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In [6] Reiter posed the question, wether or nof any Segal algebra
S(@) on a locally compact abelian group G is character invariant, i.e.
admits pointwise nultiplication with continuous characters. Cigler
[2], Cheng (17, wang ([7];Th.4.18), and others [unpublished], gave
examples of Segal algebras that are not character invariant. Cheng,
‘for example, showed that on any non-discrete, locally compact abelian
group there exists a Segal algebra S(G) and f ¢ S(G) such that yf ¢ S(G)
for some y € 6 We want to extend and to simplify this result. In

fact, the following three theorems can be proved:

Theorem 1: Let G be a non-discrete, locally compact abelian group.

Then for any compact set Vgé, 04V, there exist a Segal algebra S(a&)

and some f ¢ S(G) such that vf & S(¢) for all v eV,

Theorem 2: Let G be a locally compact group, and let H be a closed,

nch-compact subgroup of @ Then the Segal algebra

55(0) = (£ |21’ (e),f/m e @,

A
with the norm |Ifllq s = £l +1E/gll 4
£ SR .1 N L (H)

satisfies the following two conditions:

i) yfe SH(G) for all yeH, fe SH(G), and Hyflls = IifHS;

ii) For any y ¢ H there exists f ¢ S,(G) with yF ¢ 8.(G).

It follows from i) and ii) that f-yf leaves Sy (@) invari-
ant if and only if y ¢ H. For another remarkable property of SH(G)
(with H a non-open subgroup of &) of. (4], § 4, remark E.

Theorem 3: Let G be a non~discrete, locally.compact abelion-group, and

suppose (/13 is second countable. Then for any closed subgroup H of @

there exists a Segal algebra S(¢) and f e S(G) such that yf EZS(G) if

and only if v < H,




Observe that the special case H= {0} of Theorem 3 says: There
exists S(G) and f ¢ S(G) such that yf+ S(G) for all ve &, y+0. Here
f does not depend on y, as it was the case in Theorem 2,ii). On

the other hand, S(G) in Theorem 3 is not H-invariant in general.

The proof of Theorem 1 is based on essentially the same ideas as
that one of Theorem 3. As it is more elementary it is left to the

reader.

Proof of Theorem 2: Part i) follows trivially from the translation-

invariance of the Haar measure on H. Therefore we have to prove ii).
Let y ¢ H be given. As yf = 8;(@) for all fe8,(G) would imply that
feyf defines a bounded linear operator on SH(G) (by the closed
graph theorem) we may confine ourselves to show that there exists

a constant C>0 and a sequence (fn)n21 QSH(G) satisfying Ilfnnss ¢,

and Ilyfnl)s?.n/Z for all neN.

In order to show this we start with any relatively compact subset
Me<H such that lMlHZn (measure in H). Let now V be any relatively
compact neighborhood of the identity in & such that (HF) N (V=y) =4¢.
Then Mo : = M+V is again an open, relatively compact subset of @ and
(V+¥E) n (TVI';—?) =@. Consequently there existx g¢ 1! (&) such that
£=1 on M -y and supp égé\(H-i-V). This implies that g belongs to
the closed ideal Iy of L' (), I(e) := {£] fer'(e), £/g=0).

Since this ideal has bounded approximate units c¢f. the proofs of
[5], there exists a constant CH>O such that there is some feIH(G)
”f”15 C;’ Hf—f*glh <1/2 Hence f(h) =0 for all heH, in particular
£l =N£lly SCy, and ]f(z)\21/2 for all z €M _-y. This implies
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|7£1(2) | >1/2 for all zeMeM . This gives lyfll_ = I¥% |l >
0 8 H L1(H)
2 %IMIHE?n/Z. We may thus take for fn the function f just found,

and the proof is complete.

A
Proor of Theorem 3: Let H be the given, closed subgroup of G. We

have to distinguish between the following two cases:
i) H is compact
ii) H is not compact.
We shall write down the proof for the first case, with the appropri-

ate modifications for ii) between brackets.

It follows from the assumptions that there exist two sequences
o0 . A
<Vn)£:1 and (Un)n=1 of relatively compact, open subsets of G

satisfying the following conditions:

o A —
(1) nl'=J1 V,=@\H; V, <U,

Hn'ﬁ’n=¢ for all n € N.

For later use we define K := H+U [:={0} +T ]. Note that X is a
compact set for every n e MN. The regularity of the Banach algebra
Fj(@)=:{§kE€IJ(G)} allows us to choose further a sequence (fn)£:1g
< L1(G) such that

(2) %

ro—

A
1 on mVn, supp fns: —Un.

i

1

Thus, in particular
A
(2") fn(h)zo for all h e€H, ne€N.

kA
We now want to define inductively a double sequence (yk’n)gz1,n:1gG,
folloWing the natural order of their indices (given by the lexiko-
graphical order). We begin with y; =0, for example. Given (ko,né)

, ,

and (yk’n),for all (k,n) < (k,,n ) we choose yko,n [in H] such that

o]
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(3) (ykoyno-—Kno)fW(ykgn-Kh):=¢f for all (k,n) < (kj,n.).

This is possible, since U(k n)<(k (yK n Kh) and Kn are com-

0
pact sets, while éfH} is not compact

We are now in the position to define an unbounded, positive,

A
discrete measure p on G:
% k 4
(4) p:= £ I k ; and
k=1n=1 yk,n
-1 A 1 /A
(5) S(@) := {£f[fel (&), el p(®},
A
with the norm [If]l _: = ||f], + [If]]
g 1 L1

L 1
That S(G) is in fact a Segal algebra is easily verified (cf. [3],§ 3).

