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Abstract. We continue the investigation of coorbit spaces which can be attached
to every integrable, irreducible, unitary representation of a locally compact group %
and every reasonable function space on % Whereas Part I was devoted to atomic
decompositions of such spaces, Part IT deals with general properties of these spaces
as Banach spaces. Among other things we show that inclusions, the quality of
embeddings, reflexivity and minimality and maximality of coorbit spaces can be
completely characterized by the same properties of the corresponding sequence

spaces. In concrete examples (cf. Part III) one recovers several and often difficult
theorems with ease.

Introduction

In this part we continue our investigation of coorbit spaces.
Whereas in Part I the main theme was the atomic decomposition for
these spaces, in Part II we aim at a thorough study of their properties
as Banach spaces.

Let us recall briefly how this family of spaces is constructed. We
start with an irreducible, unitary representation n of a locally
compact group ¥ on a Hilbert space 5 which is at least integrable.
Then there exist suitable elements g€ # such that the representation
coefficients (or generalized wavelet transforms) ¥, (f) (x) = (n(x) g,/
are not only defined for fe s, but also for all fin a larger space
(#N)72 #. For a translation-invariant solid BF-space Y on the
group %, the coorbit of ¥ under the representation = is defined as the
subspace of all fe ()7 for which the continuous function ¥ (f)
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belongs to Y. The orthogonality relations for irreducible,
square-integrable representation coefficients lead to a reproducing
formula for the extended representation coefficients and furthermore
to a one-to-one correspondence between the elements in coorbit
spaces and functions on the group which satisfy the reproducing
formula.

Thus all the work may be done on the group level, and the results
concerning the coorbit spaces are obtained by a transfer of statements
on function spaces on ¢ to statements about coorbits. In particular,
the atomic decomposition of the coorbit spaces involved a fairly
careful study of convolution operators and their discretization.
Whereas the hitherto existing theories of atomic decompositions, e.g.
for spaces of Besov—Triebel—Lizorkin type, for the family of
modulation spaces or for Bergman spaces, had to be based on a
case-by-case study, the new technique of transferring all questions to
the group level provides a single method for a unified treatment of
such questions (cf. [LRP), Section 8 for examples).

From another point of view the atomic decomposition establishes
a relation between these coorbit spaces ¥ ¥ and the sequence space
Y,, from which %< Y inherits many properties. For example, s Y
inherits reflexivity from Y, and the behaviour of the family of coorbit
spaces under interpolation is the same as that of the sequence spaces
(Cor. 6.3, [FG)).

Since sequence spaces are undoubtedly easier to handle than both
function spaces on the group and the abstract coorbit spaces, we want
to understand the properties of the coorbit spaces as far as possible
by those of their associated sequence spaces. This is our goal for Part
11, where we continue the numeration of sections and formulas from
Part I.

In Section 8 we show that the extended representation coefficients
exhibit a local behavior similar to that of analytic functions. The two
theorems on restrictions and pointwise interpolation of extended
representation coefficients demonstrate the advantage of these
functions on %, in contrast to the general elements (“distributions”)
in the reservoir (#,)7, which do not have a particular local behavior
as functions/distributions on R" in some of the examples. As a
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consequence, inclusions between coorbit spaces can be characterized
by the inclusions of their sequence spaces.

In Section 9 the double retract property for %o ¥ and Y,(X) is
proved. It states that the structure of the Banach spaces %o Y and Y,
is essentially the same and that they share many properties such as
reflexivity, RN-property, etc. The same is true for the quality of
embeddings between different coorbits and their sequence spaces
respectively.

Part II ends with a discussion of minimal and maximal coorbit
spaces and equivalent characterizations (Section 10).

As to the methods, we shall be faithful to the principles of Part .
Because of the one-to-one correspondence between reproducing
functions on the group and elements in the coorbit spaces we may
argue entirely on the group. Only at the end these assertions will be
interpreted in terms of the coorbits. Some necessary techniques on the
group level — new convolution theorems and a pointwise
interpolation principle — are contained in the opening Section 7.

We shall assume that the reader is familiar with the results of Part
I. We keep the same definitions and notations and repeat only the
basic assumptions (at the beginning of Sections 7 and 8).

Absolute constants are denoted by C,C’, Cy,... . They may take
~ different values at different occurrences, their premse value is always
apparent from the proofs.

