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Local nonfactorization of functions on locally compact groups

By

H. G, FrrenriNnger and W, SCHACHERMAYER

0. Introductiion. The meanwhile well-known Cohen-Hewitt [actorization theorem
([13], §$32) states that for any locally compact group ¢ and 1< p <o one has
LHGY » L(G) = IM(G), L.e. any g e I can be factorized into a product, g = f'# g,, with
fel1MG) and g, & [P(G). For discrete groups this result is trivial, because in that case the
Dirac measure belongs to LH(G). For non-discrete groups, however, it is a natural ques-
tion to ask whether there exists a single factor or a suitable set W in L'(G) such that the
first factor may be choosen in W. For a single factor this comes down to the question,
whether a convolution operator Tyt g f* g on I'(G) may happen to be surjective. This
question has been already answered in the negative by J. Dieudonné ([4], Corollary 1) for
arbitrary nou-discrete groups and reproved by other authors, citing only the abelian
versions of this result ([1], [14]). In the {irst part of this note we shall improve on this result
(going back to the arguments of Dicudonné and to related compactness arguments),
showing that, lor example, a weakly compact subset Wg LY(G) (in particular, a (conver-
gent) sequence in L'(G)) does not suffice in order to obtain L*(G) through factorization,
not even locally. The clearest evidence concerning the actual situation, however, comes
from another, much stronger result (and some of its variants) showing among others that
/% LYG) (and related sets) does not even contain #(G), the space of continuous func-
tions with compact support.

1. Notations and Preliminaries. Throughout G denotes a non-discrete locally compact
(Le) group. For 1 £ p £ (L, | ) denotes the usual Lebesgue space with respect to a
fixed left invariant Haar measure dx. For a measurable subset 4 of G its measure is
denoted by |A|. Writing L, for the left translation operator given by L f(x):=/(y~ x)
we note that y L, f is a bounded, continvous function from & to LM(G) for any
felP(G), if 1 € p < 0. This is casily verified using the density of the space #'(G) of
continuous, complex-valued functions on G with compact support. We write C*(G) for
the space ol continuous, bounded lunctions on G, and C(G) for the subspace of functions
vanishing at infinily (which coincides with the closure of ' (G) in L”(G)).

Let us recall that a subset M & LP(G) is called equicontinuous (in 1#(G)) if for ¢ > 0 there
exists a neighborhood U of ¢ € G such that || Ly, f /]|, < & for all y& U, f€ M. Finally
let us mention that a bounded set M < IX(G) is known to be refatively (norm-)compact
in IMG) il and only if it is equicontinuous and tight, i.c. for &> 0 there exisls some
compact set %' g G such that || f— fxgll, < & for all /e M, where g stands for the
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indicator function of K (cf. Weil [18], p. 52, [6], [8] or [9] {or a general version of this
criterion).

It will simplify the presentation to use the following notations: B,(a):=
{1/ G /1, S o}, and By(e) for the a-ball in M(G), and B, By, for B,(1) and
B,(1) respectively. Whenever it is convenient L'(G) is considered as a subspace of M (G),
the dual of (CHGH {1 |I..)-

2. Weak local nonfactorization results. Qur first nonfactorization result will be a conse-
quence of the compactness criterion. For its proof the following variant will be useful:

Lemma 1. For any bounded equicontinuous subset W< LYG) and It € L*(G) with com-
pact support i(Wx B) is relatively compact in IIG) for any p € [1, co). Even h(W* By,) is
relatively compact in LHG).

Prool. Inorder to check equicontinuity of W« B, observe that | L,(/* ¢) — [+ ¢ll,
< | 1.,“,‘/' =S Bl & WS = J 1y = 0, wnilormly for fe Wi Since evidently equiconti-
nuity in L7 is preserved under multiplication with any bounded uniformly left-continuous
function it follows that i, (Wx B,) is relatively norm-compact in L7 for any hy € 4'(G).
Choosing hy in such a way that b= hh it then follows that (W= B,) is relatively
compact (as the continuous image of a rel. compact set). The additional agsertion follows
from the well known fact that LH(G) is a closed ideal in M(G).

