PACIFIC JOURNAL OF MATHEMATICS
Vol. 80, No. 1, 1979

NONFACTORIZATION IN COMMUTATIVE, WEAKLY
SELF-ADJOINT BANACH ALGEBRAS

HANS G. FrICHTINGER, COLIN C. GRAHAM AND
Eric H. LAKIEN

A Banach algebra A is said to have ‘‘(weak) factoriza-
tion’’ if for each fe A, there exist g,hc A (resp. n =1 and
v Pyt Ony Mo €A) such that f=gh(f= 2g;h;). Cohen’s
factorization theorem says that if A has bounded approximate
identity, then A has factorization. The converse is false in
general, This paper investigates various implications of
factorization and weak factorization for commutative algebras
that are weakly self-adjoint. (Defined below; these algebras
include self-adjoint algebras.) The main result is Theorem
1.3: If the weakly self-adjoint commutative Banach algebra
A of functions on the locally compact space X has weak
factorization, then there exists K >0 such that, for all
compact subsets E of X, there exists fe A such that
HFfIZ< K and f=1 on E. Applications of 1.3 are given. In
particular it is shown that a proper character Segal algebra
on LYG), (G a LCA group) cannot have weak factorization.

We say that a Banach algebra B of complex-valued continuous
functions on a topological space is weakly self-adjoint if there exists
K, > 0 such that for each f&B

(0.1) [fPeB and ||[[fFllx = Kl FI%.

Obviously (0.1) is satisfied if B is self-adjoint (f € B implies fe B),
or if B is a Banach ideal of a self-adjoint Banach algebra A of
complex-valued continuous functions. Recall that B is called a Banach
ideal of a Banach algebra A if || fllz = || fll. and fg € B, with {| fgl|lx S
1 fllzllglls for all feB, ge A. Dense Banach ideals have been called
A-Segal algebras by Burnham [1] and others. It is worth mentioning
that a self-adjoint Banach algebra B has weak factorization if and
only if each element of B can be written as a linear combination of
elements of the form |f|* f ¢ B (this follows easily from the identity
77 = 1/4 Sieo FH + i%g]?).

Our work was motivated by an attempt to give a converse to
Cohen’s theorem for Segal algebras on abelian groups (defined in §2),
and thereby extend the results of Burnham [1], Leinert [7], Wang
[15], Yap [17] and others. Since such a Segal algebra cannot have
bounded approximate units, that would prove that a proper Segal
algebra cannot have weak factorization. We cannot prove that in
full generality, but we are able to improve earlier results substantially.
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Now |fi(@) — fi@)| < |1fi — fill £ 1/4|f.(2)| for all xeM, so |fi|=
(3/4)*|f,["* on M. Therefore f, = 4/3f; satisfies the required conditions
with K, = 2K'®*NK,, and the proof of the lemma is complete.

We now state the basic result of this paper.

THEOREM 1.8. Let B be a weakly self-adjoint Banach algebra
of complex-valued continuous functions. Suppose that B has weak
Sfactorization. Then there exists K, > 0 such that for each compact
subset M S S(B) there is an element f& B such that f =1 on M, f= 0
on S(B), and ||f|| £ K,.

Proof. We shall apply 1.2 inductively. First note that the weak
self-adjointness of B and the compactness of M imply the existence
of f,e B such that f,=1 on M. By 1.2, there exist f,, f,, - - € B such
that for j =1,2, -+ |fin@)] = [f;@)[" for veM and ||fi.ll <
K| f;]["*. Hence, fi,, =1 on Mand |[f;y.|| < KFi=*""||f,||27. Choose
now K, = 2K; and j so large that ||f,|'? < 2. Then f = f;,., will
do, and the theorem is proved.

COROLLARY 1.4. Let B be a weakly self-adjoint Banach algebra.
Let ¢t be an unbounded, regular Borel measure on S(B). If B has
weak factorization, then B & Uocpew LP().

This corollary is an immediate consequence of the above theorem,
together with part (ii) of the following lemma.

LemMA 1.5. Let 2 be a space, X a o-algebra of subsets of 2,
and ¢ a measure defined on 3. We write L? in place of L?(2, 3, 1.

(i) Let B< L' be o Banach space, continuously embedded in
L. If BS Uicpse L?, then B S L™ for some p, > 1.

(ii) Let BS L™ be a Banach space, continuwously embedded in
L*. If BZ Usp<e L?, then B S L™ for some p, < co.

Proof. (i) Since B < L, the hypothesis implies B & Ug., Lt/ =
Usn B(B, L*™), with (B, L*) = {f|f e B, ||f|l, <1}. Since, by the
reflexivity of L, 1 < p < oo, (B, L?) is closed in B, one of the sets
(B, L?), 1 < p < oo, has to have interior in B. Consequently (B, L*) —
(B, L*) < 2(B, L*) contains a neighborhood of the identity of B, and,
henee, B = L*. The proof of (ii) is similar.

