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Multipliers from L1(G) to spaces of Lipschitz type

~

Hans G. Peichtinger

1. Introuuction. In the present paper spaces of Lipschitz type

on metric, locally compact abelian groups are defined. These
Spaces are derived from arbitrary homogeneous Banach spaces on
these groups. he "degree of smoothness" is described in terms
of a solid Banach space Y of functions on (0,17. It is shown
that slight extra-conditions on Y imply that these spaces of
Lipschitz type are again homogeneous Banach gpaces. The main
result of the present paper is a characterization of the space
of all multiplies from Lq(G) to a space of this type. Together
with [3] this note may be considered as a completion to [27].
As in the case of Segal algebras on Abelian groups which are
defined by means of properties of their Fourier transforms
(cf. [37, Corollary 3.3.) this characterization is reduced +to
the problem of describing the Kothe dual of the solid Banach
space of functions involved in the construction. The paper
ends with a series of applications of the general result to
classical spaces of Lipschitz-type on the torus and on R™. We
thereby extend results due to ©I.8. Quek and Y.H. Yap ([67).
Their paper was the starting point and motivation Ffor the

present work.

2. Notations. Throughout this note & is a locally compact

abelian group, endowed with a translation invariant metric
[ generating the topology of G. For simplicity we assume
|x] = |-x| for 211 x€G. We shall be mainly concerned with
elementary groups of the form Pmd<Zn><Tk, m,k,n €N, with the

Euclidian metric.
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Unevplained notation is taken from [7], [87, and mainly from [27.
1'he reader is assumeua to be familiar with the main result

¢ [27. Throughout, B denotes a homogeneous Banach space on

@ (ef. [57, Chap. VI.), i.e. a Banach space (of classes) of

measurable functions on G satisfying

1) LyBSZB for all y < G;
L2) y-%Lyf is continuous from ¢ into B for all f ¢ B;

L5) HL i }B». ‘IillB for all f¢B, yeG.

If furthermore B is a densly embedded into L (@) B is called

e

fegal aleebra (see [7]). For %< & the operator My is

ir'\

defined by

M&f(x):::<ﬁ9x> £(x).

A S3gal algebra B is called character invariant iff MiBSEB
for all ¢ G. It is obvious that B has this property if it

ie solid, i.e. if
| ! - ) - @ -
Inflly < Inll gl for a11 ne1® (¢), feB.

For the construction given below we need a solid Eanach space ¥
of measurable functions on the intervall (O 1], satisfying
a few conditions. Tor te€ (0,1] let 1, and 1% denote the

functions given by

1 0<g=<t "
1,5(5): 0 +<g<q and (5)21—1t on (0,17.

Ve guppose throughout that Y satisfies



o for t= 0.
o wetilnes we have to impose another condition:

Vo %1THWY'*O as =0 for any he Y.

e rfact that a continous increasing function satisfying
Lim:QOh(s)::O belongs to the space ¥ has to say something

about the smallness of h near zero. Thus, for example,

1) iuplies that there exists such h which does not belong to Y.
Condition Y2) is equivalent to the assumptions that the space
of Tunctiions having support disjoint to some neighborhood

of mero is dense in Y.

IIntural candidates for spaces Y arise from weighted Lp—spaces
or from a weighted Co—space X on [1,m) via the transformation

Y

X*Y:&:iMsﬁh@J)eXL

. Y,
For oxample, Y=X satisfying Y1) and Y2) for X=1IP(p),

1Z=p<w, and @ being any unbounded, positive Radon measure
on [1,m), or for X==03=={glgwe Oof1,m>)}, w being a continuous

pogsitive function on [1,® ) such that lim wit)=+ @, e.8.

=
W(t)r:t&, a> 0, For example, spaces of the following form are
ced for the classical examples:

voful ' [0 ne)® av/s) /i< .
0

Before we are able to define spaces of Lipschitz type to be

considered in the present paper we have to fix notations.

fi=L f-1 € G.
Ay v r ¥
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The modulus of continuity (of first order) of f with regpect

to B is given by
P(6) =oup {lln fly, Iyl <si. (1)
I

L2) implies lim_ £B(4) =0 for all feB.

3. Opaces of Lipschitz type

. Definition.

Lip(B,Y): = {flf ¢ B, £PeT}; (2)
ety e = lellg + [Ead ™ (3)

Remark 1. i) For noncompact G one obtains an equivalent
definition if one uses spaces Y on (0O, ), as long as a
bounded function h on (0,m ) belongs to ¥ iff its restriction

to (0,17 belongs to Y and l|1b!|YSO<® for all b>0.

