
MATERIAL for the course on LINEAR ALGEBRA 2

1 Possible Topics to be covered

The main points (overall goals) of this course will be to settle various important principles
from linear algebra from a more abstract point of view (while in the modeling course
the more concrete applications will be in the foreground), i.e. to emphasize the aspect
that one deals with (abstract) vector spaces, sometimes even infinite dimensional ones.
Choosing a concrete basis is then helping to get away from the understanding that the
world consists only of row or column vectors (with real or maybe complex coordinates).

The second specific aspect is the analysis of algorithmic questions. So we will not be
content with just the existence of solutions, but we will discuss (e.g. iterative) methods
helping to come up with a numerical solution to a given problem. In this context matrix
factorization methods or interpretations of classical methods (from Gauss elimination
to the Jacobi method of determining eigenvectors) as factorization of matrices play an
important role.

In the finite dimensional situation we have of course also mathematical software (such
as OCTAVE and MATLAB) at our side, in order to do explorative and numerical work
(“we do not compute in order to get numbers, but in order to get insight!”).

Combined with geometric insight (orthogonality, etc.) one has a much better picture
of the benefits of methods from linear algebra compared to a purely algebraic view-point
on the matter.

xxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxxx

>> V = vander(-1:1);

IV = inv(V);

>> det(V)

ans = -2

V =

 1 −1 1
0 0 1
1 1 1

 (1)

IV =

 0.5000 −1.0000 0.5000
−0.5000 −0.0000 0.5000
0.0000 1.0000 0.0000

 (2)

Translation by 1 is given as

T1 =

 +1 +0 0
−2 +1 0
−1 −1 1

 (3)
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The Lagrange interpolation polynomial for 0 : 2 (i.e. for [0, 1, 2]) is given by the set
of coefficients obtained as T1 ∗ IV :

T1 ∗ IV =

 0.5000 −1.0000 0.5000
−1.5000 2.0000 −0.5000
1.0000 0.0000 0.0000

 (4)

which - surprising or not - concindes with the inverse of the Vandermonde matrix V 2,
given as V2 = vander(0:2):

V 2 =

 0 0 1
1 1 1
4 2 1

 (5)

A crucial difference is in the condition numbers: we have cond(V ) = 3.2255 while
we have cond(V 2) = 13.9125, mostly due to the fact that cond(T1) = 7.8730. (trivial
estimate:

cond(A ∗B) ≤ cond(A) · cond(B).

Assume that we build a new basis from the monomial basis (M) := [x2, x, 1], namely
Y = (t2 + 1), (t2 + t), (t + 1), which is of the form (M) •A, with

A =

 1 1 0
0 1 1
1 0 1

 (6)

The inverse matrix is  0.5000 −0.5000 0.5000
0.5000 0.5000 −0.5000
−0.5000 0.5000 0.5000

 (7)

an thus the representation of the (right) shift matrix is given as

A−1 ∗ T1 ∗A =

 2.5000 1.0000 −0.5000
−1.5000 0.0000 0.5000
−0.5000 −1.0000 0.5000

 (8)
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1.1 The Schur factorization

>> help schur

SCHUR Schur decomposition.

[U,T] = SCHUR(X) produces a quasitriangular Schur matrix T and

a unitary matrix U so that X = U*T*U’ and U’*U = EYE(SIZE(U)).

X must be square.

T = SCHUR(X) returns just the Schur matrix T.

If X is complex, the complex Schur form is returned in matrix T.

The complex Schur form is upper triangular with the eigenvalues

of X on the diagonal.

If X is real, two different decompositions are available.

SCHUR(X,’real’) has the real eigenvalues on the diagonal and the

complex eigenvalues in 2-by-2 blocks on the diagonal.

SCHUR(X,’complex’) is triangular and is complex if X has complex

eigenvalues. SCHUR(X,’real’) is the default.

See RSF2CSF to convert from Real to Complex Schur form.

See also ordschur, qz.

Reference page in Help browser

doc schur

>> [U,T] = schur(FEI)

U =

-0.4645 -0.7858 0.4082

-0.5708 -0.0868 -0.8165

-0.6770 0.6123 0.4082

T =

16.1168 -4.8990 -0.0000

0 -1.1168 0.0000

0 0 -0.0000

>> [U,T] = schur(FEI,’real’)

U =

-0.4645 -0.7858 0.4082

-0.5708 -0.0868 -0.8165

-0.6770 0.6123 0.4082

T =

16.1168 -4.8990 -0.0000

0 -1.1168 0.0000

0 0 -0.0000

>> null(FEI)
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ans =

0.4082

-0.8165

0.4082

1.2 Vandermonde matrices

The concrete vector spaces (let me call them semi-abstract spaces) P2(R) or P3(C) etc.
are extremely useful and come up everywhere (both in algebra and analysis, etc.). They
are interesting objects for many reasons, not only because the appear to be known in
principle from high-school.

