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Weighted L?-Spaces
and the Canonical Mapping 7T':LY(G) -~ L'(G/H).

HANS G. FEIOHTINGER (Vienna)

Sunto. — Dato un sotiogruppo normale chiuso H di un gruppo localmente
compatio &, Ty denota Vapplicazione lineare canonica da LMG) su LYG(H).
Utilizzando Vinterpolazione complessa si dimostra che sotto alcune con-
dizioni sulla funzione peso w, Ty applica uno spazio L? con peso, LL(H),
s L (GIH) per 1 <p < oo. Inollre si deducono risultati analoght per
gli spagi ALY, I?, 18 ,) e F(L" 18 ) per G = Rm, I = RF, k<m.

1. — Introduection.

Let a closed, normal subgroup H of a locally compact group &
be given. Denote the Haar measures on &, H, and G/H by dw, df,
and dZ respectively, and write wy for the canonical homomorphism
from G onto G/H. If d% is appropriately normalized the linear
mapping Ty, given by

Tuf@) = [ flwf) s,  [eXK(@), &= mala),

"

extends to. a linear contraction from LY&) onte LY(G/H) (cf. [8],
III, 4.4). Furthermore, it is known that 7y maps a Beurling alge-
bra L.(G) onto another Beurling algebra L}(@/H) (see [8], III, 7.4).
In the present paper it is proved by means of complex interpola~
tion that under natural restrictions on w 7y maps a weighted
L»-space Li(G) onto another weighted L”-space Lj..(G/H), for
L<p<oo. Besides, for arbitrary weight functions w Tu(L* N L),
1<p=<oo, and Ty(L*N Cp(@)) are characterized. In the second part
of this note concrete examples on G.= R», with H= R* k< m are
considered. By means of real interpolation it is possible to extend
these characterizations to the spaces A(L*, L»,17,) and F(L*,13,)
that have been treated in earlier papers by the author ([3], [4]).
Notations concerning harmonic analysis are taken from Reiter’s
book ([8]). For the sake of shortness we take up the convention
that a reference of the form III, 4.5 refers to Chap. 3, § 4.5 of [8].
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In particular, for g/eG the translation operators L, and 4, are
defined by

Lf(@): = fy~a), A,f@)=fey) de(y) ,

A, being the Haar module on &.

K(@) denotes the space of continuous functions with compact
support (supp), C°(@) the space of continuous functions vanishing
at infinity, endowed with the sup-norm. The Lebesgue spaces with
respect to the Haar measure are denoted by (IL»(@), | |,) or sim-
ply L». The numbers p and p’ will always be related by 1/p +1/p'==1.
In the sequel w denotes a continuous weight function (ef. ITI, 7.1),
i.e. a continuous function on G satisfying

w(e)=1, and wey)<w@)w(y) for all 2,y @ .

For B = L?(G), 1<p<oo, or B= (0%C) B, is to denote the space
{f|fwe B}. Endowed with the norm |f|,,: = |fw}, B, is a trans-
lation invariant Banach space. It is easily verified that B, -= B,
if and only if wy~aw,, i.e. iff

d0>0 such that C1w, () < wy(2) < Cawy () for all ze@.

Thus there is no loss of generality in assuming that w is continous,
gince any weight function as defined in III, 7.1 is equivalent to a
continuous one (see [9], Proposition III, 1.3).

An equation of the form 7TyB = B(TyB = B) has to be inter-
preted as a short formula for the following statement: Ty is a
linear mapping from B onto B, and the image Ty B = B/Ker Ty,
endowed with the quotient norm iz (isometrically) isomorphic to
B as a Banach gpace,

2. — Identifying T,L%(G).

In this section the image under 7y of the spaces L2(@) and
It~ Li(@) respectively is characterized for 1<p <oo. The general
result will be derived from the special cages p =1 and p == co by
means of complex interpolation.

