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BANACH SPACES OF DISTRIBUTIONS WITH DOUBLE MODULE STRUCTURE AND
TWISTED CONVOLUTION®

W, BRAUN AND H. G. FEICHTINGER

A. Haar?®s discovery of the existence of an invariant measure on
any locally compact group G opened the way to study these groups
by looking at the corresponding group algebra L1(G) as a Banach
algebra with convolution, or using the LP -spaces on G (on which
G acts by the left regular representation). However, even in the
case G =R" the study of multipliers or the Fourier transform (e.g.
for LP ., p>2) require the introduction of certain functional
spaces, i.e. suitable distributions. An appropriate frame (for pur-
poses of harmonic analysis) has been set up in [9] and [2].

In a previous paper [2] the authors have studied the family of
Banach spaces (B, HB) of distributions on a locally compact group
G in *standard situation®, i.e. which are (besides some general as-
sumptions) Banach modules with respect to convolution over some
Beurling algebra L&(G) as well as under pointwise multiplication
over a suitable (sufficiently large) Banach algebra (A,] HA) having
bounded approximate units. It is the purpose of the present note to
show that on these standard spaces there is a natural action of the
Beurling —Leptin algebra L&(G,A) which is a Banach algebra under
twisted convolution (cf. [151). This action is a compact one (in
fact, the action can be approximated by the action of suitable ele-

* This paper is in final form, and no version of it is, or will be,
submitted for publication elsewhere.
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ments operating as finite-dimensional operators), which allows,
among others, a short proof of the compactness criterion for closed,
bounded subsets of such spaces (cf. [8], [9]). The essential part
and the module completion (with respect to this action) of a standard
space B are identified with the minimal and the maximal space

(Bo and B, respectively) associated with B 1in the main diagram
described in [2]. Relations between these spaces (including a char-
acterization of dual or reflexive standard spaces) can be obtained
by a direct application of simple Banach module theoretic results.
Finally, minimal homogeneous Banach spaces (see for example [6],
[101) are discussed in this setting.

We start by fixing several notations and recalling basic facts
concerning Leptin®s twisted algebra L&(G,A) and Banach spaces in
*standard situation’,

Throughout this paper G denotes a locally compact group with
a fixed left Haar measure dx , and Haar modulus A . For arbitrary
functions f on G the following left and right translation opera-
tors are to be used:

(1) Lyf(x) 1= f(y'1><) . f,(x) = flxz) x,y,z€6.

Given a continuous weight function W on G , i.e. a real valued
continuous function w on G satisfying w(x) 21 and w(xy) <

< w{x)w(y) for all x,y € G (for convenience we assume that w is
symmetric, i.e. w(x) = w(x"1) for x € G), one can form the
Beurling algebra L‘L(G) 1= {f | waLl(G)} . This is known (cf. [19])
to be a Banach algebra with respect to convolution, with norm

“f”1,w = | fwly = é [f(x)|w(x)dx . The space K(G) of compactly sup-

ported continuous complex-valued functions is dense in L&(G) It

follows therefrom that (LL,*,R H1 w) has bounded two-sided approx-
imate units, i.e. there exists a bounded net (in the sequel denoted
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b
y (ea)a€I ) such that

. _ - s _ 1
(2) 1gn Hea*f f”1,w 0 = 1&m Hf*ea f“1,w for all f el (6) .

One also has Héa*f-fﬂ1’w +0 for a -+, where ¢(x) = g(x'1) ,
if (eu)uEI has common compact support, for example. The reader is
assumed to be familiar with the basic facts concerning Banach modules
over a Banach algebra C (cf. [20], [3], [11], or § 1 of [2]).
HC(B1,BZ) denotes the space of (left) module homomorphisms between
two (left) C -moduTes. B. » the essential part of B 1is the closed

C

linear span of C+B in B , and B~ := HC(C,B) denotes the C -mod-

ule completion of B .

In our discussion below frequent use of a pointwise algebra A
satisfying certain conditions will be made.