This lemma leads us directly to our first result:

Theorem 2. Let G be a non-discrete lLe. group. Given any equicontinuous subset
W e LHG) and any compact set K with positive measure (i.e. | K| > 0). Then there exists for
any pe[l, o) some f'& IP(G) such that [y == xx(w* g) for all ge I'(G) and we W.

Proof. Asitis possible to replace Wby {w/(1 + | w|), w e W}, we may suppose (after
renormalization) that W is also bounded. Assuming equality y, L'(G) = yx(W# L) it
follows {rom Baire’s theorem that there exists C > 0 such that y(W=+ B,(C))™ contains
some ball, hence x(Wx B,(C)) ™ 2 xx B, for some C; > 0. The resulting compactness of
xx B, is of course absurd, G being non-discrete (implying that . LF is not finite dimen-
stonal),

o
Corollary 3. Given u sequence ([ in LN(G) the inclusion ) f, » IM(G) g I/(G) is a
proper one, even locally. =1

Proof. Without loss of generality one may assume || f, || — 0.

Remark 1. The above arguments extend to show that T(IP(G)) is (even locally)
properly contained in [#(G) whenever T is a bounded operator on L#(G) which can be
approximated in the operator norm by elementary operators of the form Ty g [ g,
with f'e L'(() (or .4(G)).

Indeed, let pe[l, m) and a sequence (/). in .#(G) or L) be given such that
Ty, = Ty, /0 By Lemma 1 h(f, « B,) is relatively compact in IF(G). As

h(T(B,) & h(T, (B,) - n! B h(f, % B,)+ |h|,.n° 'B,

we conclude that h(T'(B,)) is relatively compact in 10(G),
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The referee has kindly pointed out another way to verify the above assertion, using the
Cohen-Hewitt factorization theorem: The closure of L'(G) in the space of operators on
I7(G) is an essential L'(G)-module, consequently given T in this space there exists
fe LY(G) and T, in this space, such that T=f* Ty, It follows T(IF) = f+« T, (L")  f* LT
and we come back to Corollary 3.

Remark 2. The arguments of Theorem 2 apply to much more general spaces (other
than the IP-spaces), for which the compactness criterion is available (cf. [9] for details).
The following kind of results is obviously influenced by the work of Dieudonné [4]:

Theorem 4. 2) Let W, B be two o(M(G), CY(G))-compact subsets of M(G). If W or B is
tight in M(G) then Wx B is a(M(G), C°(G))-compact.

b) If, in addition W= B is contained in LNG), then W+ B is a(L1(G), C°(G))-compact
in LNG). In particular, W B does not contain any L*-ball (not even locally), for non-
discrete G.

Proofl. a) We formulate our arguments for the case that W is tight. Let ( /)., resp.
(gp)pes are wh-convergent nets in Wand B with limits Jo and g, respectively. We have to
show that the net f, ¢, (with the natural ordering of the index set) is o(M(G),
CYG))-convergent to fy * g, & W# B,

In order to show this let us recall that the mapping [—/* given by
F*N)=F(x"" 474 (x), delines an isometric antiautomorphism of the Banach convolu-
tion algebra LY(G) (extending also to M(G), cl. [17], Chap.3, §5), preserving
wh-convergence and satislying {f % g, b = (g, [* * h), for f, ye M(G) and h e C'(G).
Using this we obtain for h e C*(G):

[{fo gy = Jo* dos IO1 = 1K = So) * gy 1D + o (g — go)
S g o = LoV % WD+ 140y = gos S * D]

The second term goes to zero by the (M (G), C'(G)) convergence of the net (g,),.,. That
the first one tends to zero is a consequence of the boundedness of (g,))., and the norm
convergence in C of (f, — fo)* # h (it follows {rom Theorem 2.2 in [7]).

b) Assume that W« B is also a subset of L'(G), which is a(L}(G), C%)-compact by the
above argument, If there exists some compact set K in G with K > 0, such that W« By
contains the set of restrictions of some L'-ball to K, we may assume {or simplicity that
B (1)|x € W Blg. It is clear that for any neighborhood U of ¢ € G there exists x, € G
sucht that jx,; U n K| > 0. Letting U run through the system of symmetric neighbor-
hoods contained in a given compact, symmetric neighborhood Uy it follows from the
compactness of U, K that there exists a convergent subnet (x,,), with limit x,,. Let (/),) be
the corresponding family of normalized characteristic functions of the sets x, V' K.
Then it is evident that it is convergent to d,,, which appearently cannot be represented
by anything in Wx B < LY(G).