As only the behavior of fB at the origin will be of relevance
we prefer for technical reasons to work with spaces Y defined

on (0,17 (ef. [17, p. 116).

ii) One could as well use moduli of continuity with higher
order differences. This would not change very much the
arguments given below. It is therefore left to the interested

reader to carry out the necessary modifications.

Theorem. Let B be a homogeneous Banach space on G. Then
1) (Lip(B,Y), | ||
(L3);

ii) If further Y2) is satisfied, Lip(B,Y) is a homogeneous

Lip

Banach space. In particular, it is an essential Banach

defines a positive, continuous, increasing function on (0,117.

) is a Banach-module over L1(G) satisfying



module over L1(G) with respect to convolution, and any

approximate identity (ua) for Lq(G) satisfies

oeT
. ‘ e _ - .
Lin,, o *f fHLip_ 0 for all f e Lip(B,Y).

®
B ) A N ‘ l 3 1 e - e QPO @ :
Proof. Step I: 151 lfiILip<ia> implies the convergence of & fi
in B and

(s fi)Bs:x :EiB. (4)

Because Y is a solid BF-space 1t is clear that any absolutely
convergent series ¥ f, converges to some fe€ Lip(B,Y), with

lell; s T gl
o=

That Lip(B,Y) satisfies 13) follows from (G Abelian!):

Lip® Consequently Lip(B,Y) is a Banach space.

||AyLXfHB = ||LXAnyB = !lAyfll]3 (5)
which implics
: B B
(LXf) =f". - (6)

. . . . -
Since,by the assumptions, B is an essential L (G)-module we

have for ke‘L1(G), feB
()P < el £5. (7)

, 1 .
Consequently l|l:*f!|Lip~§ laell llfllLip for all keTL (@), feIlip,
i.c. B is a I' (@) Banach module.

Step II. Suppose now that Y2) is satisfied. We have to show
- el P C s s

that HLXf f]Lip'*O for x~» 0. As B satisfies L2) it is
sufficient to prove ”(Axf)BHY-*O as x20 (cf. (3)). Obsgerve

that
HAyAXfHB$§2”AXf”B for all x,y€ G (8)
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o the other hand (4) and (6) imply

B B

(AXf)BS(LXf)B+f < o¢B, (9)

+t Tollows from (8) and (9) that

1o 0Bl =l 0B 1+ llca o) tilg=2le g+ gl sl (1),

for all x€ G and all +>0. Let now €>0 be given. By Y2) we
rey choose t>0 such that HfBﬁtHY‘<e/4n Having choosen t>0

we are able to destinate a neighborhood U of zero such that
< 1% 3 1
la zllg=e/2 1 ly for all xeU.
Thig choice implies H(Axf)BHY€§e for all x€U.

o e e s

Banach spaces (via vector-valued integration, cf. [5]). That
the usual net (uﬁ) of normalized characteristic functions of
neighborhoods of the identity forms an approximate identity
follows from property L2) (cf. the proof for Segal algebras, [8]).

Thus L]

*B is dense in B. Using Cohen's factorizition theorem
([4],%2.22) we obtain Lq*Lip==Lip, i.e. any f € Lip is of the
form f=k*f,, kE'L1(G), f1€ILip(B,Y). Consequently
meuﬁfzﬁmdugkﬂﬁzkwn=ffwwnlfermdanaﬂﬁhww

approzimate identity (ug) for L1(G).

Remark 2. S0 far we did not say anything about the question
whether or not Lip(B,Y) might become +trivial. As it is well
known from the ordinary Lipschitz spaces that one must not assume

thot fB(t)tends to zero too fast as t— O.

To sec what we have to do in order to avoid this collaps let

us consider the case B==L1(G), Before we are able to formulate
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odi Tesult concerning this case let us introduce some notations.

