the neutral element in the group (the size of U depends only on certain
smoothness and decay properties of G, not on p) such that any U-dense family
X (which now means of course that the family x.l-U covers § ) gives rise
to a coherent frame. In other words, f can be completely be recovered from

the coefficients (f‘,TX g>,iel in this case if fe@a(Lp)—“—{f‘]FeLp(?)}.
i
BASIC CONNECTIONS

In order to reveal now the connection between the two topics and to
to stress at the same time the importance of coherence the and of the group
theoretic background in this theory we add the following informations
(ef.[FG1,2] for details, or (F4]). Under the conditions described (i.e. g to
be "nice") we actually have the following facts:

G belongs to the weighted L1~space L:(‘g‘) , and the p-integrable functions F
arising as continuous wavelet transforms via g <can be characterized (among
all elements in LP(¥) by the reproducing convolution equation

F=F%*G.

In particular, G is a (symmetric) convolution idempotent, hence the mapping
H+— H*G from LP®) into itself is a projection mapping. This it iz not
completely unlikely (and as has been shown in fact true) that one can recover
F from its sampling values by pretty much the same type of arguments that one
can use in the irregular reconstruction problem. Of course, the concept of
uniform density of the sampling points X  has to be understood in the group
theoretical sense now (thus with respect to the hyperbolic metric in the case
the upper half plane, identified with the group of affine transformation, the
so—called ax+b group), smoothness of F is not described in terms of deriva-
tives (since we do not assume to have a Lie group structure, which however
would be available in most examples), but using a suitable family of spaces
(the so-called Wiener type spaces) or concepts of local maximal functions and
ogcillations over groups allows to follow similar patters In both settings at
this point (they were introduced in [F1] in full generality, and the

underlying method is that of splitting functions into equal parts.



IRREGULAR SAMPLING OF THE SHORT TIME FOURIER TRANSFORM

Although the question of recovering a function from irregular sampling
of its STFT (Short Time Fourier Transform) looks more like a problem similar
to the sampling problem of band-limited functions at a first sight (Fourier
transform being involved), it turns out to be related to the sampling problem
of generalized wavelet transforms over the Heisenberg group.

Recall that for a function f (assume for simplicity in LZ([R)) the STFT
with respect to the window function g (which we will assume to be nice, in
the sense of compactly supported and continuous, for example) is defined by
STFTg(f‘)(x,s) = S“’((Txg)f‘)(s). A priori, it is understood as a (bounded an

continuous) function on IR2 (the so-called time-frequency plane). A

reconstruction method, allowing to reconstruct £ (given g) from the sampling
values of STFTg(f‘ ) at a sufficiently small regular lattice in [R2 was given
by [Bl. In order to obtain the irregular sampling theorem in this situation
we indicate only shortly here how to reinterpret the STFT. In fact, the
so-called Heisenberg group acts in a very natural way on LZ([R) by means of
translation operators plus modulation operators (cf. [FG11,{G1],[HW1,2]) and
(in order to get the group law) multiplications with complex numbers of

absolute value one (so the Heisenberg group as a set is Jjust [RZXTT , where T

denotes the torus group). In an abstract setting this action is defined as
the Schrédinger representation of the Heisenberg group. Now looking at the
definition of the generalized wavelet transform with respect to this repre-
sentation (cf. [GF1), Ex.7.1) one can check that for any function f (fixing
the analyzing wavelet g) the function STFTg(F) coincides with the function
F(x,t,1) . Since F(x,t,u) = wF(x,t,1) knowledge about the sampling values
of STFTg(f) at sufficiently many points in the time frequency plane gives
also sufficient information about F and allows therefore to reconstruct F
(and therefrom f) by means of an iterative procedure. Besides the irregulari-
ty of the sampling points for SFTFg(f) (the density depends only on g, not on
f 1) it is remarkable, that for this reconstruction only minimal requirements

on g have to be made.
STABILITY AND ERROR ANALYSIS

The group theoretical approach to coherent frames also allows to cope

with questions of stability and to give error estimates in the right norms.



Thus, typically one can handle (using the appropriate function spaces on the
acting group ¥) questions of the following type ("jitter error problem"):

To what extent does the reconstruction deliver a wrong variant of £ (the
difference being measured with a very wide range of norms), if the sampling
values (or the coefficients are not picked up by means of the functions Txig ,
as assumed, but instead by some "close by" functions such as Tyig, with ele-
ments A being close to the elements Xs (in the sense that there is a small
neighborhood V t of the neutral element in ¥ such that Yi€ xiV for iel ).