Another consequence of Theorem 1.8 is that ne proper Banach
ideal of Cy(X) can have factorization; but more is true.
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COROLLARY 1.6. Let B be o weakly self-adjoint Banach algebra
with X = S(B). Suppose that there ewists « proper Bamach ideal
N of C(X) such that N2 B and S(N) = X. Then B does not have
weak factorization.

Proof. We argue by contradiction, and suppose that B has weak
factorization. Then, by 1.3 and the closed graph theorem (applied
to the inclusion of B into N), there is L > 0 such that, for each
compact subset M of X, there exists f, € B such that f, =1 on M
and ||fxlly < L. Let g be such that g = f3* on M and ||g]l. = 1.
Then [[klle < l1Ally S gllellPllellfully £ Ll Rl for all e Cy(X) with
compact support contained in M. This is not possible when M is a
proper Banach ideal of C(X), vanishing nowhere on X.

2. Applications to Segal (and other) algebras, Let G be a
non-discrete locally compact abelian group. A Segal algebre on G is
a dense subspace of LYG) that is a Banach space with a norm || ||
such that [|f]| = || fll, for all fe B and such that for all y € G, f € B,
L,f e B(L,f (@) = f (y™a), || LS| = [|fI| and lm,, || L,f —fl| =0
([12], §4, or [11]). We say that a Segal algebra B is character
invariant if ye G, fe B imply xf € B. ' The most important property
of a Segal algebra is the fact that it is a Banach ideal in LYG).
It is thus obvious that any Segal algebra on a locally compact abelian
group can be considered as a weakly self-adjoint Banach algebra on
X = S(B) = G (via Fourier transform).

The main result of this section is Theorem 2.2. Proposition 2.1
is almost immediate from 1.4 and 1.6 and is stated here because it
improves the main results of Wang [15] as well as of Burnham [1],
Leinert [7], and Yap [17].

ProrosirioN 3.1. Let B be a Segal algebra on G. Then B does

not howve weak factorization if one of the followz'ng conditions s
satisfied:

(a') B C U1<p5m L (G) ’ (b) B C U0<11<w L (G>’
() sup FMMY) < oo Sfor all f € B, with M being an unbounded
continuous strictly positive function on G.

Proof. (b)and (c) follow from §1. If condition (a) is satisfied we
use 1.5(1). Let p, be the number given in 1.5(1). Then if 1<p,<2,
the Hausdorff-Young theorem implies B € IXG) and if p,= 2, the
Plancherel theorem implies B € L¥@), and (b) applies.

THEOREM 2.2. Let B be o character invariant Segal algebra on
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the locally compact abelian group G. Then B has weak factorization
if and only if B = LYG).

REMARKS. Wang [15] and Leinert [7] bave proved this result
under additional hypotheses. For example, among others Wang needs
l%flls =1lfllz for all xeG, feB. (In this case, B is called a
character Segal algebra.) For character Segal algebras on compact
abelian groups the result has been proved by Lakien [4]. It is his
method that we extend below.

To prove 2.2, we introduce a new algebra, B, defined as follows.
B consists of those measures p e M(G) such that there exists a net
{f.} € B with

(8) sup,(|fulls < o and (b) (weak-x)limf, = .

The norm ||#|ly is the infimum of the numbers (a) subject to (b).
Obviously, B is an ideal in B, and B is an ideal M(G), with || pxv ||y <
| ][9]l for all pe M(@),veB. If G is compact, B is closed
in B. (Th1s is easily proved.) If G is not compact, B may not be
closed in B. (See[3], §4, Remark E) for an example.) The following
lemma is Lemma 3.8 of [3].

LeMmaA 2.8. Let B be a character invariant Segal algebra.
Then B s closed in B.

LEMMA 2.4. Let G be a localNZy compact group and B a Segal
algebra on G. If B is closed im B -and 6,€ B, then B = LY&).

Proof. Let C>0 be such that C||f|lz = |fllz for all feB.
Choose now now {g,} & B such that (weak-+)lim g, =8, and sup,||g.||z =
2|16,1l3.- Then f = (weak-x)limg,+f, feB. This implies [|filz <
sup. |9.*F Iz = 2|6, 11x%]|fll.. Consequently, B- and L!-norms are
equivalent on B and B = L!(G).