2.0 L2t B be any open relatively compact subset of G. Then we

Laling o function gy, on (0,17 vy

g, (t)e= sup sup [{y,2>-1]. (12)
lyl<1 2¢E
SUde not difficult to see that & is a bounded, continuous
Stietion on (0,17 vanishing at zero. Moreover, the speed of
convergence to zero is essentially independent of the choice
ol . In fact, let Hy E2 be two such scts. Then the corresponding
Tunetions are cquivalent, 81 ™8y, i.¢c. there exists a constant

() e G(E1 ,Jﬂz) such that
0y (8) = e (8) < 0g, (1) for te (0,1]. (13)

Froof., Step I. Lot us assume for a moment that By=b is a
compact neighborhood of the identity and that m2=H+E=
= a3y %,9 e b}, the inequality g1 < g, is evident in this case.

n,
By o compacitness irgument there exists n, e N and (x )
n

:1.1*”“

0
such that B+Bs U xi+ B. Comsequently

e
sup 1y, a8) -1 <max  sup \<y,ﬁ‘cj~+5‘c>—1 |
Zoliy i Reld

Smax  gup (1<y, 8> -1 + i"(y,:“{j_)«« 1)
i )

2 g, (%) for all lyl<+.

T4 follows that g2£2 gy, 1.€. 81 N8s-

Buep IT. As G is compactly generated it can be proved by
incdaction that for b,1 above and bz an arbitrary compact subset

of G there is a constant O such that gZSC g9 -



otep III. It remains to show that for any open set Ezézé there
is some neighborhoou E1 of the identity such that for some
C'<w &4 éO'gZ, To this aim note that

sup <y, &>-1l=sup |<{y,-8>-1],
x€B, ek,

and therefore g, = 83> with E ::Esz(-E2)o Now EB-FE contains

3 3
2 neighborhood Iy, and by the arguments of Step I g1<i2g3.

3.4. We are now in the position to introduce certain spaces
Y+ and YO* that will be of importance in the sequel: Let EO
be any fixed open, relatively compact subset of é and set

ot =8 EO. Lhen

Y*: = {nlh 1% (0,11}
8 € (14)

Tx : = fnln/g, € c°(0,17]
Y*, endowed with the norm Hh”Y*: = ]Ih/gon is a solid BF-gpace
on (0,1], As a consequence of the above considerations the
gpace Y¥ ig independent of the choice of EO (up to equivalence

of the norms).

3.5. Proposition. i) Lip (LJ| ,Y#) ig a dense Banach ideal

of L1(G);

ii) Lip (BsYO*)=={Of, if ¢ is nondiscrete.

Proof. i) It is clear from Theorem 3.2. i) that Lip (L1,Y*) is
a Banach ideal in L1(G). As a consequence of [71, Chap. 5,

§ 1.1, Lip (L1 ,Y¥) contains any T € LJl (@) that can be written
as f=g*h, g,hELZ(G), supp £¢ B, supp A€ E for some compact .
subset £ < G. That functions of this type span a dense subepace

21 .
of L (@) is obvious.
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ii) Let f:]:o be given., Then there is some A>0 and an open
subset BESG such that |£(%)| ZA for all ¢ H. This implies

1 n
P (8) = sup 1 £-fll,2 sup sup [£(6) <y, 2> - 1124 g,(%).
lylst ¥ v i<t %eE

1
It follows (cf. (14)) that £ ¢Y_
Remark 3: The proof of ii) is a modification of the proof

of [7], Chap. 1, § 2.1.

3.6. Corollary. Let B be a homogeneous Banach space. Suppose Y
satigfies Y1) and Y* €Y. Then we have

i) Lip (B,Y) is a dense subspace of B;

ii) If further Y2) is satisfied and if B is a Segal algebra,

then Lip (B,Y) is again a Segal algebra.

Proof. Let £ €B, €>0 be given. Then there exists u€L1 such
that Hu*f—‘f”B <'e, According to PrOposi‘cibn 3.5. i) there

is some veLip (L',¥#) with lhu-vll, < e/l 1ip (B,¥*)*Bs
€ Lip (B,Y*)cLip (B,Y) (cf. the proof of Theorem 3.2. 1))
implies v*f € Lip (B,Y).

ii) is an immediate consequence of i).

Therce is another result involving the assumption Y* €Y:

5.7. Lemma. Let B be a solid Segal algebra. Suppose Y* =¥ and
that Y1), Y2) are satigfied. Then Lip (B,Y) is a character
invariant Segal algebra.
Proof. et %€ & and feTip (B,Y) be given. Then
”Iy Mo f - Mt < Iy L, f ~ Myt + HMﬁLy £-1_ Mp 1) llg

<l e-gll+ [ a0- 11 iy 2lg. (15)
Thus (15) implies (Mfﬁf)B(t)ﬁfB(t) + '!f‘IB gE(t) for any compact
get & containing X. As gy belongs to Y* <Y this implies

(1,£)P €7, d.e. Mpf e Lip (B,T).
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4. Multipliers from L' (G) into Lip (B,Y).