7. Some Preparations

In Part I we defined a family of Banach spaces, called coorbit
spaces, related to an integrable representation of a locally compact
group %. It is parametrized by a natural family of function spaces on
%. By means of representation theory a one-to-one correspondence
between elements of these coorbit spaces and well-behaved functions
on ¥ was established (§4). Thus all questions about coorbit spaces
could be transferred to related questions about these function spaces
on ¥. For instance, the atomic decomposition of coorbit spaces could
be derived from results on the discretization of convolution operators
(§5/6)-

We start by recalling the general conventions made in Part .
n denotes an integrable irreducible unitary representation of a lc.
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group ¢4 on a Hilbert space s, Y is a solid, translation-invariant
BF-space on ¢ and w is a weight function on ¥ such that

Y«(LHYV=Y+LLc¥Y (7.1)
where the weight w* is given by w* (x):=w(x~") 47" (x).
We also use the modified right translation 4, given by
AF)=F@x )47 (x) = 47 (%) R,- F()).
Observe that then the following estimate holds:
w* (x) = C||| A, lll for all xe%. (7.2)

The set of analyzing vectors &/, = {ge #: V,(g)e L)} is supposed
to be non-trivial. Then the set of “better vectors”

B, = {geH: V() e WH(C', L)} (7.3)

which served as the appropriate set of atoms for the decomposition
of the coorbit spaces, is non-trivial as well and even dense in 5 (cf.
[LRP], Prop. 4.3). In the sequel all analyzing vector will be taken in
2,, because in this case the convolution relation (7.5) in Theorem 7.1
will provide some additional information on the representation
coefficients.

In order to continue the programm started in Part I we need some
auxiliary results in addition to those given in Sections 3 and 5.

Theorem 7.1. For w as above the following convolution relations
(together with corresponding norm estimates) hold true:

a) Y« W(L®, L) < W(L",Y) (7.4)
b) Y*W(C° L)< W(CY). (7.5)
o) Y« WR(L®, LYY € W(L', ) WR(L®, L)) € Y. (1.6)

Proof. We argue similar to the proof of [FG], Proposition 3.10.
Any Ge W(L*®,L,,) has a decomposition G=3" L, G, with
G,eL®, suppG, S Q= Q"' (compact) and Y * lG,lloWw*(z) =
> || GIW(L®, LL)] < .

Proof of (a): Step 1. For Fe Y we estimate first the control function
of Fx L, G,= (4, F)*G,, ie.
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K(X)f= ”ka(F*Lz,. Gn)”oo = ||ka<Az,.F* Gn)”oo =
= Lok (Lo, Ay Fyx Gl < Kl ll (Lo A, B Gyl < (1.7)
SN klleo | Golloo | Lk A, ) Fllly K1 Klleoll Golloo (A, FI) %4y (%),

where ke (¥) satisfies k, >0, and k,(x)=1 on (supp k) Q
(compare Proposition 3.10). Therefore

I F* L, G,| W(L®, V)l = | K| YI| < || klleoll Gl 1 (4, FI) %K, Y <
<kl 1 Galleoll e | Lyllll 4, FI L Y1 < Const-w* (2,)| G, i/l F1 Y11 (7.8)
Step 2. Putting together the pieces L, G, we obtain
IF*GIW(L>, D) =

=132, A, FxGI WL, DI S Y2 N4, FxG,| W(L™, V)| <
(by (7.8)

SCY 2 NGlaw* E)IFIYI< CUFIYIIIGI WL, L),
which finishes the proof of (a).

(b) Since Y=*A (%) consists of continuous functions and
W(C% L)) is the closure of (") in W(L®, L,»), (1.5) follows
immediately from (a).

(c) Given FeW(L'Y) and Ge WR(L®, L} choose a decom-
position G=3* R, G, with suppG,=Q=Q"', G,eL® and

- N Gillew(z) 2| Gl WR(L®,L)|l. Alternatively one might
combine Proposition 3.10 with Lemma 3.5.c).

Step 1. For any n we obtain
|F+G,(0)| = | [F&)G, (") de| < (JIF©) o671 d) | Gyller =
= || Gn”oo ' I'Ly CQ'F”1 = || Gn”m K(y)

(where the convolution can be written as an integral because Fe L},).
Thus

IF% G, Y S NGyl K1 Yl = | G, ll || FI WL, V)11
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Step 2. Adding over the building blocks G,, one obtains

WF+G| Y] < ,Z,HRZH(F*G”)I Y < Z:LW(Z,JHF* G, Yl <
(by Step 1)
< Y2 wz)l Gl FI (LY, D)l <