DEFINITION 1. A Banach algebra (A,| [,) will be called a
homogeneous (Banach) function algebra on G if the following condi-
tions are verified.

al) (A 4= (CO(G),H l.) > i.e. A is continuously embedded
into the Banach algebra of continuous functions on & which vanish
at infinity (with the sup-norm | ||_);

a2) (A, ”A) is a regular, selfadjoint (under complex conjuga-
tion) Banach algebra for pointwise multiplication;

a3) Ag = AN K(G) 1is a dense subspace of A ;

od) A is isometrically left invariant (i.e. ]ILnyA = |Ifll
forall feA, yeG) and ym Lyf is a continuous mapping from
G to (A [Iy) forall feAj;

a5) Given any neighbourhood U of the identity there exists
keA,k+0,suppkcU, k=0, such that k, €A for all

z € G and such that z » kZ is continuous.
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REMARK 1. This set of conditions is essentially the same as in
Theorem 4 of [17]. It is somewhat more general than the general assump-
tion made in [9] or [2] inasmuch as o5) requires only the right inva-
riance of certain elements in A .

Several immediate consequences are collected in the following

Temma :

LEMA 1, Let (A,] | p) be a homogeneous functwn algebra. Then

i) A is a left Banach module over L (G) with respect to con-—
volution.

ii) AO is dense in K(G) and therefore in CO(G) and LJV(G) ,
for any weight w .

111) The subspace A := {fIfEAO, f,€EA forall z€G and

zw f, s continuous from G to (A, HA)} is dense in A .

iV) Given ag € Ay one has 47'ag €A .
V) Given any compact set K S G there exists a € AO such
that aK(x) =1 forall x € K. In particular, A-A <s dense in A.

PROOF. i) follows from (al)+{a4) , via vector-valued integra-
tion (cf. [23]1, §4) and ii) is essentially a consequence of (a2) .
In order to verify iii), it will be sufficient to approximate
f €A, (due to (03)). Given e >0 it follows from (a4) and (a5)
that there exists k € A, (normalized to S k(x)dx = 1) such that
[kxf-f|, < e . Observing now that A; n Ay is not only two-sided
translation invariant, but also a two-sided ideal in the algebra
(K(G),*) one has k=*f € A; and the argument is complete. The proof
of iv) follows from [17]. For b € AO satisfying /b = 1 the map-
ping y = (L 4 b)a0 is continuous from G to A and has compact
support. ConSequently v :=/(L -1 b)aOdy belongs to A . But

Yy - -
Vi) = £l ag(0dy = (£ 500 ty] a7 x)ag0) = (87Mag) ()
G G
For a proof of the first part of v) cf. [6, Theorem 2]. It implies
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AO = AO -AO .
Given a homogeneous (Banach) function algebra (A, ) we de-

note by LL = L;(G,A) the space of all (equivalence classes of)

measurable functions F with values in A , satisfying |F| 1 3=
L
W

! , With Wy being the

= f HF(x)“Aw(x)dx <w . Of course L' =1L
G "o
trivial weight wO(x) = 1.

Since A s a function space it is clear that an element of
L& can be considered as a function on GxG via F(x,y) := F(x)(y) .

It is well known that L& is naturally isomorphic to the projective

tensor product L; % A (cf. [15]1). Basic facts concerning the

& as an algebra with respect to twisted

convolution are collected in the following proposition. They are stated
without proof as they are proved in [15], [17] or can be obtained by
minor modifications of the scalar case.

Beurling—Leptin algebra L

PROPOSITION 2. 1) [L&(G,A),H | 1] is a Banach algebra with re-
; L

W
spect to twisted convolution, given by

(3) FxG(x) := SL(Foy)6y Ddy , F, 6 e L(6,A)
¢ Y W

which is a dense subalgebra of L1

L . . i 1

ii) If (ea)aEI ig an approximate unit in LW(G) and (UB)B€J
18 .an approximate identity in A which is bounded in A (or the
operator norm on A ), then (eaguB)(a,B)EIXJ is a two-sided ap—
proximate identity in L; which is bounded in L; (or of bounded
action on L& respectively).

Next we discuss the existence of sufficiently many elements of
a particular form. The following lemma of Kugler and Leptin will be
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essential in the sequel.

DEFINITION 2. For f,g € C0(6) Tlet the function f o g: G-CY(G)
be given by

(4) fog(x)(y) := f(xy)gly) » x,y €G.

We denote by E the Tinear span of the set {feg|f,q € Ayt -

THEOREM 3. Let A be a homogeneous function algebra. Then E
is a dense subspace of LJ,(G,A) .

For a proof cf. [14] or [17].