The are given by their typical monomial basis, i.e. the family of functions {tm |m =
k, k − 1, . . . , 0}, where k is the degree of the space of polynomial functions over R or C
(or another field K).1 Obviously they constitute an k + 1-dim. space.

1.3 Operators and Matrices

For every linear mapping (so-called operator) T : V →W between linear spaces one
can use bases in order to describe it properly.

2 Concrete suggestions

2.1 Block Matrices

WILL BE DISCUSSED in the unit done by Daniel Eiwen: 17.Okt.2011

3 Various concrete books

3.1 Spence/Insel/Friedberg:

[?], or [6] entitled: Elementary Linear Algebra, a matrix approach [Pearson, 2008]
Very well illustrated. Each chapter with Review exercises and MATLAB exercises.
Section 2.5*: Partitioned Matrices and Block Multiplication
Does matrix representations of linear operators Chap.4.5., p.277: however only [T ]B
Interesting non-trivial sections: SVD (6.7.*, done), principal component analysis

(6.8.*), and computer graphics motivating rotations in R3.
P.523: Thm. 7.10.: [T (v)]B = [T ]B[v]B.
nontrivial examples such as V = C([0, 1]), or Cn×n of n× n−matrices with the

Frobenius norm and scalar product trace(A ∗B′);
1Finite fields Zp, with p prime, are good exercise fields!
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p.564: Nice overview over MATLAB commands.

3.2 Thomas S. Shores: Applied Linear Algebra and Matrix
Analysis

Section headers are (and each section has computational notes and projects):

1. Linear systems and equations;

2. Matrix algebra (including basic properties of determinants);

3. Vector spaces (subspaces, bases, dimensions);

4. Geometrical aspects of standard spaces (inner product etc.);

5. The Eigenvalue problem (but also Schur and SVD);

6. Geometrical aspects of abstract spaces (Gram Schmidt, operator norms);

Chap.4.4: Change of basis and linear operators [T (v)]C = [T ]B,C [v]B. and a proof
that composition of linear mappings corresponding to matrix mutlipication (however
with a large number of typos in the crucial THm.4.11).

Chap.5.5: Schur Form and Application 2 pages scanned!
([?])

3.3 Gilbert Strang’s Introduction to Linear Algebra

with all the applied aspects, including SVD

1. Introduction to vectors;

2. Solving Linear Equations;

3. Vector Spaces and Subspaces;

4. Orthogonality (Gram Schmidt)

5. Determinants

6. Eigenvalues and Eigenvectors (SVD, pos. def. )

7. Linear Transformations and matrics (PINV!)

8. Applications.. (Markov Matrices, Statistics, etc.)

9. Numerical Linear Algebra

10. Complex Vectors and Matrices

([11])
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3.4 Sadun: Applied Linear Algebra: The decoupling principle

Quite steep but clear book, with strong abstract background. Providing examples, but
not for the beginner

1. Vector Spaces and Bases (basis, dimension, change of basis, sums)

2. Linear Transformations and Operators (matrix of linear mapping)

3. An Introduction to Eigenvalues (char. polynomial, etc.)

4. Some crucial applications (Diff-Equ, Markov Chains, non-lin. problems)

5. Inner products (Bras, Kets and Duality, Gram-Schmidt, Fourier series)

6. Adjoints, Hermitian Operators, and unitary operators;

7. The Wave Equation

8. Continuous spectra and the Dirac Delta Function (distributions...)

9. Fourier Transform (convolution, PDE, Heisenberg, )

10. Green’s function (Delta-functions, Laplace equation)

The book does not shy away from using infinite dimensional examples
Typical SPIRAL principle: Each setting is coming up three times: First in the setting

of Rd with matrix computations, secondly n−dimensional abstract vector spaces, by
choosing the right basis. The third setting is the infinite dimensional vector space. Some
of the results there are merely stated, e.g. the spectral theorem for self-adjoint linear
operators (but analogy is built up!)

The books is aimed at a mixture of math, physics, computer science, engineering adn
economics students!

xvi: hint about physics bra-kets, and the terminology of “generalized eigenvectors”
or rather power vectors as suggested by Sheldon Axler.

Contains also some nice plots (p.188/189: Fourier partial sums to box..!)
[8]

3.5 T Banchoff and J. Wermer

([2]) Linear algebra through geometry
Goes in medias res: geometry of the plane, linear transformations and matrices,

products of transformations, inverse, system of equations, eigenvalues, determinants,
classification of conic section in R2 all (Chap.2). Same in Chap.3 for R3. Then for n ≥ 4
(Chap.4) and general (abstract) vector spaces (Chap.5), giving the description of a linear
mapping in a given basis, using the symbol (p.248): mB(T ). Thm.5.5 and Thm.5.6 give
the composition law, writte as

mB(ST ) = mB(S) ·mB(T ). (9) complinmap03
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and change of basis

mB′(T ) = cmB(T )c−1, with change base matrix c. (10) changbas03

Does not treat the general case of different vector spaces or different bases. Reaso-
nable recommendable learning book with a number of good examples and some plots.