< CIFIWLL DG WHL®, L.
Combining this with Lemma 3.9.a) (7.6) is proved. O

Remark 1. The above proof requires only slight modifications to
obtain the following general convolution result for Wiener type
spaces: Assume that a Banach convolution triple is given, i.e. three
Banach spaces such that B, * B, & B, (where convolution need not be
defined pointwise) holds, with the norm estimate

g Slls, < g llz, 111,
Set vy (x):=l| 4| W (B, V)|ll and v,(x) :=l| R,| W (B3, Y)[[|. Then
W(B,, Y)* W(B,, L\) = W(B;, Y) (7.9)
W (B, Y)* W"(By, L) € W(By, Y) (7.10)

together with the corresponding norm estimates. In fact, one observes
similarly to (7.8) that

| F+G,| W(By, DIl < CIIFI W(By, NI | Gyl

whenever G,e€ B, and supp G, € Q. For general Ge W(B,, L,) (or
W*(B,, L,) respectively) the decomposition G=3%® L, G, (or
G= Z;’;t R, G,) and a synthesis argument as in Step 2 yield the
conclusion.

For IN-groups — a too restricted class for our purposes (it would
apply only to example 7.1 of [LRP] — where there exists a compact
neighbourhood U of the identity satisfying Ux = x U for all xe ¥,
more general convolution relations are already known (cf. [F1],
Thm. 3). Since we shall need only Theorem 7.1. here we shall not go
into a more detailed discussion of related questions, We want to
mention here at least that the convolution relation

WL, )« W(C' L) s W(C" V). (7.11)

already holds true under the condition (7.1).
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In the applications the conditions for %, are not as serious as it

might appear. Furthermore in the case of IN-groups the following is
a consequence of (7.11).

Lemma 7.2. If 9 is an IN-group, then &, = 9,

Proof. We fix some go€%,, then any ge.Z, is of the form

n(F) gy = [ F(y)n(y) g dy for some Fe L. (apply [LRP], Lemma
4.2). Therefore

Vg &)= V;:(F)go (n(F) g =
= F* I/go (g[)) * Fve Ly]p"‘ * W(C07 L)l\l) * L.t.* S W( COJ Lllv)
according to ([F1], Thm.3). O

Theorem 7.3. (Pointwise interpolation). Assume that Y and w satisfy
(7.1). Then for any Ge W(C° LL) with G(e) # 0 there exists a
compact set K = ¢ such that the following is true: For the K-separated
Samily X = (x)ie; in ¥ the restriction mapping Fro (Fx G (x)e,) is
surjective from Y onto Y,(X), i.e. given Ae Y, (X) there exists Fe Y
such that Fx G (x;)) = 4, for all ie I and

IFIYI< ClAL Y00 (7.12)

Proof. Since G(e)# 0 we may fix a compact set Q with
co*G(e) # 0 and ke A (9), k= 0, with k(z) = 1 on Q. The norms
in Y,(X) and in W(C",.) will be taken with respect to the same Q
and k.

(a) With the above choice the family of restriction operators Ry
from W(CY Y) into Y,(X), given by Ry F:=(F(x) ), is uniformly
bounded, where X runs through the Q-separated families X = (x))e;
in¥.

For Fe W(C° Y) the norm || R, F| Y,(X)| equals

NG ier! YD =Y A oo Y=Y, | FO YIS
<Lk Flio | Yl = | FIW(C, D)

wheFe I,:={i:x;€y Q} as usual (and card J, < | by assumption). In
particular,
|Fe)| I FIW(C D)l (7.13)
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(b) On the other hand, the family of synthesizing operators Ty :
Y,(X) > W(C°, Y), given by Ty (4) = (Y., 4icxg) * G is uniformly
bounded by || G| W(C L..)|| by Theorem 7.1.b:

1Ty, 6 (W (C, D) = (T, A ag) * Gl W(CY, D <
(7.14)
<Y, Aicug! YIIGIW(CY, L) = | Al LI | GIW(C, L.

By an analogous argument the mapping Fi— (F* G (x,));¢,is bounded
from Y into Y,(X), more precisely

|(F* G xies| all S WG| W(C, L) INFIL Y (7.15)

(c) We know now that for every Q-separated family X = (X)),

the operator RyTy; maps Y,(X) into Y,(X) with a norm
<Gl W(C, L)l

(d) The theorem will be proved if we can find a compact set K= Q
and 4 # 0, 2€C such that for all K-separated families X

W ATdy,y — Ry Ty 6lll < 14| (7.16)
Then Ry Ty ¢ can be inverted. Given A& Y,(X), set
I'=(y)er=RyTye) ' A€ Y(X) and F:= Zie]ylcxiQE Y.