Before spaces in *standard situation’ can be described we have
to recall a few facts about A0 and its dual. We shall use the fact
that AO is a locally convex topological vector space, if it is en-
dowed with the natural inductive 1imit topology. Its topological dual
is denoted by Aé . The duality will be written as (c,ao) , for
g€ A6 s 8y € A0 . Aé will be endowed with the weak, i.e. the
o(A‘,AU) -topology. The fact that it reduces to the ordinary vague
topology on R(G) = K(G)' = Aé for A = c0(a) hopefully suffi-
ciently justifies our *abuse de Tangage’ of calling it the vague
topology and of writing f = vag—]im@fu if the net is O(Aé’Ao)
convergent (in contrast to other weak types of convergence appearing
later). It will be an important fact that AO , considered as a sub-
space of Aé (the elements of A0 acting via integration) is
vaguely dense in Aé . In fact, the topological dual of (Aé,c(Aé,Ao))
is naturally identified with A0 (cf. [21, Ch. IV, 1.2]1). Since a
functional x € (Aé)‘ of the form x(u) = u(ao) for some ag € A
and vanishing on Ay (i.e. with s a(x)ao(x)dx =0 for all xE:AO)
is trivial, the assertion follows from the Hahn-—Banach theorem.
Finally we observe that various operations on A0 extend in a natu-
ral way to A6 » by the following conventions:
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-1
(5) Lypaag = Gubyag) 5 (usagd = Cushag)
and
(6) (k*u,ao) = (u,k*ao) , for uEAé , aOEAO , heA , keK(G).

For convenience we take up the convention of interpreting ksxho al-
ways as kx(ho) .

It is now possible to describe spaces with double module struc-
ture in a very general way (cf. [9], [2]).

DEFINITION 3. A Banach space (B,| HB) will be called a space
in standard situation (W.r.t. A), or simply an A-Lw double module
if it satisfies:

1) (B,] [g) =4y 5

B2) (B,| |lg) 1is a Banach module over (A, HA) with respect
to pointwise multiplication;

B3) (B,|| |lg) {is a Banach module over (L;,H “1,w) with re-
spect to convolution, i.e. ﬂk*b"B < ﬂkn1,waHB for kek(G), beB .

B is called an essential standard space if it is an essential
Banach module for both actions.

REMARK 2. It will follow automatically (cf. Corollary 5) that
Aocb B ; therefore our definition is equivalent to those given ear-
lier. A list of Banach spaces of distributions in standard situation
or at least selected examples are given in [9] and [2]. It is not
necessary to repeat it here.

The following result, showing that the two module actions may be
combined to a compact action of the Leptin algebra L&(G,A) , will be
of fundamental importance throughout this paper. For technical rea-
sons, first it is formulated only for standard spaces with continu-
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1

ous translations (i.e. for B = BG 1= LW(G)*B , cf. [2]).

THEOREM 4. Let (B,| ||g) be a standard space w.r.t. (A, “A) ,
which is an essential L‘}I(G) -module. Then B <s a Banach~module

over L:,(G,A) , the action being given by the formula

(7) Febi= L (F(y)b)dy , FeLl(Gh), bes.
G y
The action of an elementary tensor §®a€ LL(G)@A = L\}v can be de-
seribed by
(8) - (g®a)-b=g=ab

and the elements UoV , U,V € A0 act according to

(9) (Wov) + b= (A Tv,byu

as a one-dimensional operator on B . Consequently L\:/(G,A) acts as
an algebra of compact operators on (B, ||B) .

PROOF, The first formula is just the realization of the general
concept (cf. [15], p. 127, for example). The integral representing
Feb is in fact well defined, the integrand being continuous with
values in B , and having integrable majorant (since any essential
L& -module is translation invariant with continuous translation). The
validity of (8) follows immediately from the fact that one has for
F(x) = g®a(x) = g(x)a :

Feb = f L [g(y)abldy = S L (ab)g(y)dy = g*ab .
6 Y 6 ¥

In order to verify (9) let us observe that one has for
u,Vsa € AO and b €B:

((Uov)-b,aa) = é(u Ly(vb),ao)dy = é (Lyb,(Lyv)aou)dy =
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=/ (b,v[L -1 aou]>dy =: (b,w), where w:=/ L 1(a u)evdy .

