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Motivation

- find a quantum theory of gravity

- consider toy models in three dimensions
◦ simpler, yet contain black holes, propagating graviton waves . . .
◦ in three dimensions we can use very powerful holographic methods

linking gravity to conformal field theories (CFT) in two dimensions

- CFTs in two dimensions are well studied (and understood?!)

- consider limits of these CFTs

• CFTs degenerate to logarithmic conformal field theories (LCFT)

• LCFTs appear in condensed matter physics
they describe systems with quenched disorder
(spin glasses, quenched random magnets, percolation)
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Outline

• Holography & AdS/CFT correspondence

• logarithmic CFTs
◦ logarithmic pair
◦ two-point correlators

• Three dimensional gravity
◦ models of 3d gravity
◦ evidence for gravity duals to LCFTs

• conclusion and outlook
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• the number of dimensions is a matter of perspective

• physical systems can be described in different dimensions

• theory with less (two) dimensions is a theory without gravity

• theory with more (three) dimensions is a theory with gravity
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Holography – recipe

• set up a gravity theory we want to study in more detail

• perform calculations in whichever regime is more convenient
◦ on the gravity side (AdS)
◦ on the field theory side (CFT)

• calculations on the CFT side are easier

• the gravity side tells us what to expect,
how to interpret the solutions
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AdS/CFT – anti de Sitter spacetimes

• anti de Sitter spacetimes are maximally symmetric spacetimes

• in three dimensions

ḡAdS
µν dxµdxν = `2

[
− cosh2 ρ dτ2 + sinh2 ρ dφ2 + dρ2

]
(1)

• theories of gravity that we consider have AdS solutions

• we look for perturbations around AdS, i.e.

gµν = ḡAdS
µν + ψµν (2)

for some small ψ.
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µν + ψµν (2)

for some small ψ.

6 of 31



AdS/CFT – anti de Sitter spacetimes

• anti de Sitter spacetimes are maximally symmetric spacetimes

• in three dimensions
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AdS/CFT – linearize around AdS

• consider higher curvature gravity with action

Sbulk =

∫
d3x
√
−g
{

R − 2Λ +O(R2)
}

(3)

• calculate second variation of the action: δ2Sbulk/δ
2gµν

• put ansatz g = ḡ + ψ into δ2Sbulk = 0 and solve for ψ

• pure gravity (R) yields two solutions ψL and ψR
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AdS/CFT – gravitons and correlators

• equations of motion δ2Sbulk(ψ) = 0

• solutions ψ are gravitons

• ’interactions’ are given by two-point correlators

• correlators are given by the second variation of the (full) action

δS (2)(ψ1
µν , ψ

2
µν) (4)

• calculating correlators in this way is quite lengthy!
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AdS/CFT – conformal field theories

• consider two-dimensional CFTs

• CFTs are field theories that are invariant
under ’angle preserving’ transformations

• CFT operators O
◦ are functions of the coordinates z , z̄
◦ the so-called conformal weights (h, h̄)

(L0O = hO)

describe how O changes under a change of coordinates

• two-point correlators depend only on the conformal weights
and a normalization constant

〈
Om(z , z̄)Om(0, 0)

〉
=

cm

2z2h(m)z̄2h̄(m)
(5)
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AdS/CFT – energy-momentum tensor

• conventions T (z) = Tzz(z) = OL

• special (holomorphic) function with h = 2 and h̄ = 0

• their two-point functions yield the central charges

〈
OL(z)OL(0)

〉
=

cL

2z4
(6)〈

OR(z̄)OR(0)
〉

=
cR

2z̄4
(7)
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AdS/CFT – correspondence

• lin. sol. around AdS are dual to operators in a CFT

ψµν(x) ∼ O(z , z̄) (8)

• duality of two-point functions

δS (2)
(
ψ1
µν , ψ

2
µν

)
∼

〈
O1(z , z̄)O2(0, 0)

〉
(9)

• two-point functions are given by constants (central charges)
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LCFT – logarithmic pair

• two operators have degenerate conformal weights (L0O ∼ hO)

• Hamiltonian (H = L0 + L̄0) does not diagonalize

H

(
Olog

O

)
=

(
E 1
0 E

)(
Olog

O

)
(10)

• multiple degenerations are possible

• the rank of the Jordan cell denotes the level of degeneration

• Olog logarithmic partner to O
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LCFT – two-point correlators

• there are logs in the correlators

• one state becomes zero norm

• if O = OL ≡ T (z) the central charge cL vanishes

• non-vanishing correlators are given by the new anomaly b

〈
O(z)O(0)

〉
=

0

2z2h〈
O(z)Olog(0, 0)

〉
=

b

2z2h〈
Olog(z , z̄)Olog(0, 0)

〉
= −

b log (m2
L|z |2)

z2h
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LCFT – types of LCFTs

• which operator acquires a logarithmic partner?