Consequently
(F* G (x))ier= Ry Ty,6(Rx Ty,0) “tA=4

and thus Fr— (Fx G (x));e, is surjective. Moreover
IFI Y1l = 11T YO < Il (R T o) I 141 Yo (D) 1.

(¢) In order to accomplish (7.16) we use the density of 4 (%)
in W(C%L.L) to find some G,eX (% such that for
H.=G, - Ge W(CO, L,L*)

| H | W(C’ Ly || < min (3/4, (4]l ol Lysl) D1 co* G(e)| (7.17)
This choice of G, guarantees that
lco* Gi(e)| | co*xG(e)| — lcp*x He)| =
>1cg0Ge)| —llcg*x HI W(C, L)l 2
2 cgxG(@)] = el Lyl 1 HIW(C', L)l > 341 cq* G (e)| > 0.
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Then K:=supp (co* G;) € Q- (supp G,) has the desired properties.
For any K-separated family X = (x)),c; and de ¥,(X) one obtains
co* Gy (x7' x) = 8y, cp* Gy (e) and

co* G4 — (Ry Ty, (A)), = ‘
= Z}clkak CQ* Gl (xi) - Zk)‘kach*G(xi) =

= Zk ALy, cox H(x) = (Ry Ty 5(4)), e
Combining (7.18), (c) and (7.17) this yields
Mg Gi(e) Idy,y — Ry Ty 6| Ya(X) (Il = 1| Ry Ty | Ly (D) 1] <
SIHIW(C, L) <3/41cgxG(e)| <lco*Gi(e)]. O

8. The Local Behaviour of Extended Representation Coefficients
and Inclusions of Coorbit Spaces

We first recall the definition of a coorbit space. The representation
n and the translation-invariant solid BF-space ¥ on ¢ are as in
Section 7. In the context of coorbit spaces the weight w associated to
Y always satisfies (cf. [FG] (4.10)):

w(x) 2 Cmax {|[| L[ YIIl, Il Ly~ | YIIL N R A YA ALl YT

£, is assumed to be non-trivial, by polarization of ., we obtain a
space of “test functions” #, (see [LRP]), chap.4). Then %o Y is
defined by

CoY = (fe(@) V,(De 1}
with norm If1%e Y=l V(N YIl.

In Part I only the global properties of ¥;(f) and the reproducing
property were involved. For the purposes of this part we need still
more information on the extended representation coefficients. The
next theorems describe precisely the local behaviour of the wavelet
transforms ¥, (f) and its relation to the global properties.

Theorem 8.1. Assume that ge @B, Then [febsY implies
V.()e W(C°, Y). In particular, for every relatively separated family
X = (x)e; the evaluation fi (V, (f) (x))ie; maps €2 Y into Y,(X) and

(¥ (0D (xD)ies! Y01 < ClfieaTYI. 8.1
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Proof. It is no loss of generality to assume ||4g|i= 1. Since
V(g€ W (C® L1, the assertion is then an immediate consequence of
the reproducing formula for ¥, (f) and (7.5). Moreover (8.1) follows
from Lemma 3.8 (b) [FG]. O

Proposition 8.2. (Pointwise interpolation of wavelet transforms).
Assume that 'Y and w satisfy (7.2). Then for every normalized g€ %,
there is a compact set K = % and C > 0 such that for any K-separated
family (x);e; in 9 and any sequence A€ Y, there exists €60 Y
satisfying ||[f1€o Y| < Cll 4] Y|l and V,(f) (x) = 4 for all i€ L.

Proof. Since G = ¥, (g) satisfies the assumptions of Theorem 7.3
one can find a compact set K such that for every K-separated family
X the mapping Fr (F* G (x),c, is surjective from Y onto Y,(X).
Thus, given A€ Y, (X) there exists Fe Y with F+ G (x) = 4, for all ie [
and the norm estimate || F| Y| < Cll 4| Y, (cf. (7.12)). By Theorem
4.3 and the reproducing property for F* G there exists fe ¥o ¥ with
h()=F«G. O

Remark 2. The reader should compare these statements on
evaluations, equivalence of various norms on spaces of extended
coeflicients (cf. below) with similar ones about analytic functions
known as theorems of Plancherel—Polya—Nikolskij-type (cf. [TR],
Chap. 1.3). There are also similarities to questions of pointwise
interpolation. Although the properties of representation coefficients
and of analytic functions seem to stem from completely different
arguments (if one looks for the classical proofs) the similarity might
be seen as a consequence of the existence of an integrable reproducing
convolution kernel (e.g. g€ & (R™) with Fourier transform identical
one on a sufficiently large set) in both cases. At least for us this
analogy was a source of inspiration and helped us to understand
better various problems.