G -170
y Gy

The integrand being continuous from G to A and having compact

support it is clear that the mapping S : g » SaO = W is in fact

a continuous mapping to AO . Therefore the mapping b & (uov)eb is

g(Aé,AO) -continuous on B . The same being true for the mapping

b (7'v,byu it will be sufficient to check (9) for b € Ay (by
the o(A‘,AO) -density of Ag in any standard space). The validity
of (9) for b € A0 follows now by using Fubini’s theorem:

((uov)+b,ap) =é {u Ly(vb),ao dy) =
= é u(z)aO(z)[é v(y'1z)b(y'1z)dy dz = (u,ao)(A'1v,b) .

COROLLARY 5. Any non—trivial standard space (B,| ||g) contains

PROOF. (9) above implies A0 EEBG if BG + {0} . Since BG =
= {0} would imply (f,ao) = 1;m (f,éu*ao) = 1;m (exfiag) =0 for

all a; € A0 ,» i.e. B = {0} . Thus the Corollary is proved.

The first question arising from the L& -module structure on B

1

concerns a characterization of BL (the closed linear span of Lw-B

in B ) the essential part of B with respect to this algebra.

PROPOSITION 6. 1) B, = By := B® ;
ii) B <s an essential L -module if and only if it is an essen-

tial standard space, t.e. BL = BA n BG = BO .

PROOF, i) Since (9) shows that E+b = Ay forany be€B,b$0,

it follows (using the density of E in Lv1v ) that A0 = L::' BE B0 .

and consequently BL = B0 .
ii) If B = BL = B0 by i) then B is apparently an essential
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standard space.
(In fact, left translation is continuous in AO , hence in B0 ,
i.e. By = (BO)G . The existence of local units in A (cf. Lemma
1 v) shows that A = AOAO and therefore ABO is dense in BO )
Let now B be an essent1al standard space. For some C >0 it is
then possible to find for any b € B, ¢ >0 elements g,h € AO
such that "9”1,w <C, ]]b—g*b]]B < e and Hb—hbuB < e . It follows
that Ub-g*hb”B < (C+1)e . In view of (8) the proof is complete.
For a treatment of the case of general standard space B as
well as for the identification of the L -module completion BL =
= HL(L,B) of B the notion B is required.

DEFINITION 4. Given a standard space (B, HB) its vague rela-
tive completion B is given by

= {ul1J€A6,11=vag—]1m f, for some bounded net in B} ;
Iy = inf{sgp "fa“""} , the infimum being taken over all bounded
nets in B having p as a vague limit, i.e. with fa - U in
G(Aé’AO) . ‘

Several basic facts are obvious:

LEMA 7. (B, Ilﬁ) is again a standard space, and (B,| H
is contractively embedded in (B,| H ) . Moreover, (B, “ ) coin-
cides with ((BG)N,H I B as @ normed space.
G

PROOF, The first part is routine (cf. [2], Lemma 3.1). To show
B< (BG) let p € B be given, with u = vag- 1%m b s sup |b ”B <
< HuH§~+e . Then u = vag-lim e #b_ . Since e, *b € BG , and
335 Heu*byﬂB < C(Huﬂ§~+e) the second assertion fo110ws

THEOREM 8. 1) Any standard space (B, lg) 75 an Ly '(6,A) -

module in a natural way. The action of F € L;(G,A) ig the unique
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vaguely continuous (on bounded sets) extension of the action on BG
as given by (7). The extended action still satisfies (8) and (9).

i1) Actually, this extension maps bounded, vaguely convergent
nets (bY)YEL in B to norm convergent nets in (BO,H “B) .

ii1) The action is compact from B to B0 . In particular it is
compact as an action on B .

PROOF. Consider any B -bounded, vaguely convergent net (bY)YGL
in By , with vag-lim b =1y € B (cf. Lemma 7). Then it is clear
from formula (9) that (F1-bY) is a net in A0 , convergent in the

norm || ”B » for F, € E . The density of E in L;(G,A) and the
boundedness of (bY)YEL in B, imply that (F'by)yeL is a Cauchy

net in (By,| ||g) forany Fe L;(G,A) . The definition Feu =
= ];m Fe bY is therefore justified and one checks that it is uniquely
determined. Moreover, one derives (using Theorem 4 and Lemma 7) that

[Fen

< ||Fe ~C||F ~ (scC|F ).
o % 1P lg g 11l (g ~CIFl Il (< CIFl ol

The persistence of formulas (8) and (9) is then clear. The continuity
and compactness assertions now follow once more from Theorem 4.

