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A new family of functional spaces

on the Euclidean n-space

It is the purpose of this note to give‘a first summary of re-
sults concerning a new family of functional spaces on the Buclidean
n~space, to be called modulation spaces. As will be indicated the

family {M° q(Rn)[sEE?, 1S p,qS o} behaves very much like the fazmily
{Bg,q(Rn)f,of (inhomogeneous) Besov spaces. In spite of many formal
similarities fairly different methods are to be used in the new
setting. In contrast to the study of Besov spaces, where the dila-
tion structure of R% plays an important role, the treatment of mo-
dulation spaces is based on the properties of RY as a locally

compact abelian (leca) group. In particular, the concept of smoothness
described below does not depend on that of differentiability. A

full discussion of the general concept (including Banach spaces of
ultra-distributions on R") is given in [ 7 ]. In order to avoid

technical difficulties in the presentétion of -the main properties

¢l the new family we shall discuss only the spaces M; q(Rn) here.
b4

Before giving the formal definition let us give a motivating
hint (ef. [ 1],[14]). If one defines Mpf(x) :=p 2f(x/p) for p> 0,
then elements of Bg’q(Rn) can be described as those elements
¢ 9'(R™) for which the function p » HMpk*f-pr: H'Mp(k-b o) ¥ f\!p
satisfies suitable growth conditions for p » O, for some (any)

.. ¥(R™) satisfying k(0) =1 (whereas +the relation ) Gt D21l 50
s p » O holds true for any f€ IP(R®), 1S p< o). Here k-5  may
even be replaced be some bounded measure u having sufficiently many
moments and satisfying (1(0)=0 (ecf. [12]).

The family (Mb) is a group of isometric automorphisms of the

p>0
Banach convolution algebra M(Rn) of all bounded measures on R, It

is not only possible to replace the family by another (anisotropic)



group of dilations (yielding anisotropic Besov spaces), but one may
also ask what happens if one makes use of the automorphism group of

rultiplication operators (Mt) n’ where Mt indicates multiplication

tER
by the exponential x v exp 2ni (2124 xiti). Again one has (essenti-
ally as a consequence of the Riemann-Lebesgue Lemma) HMtkﬂ-pr > 0
for any k€ L1(Rn), fe IP(R®), 15 p< . By way of analogy one is

thus lead to the following definition:

Fixing any k€ $(R™), k40, set for s€R, 1S p,qs o:

s

"y

’q(Rn) :={o|oe ¥' (RD), Mk 0 € IP(R®) for all t€ R™, and
o (P): g Iipex o)l e T2RDY,

the natural norm on M; q being the norm of the control function
’

o (P) of o (with respect to IP(R™)) in Lg(Rn):

A us &=l 10V (4)1 % (14 4 )% 6] '/ for 15 q< @, and
' R

s Ny . (p) 8
\‘!fl Mpm(R )| := sup o o “F7 ()| 0+ 4 )

t€
A summary of basic results is given in the first theorem:

Theorem 1 A) (Mg q(Rn),H |) is a Banach space and the embeddings

$R™) e M; q(Rn)Ca 9" (R™) are continuous.
’

1

B) Different test functions k ,k2€ $(R®) define the same space

and equivalent norms on M° q(Rn).
9

C) For 15 p,q< o the space ¥(R") in dense in Mg’q(Rn), and the

following natural duality holds true:
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-FJT = 1=
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(Mp'q(R )t =M (R™), for 5

p',q" T
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q
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D) Concerning the complex method of interpolation one has for

1= p,,q<®, 1= p,,3,S®, s1,5,€R" and 8 € (0,1).

s S
1 n 2 n S n
M R R =M R
[ Py ,q1( s MszClg( i) p,a R
with
1 1-6 ., 8 1 1-6 , 8
T S U~ S I~ A - 1-8 + .
5 S D, G 1 > s = ( )51 85,

Concerning the embeddings between different metrics one has:

Proposition 2 Given 1S PysP5s Q ,q2$ o and Sy ,526 R the inclusion

! (R™) ¢ w2 (R™) holds true if and only if p, S p, and
P‘l ’Q1 - P2’q2 : 1 P2

q15q2 and 81282, or

q>q, and s,> 52+n/q2—n/q1- S 82).

Moreover, equality holds if and only if all corresponding para-—

meters are equal (i.e. Py =Dy, 94 =0,, and s, =32).

There is also a variant of Sobolev's embedding theorem. Moreover,
using the fact that convolutin with the Bessel potentials G, (or
equivalently, pointwise multiplication of the Fourier transforms by

(1+4n° | £ 2)_r/2,r6 R) yields on isomorphism between M; g and M;J"g
1 y

one obtains a comparison with the family of Bessel-potential spaces H;

(cf. [10]). Altogether one has:
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Theorem 3 A) For s> n/q' one has Mp a (R™) o ¢°(R®) (the space of

continuous functions vanishing at infinity, with sup-norm).

B) For qq = min (p,p') and 4,2 max (p,p') one has

R™) & B SR o M5 (R™). Consequently M5 (R™)=H2(R®) for s€R.
44 q 2,2 <!

P 1)

Concerning different dimensions one can prove the following re-
sult on traces and extensions, showing the same "loss of smoothness"
as in the case of Besov spaces (we use the symbol R - for the re-
gtriction operator:

R _, f(x) = £(x,0),(x,0) eR**xRE = R?, ¢ $R™) ).