Although it is not necessary to restrict the consideration to
subspaces of L(() it is nevertheless necessary to impose certain
conditions on w because for p>1 Ty cannot be applied to LI(G)
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for an arbitrary weight function (e.g. w=1). The following condi-
tion on w is to be imposed occasionally:

(W,) wlge L' (H) .

If (W,,) is satisﬁed Tyt is well defined for all fe IZ(@). In fact,
by III, 4.5 we have for any feL:(@): there exists a set A,C G/H
of measure zero such that

L s(fw)|ge Lo(H) for all @ en; (N 4,) .
On the other hand the submultiplicativity of w implies
Lw| e L*(H) for all ze@
Holder’s inequality gives now
Lfly € TMH) for all @ & w7 (GN\4,) ,
and therefore the integral defining T f(2) exigts almost everywhere

on G/H.
We begin by recalling the known result for p =1 (I1I, 7.4):

PROPOSITION 2.1. — T, Ly(@) =2 Li(G[H), with
W(E): = inf {w(xk), e H}, &= grg(m) .

For the case p == co the following result is available:
PROPOSITION 2.2. — Let G be countable at infinity, and suppose
that w satisfies (We). Then .
TpLg(G) = LI(G[H), with @ = (Tyw)™.

Proor. - As explained above (W) implies that Ty is applica,ble
to L3(G), in particular, @ is well defined. Let mow fe L (@) b
given. Then f:= hw-t for gome heLX(@), and ||f| o= |h]wo-
Therefore

Ty fl) fh (0E)w-Y () A& <W0~(k) ons sup, [h(2&)] for & == my(x).
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Because @ is countable at infinity we may apply III, 4.9:

” THfH @0 es8 Supéea/u |TH (:i)'LT)(:i:)[

< ess sup; €88 SUDey |R(@E)])

xeq/n (

= €88 8UP, e (@) = [B]o= [ ],

In order to show that T} is surjective we define a right inverse Sy,
to Ty by the formula

8yl = [(fB)omglw,  feL(G/H).

Since fw belongs to L*(G/H) III, 4.9 implies that 8, of belongs to
L3(@). Moreover [Sy,fle..= ||f[[m,w, and Ty8y,f=/- This im-
plies that Ty is surjective and that the quotient norm coincides
with || Tyf|, 5

Our first main result can now be derived by interpolation.

THEOREM 2.3. — Let G be countable at infinity and let w be a weight
function on G satisfying (W,) for some p, 1<p<oo. Then

TuLy(@) = Li,y(G/H) ,
with
w{PpY(&): = [ L tg|;, £ == my(2) ,
(i.e. w<;p> = (Tgw™')"*" for 1 < p < oo).

Proor. — For p=1 or p = co the assertions are just those of
Proposition 2.1 and 2.2 respectively, since any weight function
satisfies (W,), and « coincides with w{1), and % is the same as
w{oo) a8 defined now.

For 1<p < oo the result is obtained by means of complex
interpolation. If we write v instead of w* we have (cf. [2], 13.6
or [1], 5.8.1):

Loy = (L‘)””(L”)”” = (L* L) -
Hence Ty defines a contraction from IL? into
(L)L) = LD, .

Again we have to prove that Ty is surjective. As wo have seen
in the proof of Proposition 2.2, §,,, is an isometry from L2 into L2.
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Besides, we have S, ,|f|=: |Sz,f| and thus
18zuflls= | TuSuofli==|fl.  for all fe LYG/H)

by Weil’s formula (111, 4.5). Therefore, again by complex interpola-
tion, Su,v maps L'Tz:(m) into Lf: and ”SE,ufHu.w<‘”f”w,w(w) for all fe
€L}, (G/H). The proof is now complete.

As a direct consequence of thoe proof we have the following
result:

COROLLARY 2.4. — Let G, w, p, wp) be as in 2.3. Then
Ty (L3 L3(6) 22 IAA Lo (6/H)
COROLLARY 2.5. — Let G, w, @ be as in 2.2. Then
' Co(@) = OL(GIH) .