REMARK 3. The above proof shows that one has

(10) |

Feulg < CIF} (Jully for neB.
L
W
As an immediate consequence of the above result we obtain a va-
riant of the well known compactness criterion for LP -spaces which
applies to standard spaces (cf. [9], where such a result is proved by
different methods, using the right invariance of A ).

THEOREM 9. i) 4 closed, bounded subset M of a standard space

B is compact if one of the following two conditions is satisfied:
a) for € >0 there exists F € L;(G,A) such that
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b) for € >0 there exist a €A, gEL (G) such that

<eg forall beM;

Hab—b”B <e and |gwb-bfg < e forall beM.

i) If B = B,
(UB)BEJ of (uniformly) bounded action on B each of these condi-

and <f A contains an approximate identity

tions is also necessary, hence they are equivalent in this case.

PROOF, i) Since it follows immediately from Theorem 8 that a)
implies compactness of M it will be sufficient to verify b) = a).
One may assume g,a € Ay (cf. Lemma 1). The estimate Hg*ab—b“B <
< (Hgn1 +1)e , together with (8) shows that one only has to verify
that g may be replaced by g' with [g' ” < C , if necessary.
That this is possible follows from He *b- b”B < "e *g-9fl 4 w”b”B

+ ||g*b- b”B <e for o2zoy . Since eOL0 =: g' may be chosen in

AO the argument is complete.
ii) It is a matter of routine (cf. [2]) to check that condition

b), hence a) are necessary in that case.

REMARK 4. The typical example of a family (UB)BEJ as in b)
above is a family of trapezoid functions (Ta)aEI in AD , bounded
in the operator norm on B , as in the description of the ’standard
situation® as given in § 1 of [9]. The assumptions made in that paper
therefore are sufficient for the validity of the above results (if
Ay s dense in B ), but also for Proposition 11 below.

The combination of Theorems 3, 4, and 9, iii) actually yields
another important property for essential standard spaces:

COROLLARY 10. Zet (B,] "B) be an essential standard space.
Assume that there is an approximate unit (UB)BEJ in AO of uni~
formly bounded action on B (of operator norm <1 on B ). Then

(B, ”B) has the C-~approximation property (metric approximation

- 236 -



property), i.e. there exists C > 1 such that for each compact set
K& B there exists a finite dimensional operator S on B , with
[sb-bllg < 1 forall bekK, with [S|gp<CSfz,ps1) .

The same condition on (A,| ||,) as above also implies that the
relations between B and BO are as good as one may wish. Under
stronger assumptions such results are shown in [2, Proposition 3.3].
One has:

PROPOSITION 11. 1f (A, |4) has approwimate units, bounded in
the operator norm on B (e.g. norm bounded in A ) one has besides
the formulas

(11a) (By)g = By (11b) (B)” =B
also
(12a) (BO)” =B (12b) (E)0 = By -

PROOF. (11a) 1is obvious, and (11b) is easily checked. In view of
(11b) it will be sufficient to verify the embedding B (BO)~ . For
beB,ae€ A, one has o, ao) = 11g {b,u (e *ao)) =
= &18 (ea*uBb »3) - The boundedness of (UB)BGJ
the boundedness of the net (ea*uBb)(u,B) in B the inclusion
follows. In order to show (12b) we observe that one only has to
verify equivalence of the norms | |, and I g on Ay, i.e.

on B implying

bl 5 = CHbHE . Choosing any net (b ) . in B , with syp "bYHB <

< |bllx+e , and @, By such that |e_ #u, b-bl|, < € , one has
Iolg o 5 o s, e |

Hea *Ug bY-ea *usbﬂB <e for y2zyy, in view of Theorem 8. Since
0 "0 0

”eao*uBbY”B < C'bJg+e (for some C' >0 ) it follows Ibllg <

< “b“§ , as was required.

Having a compact action of the algebra L;(G,A) on a standard
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space B there are various assertions concerning L -module comple-
tions available. Since they do not depend on the particular structure
of L we state them in the general setting of Banach modules for
later reference (cf. [20] or [11] for the definition of module ten-
sor products).

LEMMA 12. Let (B,| |g) be a left Banach module over a Banach
algebra (C,| ||;) . Assume that the action of C on B <s weakly
compact. Then ome has: i) If C2 18 a total subset of C then

(13) Ho(C,B) = H.(C,B") = [c ? B‘)' ]

i1) If C has a left approximate identity, bounded in the

operator norm on C , then
(14) H-(C,B) = (C@ B')',

where C @ B' := {b',b' € B', b‘=§ bpc,  with rZ] e lelibllge < m},
with the usual norm.