The stability considerations are of interest in connection with the
description of the reconstruction methods in the form F = ZieI F(Xi)Ei (ef.
Corollary  above; see [FB],Cor.A’, [FB],Cor.4.3, or [F7], Theorem1) or
f = Ziel<f’Txig>ei in the frame setting (cf.[G1],5.10), with suitable fami~
lies of functions Ei on § or e, on [Rm. These functions can be precalculated
(given only the information about the sampling geometry, i.e. the set of
points X, and the reproducing function G), which is an aspect of possible
great practical use (in a situation where one has to recover many functions
with equal smoothness (in the sense of having the same reproducing function
G)from their respective sampling values, taken over the same set of sampling
points., In this situation the a priori calculation of these functions Ei
could be done on a main-frame, whereas the stored values of the functions E1
could be used to recover F by simple summation (without going into the itera-
tive procedure for each F individually).

In this setting of course the question comes up, to what extent does the
particular form of the functions Ei depend on the parameters involved. So,
stability in this setting means, that minor changes of the sampling geometry
or starting the procedure with a function G only slightly different from a

1

given function G results in an overall system (Ez)ieI

functions which are in some uniform sense not far from the original functions

(E})

of (reconstructing)

iel °

LOOKING BACK

In contrast to the presentation given above our approach to both pro-
blems (within the last three years) went the other way round. We first worked
on atomic decompositions in functions spaces (one should speak perhaps be‘ttef
of non- orthogonal series representations with respect to coherent systems of

atoms), which was based on the convolution equation F = F¥G and the trans-



fer method avallable through the generalized wavelet transform (associated
with integrable group representations, as pointed out in [FG1-3]). Observing
then the connection to the theory of frames, Groechenig pushed the theory of
frames to the same general setting (not anymore restricted to Hilbert spaces
or regular lattices) which has turned out to be the most general and most
natural one for atomic decompositions along coherent systems. [G1]. During
these discussions we found the explained analogy with the situation arising
in the context of band-limited functions an inspiring background. Working
then on the irregular sampling problem we also found that this point of view
allows to develop parallel the reconstruction problem methods of expanding
band~limited function into a series of functions, each of them obtained from
a single function g |using only certain of it’s translates ( cf. [FGB], and
[FG7] for the most general version of these results), which again is intima-
tely related to the general atomic decomposition problem solved in [FG2].

Our first hope, that the technical background would be much easier on R™
turned out to be misleading in one very important point: Whereas one has
plenty of integrable idempotents (for convolution) on any group having an
integrable and irreducible representation (such as the affine group, the
Heisenberg group, but also the SL(2,R) group, mentioned in [FG1]) there are
no such function on lRm ( ge L1 cannot be an idempotent with respect to
convolution due to the Riemann Lebesgue Lemma). On the other hand, particular
choices of function € satisfying F = F*G , such as Schwartz functions G,
allow to invoke more elegant estimates in order to verify convergence of the

iterative reconstruction method, not available on groups.

SUMMARY
We have tried to point out that from an harmonic analyst’s point of view
there 1is a close relationship between previous constructions of coherent
(tight) frames or orthonormal wavelet bases and to the regular sampling prob-
lem for band-limited function. The same kind of relationship can be found
between the results, saying that any nice function can be used to construct a
frame as long as the sampling rate on the group is high enough, and the re-
construction of band-limited functions in Lp—spaces from irregular sampling
values. The background is in each case a convolution equality and the fact,
that it is possible (under various circumstances) to recover functions F
gatisfying F = F*G, for some nice and integrable G, from any family of samp-

ling values, as long as the sampling density of these points is high enough.



In the case of coherent frames this strategy (which applies to the continuous
wavelet transform) has to be complemented with a transfer method (allowing to
transfer questions =about £ to questions about an appropriate centinuous
wavelet transform and transferring the result back to f), but this can be
done using the machinery of coorbit spaces and the appropriate inversion
formulas given in [FG2]. Moreover, since the iterative methods involved in
this process work for a large variety of translation invariant function spa-
ces on any locally compact group the range of application of this technique,
which also allows good error estimates and the verification of a wvariety of

stability results, is not restricted to the Hilbert space setting.
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