For the proof of the next main result we need the following

. Lemma .

0 Lip (B,Y): = {f?”f'\LipSf”I} is a bounded, equicontinuous
subset of B, i.e. given ¢>0 there exists a neighborhood U of B

such that

Iz f--f!lBSe for all ye€U, f€0O Lip. (16)

N

Consequently |u*f - fHBS ¢ for all feO Lip, uel (), thally =1
with supp usU. (17)

Proof. Let felip (B,Y), “f‘lLips1 be given. As P i an

increasing function we have for any t>0
B Bitl =B t
12 18l = 2B ol 22500 117y, (18)

By the use of Y1) (18) implies fB('t:)?S!|1t||Y_1 20, i.e.

assertion i) is proved.ii) is an immediate consequence of i).

. Definition. Let (uj) be an approximate identity for the

Banach algebra ¢°(0,1] ,.i.e. a sequence (u‘j)j>1 such that
. . . ~O _
:le.,_,m ||ujf-f!lw= 0 for all f¢C (0,1], e.g.

J
O for te (O,(Ej)“”
, =1 L=
linear on [(23) ,i™ ] (19)
{1 for te 3™ 1]

uj(t)w

Given a solid space Y we define
T, = {f?f measurable, supj Hujf.“Y<GD .

Remark 4. It is not difficult to prove that Y coincides with
the Kothe dual of Y. Thus Y:? iff Y has the weak Fatou
property (ef. [11], section 65) in particular, if Y is

reflexive as a Banach space (see [11], section 73).
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For Y=Cgoz = {hllims_,o h(s)/g(s) =0} one has

?___l.‘gco : = {nln/ge1® (0,17}, In any case, Y is a closed
subspace of ff

Theorem. Suppose that B is closed in 54 (e.g. if B is an
essential 0°(G)-module), and Y* €Y. Then the space of
bounded linear operators from L1(G) into B commuting

with translations can be identified with Lip (B,Y), i.e.

!

(L', Iip (B,Y))=1Iip (B,Y)

Proof. Step I. Let T}G(L1, Lip (B,Y)) be given. Then Te'(L1,B),
and by the assumptions (cf. [2], ‘Theorem 3.3) there exists

a (translation-bounded) Radon mcasure pe‘g4 such that

Tk = p*k for all ke‘L1(G)° first of all we want to show that

p belongs to B.

As 1 is a bounued operator one has ”Tk”LipS‘hD” for all
ken'(0), Ik, 1. According to 4.1 , (17), therc exists
quL1(G) such that

kg - o] < e for a11 ke (@), lxll, <1 (20)

B

‘By the definition of B, this implics furp - pli™< e. Since

u*pe'L1*B4s:B, and since B is closed in B4 this implies

pu=fL € B.

Step II. We now want to prove that £ e Iip (B,Y). Recall that
Hf*uqHLipé 2l for a1l e, (21)

(ua) being a bounded approximate identity in L1(G), Thus

the functions
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Broy. _ _ _ P
£, (t): = lBSflllgt H(Ly f f)*uaHB- lssrwilgt ‘IAy(f*uoc)HB

satisfy

B

£, 7Ny s el for a1l a. (22)

Now iAyflye’ki is an equicontinuous subset of B for any
compact subsct of K¢ & (cf. the proof of Lemma 4.1.) and
e o 3 : I ‘ QY6 - i

therefore JAy f*uGJB converges to HAy fHB uniformly on
compact sets of (0,1]. As Y is a solid BF-space and the
approximate units (uj) (cf. 4.2.) have compact supports we

have by (22)

a8y = 1my g Bl il for a11 521 (23)

This implies fe Lip (B,Y). I) and II) give

1

(z', 1ip (B,Y) € Lip (B,Y). (24)

Step III. In view of (24) it remains to show L1*Lip (B,Y) eLip (B,Y).
Now Lip (Lq,Y*)*Bs;Lip (B,Y) (ef. 3.6.). Let now f1€IL1(G),
f, € Lip (B,Y) ve given. By Proposition 3.5. there ecxists a
L e 1 . 1
sequence (fn)nBB in Lip (L ,Y*) such that f,7f in L (&),