111) If C has furthermore a bounded left approximate identity,
then

(15) B¢

1= HC(C,B) = (B')C'
and

(16) B=B'.""=B.".

PROOF. i) The natural inclusion HC(C,B) c HC(C,B") is obvious.
To prove the converse inclusion take T € HC(C,B") . It then follows
for u,v € C T(uv) = uT(v) = LU"T(v) , where Lu“ denotes the bi-
dual action of C on B" . The action of C being weakly compact
one has Lu"b" € B for all b" € B" (cf. [51, p. 482), and conse-

quently T(Cz) S B . Therefore T maps C (as the closed linear
span of c2 ) into B , proving the other inclusion. The formula
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HC(C,B") = [C ?IT]' is well known (cf. [201). The assertions stated

in ii) and (15) are immediate consequences of the results given in
[12] (cf. in particular Corollary 2.3, which is applicable as a con-
sequence of Proposition 2).

(16) follows from (15) using the formulas B

- 8%, (121, § 1, cf. also [13], Proposition 1.1).

C C

=BC

and BC =

For convenience let us collect some further simple facts on
Banach modules. We shall call a left [right] Banach module B over
C nondegenerate if Cb = {0} [bC = {0}1 if and only if b=0,
or equivalently, if the canonical mapping B - BC = HC(C,B) [respec-

tively the right completion HC(C,B)] is an injection. We only
formulate these facts in a one-sided version.

LEMMA 13. i) If C has left approximate units, then any essen-
tial left C-module is non-degenerate;

ii) If C has bounded left approximate units, then the following
conditions for a left module B are equivalent ( B' s a right C-
module) :

a) B s an essential C-module;

b) B' <s a non-degenerate right C-module;

).

¢) B' s a complete C-module (i.e. B' =B’

PROOF. i) is obvious. In ii) the equivalence of (a) and (b) is
an immediate consequence of the Hahn—Banach theorem. That a complete
C -module (i.e. for which B can be identified with BC ) is non-de-
generate is again clear, hence (¢) implies (b). Using Rieffel’s for-
mulas (see [20]1) one finally verifies that a) implies

(c) B'C = HC(C,8") = (B & (0)' =B = B'.

COROLLARY 14. Let C be a Banach algebra with bounded two-sided
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approximate units, and let B be a non-degenerate left C-module,
with weakly compact action of C . Then B <s reflexive as a Banach
space if and only ¢f B is a complete C-module and B' <4s an es-

sential C-module.

PROOF. i) If both conditions are satisfied, it follows from (15)
that one has B = BC = B'C' = B" . This identification being the natu-
ral one it follows that B is a reflexive Banach space.

ii) Assuming that B = B" ds nondegenerate it follows that B'
is an essential, hence also nondegenerate C -module, and consequently
B itself is essential. As dual spaces of essential C -modules the
spaces B' and B" = B are complete as well, and the proof is fin-
ished.

REMARK 5. Since one can show that solid BK -spaces or Banach
function spaces on N have absolutely continuous norm (cf. [23],
Chap. 15 for the terminology used in this remark) or the Fatou prop-
erty if and only they are essential or complete Banach modules over
the Banach algebra ¢y (of null-convergent sequences, with the sup-
norm) one recognizes similarities between the above Corollary and
Theorem 2 of § 73 in [23].

If A has a bounded approximate identity we can now identify
the L; -module completion of B with B . The module theoretic re-
sults of the above Lemma have then immediate implications concerning
B . (i) below has been derived by different means in [2].

THEOREM 15. Assume that B is a standard space for a homogene-
ous function algebra (A,| | p) having bounded approximate units and
let (B,| lg) be a standard space w.r.t. A . Then one has:

i) BL ~ B s L.e. there is a Banach tsomorphism between these
two spaces, given by 1 € B C»TUE Bl s TU(F) 1= Fep

ii) B = BO'O‘ H
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iii) B <s L‘l —complete if and onZy if it 18 the Banach dual

of an essential standard space.
iv) B s reflexive as a Banach space if and only if (BD=)

~

B=B and B' <s L -essential.