As £ we nmay take

o) © k| £
6) f:= T % -y 2 - % a8 g
k=tnst 0 OB g |l Kk, SR TR
3 — 3 -1 o
with ak,n = (k anH1) ) Bopt = yk,nfn .

Appearently f belongs to L1(G), as [Ifll, = % k-~3<:w Note furthermore
k
that (3) and the inclusions
A - I
mmpgmngy&n+Ungﬁgn+&11mmy
' A
(7) (yl«:,n—Kn> ﬂsupp gl,m:¢ for (K,l’l) :l:(lsm)-

In particular, the functions ék n have pairwise disjoint supports.
‘ g

We now intend to verify that yf e S(G) for all y €H, by showing
that fgl’m(yk’n) =0 for all (1,m) and (k,n). This in turn implies
VE(yy ) =0 and llyfllg=lly£lly = il = Il for all y € H,

In the case i) we argue as follows: Fix (k,n) for a moment. By

(2‘) and: (6) we then have

o A |
(8) ygk,n(yk,n ::ékgn(yk,nf'y):zak,nfn("y)zzo for ycH.
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. . N
(7) now implies ygm,lwk,n) =0 for (1,m) # (k,n), as Vie,n~Y be-
longs to yk,n"Kn"

In the casc ii) (2') and the choice of (yK n) cH imply directly
b2
A
1 e - —
(8") bl m(yk n al,mfm(yk,n—ylym y) =0
for all (k,n), (1,m), and all y c<H.

It remains to prove that yf ¢ S(G) for y ¢H. Let y ¢ H be given.

Then, by (1), there is some n, € such thaty €V, - Consequently
1

T3 . A 3 -1
(9) T,n, (yk9n1) =ak,n1fn1(-y) = (k Iy, 1,)7" for all k>n,.

Because p i1s a positive measure we have

(10) lygolig=u(|FE) @¥/lIz, lly  for a1l kzxy

and the proof is complete.
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SYMMETRIE DER WIENERSCHEN ALGEBRA UND GRUPPENSTRUKTUR

von H,G.Feichtinger und H.Rindlexr

In [f}wurde fiir allgemeine lokalkompakte Gruppen die
Algebra W' (G) definiert. Sei g#+0 irgendeine positive,
stetige Punktion mit kompaktem Tréger. Dann besteht w!(a)
genau aus denjenigen stetigen Punktionen auf G, fir die
es eine geeignete absolut summierbare Folge (a ) =1 sowie
eine Folge (yl,l)nmJI €G gibt, sodaB

(1) }f(x)’ & g§1 ang(yn”1x) fiir alle xeG gilt.
Es wurde gezeigt, daB wl(g) mit der Norm

nf” = inf{]§51\anl,(an £21 erfiillt (1)}

eine pseudosymmetrische Segalalgebra ist('pl,§4). In [1] .
wurde weiters bewiesen, daB W' (@) die kKleinste unter allen
Segalalgebren auf G ist, die gleichzeitig ein ¢°(@¢)-modul
beziiglich der punktweisen Multiplikation sind. AuBerdem
stimmt W1(R) mit der von N.Wiener definierten Gruppen~
algebra iiberein (Eﬂ,Chap.1,§5,iii).

De W1 (G) in kenonischer Weise gegeben ist, stellt sich
von selbst die Frage, fiir welche Klasse von Gruppen w!(a)

als symmetrische Segalalgebra angesehen werden kann.

Wir werden diese Prage hier weitgehend beantworten.

ProPosition 1. Die folgenden beiden Eigenschaften sind
dguivalent: 1) W1(G) besitzt eine Hguivalente Norm mit
der es eine symmetrische Segalalgebra 1st, N
ITI) Piir jede offene, relativ kompakte Menge
UsG gibt es eine natiirliche fahl n, (:nO(U)) mit der

Eigenschaft, daB es fiir jedes xeG eine endliche Folge



(v4){% £ 6 existiert, fir die gilt
(2) Ux = L}§l1y U.

Eg ist unmittelbar Klar, daB eine Gruppe, die die
Eigenschaft II) hat, notwendigerweise unimodular sein
muB. AuBerdem ist es nicht schwer zu zeigen, daB II)
genau dann gilt, wenn es eine solche Menge U gibt,
die II) erfiillt.

Proposition 2. Sei G eine lokal zusammenhiingende Gruppe.
Dann sind die Eigenschaften II) und III) Hquivalent:

I11) Es gibt eine invariante, relativ kompakte Teil-

menge W von G mit nichtleerem Inneren (d.h. xW= Wx

fiir alle x&G ).

Die Klasse aller Gruppen, die die Eigenschaft III)
‘haben, wird tiblicherweise mit [IN| bezeichnet. Als
direkte Konsequenz der beiden Propositionen haben wir:
SATZ . Sei G eine Liegruppe. Dann ist W1(G) genau dann
(mit einer geeigneten Norm) eine symmetrische Segal-
algebra, wenn Ge[IN]| gilt.

Unter Berlicksichtigung der Tatsache, daB fiir eine
kompakte, invariante Untergruppe H die Quotientengruppe
G/H genau dann die Eigenschaft IT) bzw. III) hat, wenn
- G diese BEigenschaft hat, 188% sich das Ergebnis dee
Satzes unter anderem auf lieprojektive Gruppen aus-
~dehnen. Wegen des Approximationssatzes infﬁﬂ(theorem 4.6.)
gilt der Satz also insbesondere fiir fast zusammenhingende
Gruppen (der Quotient G/G von G nach der Zusammenhangs~

kemponente G des neutralen Elementes 1st kompakt)
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