Proor. — Since T, maps K(@) onto K(G/H) (see IIT, 4.2) it
ig clear from 2.2 that T, dofines a contraction from C)(@) into
C2(G/H), C3(G/H) being the closure of FK(G/H) in LZ(G/H). In
order to prove surjectivity we cannot use Sy, anymore because
it does not map K(G/H) into Cj(@). We proceed as follows. The
argument used in the proof of the open mapping theorem shows
that it is enough to prove the following result:

for any fe C%(G/H) and &> 0, there exists fe C5(G) such that

”Tﬂf—"ﬂlm,ﬁ<8 bl a"nd "f"m,w‘;“f“m.m *
This condition is satisfied by a function f of the form h(SH,wf) )

large compact set.

For 1<p < oo the result of Theorem 2.3 can be extended to
arbitrary locally compact groups (cf. ITI, 7.8, 7.9 for this problem).
After having proved that the kernel of Ty in Lj(@) coincides the
closed lincar span of {4,k—k, ke K(&),neH} in Li(G) (cf. III,
6.4) one can apply the machinery used in the case of Beurling
algebras (see IIT, 7.8, 7.9). Since no essential new idea is required
wo state tho rosult without detailed proof.

THEOREM 2.6. — For 1 <p < oo the assertions of Theorem 2.3 are
true for an arbitrary locally compact group G.

We conclude this section with a companion of Corollary 2.4.
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Since Ty is defined on L'~ L2(G) without any restriction on w one
may ask what happens if (W) is not satisfied. The answer to this
question is contained in the following results.

PROPOSITION 2.7. — Ty(L'n CY(&)) = LYG/H) if w*|;¢ L'(H)

PROOF. — It will be sufficient to show that given ke K(G/H), s >0
there exists ke K(@) such that Tuk= £k, [k]|.=|&]., and |k| «,,<e.
We begin by proving the following assertion:

given a compact set X C G, >0 there emists he KY(G) satisfy-
ing |h|ow=1, and [W(@E)w(xf)dE> o7 for all xe XK.
H

PRrROOF. — Since a weight function is bounded on compact sets
there exists C,> 0 such that

Ot w(@) < w(zy&) < Cw{ws) for all @, vye K, e H .

Moreover, the assumption implies L, w™!| ¢ LY{(H) for all xe . 1If
we fix any #,€ K there exists a compact set FFCH such that

f Ao €) AE> O 61 .
Hence
fw—l(mf) dE> 61 for all ze K .

Choose now he K*(@) such that [hfw=1and =1 on KF. Then &
has the required properties.

Let us now return to the proof of the Proposition. Let ke K(G/H),
£>0 be given with suppk= K. According to IIT, 1.8. iii) therce
exists a compact set KC@G with ny(K)= K. For this set XSG
and some ¢ < e]|k|Z we set

S,k = (komy)hw=/Ty(hw=1) oty ,

h being as in the above assertion. Since Ty(hw=1)(€)> 0 for all
@€ K we have TySy sk =k, and also |[S,,%|,= |k], by Weil's for-
mula. Moreover, ||S; sk, < [£]od < by the choice of %. Tence
we may take k= B’,,‘,Ic, and the proof is complate.

THEOREM 2.8. — Let 1<p<oo and w be given, such that
does mot satisfy (W,). Then

T, (L'~ I2(G)) = L3(G/H) .
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PRrooF. — The case p =: co is a trivial consequence of Proposi-
tion 2.7. Let now 1< p << oo be given. Again it will be sufficient
to show that for keIL(G/ )y €> 0 there exists ke K(@) such that
Tyl Ry |k]|s== |E]., and |k, ,<e. To this end observe that Sus
(wnh w replaced by w” == ) can be considered as a bounded linear
operator from the closed subspace LY(G/H) = {f|f e L=(G¢/H), f van-
ishes outside I&} of I*(G/H) into L°°(G) of norm less than ¢. Since
185l = £l f01 feLi(G/H) we obtain by the use of complex
interpolation: 8, ; defines a bounded lincar operator from Li(G/H)
into Lj(¢) satisfying

"n.w Sl

" Su,d":’

for all ke K(Q/H) with suppkcK .