Proof of 2.2. One direction is obvious. We prove the other.
Suppose then that B has weak factorization. Then by 1.8 there is
a bounded net {f,} & B such that for any compact subset K < G
there is some @, with f,(t)=1 forallte Kand & = a,. Without loss
of generality, we may suppose that there is a bounded measure
with ¢ = (weak-+) lim f,, i.e., & B. We claim that fi(t)=1 for all
ted. :

To see this, take ¢, ¢ G and consider any continuous, nonnegative,
compactly supported function % on G with ||k|, = 1. For sufficiently
large @ we have

Falts™d 21
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for every s in the support of %4 and hence kxf.(t) = 1. Since ke
C(@), the weak-x convergence of {f,} to ¢ gives

Tor Fulte) = (BF ) (bo) — (hft)"(ts) = kexfi(ty)

so kxfi(t,) = 1 for every such k. Hence fi(t,) = 1, as required.

It is a well-known result of Wiener (see, e.g., Rudin [14],
5.6.9) that ¢ must have a nonzero discrete part. We may assume
(using the translation-invariance of B) that p({0}) = 0. Let g ¢ L&)
be such that g has compact support, §(0) =1, and

P RIPNTS

The character invariance of B implies that gre B (cf. [3, proof of
3.8]). But gu = £({0), + v, where ||v[| <|u({0})[/4. Therefore g
is invertible in M(G). Since B is. an ideal in M(G), this implies
5,¢ B and the conclusion follows from 2.4 and 2.3.

The above result can be extended in the following way.

COROLLARY 2.5. Let B a Banach algebra which is dense and
continuously embedded in LNG) of a locally compact abelian group.
Suppose there exists K, > 0 such that

0.1)  f*feB and |f**fIlSKlfIF for all feB.

If B has weak factorization, then LNG) is the only character invariant
Segal algebra on G containing B.

Proof. Suppose B is contained in a character invariant Segal
algebra B,. It then follows by the closed graph theorem that B is
continuously embedded in B,. Since we may identify B via Fourier
transform with a weakly self-adjoint Banach algebra B on G with
S(B) = G it follows from 1.3 and the proof of 2.2 that B, contains
6, and thus B, = LYG). This completes the proof.

We now turn to some other applications of our methods.

THEOREM 2.6. If I={feL'R),f{t) =0 for 0=t <1}, then I
does mot have weak factorization.

Proof. Suppose that I has weak factorization. Then, by 1.3,
there exists K > 0 such that, for each compact subset M & R that
is disjoint from [0, 1], there exists f e L'R) with || f|, = K, F=0
on [0,1] and 7= 1 on M. For n >0 let ¢t = p, be the measure on
R that assigns mass 1/k to the point —%/n and mass —1/k to the



124 HANS G. FEICHTINGER, COLIN C. GRAHAM AND ERIC H. LAKIEN

point k/n for 1 < k < m. Then sup,.r|f(r)| £ K,, where K, is inde-
pendent of the integer ». Let f eI be such that||f], < Kand f=1
on {—k/n:l <k <m). Then fgt >0 and, therefore, ||Fullyn =
SUP,er | (F1) ()| = 8logn. Since supx|(F)"| < || f ]l supe|Z|, we have
a contradiction.

That completes the proof of the theorem.

We conclude this section with a result concerning closed ideals
of IH@) (or any other Segal algebra on a compact abelian group G’)
A subset E< G is called a small Myset if #eCo(G) whenever [
vanishes outside E. It is clear that any Sidon set or A(p)-set for
1< p< oo (see [8] for definitions) is of this type. Moreover it is
trivial that any Rajchman set in the sense of Pigno, [10], is a small
My-set. Thus for example —P U E is a Rajechman set if E is a Rider
set in G and G is an ordered group with positive cone P.

THEOREM 2.7. Let G be a compact abelian group and E< G a
small Mz-set. Then the closed ideal

I = {f|F =0 off of E}

has weak factorization if and only if E is finite.

Proof. If I,. has weak factorization then there exists K > 0
such that for any finite subset F' & E there is some fr¢€ Iz with
fr=1on F and [|f]|;n< K. Taking a weak-x limit, we obtain
€ M(G) such that A(¢) = 0 on G\E and 2/ = 1 on E. This contradicts
our assumptions concerning K, except the case that F is finite. Since
I;. has a unit if F is finite, the proof of the theorem is complete.

In view of the above remarks Theorem 2.7 includes Theorem 2.5
of [15] as well as the following result.

CoroLLARY 2.8. (cf. Theorem 8.16 of [16])
H' = {feI{T)|f(n) =0 for = <0}

does mot have weak factorization.

Proof. That {0,1,2---} is a small M-set follows from the con-
junction of the F. and M. Riesz theorem and the Rlemann-Lebesgue
lemma.

The authors are indebted to the referee for the kind permission
to include the elegant proof of Lemma 2.2, and for several other
helpful comments.
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