PROOF. i) By Remark 3 (cf. Theorem 8) u € B defines an opera—
tor T € 8L, with HT I o = Clullg - Let, conversely, Te Bt be

given. Since L1(G A) has a bounded two-sided approximate 1dent1ty
(ES)GGM we may cons1der the net (T (Ed))deM as a bounded net in

B < B" . Replacing it by a subnet (if necessary) we may assume that
it is o(B",B') -convergent. But BS Ad implies that AOC; B' in
a natural way. In particular, this shows that T(EG) is a bounded,
vaguely convergent net in B . Write wu for its limit, then p € B .
Furthermore one has by Theorem 8: Tu(F) = Feuy=F -1ém T(E

= Tim T(F-Eé) = T(F) , q.e.d.
§

§) =

i1) It follows from Lenma 12 ii1) that B = (B,)" =8,",' . In
view of i) above and Proposition 6 i} this is the required assertion.

i11) 1f B = B
dual. Conversely, any dual of an essential Banach module is complete
(cf. Lemma 13, i1)).

iv) This is an immediate consequence of Corollary 14, the action

the above formula gives us the required pre-

of L on a standard space being always nondegenerate (e.g. as a con-
sequence of (9)).

We conclude this note with some observations concerning minimal
constructions as considered in [6], [10] and [18]. Recall (cf. [61)
that for a homogeneous function algebra A there is a minimal homo-
geneous Banach space Amin with the property of being a pointwise
Banach A -module. It can be characterized as follows: Given any com-
pact set Q with nonvoid interior, one has

A= {f[ F= ] by foe ¥n€Cs fy€h forall .

supp f < Q, 21 Il < °°} .
nz
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It is a Banach space with the usual infimum norm.
Using the results of this note a different characterization (and
an alternative existence proof) of this minimal space can be given:

THEOREM 16. Given a homogeneous function algebra there is a
smallest space Am in the family of all homogeneous Banach spaces
B which ave pointwise A-modules and satisfy Ay N B {0}. A
can be characterized as follows. Given ay € Ay , 2 $ 0, one has

o1 )
(17) A= L1(6,M) -ay

endowed with the norm

lal_:= inf {uFuL tFeag=a, Fe L} .

PROOF. It is routine to verify that Am is a homogeneous Banach
space and a pointwise A-module. Furthermore one has HaHA S"aD”A“a"A
m m

for a € Am , and therefore Am is continuously embedded in A ,
hence Aé . It follows from Corollary 5 that AOEE Am .

Let now A, be any other space of this kind, with 0 % ay € AN
n AG follows from (9) and Theorem 4 that L1(G,A) ay SéA1 , with

|F-a1[|A1 < UFHLUa1HA1 » hence A~ is embedded in A, . It also fol-

Tows that A is independent of the choice of ag (e.g. because (9)

implies that L1 acts transitively on A, ).

COROLLARY 17. 1) Amin coineides with Arrl (as a set, and as a
normed space, for any a, € Ay s a, $0 ).
i1) Given any aj €A ,a t0 ome has A = L1'am ; in par-

m ? m

tieular, L1 acts transitively on Amin .

PROOF. i) This follows immediately from the different charac-
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terizations of the minimal space.

i) Am being a module over L1 one has L1 A = Am . The
1

fact that L A, is in a natural way a module over L1 implies

1.

ApSL (cf. Corollary 5). The minimality of A implies then

equa11ty of the two spaces.

Next we derive therefrom the ’continuous’® characterization of
Arin (cf. [181). In [16] (p. 129/130) Leptin has studied the Banach
space (for a, £ 0, a € A0 fixed)

A {al a €A, aooael}(G,A)} =

a|a€A,f"[L_ a)au dx =: |a <oo}.
{ o -1 %)% A A,

It is clear that HaHA <« forany a €A, (the integrand having
1

]

1 H

it

compact support).

PROPOSITION 18. For any a, € Ay s 3 $+ 0 the space A1==A1(a0)

defined above coincides with L1-aO , hence with A
1

min °
PROOF. i) One has for F €L

“ [Lx'1aO]F'a0"A S LIFWI, “ [L —130](Lya0)HAdy >
Pl ronlle sl

Wy | [Ls_1a0}aO“Ads - “FﬂL1||a1||A1 :

, the following estimate:

Therefore:

I

and consequently Am is continucusly embedded into A1 .

ag“A1 < “30”A1"F'30”Am
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ii) Let conversely a € A1 be given. Then (aoao)-aOEZL1-a0 .