Since

llice£ < ||kl )HfZHB for keTip(L',¥*), £, €3,

ZHLip(B ) I.ip(L1 , Y

(fn*fz) is a Cauchy sequence in Lip (B,Y). The completeness
of Iip (B,Y) impliecs £y*f, € Lip (B,Y), and the proof is

complete,

Corollary. With the assumptions of Theorem 4.3. the following

is true :
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. 1 . . . oy

1) (L, Lip {»,7)) = (3, vip (8,7)) =Lip (3,%), in
.. I .

particular (L , Lip (B,Y))=1Lip (B,Y) if Y is g refelxive

Banach space;

If further Y satisfies Y2) one also has
ii) L1*Lip (B,Y) = Lip (BJ):LWLip (B,Y);

L . k ) N 4 s j ; ~ (s
iii) feLip (B,Y) ¢ fe Lip (B,Y) and llmlxl*Olef'Lip (ByY)““O’

1L B is a ®olid Segal algebra the chain of equations given
in i) can be extended to

iv) (L', Tip (B,Y)) = (Tip (B,7))=1lip (3,Y)73 ana

v) the relative completion of Lip (B,Y) in 11(@) coincides

with Iip (B,¥).

Proof. i) follows from the equation ?ﬂ:%%

ii) stems from Theorem 3.2. i) and Theorem 4.3.;

iii) follows from Theorem 3.2. ii) and from ii);

iv) is a consequence of i) and Lemma 3.7. above, together
with Theorems 3.9. and 3.3. of [2];

v) follows from iv) by means of Lemma 4.1. of [2], since

Lip (B,Y) Glﬁ Lor any Segal algebra B.

5. Applications. In this section the general result is

applied to typical spaces of Lipschitz type on G=F2 or B

that have been considered in the literature.

First of all we observe that gO(t)rvt as t— 0 for these groups.
Lhis follows from [7], Chap. 1, ¢ 2.1. and Chap. 5, § 1.1.
in the case Gmﬂﬁl,x121, and for the n-torus the same result

is available. We have thus

Y*zL1® : = {hlePn(g)/s e 1% (0,111,
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Let now Laq(0,1}y 1<qg<m denote the space
Inlinll, oo =1/ (+%n(s)? at/51 /%< o 1.
’ 0

hen it is not difficult to verify that Laq(0,1] contains
¥* and satisfies Y1) and Y2) for 0<a<1. ‘the same is true

for

¥=0,°= fhlh stetig, lim_, n(s)/s”=0}, 0<e<1.

g0

This allows us to prove the following results concerning

p
o’ Au

or A2 respectively (compare [12], Chap. II, § 3 (for the

multipliers from L1(T) to the Lipschitz spaces Aa’ A

definitions).

Theorem. Let 0<o<1 be given. Then

. 1 1

1) (@A) = (LA =h =7,

. 1 1 )

i) (L ,A0) = (L ,A5) =48 =% for 1sp<w.

Remark. The above result is not mew. It coincides with the

main result of [6] (compare also [10], Corollary 2.8.).

Proof. In view of the above remarks the result follows
directly from Corollary 4.4., as soon as one has checked
the following equations:
- 0 o
A= (0%, 1,2, A =(C%, o)
) : 0 .
M= (P, 1,2, =0 ¢, 1sp<w;

In [17] more general Lipschitz spaces A(8,r,q,B), with B=(C(T) or
B::LP(T)y 1=psw are considered. One easily verifies that

A(9,1,8,B) = Lip (B,Ly%). We thus have in the notation of [17:
5.2. Theorem.

(1", Lip (8,t,q,B)) =Tip (8,t,q,B) for 1sq<m 0=6<1.
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If one carries out the whole programm for the difference
operator AY of r-th order, r=2, instead of A:=A1 one can
derive similar results for A(8,r,q,B), reN. We conclude
the applications with a result concerning the family of

Lipschitz spaces A(¢,p,q) on R" studied in [9].

Theorem. Let O<o<1, 1=p,a<w be given. Then

(w0 (e, p,a;R)) = A(o,p,q;R%).

Proof. It follows from [9], Theorem 4, G that A(a,p,q;R™)
can be identified with the space Lip(ILP(R™), Lg) in our

setting. he result thus follows directly from 4.4. i).

Concluding remark. We do not intend to give here more

applications. Instead, we only emphasize that the formulation
of the general result admits a variety of further applications.
Moreover, it turns out that assumption L3) has not been of
inportance, and the results of this paper remain true for

more general Banach spaces of measurable functions satisfying
only 1L1) and L2), such as certain weighted Lp-spaces. One

only has to repleece throughout L1(G) by a suitable Beurling
algebra Lw1(G)°
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