Theorem 4 For 1S p,q<m; k,n€N satisfying k<n and s>k/q' the
restriction operator Rn—k extends to a bounded linear mapping on

(R ) satisfying:

s ny\\ _ w5-k/q' on-k
Rn-kMp,q(R )>"M;.q R

Py

(the quotient norm on the image being equivalent to the natural

norm on the image space).

For those spaces containing S(IRI}) as a dense subspace one has

the usual characterization of the norm-compact subsets:

Proposition 5 For 1= p,q<wm a closed, bounded subset SeM® (R™)

p,Q
is norm-compact if and only it is (uniformly) tight and equi-
continuous, i.e. if for any e¢> O there exist compact sets K1 ,K2;Rn
such that for each f€ S one can find elements ! ,f2€ MS (Rn) such

1

that supp tlex , supp f :Kz and l\f-fiIM 1<e for :L-1 2.
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Concerning pointwise multiplication we state the following two

results as typical examples.

Proposition 6 A) For 1S ps 2 and s>n/q', or s=20 and g=1 the

S
P,q

multiplication.

spaces M (R™) are Banach algebras with respect to pointwise

B) For psS 2 and s€R any f¢ ML,SQ (R™) defines a compact multi-
b

plication operator from Mo

. r
p,q into M1

for any r< s.
»q

In contrast to the family of Besov spaces BS _(R™), which does

p,q
not contain spaces which are invariant under the Fourier transform

one has (cf. [3]):

Theorem 7 A) The Fourier transform ¥ defines an automorphism on

0 n
=1,
Mp’p(lR ), for each p

B) For 1S qs p=s ® one has F® ®R™M) ¢ M0 RD).
p,q P,q
The perhaps most interesting special cases of modulation spaces

o)
®, ®

in detail elsewhere (cf. [ 4],[ 5],/ 6]). Besides the invariance

are the spaces SO t= M$’1 and its dual S; =M which are discussed
of these spaces under the Fourier transform, and the minimality of
So within a certain family of functional spaces on R® there are
various furthe‘r useful result available for these spaces (even in
the setting of lca groups). This fact was also motivating for the
introduction of the whole family of modulation spaces. Fo;r: example,
one has in a.nalqu with similar result in ’che’ contex’c of tempered

distribution the following kernel theorems:

-
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Theorem 8 A) Given any bounded linear operator T: SO(Rn) - SC')(le)

there exists a uniquely determined kernel ¢ € S(’)(Rn+k) such that

T n k
Tf(g) = p(f®g) for feS (RV), g€ s (RY).

B) Given any bounded linear operator S: So(an) - S:)(Rn) which
commutes with translations there exists a uniquely determined ele-
ment o € S (R™) such that Sf=g# £ for all £¢ S _(R®) (or equivalently:
st = §71(5.6)).

In view of the fact that one has S (R") = IP(R™)& s!(R™) for
15 p=< ® these results are useful even if one is only interested in

harmonic analysis involving the spaces LF(RT).

There are various equivalent characterizations of the elements

of M; q‘(Rn). For example, it is possible to use norms involving
¥

" maximal functions. For r=2 0, we associate with any continuous

function f on R® the maximal function f# (r)’ given by

f# (r)(x) i=sup | £ly)| (14 x=y| )~F

VER

Then one has: For any r>m

o [JII (M ke £)* (r)“% (1+] t| )Sq]1/q
‘ R3

defines an equivalent norm on M;

version of this result is proved for arbitrary lca groups, of course

q(Rn), 1S g< o. (An appropriate
b4 .

without making use of the Hardy-—Littlewood‘maximal function).
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The perhaps most useful characterizations are those involving
"uniform" decompositions of the Fourier transforms (in contrast to

the "dyadic" decompositions used for a description of Besov spaces,

see [11],[13],[15]).
Given any vy € L1(Rn), ¥ £ O, having compactly supported Fourier

transform § and satisfying ¥ n §(t=k) =1 (there are many such
k€

5]

(R™) is the following:
P,q

functions!), another equivalent on M

Wefws ez Iy % £15 (14 K 1%91/9 £or 159< o,

xez™

with obvious modifications for the case q=w.

The last mentioned norm (or a reinterpretation of the original
norm) shows that modulation spaces can be identified with the inverse
Fourier transforms of the socalled Wiener-type spaces W(@LP,LE),
as introduced by the author in full generality. In fact, many of
the results mentioned above can be easily deduced from related re-
sults concerning Wiener-type spaces (as given in [2],[3], and [ 6],
for example). Detailed proofs are giwen in [ 7], where the setting
of ultra-distributions on lca. groups has been choosen in order to
reveal the full range of situations to which results of the above
kind apply.

The similarity between (inhomogeneous) Besov spaces and modula-
tion spaces as described in this note also suggests to look for
"intermediate" spaces, obtained by using partitions of the Fourier
transforms which are "between" dyadic and uniform decompositions.
That this can be done (i.e. that there exists a four paraméter
family of spaces D%:;(Rn), s€R, 1S p,qS w, a€[0,1], such that

g:g = M;,q and D;:z = B;,q) is shown among others in a joint

paper with P. Grobner, where general methods of defining socalled

D

decomposition spaces are described (cf. see [ 8] for details).

- In the Buclidean setting there is some overlap with papers by
H. Triebel (see [14]) and M. Goldman (cf. [9]), where certain re-
lated results, in particular concerning traces, can be found.
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