• standard LCFTs: Om → OL

◦ central charge vanishes
◦ OL acquires a log partner

• exotic LCFTs: Om1 → Om2

◦ central charge does not vanish
◦ Om acquires a log partner and becomes zero norm

• two-point correlators in each (L)CFT
are characterized by a constant

• non-vanishing correlators are given by the new anomaly b
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Einstein gravity/pure gravity

SEH =
1

κ

∫
d3x
√
−g
{
R − 2

`2

}
(11)

• linearize around AdS (g = ḡ + ψ)

• obtain equations of motion

G (1)
µν (ψ) = 0 (DLDRψ)µν = 0 (12)

(DL/R) ν
µ = δ ν

µ ± `ε αν
µ ∇α (13)
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gravity duals to LCFTs

• ψL and ψR are holographically dual to T (z) and T̄ (z̄)

• the central charges of the dual CFT are cL/R = 3`
2G

• cL/R can not be zero

• for possible LCFT duals we need more metric modes
so that the operators on the CFT side can degenerate

• → need higher derivative gravity theories
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Topologically Massive Gravity (TMG)

STMG =
1

κ

∫
d3x
√
−g
{
R − 2

`2
+

1

2µ
ελµνΓαλσ

[
∂µΓσαν +

2

3
ΓσµτΓτνα

]}
(14)

• third order in ∂gµν
• not parity invariant

• linearize around AdS (g = ḡ + ψ)

• obtain EOMs

(DµDLDRψ)µν =0 (15)

(Dµ) ν
µ =δ ν

µ +
1

µ
ε αν
µ ∇α (16)
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TMG – logarithmic solution

• new solution ψm (Dmψm = 0)
→ new operator on CFT side

• the central charges of the dual CFT are cL/R = 3`
2G

(
1∓ 1

µ`

)
• at µ` = 1
◦ cL vanishes
◦ Dm → DL, hence ψm and ψL degenerate (or Om and OL)

• EOMs take the form (DLDLDRψ)µν = 0

• instead of ψm we get another solution

DLDLψlog =− 2DLψL = 0 (17)

ψlog = lim
m→mcrit.

d

dm
ψm(m) (18)
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TMG – LCFT

• at the critical point µ` = 1

• Jordan cell appears

• two-point correlators match

• partition function matches

ZTMG =
∞∏

n=2

1

|1− qn|2
∞∏

m=2

∞∏
m̄=0

1

1− qmq̄m̄
(19)

Z 0
LCFT =

∞∏
n=2

1

|1− qn|2
(

1 +
q2

|1− q|2
)

(20)
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New Massive Gravity (NMG)

SNMG =
1

κ

∫
d3x
√
−g
{
σR − 2λm2 +

1

m2

(
RµνR

µν − 3

8
R2
)}

(21)

• fourth order in ∂gµν

• linearization yields

(D+mD−mDLDRψ)µν =0 (22)
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NMG – logarithmic solution

• the central charges of the dual CFT are cL/R = 3`
2G

(
σ + 1

2m2`2

)

• at 2m2`2 = −σ
◦ cL and cR vanish
◦ Dm → DL and D−m → DR , hence ψm → ψL and ψ−m → ψR

• EOMs become (DLDLDRDRψ)µν = 0

• obtain log partners for ψL and ψR simultaneously

- Jordan cell structure

- two-point correlators match

- partition function matches
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General Massive Gravity (GMG)

SGMG =
1

κ

∫
d3x
√
−g
{
σR − 2λ

}
+ S ′TMG + S ′NMG (23)

• fourth order in ∂gµν

(Dm1Dm2DLDRψ)µν =0 (24)

`m1,2 =
m2`2

2µ`
±

√
m4`4

4µ2`2
− σm2`2 +

1

2
(25)
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GMG – logarithmic solutions

• due to SCS the massive modes decouple

• by µ→∞ or m2 →∞ we can always get TMG or NMG

• two free massive modes ψm1 and ψm2

which we can tune with the free parameters µ and m2

• the central charges of the dual CFT are cL/R = 3`σ
G

(1∓m1`)(1∓m2`)
1+2m1m2`2

• → additional critical points
◦ both massive modes degenerate with ψL

◦ massive modes degenerate with each other but not with ψL/R
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GMG – parameter space

• Dm1 = DL:
T (z) has log-partner!