Remark 3. Note that the tightness-assumption in a) is essential. Indeed, lel (h,) be
any tight, bounded sequence in L (G), vaguely convergent to the Dirac mesare d,,, on any
non-discrete, non-compact abelian locally compact group G. For any sequence (p,) in G
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without cluster point (i.e. tending to infinity) set f,:= L, h,and g,:= L_, h,. Then both
sequences tend to zero in the a(L!, C%-topology. Takmg them as sets (including their
limit zero) W and B, they are thus both o(L!, C%-compact. However, their products
[, %y, = h,*h, tend to §,, which is not an element of W« B £ L'(G) by the assump-
tion.

Using a combination of the arguments for the proof of Theorem 2 and above allows
to show:

Theorem 5. Let W be a a(L!, CP-compact (e.g. a weakly compact) subset of L'(G), G
non-discrete. Then y (W M(G)) is properly contained in x LNG) for each compact set K
with |[K| > 0.

Proof. We only have to show that we are actually in the sitvation of Theorem 4 b,
However, since any locally compact group is paracompact (ef. [15], p. 172) we may
invoke the converse to Prohorov’s theorem, saying that a o(M(X), C*(X)) rclutiveiy
compatet set over a paracompact space has to be tight (cf. [2), Theorem 2.6, see also [12),
p. 124).

As preparation for another approach to local nonfactorization let us introduce the
notion of uniform integrability in LP(G) (shortly v.i.). A subset W & L'(G) is said to have
this property il for & > 0 there exists C > 0 such that j L))" dx < ¢ for all fe W.

lfi=c

Lemma 6. Let G be o unimodular group, Given 1 £ p < oo and a bounded, u.i. set
W LNGY and S & LP(G), bounded. Then W S is w.i. in L'(G).

Proof. Without loss of generality we may assume S = B,. By assumption there
exists ¢ >0 with W B(€) and for &> 0 there exists C >0 such that Wg
[Bi(C)n B (C)+ B () By the Riesz convexity theorem one has B,(C) n B, (C,)
%131( C) v B,(C) l'm some € > 0 Smw by the unimodularity of G one has
I'G) » IMG) & CNG) (with 1/p 4+ 1fp' = 1, together with the corresponding norm in-

equality) it follows Wx S & [B,(C) N B(,.(C,’,)] -+ B,(s), and the prool is complete.
Arguing once more as in the proof of Theorem 2 one obtains:

Corollary 7. Let G he unimodular, non-diserete group. Let W be a uniformly integrable,
bounded subset of LHG). Then W LING) is strictly contained in IP(G), even locally.

Remark 4. Observe that a weakly compact subset W LH(G) satisfics the assump-
tions of this result by the theorem of Dunford-Pettis (cf. [5], [11], §8.9).

Remark 5. The above arguments also sufflice in order to show, for example, that for
any given compact set K with positive measure, there does not exist f'e L' + 1 such that
Sl e g

3. Strong local non-factorization, In the case of an abelian gr oup the lollowm;m decisive
improvement of Theorem 2 can be casily obtained (writing % L' == {(f1fe L (G} for the
FFouricr algebra on & = (G)™),
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Theorem 8. Let G be a nondiscrete, locally compact abelian group. Then for any nonvoid
open set Q@ € G and any equicontinuous set W< LNG) there exists h e FL! (the Fourier
algebra on G) such that for any g€ W* M(G) there exists a subset V< Q of positive
measure such that h{x) & g(x) for all xe V.

Proof. Again we may assume without loss of generality that W is a bounded subset
of L. Given @ we choose another nonvoid, open set Q, with compact closure such that
0, €0, € Q. The regularity of #L' (cf. [17], Chap. 6, §1.3) implies that there exists
peFL such that p(y) = 1 for ye @, and suppp < Q.