3.6 Geza Schau: Introduction to Linear Algebra

sc97-1 [9]: Standard Program: Analytic geometry in Rn, length, lines, planes, then
systems of linear equations, matrices, general vector spaces, dimension, orthogonal com-
plements, change of basis (!ordered basis) A = [a1, . . . , an] in X. Then

n∑
k=1

xAkak = x =
n∑

k=1

xBkbk,

which gives the change of basis matrix S = A−1B.
Going on with orthogonal projections, determinants, eigenvalues and diagonalizati-

on of matrices, including the complex case. Iterative methods for eigenvalues (power-
method) and LU-factorization. Also providing (p.180) the Gram-Schmidt algorithm.

COMMENT: All standard, nothing exciting, but also most of the important things
are included!

3.7 Sheldon Axler: Linear Algebra done right

[1] based on the principe DOWN WITH DETERMINANTS!

3.8 A classic: Serge Lang: Linear Algebra

also providing (p.186) the theorem of Caley-Hamilton, based on the Schur-decomposition.

3.9 Herbert Muthsam: Lineare Algebra und ihre Anwendun-
gen

Gruppen, Körper, lineare Abbildungen, Räume, Determinanten (auch algorithmisch),
Eigenwerte und Eigenvektoren, Innere Produkte und NOrmen, adjugierte Transforma-
tionen und selbstadjungierte Abbildungen (auch Gruppen von linearen Abbildungen,
die diskrete Fourier Transformation) , Normalformen von Matrizen (Jordan > Diffglg.)
sowie SVD, Lineare Algebra und part. Diffglg., Numerische Lineare Algebra, Lineare
Optimierung (konvexe Polyeder, Simplexmethode),...

Chap.11: Householder Matrizen und QR-Zerlegung, Iterative Lösung von Gleichungs-
systemen, Jacobi und Gauss, konjugierte Gradienten, Hessenbergmatrizen,
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3.10 Linear Algebra by Jin Ho Kwak and Sungpyo Hong

9 standard chapters, including Gram-Schmidt, least-squares solution etc.
Chap.8: Quadratic forms, extrema of quadratic forms, quadratic optimization, bili-

near forms
Chap.9: Jordan Canonical Form, eM , Caley-Hamilton Theorem.

([?])

3.11 Mathematical Analysis for Modeling

citebero98-1 Oct. 2011 in the system
p.550:

w = A(v)⇒ wG = AE,GvE

(not nice, as usual, because of the reverse order!)
p.558: Three state Markov processes.
p.616: Laplace transform

3.12 Linear Algebra through Geometry, 2nd ed.

Thomas Banchoff and John Wermer: In this book we lead the student to an under-
standing of elementary linear algebra by emphasizing the geometric significance of the
subject.

Same order going from small dimensions to larger: n = 2, 3,≥ 4
Chap.2: Vectors in the plane, transformations, inverses, systems of equations, deter-

minants, eigenvalues, classifications of conic sections;
Chap.3:

([2])

4 GERMAN BOOKs on Linear Algebra

4.1 Gerd Fischer: Linear Algebra

[5] Eine Einführung für Studienanfänger
Hat im letzten (= 8.ten) Kapitel auch Dualität und Tensorprodukte, sowie einen

Abschnitt über Multilineare Algebra.

4.2 Heinhold/Reidmüller: Lin.Alg. und Analyt.Geometrie 2

Startet mit Kap.6: Lineare Abbildungen und Transformationen
Kap.6: Unitäre Räume, unitäre Transformationen
Kap.8: Eigenwerte und Eigenräume
Kap.9: Hyperflächen 2. Ordnung in reellen Punkträumen
Kap.10: Ausblick auf projektive Geometrie
Kap.11: Lineare Optimierung (Simplex)

Reference [?]
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4.3 H. Möller: Algorithmische Lineare Algebra

centerlineEine Einführung für Mathematiker und Informatiker

1. Chap.1: Eliminationsalgorithmen (Umformungen, Matrizen, etc.)

2. Chap.2: Vektorräume, Orthogonalprojektionen, Gram-Schmidt

3. Chap.3: Lineare Ungleichungssysteme

4. Chap.4: Lineare Abbildungen (Basis-Transformation und Normalformen)

5. Chap.5: Determinanten

6. Chap.6: Eigenwerte und Eigenvektoren
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5 Further reading and citations?

[3, 4, 7] Book of Gilbert Strang [10]
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