• Dm1 = Dm2 :
OM has log-partner!

• Dm1 = Dm2 = DL:
Rank three Jordan cell!

• cL = cR = 0: log-NMG
Both T (z) and T̄ (z̄) logged!

• PMG! cL = cR 6= 0
Enhanced gauge symmetry!

6

m2`

-m1`

cL = 0

cL = 0cR = 0

cR = 0

m1 = m2

NMG

es
es v
v u
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GMG – rank two LCFT dual

H

(
Olog

OL

)
=

(
2 1
0 2

)(
Olog

OL

)
and J

(
Olog

OL

)
=

(
2 0
0 2

)(
Olog

OL

)
〈
OL(z)OL(0)

〉
= 0〈

OL(z)Olog(0, 0)
〉

=
bL

2z4〈
Olog(z , z̄)Olog(0, 0)

〉
= −bL log |z |2

z4
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GMG – rank three LCFT dual

H

Olog2

Olog

OL

 =

2 1 0
0 2 1
0 0 2

Olog2

Olog

OL


and diag(2, 2, 2) for J.〈

OL(z)OL(0)
〉

=
〈
OL(z)Olog(0, 0)

〉
= 0〈

Olog(z , z̄)Olog(0, 0)
〉

=
〈
OL(z)Olog2

(0, 0)
〉

=
aL

2z4〈
Olog(z , z̄)Olog2

(0, 0)
〉

= −aL log |z |2

z4〈
Olog2

(z , z̄)Olog2

(0, 0)
〉

=
aL log2 |z |2

z4
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LCFT duals to GMG

• standard rank two LCFTs
◦ in the log TMG and log NMG limits
◦ new anomalies bL, bR

• exotic rank two LCFT

• standard rank three LCFT

- Jordan cells

- two-point correlators match

- partition functions match
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Short-cut to new anomalies

• each LCFT has another value for the new anomaly
cL, bL, aL

• different LCFTs arise via different degenerations
in parameter space, e.g. Dm → DL or Dm1 → Dm2

• is it possible to relate the new anomalies to each other –
via degeneration of parameters?

cL → bL → aL

(26)
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GMG – possible LCFT duals and their anomalies

We find for GMG

• a ’standard’ rank two LCFT when Om1,2 → OL

with new anomaly bL = 6`σ
G

1−m2,1`
1+2m2,1`

.

• a ’standard’ rank three LCFT when Om1 → Om2 → OL

with generalized new anomaly aL = 4`σ
G .

• an ’exotic’ rank two LCFT when Om1 → Om2

with new anomaly bm = −sign(m) 3`σ
G

1−m2`2

1+2m2`2 .
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Conclusion and outlook

• discussed candidate theories for gravity duals to LCFTs

• collected evidence for AdS-LCFT conjecture

* embed log-gravity in more fundamental theories

* AdS-(L)CFT/log-gravity in higher dimensions

Thank you for your attention!

31 of 31



Conclusion and outlook

• discussed candidate theories for gravity duals to LCFTs

• collected evidence for AdS-LCFT conjecture

* embed log-gravity in more fundamental theories

* AdS-(L)CFT/log-gravity in higher dimensions

Thank you for your attention!

31 of 31



Conclusion and outlook

• discussed candidate theories for gravity duals to LCFTs

• collected evidence for AdS-LCFT conjecture

* embed log-gravity in more fundamental theories

* AdS-(L)CFT/log-gravity in higher dimensions

Thank you for your attention!

31 of 31



Conclusion and outlook

• discussed candidate theories for gravity duals to LCFTs

• collected evidence for AdS-LCFT conjecture

* embed log-gravity in more fundamental theories

* AdS-(L)CFT/log-gravity in higher dimensions

Thank you for your attention!

31 of 31



Conclusion and outlook

• discussed candidate theories for gravity duals to LCFTs

• collected evidence for AdS-LCFT conjecture

* embed log-gravity in more fundamental theories

* AdS-(L)CFT/log-gravity in higher dimensions

Thank you for your attention!

31 of 31


	Holography
	AdS/CFT
	Logarithmic conformal field theories
	Three dimensional gravity
	Short-cut to new anomalies in gravity duals to LCFTs