Assuming now the converse if Theorem 8 to be true, i.e. that for any e FL! there
exists g € W*M(G) such that h(x) = g(x) a.e. on Q, it follows that we have for any h
in the closed subspace 7 LYy 1= {f, fe #L', suppf/ s @,} the identity h(x) = h(x) p(x)
= i{x) g{x) a.e. on G, and thus

T Ly, =kul (POW*IBy) N F L),
Applying Baire’s theorem it [ollows that there exists k, > 0 such that the unit ball of the
Banach space iLg is contained in the closure of (p(W*ky By,) n 7 L 0, in FLQ Since
LQ is continuously embedded in L' and the L'-closure of p(W*k, B,,) is equicontinuous
with respect to the L'-norm, it follows that the unit ball of 7 L _Is equicontinuous in the
L-norm, which is absurd, because the set {x/; y € G} is not L -cquicontinuous for any
nonzero fe ."_LQl (cf. [9], Lernma 2.5).

Remark 6. In the above result it is even possible to replace the space M(G) by the
much larger space T(G) of translation bounded measures on G (cl. [7]), In fact, since T'(G)
coincides locally with M(G) and L' « T(G) < T(G) it follows again that g p(f* p) is a
compact operator [rom T(G) into L(G). All other arguments remain unchanged. Since
TG)2 |J I(G) we have thus shown altogether:

1Epgw

Corollary 9. Let G be a non-discrete, Le.a, group, There does not exist a sequence ( f,)ns
in LMG) such that
L3l
FL G el U L+ LG).
n=1 pal
Remark 7. Theorem 8 may also be considered as a consequence of the non-
compactness of the action of the dual group G (under multiplication) on .7 L‘IQ. (cf.
Olesen, [16]).

Remark 8. Incontrast to the above remark it is possible to find on a non-compact
(locully compuacel) abelian group G for any compact set K & G some f'& LY, (G) such that
fu LM = L'y (this will be explained in detail in a separate note).

In UlL case of a general non abelian group we do not have the characters y e G at our
disposition. Mowever, we may use purely measure theoretic arguments in order to show
that not all continuous functions can be factored over one out of a sequence of L!-factors,
not even locally.
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Theorem 10. Let G be a non-discrete locally compact group, fe LNG) and A < G a Borel
set with positive measure. Then

a1 /e #(G)} & xu(f* LY.
In particular, #°(G) is not a subspace of [ LY(G), for any fe LG).

The main ingredient of our proof being of independent interest let us state it separately:

Lemma 11, Let Y be a completely regular topological spuce (e.g. locally compact), and
1t a positive Radon measure on Y (i.e. a Borel measure which is inner-regular Jor compact
sets), satisfying p({y}) = 0 for all ye Y. Then one has: for any Borel set A < Y with
0 < p(A) < oo the set

{xahlhe C'(Y), Il < 1}

o ==

is not relatively compact in (L', || ).

Proofl. Given a:= u(4) > 0 we shall prove first that for e (0, @) there exists a

Rademacher-like bounded sequence (1), in CP(Y) satislying

“ XA(",. - rm) ”l > (o — 8)/2 for n#m,

For this purpose let us construct inductively a trec of compact sets of A: Ko nelN,
tgjs2 L

Starting with 4, ;1= A we choose a compact set K | € A, | with p(K, ) > (« — &)
Having found a tree {K, ;|1 £j£ 2" '} with

(K, ) > (o~ e) 201,

K(H.Jl A K(u,l) = (1) for j g [
and
Ky 2Kz WK,y fornz2

we can find for 1 £/ < 2V ' a decomposition of Ky, into two disjoint Borel subsets, i.c.
Kyj= Any 2O Ay ez With gy sy g5 ) = Ay q,2) = w8y ) 12> (@~ g)| 2"
(here it is used that g is purely non-atomie, cf. [10], p. 63, Exercise). Using the inner-
regularity of u we may replace Ay, by a compact subset Ky, , , such that still
WK ypg,) > (=) 2V for 1 512" This completes the induction, For ne N it is
now clear (as a consequence of Tietze's theorem) that there exists r, e C*(Y) with
—1grsltoryeYand r(x) =(~1) on K, - Itis obvious that the required L'-
estimate holds true,

Proof of Theorem 10. Since the Haar measure of a non-discrete group is of
course non-atomic the result follows, combining Lemma 1 with Lemma 11,
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