But (9) shows that (aoao)-a0 = (A'1a0,a0)a and further

loly 5 1@ agsag) | Tlassgl = ¢, el -

as was required.

REMARK 6. The above result could also be proved in a different

setting, using the so-called Wiener-type spaces as introduced in [7].

(11

(2]

[3]

(4]

[5]

(6]

[7]

REFERENCES

G. F. Bachelis - J. E. Gilbert, Banach spaces of compact multi-
pliers and their dual spaces, Math. Z. 125 (1972), 285-297.

W. Braun - H. G. Feichtinger, Banach spaces of distributions hav-
ing two module structures, J. Funct. 4nal. 51 (1983), 174-212.

J. Cigler - V. Losert - P. Michor, Banach modules and functors
on categories of Banach spaces, Lect. Notes Pure Appl. Math.
vol. 46, Marcel Dekker, Inc., 1979.

R. S. Doran - J. Whichmann, Approximate identities and factoriza—
tion in Banach modules, Lect. Notes Math. 768, Springer Verlag
(Berlin ~ Heidelberg - New York, 1979).

N. Dunford - J. T, Schwarz, Linear operators, Vol. 1, Pure and
Appl. Math. Vol. 7, Interscience (New York, 1958).

H. G. Feichtinger, A characterization of minimal homogeneous
Banach spaces, Proc. Amer. Math. Soc. 81 (1981), 55-61.

H. G. Feichtinger, Banach convolution algebras of Wiener’s type,
Proc. Conf. "Functions, Series, Operators", Budapest, August
1980. Colloquia Math. Soc. J. Bolyai 35., North Holland Publ, Co,
(Amsterdam - Oxford - New York, 1984), 509-524,

- 244 -



[8] H. G. Feichtinger, A compactness criterion for translation inva-
riant Banach spaces of functions, Analysis Math. 8 (1983), 165-
172.

[9] H. G. Feichtinger, Compactness in transiation invariant Banach
spaces of distributions and compact multipliers, J. Math. Anal.
Appl. 102 (1984), 289-327.

[10] H. G. Feichtinger, Minimal Banach spaces and atomic representa-
tions, Publ. Math. Debrecen, to appear.

[11] M. Grosser, Bidualrdume und Vervollsténdigungen von Banach-moduln,
Lect. Notes Math. 717, Springer-Verlag (Berlin - Heidelberg - New
York, 1979).

[12] D. L. Johnson - Ch. D. Lahr, Weak approximate identities and
multipliers, Studia Math. 74 (1982), 1-15,

[13] H. E. Krogstad, Multipliers on homogeneous Banach spaces on com-
pact groups, Ark. Mat. 12 (1974), 203-212.

[14] W. Kugler, Uber die Einfachheit gewisser verallgemeinerter L1-
Algebren, Arch. der Math. 26 (1975), 82-88.

[15] H. Leptin, Verallgemeinerte L1—A1gebren und projektive Dar-
stellungen lokal kompakter Gruppen, Imvent. Math. 3 (1967),
257-281; 4 (1967), 68-86.

[16] H. Leptin, On onesided harmonic analysis in non-commutative
Jocally compact groups, J. reine angew. Math. 306 (1979), 122~
153.

[17] H. Leptin - D. Poguntke, Symmetry and nonsymmetry of Tocally
compact groups, J. Funet. Anal. 33 (1979), 119-134.

[18] D. Poguntke, Gewisse Segalsche Algebren auf Tokalkompakten
Gruppen, Arch. Math. 33 (1980), 454-460.

[19] H. Reiter, Classical Analysis and Locally Compact Groups,
Oxford University Press, 1968.

- 245 -



{201

[21]

[22]

M. Rieffel, Induced Banach representations of Banach algebras
and locally compact groups, J. Funct. Anal. 1 (1967), 443-491.

H. H. Schifer, Topological Vector Spaces, Graduate Texts in
Math. Vol. 3, Springer-Verlag (Berlin - Heidelberg - New York,
1971).

A. C. Zaanen, Integration, North Holland (Amsterdam, 1967).

W. Braun

Institut flr angew. Mathematik
Universitdt Heidelberg
Im Neuenheimer Feld 294
D-69 Heidelberg

BRD

H. G, Feichtinger
Institut fir Mathematik
Universitdt Wien
Strudlhofgasse 4

A 1090 Wien

AUSTRIA

- 246 -