Theorem 8.3. (Independence of local properties of Y). Let Z be a
solid, translation-invariant BF-space on 9 such that

W(C Y)>Zo W(L',Y).

Then, €0 Y = 6oZ, with equivalent norms.
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Proof. If g is an analyzing vector in 4,, then G = V.(g)e
eWH(C, L) nW(C'L). For f[febeZ, V,(f)= V.(f)«Ge
eZxWR(C L)< W(L‘, V)« WR(CY LY < Yand

If1 Y= 11N YI< CHV,(NI WL, DI <
SCGIFN1ZI = Clif1%2Z)

by (7.6). It follows €2 Z = %+ Y. On the other hand, for fe %o ¥, (7.5)
yields

1182 ZIi =1 (N1 ZI < CHll V,(f)| W(CO, V|| <
S GIV,(NYIl= Glif|%s Y.

Therefore €0 Y € o Z and ||f|€o Y| = || f| € Z|. O

The above theorem expresses that €2 Y depends only on the
“global behaviour” of the functions in Y (e.g. summability, decay

conditions), but not on local properties (such as continuity or local
p-summability).

Theorem 8.4. (Inclusions). o Y < 6o Z if and only if Y, < Z,. In
particular, two coorbit spaces coincide if and only if the corresponding
sequence spaces are the same.

Proof. Given Y,Z the assumption Y,& Z, is actually
unambiguous, i.e. it is independent of X (cf. [FG], Lemma 3.5.c))
and implies W(L®, Y)<s W(L*® Z). Since the implication
YVeZ,=%FoY, & boZ, is trivial. Thm.8.3 vyields %Y =
=@ W(L™, Y) S bo W(L®, 2Z) = o Z, as desired.

For the converse it has to be shown that a proper inclusion
Y,(X) = Z,(X) for any well-spread family X implies a proper
inclusion for the corresponding coorbit spaces. To this end we split
(x)ies according to Lemma 3.3 (b) into a finite family of K-separated
subfamilies (x)),.;, 1 < r < s, where K is chosen corresponding as in
Proposition 8.2. The inclusion Y, < Z, being proper, there exists
some sequence / of coefficients and some r such that P, Ae Z,\ Y,.
By Prop.8.2 there exists fe %o Z such that V,(f) (x,) = 4, for iel.
Therefore (¥, (f) (x));e; does not belong to ¥,. In view of Thm. 8.1 and
Lemma 3.8 (a) this implies f¢ %o Y.

10¢
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9. The Double Retract Property, Banach Space Structure

We have seen that %o Y is a retract of Y,(X) as a consequence of
the main result of [FG], namely the atomic decomposition for €o Y.
In other words, %+ Y is isomorphic to a closed, complemented
subspace of the sequence space Y,(X), hence ¥~ Y shares many
properties of Y,(X), and many questions about %2 ¥ can be reduced
to questions on the corresponding sequence space, which is of course
much easier to handle in general. In order to obtain exact
characterizations of the properties of coorbit spaces through
corresponding properties of Y,(X), we sharpen Corollary 6.2 of [FG]
and prove the so-called double retract property of €+ Y.

Theorem 9.1. €2 Y is a retract of Y,;(X) and conversely, Y,(X) is a
retract of a finite direct sum of copies of €0 Y. Consequently, €o Y
shares all properties (as a Banach space) with the sequence space Y,(X)
which are inherited by closed subspaces and finite direct sums of Banach
spaces.

Proof. Choose a compact set K which satisfies Proposition 8.2. and
split the index set 7 into finitely many subfamilies I,, i = 1,...,s, such
that {x;, ie I,} is K-separated for all r (Lemma 3.3 (ii)). Denote by P,
the canonical projection on Y, (i.e. (B,A),= 4 for iel, and =0
otherwise) and by S, Y;—>%-Y the “pointwise interpolation
operator” on I:S,(A)e;=f with V() (x) = 4 for iel, whose
existence is asserted in Proposition 8.2. By means of P, and S, we
construct the following bounded mappings between Y,(X) and
D;_ oY .

A Y @€oY, A(A):=(S,o P A,..., S, PA) 9.1
and =
B ®GoY—Y, B(fi,... )= Yo BERG). (02

r=1

Now it follows immediately that Bo A =Idy, and that ¥,(X) is a
retract of @;_,%e Y.