For &-:e”|E];" the choico ke Sysk completes the proof.

3. — Applications to spaces on R and Z»,

In this seetion the results of section 2 ave applied to weighted
Lr-gpacos on (.- R» or Z», Furthermore, they are oxtended to
tho most typical examples of the spaces introduced in [3] and [4],
including the so called Beurling-Ilerz spaces. We shall only state
thoe results for H = RY (f == Rm*x R*, & < m. The same results are
of course true for Z* and Zw,

In order to simplify the statements of our results we use the
following notation:

L3R == Ly, (R¥),
Wy, (@) = (1 - |2])* log® (1 -+ |»]) , with |

m 2 i‘
[ sz ’{UERm.

i=1

Note that we obtain an equivalent weight function generating the
same spaces B, if we replace the Euclidean norm by any other
norm. on Rm,

For the definition of the spaces A(4, B, X) and F(B, X) the
reader is referred to [3] and [4]. We agsume throughout that these
spaces are built up over the system (B,)my, With B, == {z||z|<2"},
w1, By== . \Vo only mention here that L'n F(L», 1 ,) = A(I?,
I, 7,, ) Tor a0, and that these space i o Banach algebras with
.r(wpoot, tio (sorwolution (4], Theorem 5.1). Besides, Ly, coincidoes
with F'(L», 13 ).

In tho sequel the value k(1 —1/p) - k/p" will play w significant
role, We write « for this «eritical index».
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THEOREM 3.1. — Let 1<p<oo, k<<m be given. Then

) Tre(Ly(R™)) = Li_, ,(R™¥) and
Tre(L*n L (R™)) = L*n Lj_, (R™¥) for a>a;
ii) Tge(LE,(R™) == L3,y (R™%) for a=o, b>1/p';

(
ifi) Tge(L*n L7 (R™)) = LY(R"*) for a <, or @ = o, b<1/p'.

These results remain true if L™ is replaced by C°.

Proow. — Since w,, satisfies (W) in the given situation ift the
conditions stated in i) or ii) are satisfied, it is clear that i) has to
be derived from 2.3-2.5, and iii) from 2.7 and 2.8. Since the general
result follows from the case k=1 by induction the problem can
be reduced to the proof of the following statement: for G == Rm,
H = R the relations

@) Wy 4~ Wemgyy ¢>1,b€R, and

b) "7’—1—,;"‘ Wyp—y 0>1
are satisfied. In order to prove a) we replace w,, by the equivalent
weight function w,,

wy(w) = (1 + |y|+ |z))%log" (1 -+ |y| + |2a]) ,  @=(y, 5u) ER™.

Then

ll?

w ?/)""f’”h (Y, ) A2y, + f’w1 (Y, @) da

ll*

Since there is some >0 such that

log® (1 + [y]) <log® (1 4 [y] + [.]) < Clog® (1 + |y|)

for all »,, with [¢,|<|y|* we may continue in the following way:

jv]?

W, (y) ~ [log™ (1 + Iyl)]f(l + Y|+ [@n]) ™ devy +

-+ 0( f (14 {yl =+ Imm[)—u-wdwm) ~ [10g~b (1 + Iyl)] (1 I ]yl)"“'“.‘_

lwi*

+ 01+ [y]+ )™~ w (1)
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for any ¢, 0 <e< (e¢—1)/2. This implies a). Using essentially the
same method b) can be derived , using partial integration.

The following result from real interpolation theory will be
needed in the sequel.

PropositioN 3.2. ~ For ay, a,>0, 6= (1—80)a,+0a,, 0 << <1
1<p, < oo
F(L ’ la b) (La, 8] Lanb)o

Proor. — Without real loss of generality we may assume b == 0,
Using Theorem 3.7.1) of [6], with 7= 2 we find that F(L?, )=
== (L% 1y ), With 0 == a/ay for any a,> . 1f we choose a; > max (a,, @)
we have L” == (L7 Iy ), , Wit 0, == a;fay< 1,4 == 1,2 by Theorem 5.4.1
of [1]. An apphc(mmon of the reiteration theorem (1], 3.11.8) gives
the result.