Corollary 9.2. €o Y is a reflexive Banach space if and only if ¥;(X)
is reflexive. Also, €o Y has the Radon—Nikodym property, the metric
approximation property, is of a certain type or cotype if and only if the
same is true for Y, (X).
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The above results indicate that the Banach space structure of 2 ¥
is closely related to that of the sequence space Y, (X). However, we do
not know whether s Y is always isomorphic to ¥,(X) or whether
%2 Y always possesses an unconditional basis if this is true for ¥,(X)
(cf. [GR] for results in this direction). However, for the most
important cases we can give a positive answer to that question:

Proposition 9.3. €o L2, is isomorphic to IP and therefore admits an
unconditional basis for 1 < p < o and any moderate function m on 4.

Proof. By [LRP], Theorem 6.2, o L, is isomorphic to a closed,
infinite-dimensional, complemented subspace of /2 which, in turn, is
isomorphic to /, Since /” is a prime Banach space (cf. [LT], Vol.I,
p. 54—57), every complemented, closed subspace is isomorphic to /7.

Remark 3.1t is known that the coorbit spaces of the ax + b-group
%, (taken with respect to its unique irreducible infinite-dimensional
representation) are all isomorphic to their associated sequence spaces
Y;(X), for a certain family X = (x)),; in %,, because there exist
“coherent” unconditional bases for #2 Y (or “wavelet bases™), i.e. a
basis of the form {= (x) g,, i€ I} for carefully chosen elements g, e #
(cf. [M]). :

As a further consequence of the double retract property we obtain
a powerful criterion, allowing a classification of the quality of .
inclusion mapping between coorbit spaces. The relevant tool for such
a refined description of embedding mappings is provided by the
theory of operator ideals. Operator ideals are functors defining a class
of compact mappings for each pair of Banach spaces, which is closed
with respect to composition by bounded linear mappings. The
best-known classes are the nuclear operators, the Hilbert—Schmidt
operators, or more generally the Schatten—von Neumann classes (cf.
[P] for details).

Theorem 9.4. i) The inclusion mapping J.€o Y — €0 Z between
coorbit spaces is automatically continuous. The same is true for
Ji Y= Z,

1) J is compact if and only if J, is compact.

iif) Let # be an operator ideal of compact operators. Then Je f if
and only if J,€ 1.
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Proof. 1) The automatic continuity is an immediate consequence of
the closed graph theorem, since coorbit spaces are continuously
embedded into (##)) by Theorem 4.2.1), and solid BK-spaces Y, are
continuously embedded into the topological vector space of all
sequences with pointwise convergence.

ii+iii) Let 4 and B be the retract mappings as defined in Corollary
6.2. They are defined on all of (#,)7 and I, respectively, and are
bounded from %« Y into ¥, and from Y, onto ¥e Y for general Y. As
has been shown the inclusion mapping factorizes as follows:

J=BoJpod. 9.3)

Using the bounded operators 4, B of (9.1) and (9.2), the double
retract property yields a similar factorization for J,;

I, = Eo(élJ)oZ (9.4)

where
A s ®@J s B
Y5> @Y @bz,

r=1
In (9.3) and (9.4) we have implicitly used Theorem 8.4.
Thus by the defining properties of operator ideals J belongs to 7
(in particular to the space of compact operators) provided that J, is

in this operator ideal (compact resp.). Conversely, if J belongs to
some operator ideal (or is just compact), then the same is true for

S
@ J, because the sequence of s-numbers of this operator is the same

r=1
as that of J (up to r-fold repetitions). By the same argument as above
(9.4) implies that J, belongs to # (is compact).

The following Corollary is a simple application of Theorem 9.4.
For concrete examples it includes new embedding theorems which
have not yet been derived by direct methods.

Corollary 9.5. For p > 1, o L% is (compactly) embedded into "
if and only if w™'e L¥ (%), with 1/p + 1/p' = 1.

Proof. Holder’s inequality implies that 2 < ¢' if and only if
Z,E W77 (x) < 0. Because the weight w is submultiplicative this is
equivalent to the condition w~'e L* (%),
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The embedding is even compact because — again by Holder — the
unit ball of #2 can be approximated in the ¢'-norm by suitable
bounded subsets of finite-dimensional subspaces of /. O

We conclude this section with the following observation.

Proposition 9.6: Assume that w is a weight function on 4 such that
w™'eL'(9) for some r>1, and that (| ,s#0. Then the
Sfollowing spaces coincide and form a nuclear Frechet-space with respect
to their natural systems of seminorms (1 < p, q < o0): '

[s2]

ﬂ Co LE, = ﬂ boLl, = ﬂ €o L.

520 520 ke=1
Proof. By the assumption these spaces are well defined. Furthermore,
sufficiently large powers of w~! belong to any given L'-space for
s > 0. It follows therefrom that the embedding ¢, < £2. is a nuclear
mapping if k — s is large enough. The assertion now follows using
Theorem 9.4.

10. Minimality and Maximality. Relative Completions of Coorbit
Spaces

Although the norm of a Banach space which is continuously
embedded into ()" (endowed with the w*-topology) is unique up to
equivalence (by the closed graph theorem) it may happen that for a
given norm || {| in (#°))" there are several subspaces of (3#,)" which
become Banach spaces with respect to that norm. In the sequel we
characterize the minimal and maximal coorbit spaces:

Since any coorbit space contains some #, for a suitable weight
function w the following notations appear as the natural ones:

Definition. A coorbit space € Y is called minimal (with respect to
the property of defining a given coorbit norm: on ) if ! is norm
dense in b0 Y, it is called maximal, if it is not properly contained in
a coorbit space defining the same norm on #, as the given space (thus

%o Y cannot be contained as a closed subspace in another coorbit
space).
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Proposition 10.1. The following properties are equivalent:

1) €oY is a minimal coorbit space.

i) The partial sums in the atomic decomposition are norm
convergent for any fe€s Y.

iii) The finite sequences are dense in Y, (i.e. is minimal as a
BK-space).

iv) (Y)" = (¥)~

Proof. The equivalence of iil) and iv) follows immediately from the
theorem of Hahn—Banach. Ifiii) is satisfied, it is clear from the proof
of the atomic decomposition that ii), hence i) hold true.

In order to derive iii) from i) we show first that a given se-
quence A = (A),c;€ Y;(X) can be approximated by sequences in ¢}.
For that purpose we take up the notations of Theorem 9.1. Con-

sider the image A (4) = (flA, e é b0 Y, where V,(f)(x) =4
{=1

for iel. By assumption i) there are hj,...h €5, such that
Ifi—h|€aY| <erC, for i=1,...,r which implies the estimate
I, Ve (e = k) (¥D)ies| Y4l < & by an application of (8.1).

An application of the inverse operator B: é %2Y— Y, and the
i=1
double retract property allow to conclude that A,:=B(h,,..., )
satisfies the inequality || 4 — A,| Y,|| < £]|| B]||. Since 4,€2), it may
be approximated by a finite sequence 4, in ¢, (in the norm of Z,, hence
that of Y,), the proof is complete. [J

Remark 4. Recall that the above conditions are true, if the
functions in Y with compact support are dense in Y (cf. Lemma
3.5(a). Under the additional assumption that the right translation in
(Y, 1l Ily) is continuous it can be shown that iii) is equivalent to the
density of £ (%) in Y.

Remark 5. It follows immediately from condition iii) . of
Proposition 10.1 above that the family of minimal coorbit spaces is
closed with respect to finite intersections, sums or arbitrary
interpolation methods.

Next we investigate relative completions of normed spaces within
the context of coorbit spaces (cf. [BF] for related investigations). Let
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(B, 1l ll5) be any normed subspace of ()", then we define the relative
completion B of B as

B = {0e(#})": o = w*lim,/, for some bounded sequence (f,) in B}.
With the natural norm

lollg+=inf {lim ||/, | 0 = w*-lim, f,}
B is a Banach space continuously embedded into (#))"

The following theorem and its corollary describe the relative
completions of coorbit spaces again as certain coorbit spaces;

Theorem 10.2. Under the usual assumption
(60 Y) = Go Y™,

Proof. We shall use an appropriate characterization of ¥Y* which
can be easily read off from [LT], Vol.II, p. 30: A function F belongs
to Y** if and only if it is the pointwise limit a.e. of a sequence (F,)
which is bounded in Y. Moreover -

IF| || = inf {lim || £,| Y|}
where the infimum is taken over all such sequences.

i) Now suppose ce (% Y). We choose a bounded w*-convergent
sequence (f,) with '

o = w¥lim,/, and Tim ||f,| € Y| < 2|0 | (€2 V)" |.
By Theorem 4.1. (v) this implies ¥, (f,) (x) - ¥;(¢) (x) for all xe &. By
means of the preceding discussion we obtain that ¥;(s)e Y™
llo1Be Y|l =l V()| Yl <