Our results up to this point are still ingufficient in order to
derive a characterization of Tgx(F(L», It ,, R™)). The problem to be
solved arises from the fact that we cannot use the operators S, .
anymore because they depend not only on p. Fortunately we can
find & universal right inverse Sg for T'y: LY{(R™) — L1(R»-1), guitable
for our purposes. We write again @ == (y, 2,) for ze R and set
¥ = max (1, |y])~* Then we define for je L} ,(R"™1), 1<p < oo,

’SRf(yr W) 1= Ei’;f(?/)h(wmm) y

h being any fuonctoion in K(R) with ||k|,= 1. A right inverse Sgk
for Tprs= Tho.,.oly can be defined inductively. The properties
of Sgw k< m follow immediately from the corresponding results
for Sg. ‘

Livma 3.8, — Let a>0, beR, 1<p< oo be given. Then the fol-
lowing s true for all feLj (R™):

) TrSgrf={f; |Srf|== Sglfl;
) |8rflli== [f]: of feL*(Rm-1);
iii) supp Srf € {(¥, @n), y €5UPP/, [@n| <max (1, |y])},
and therefore Sg(K(R»-1)) < K(R™);
iv) there emists 0> 0 such that |Sgflserimn< Clf]p0n-

Proow, ~ i) - iii) arve easily verified and iv) can be derived from
the extrome cases p==1 and p== co by complex interpolation, or
by direct caleulation.
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We are now ready to derive the second main result of this sec
tion. Recall that & denotes the critical index k/p’.

THREOREM 3.4. — Let 1<p, g<oo, kymeN, k<m, a>0,beR be
given. Then the following relations hold true for G = R™ and H = R*:

) TR”(P(Lmv Zgb)) F(Lr s Lame) for a>a;
) Tre(A(LYy L2, 17 ) == A(LY L2, 12 ) for a> o

( ? u—ocb
111) TR"( (It L2, Zg,a)) = (L, Z’E,b)m F(L», Zg—a,b) for a> a;
v) Tpe(A(LY L7, 15 ) = LM R™F) for a < a.

Proor. — Relation i) follows from 3.1-3.3 and the principles of
real interpolation theory, applied to the operators Tps and Sge
(see [1], Theorem 3.1.2). Note that one may assume that the
value ¢, in 3.2 may be choosen such that x<<a,<a holds. Since
the operator Sy is independent of the spaces considered the image
of the intersection of two spaces mentioned in this section is just
the intersection of their images. Relations ii) and iii) are typical
illustrations for this observation. Relation iv) follows from the
inclusion L~ LC A(LY L7, 15 ,)C LA

4. — Concluding remarks.

1) With appropriate modifications the results of section 2 can
be extended to arbitrary closed subgroups H of ¢. In this more
general situation one comsiders the linear contraction 1',, from
LY(@) onto the space LYG[H) of all integrable functions on G/H
with respect the quasi-invariant measure d,#. The arguments given
in section 2 go through essentially unchanged it Ty is veplaced
by T,, and w by ¢**'w. In particular, (W,) becomes:

gt e LMH) .

For details the reader is referred to Chapter 8 of [8], and Lem-
mata 1.1. and 1.2 of {7].

2) Another extension is possible concerning the function w.
It is not necessary to suppose submultiplicativity of w. Instead,
it would be sufficient to assume that w is a «moderate » function
or equivalently, that L}(G) is a translation invariant space (see [5]).

3) As in the case of LY(@) (ef. ITI, 6.4) the kernel of Ty (or
T, ,) in the spaces B considered in this section can be characterized
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as the closed linear span of the set {4,k—&klpeH, ke K(G)} if
K(G) is dense in B, e.g. if we have 1<p, ¢<< oo.

The author gratefully acknowledges valuable hints due to the
referee.
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