< Tl (7)1 Yl = Tmif, |42 Y1 < 21l 0] (%2 1) I,
and therefore (%o Y} < €oY™.

ii) On the other hand, if ce%o Y™ we choose an exhausting
sequence of compact sets (K,)yo, for 4 and define F= ¥,(0), and
Fyi=(Fcg)*G. Thus FeY*n Ly, and (F),%, is a sequence in
LinY, bounded in the norm of Y, because | F,ll,=
= Flyw SN GILLI | Fllyw, where we have used Theorem 7.1,
the solidity of Y™ and the fact that the embedding from Y into
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Y= is always isometric. Since GelL),(¥) it follows that
F(x) — F,(x) = (F—= Fcg) % G(x) =(L,G, F — Fcg) converges to 0
for every fixed xe%. Using the reproducing property for F, we can
find elements f,eH#, S %eY with |f,|%eYl<F|Y*| and
convergent in the w*-sense to o. Thus o€ (%o ¥} and

ol (@YY I <IFI Y| = 0| €Y.

As a corollary we have the following characterizations of relatively
complete coorbit spaces.

Corollary 10.3. The following conditions are equivalent.

1) @o Y is relatively complete, i.e. €0 Y = (€0 Y).

il) Any function F on % which is the pointwise limit of a bounded
sequence of functions (V;(f,)) is of the form V,(f), for some fe Go Y.

iil) € Y = €0 Z" for some solid translation invariant BF-space Z.

iv) €2 Y is a maximal coorbit space.

v) Y, = Zj for some (minimal) solid BK-space Z,.

Proof. (1)< (ii) This is implicit in the proof of Thm. 10.2.
(i) = (iii) If 6o ¥ = (%0 Y) = €o Y™, we take Z to be Y*
(ili) = (i) If €2 Y = €o Z° then

(0 V) = %o Y= %02 = 607" = €0 7.

(1) <> (v) is shown similarly. Taking Z, to be the closure of the finite
sequences in the (Y,)*norm, we see that Z, can be chosen a minimal
sequence space.

(i) = (iv) Assume that $« Y is relatively complete and that o Yis
a closed subspace of some coorbit space ¥ Z. By Banach’s theorem
the norms ||| %¢ Y| and ||| % Z]| are equivalent on %¢ Y. Given
f€%oZ, we proceed as in the proof of Thm. 10.2 to find a sequence
(f,) in A\, < €0 Y " %o Z which converges to fin the w*-sense and
which is bounded in %< Z and thus bounded in %¢ Y. Therefore
fe(®oY) = %o Y and thus o ¥ = 42 Z.

(iv) = (i) Because Y is isometrically embedded into Y**, #s Y is a
closed subspace of @o V™. If @oY is maximal it must therefore
coincide with #» Y**; in other words, € Y is relative complete. (J
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Remark 6. Again it follows from the equivalence of these
conditions (especially v) in connection with Remark 5 that the family
of maximal coorbit spaces is closed with respect to sums, intersections
and (upper) complex interpolation.

Corollary 10.4. 4 coorbit space €0 Y is reflexive if and only if the
Sfollowing holds true:

i) If o€ (5#£))" is the w*-limit of a sequence from A, bounded in
€0 Y, then b0 Y. Even more, it can be approximated in the norm by
elements in ., .

i) Anyte(b oY) can be approximated in the norm by elements of
Hy. ’

Proof. By the above results, (i) is equivalent to the fact that o Y
is both minimal and maximal, or equivalently Y,is both minimal and
maximal. The dual space is then automatically a maximal coorbit
space. Condition (ii) is then equivalent to the minimality of (4« Y)' or
(Y)' = Y;. Thus the conditions stated are equivalent to the
conditions characterizing the reflexivity of a solid BF-space Y, as
stated in [Z], § 75. Now apply Corollary 9.2. O

As a consequence of the reflexivity criterion we derive the
following

Corollary 10.5. The family of all reflexive coorbit spaces is closed
with respect to duality, intersections, sums and complex interpolation.

Proof. This results follows from Remarks 5 and 6, using the fact
that for two minimal coorbit spaces:

EoY'NBoY) = (YY) + (€0 VY’ (10.1)
and
(BoY' + oY = (60 Y N (¥ Y’ (10.2)

hold true. The stability with respect to interpolation follows from
[BL], Corollary 4.5.2, which shows that duality is compatible with
complex interpolation. {J

There is also a couple of further results corresponding precisely

Corollaries 3.9 to 3.12 given in [BF]. We shall not state these results
here explicitly.



