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Abstract. An e cient and perfectly invertible signal transform featu ring a
constant-Q frequency resolution is presented. The propose d approach is based
on the idea of the recently introduced nonstationary Gabor f rames. Exploiting
the properties of the operator corresponding to a family of a nalysis atoms, this
approach overcomes the problems of the classical implement ations of constant-
Q transforms, in particular, computational intensity and | ack of invertibility.
Perfect reconstruction is guaranteed by using an easy to cal culate dual system
in the synthesis step and computation time is kept low by appl ying FFT-based
processing. The proposed method is applied to real-life sig nals and evaluated
in comparison to a related approach, recently introduced sp eci cally for audio
signals.

1. Introduction

Many traditional signal transforms impose a regular spacing of frguency bins. In
particular, Fourier transform based methods such as theshort-time Fourier trans-
form (STFT) lead to a frequency resolution that does not depend on frgquency, but
is constant over the whole frequency range. In contrast, the aostant-Q transform
(CQT), originally introduced by J. Brown [3,1 14], features a frequerncy resolution
dependent on the center frequencies of the windows used for éebin and the center
frequencies of the frequency bins are not linearly, but geometridly spaced. In this
sense, the principal idea of CQT is reminiscent of wavelet transforrs, compare [[2]:
the Q-factor, i.e. the ratio of the center frequency to bandwidth is constant over all
bins and thus the frequency resolution is better for low frequencig whereas time
resolution improves with increasing frequency. However, the trasform proposed
in the original paper [3] is not invertible and does not rely on any concpt of (or-
thonormal) bases. In fact, the number of bins used per octave is och higher than
most traditional wavelet techniques would allow for. Furthermore, the computa-
tional e ciency of the original transform and its improved versions, [4], may be
insu cient.

CQTs rely on perception-based considerations, which is one of theeasons for
their importance in the processing of speech and music signals. In #se elds, the
lack of invertibility of existing CQTs has become an important issue: fa important
applications such as masking of certain signal components or trap®sition of an
entire signal or, again, some isolated signal components, the unksad reconstruction
from analysis coe cients is crucial. An interesting and promising approach to music
processing with CQT was recently suggested i [16], also cf. referess therein.

Key words and phrases. Time-frequency analysis, Adaptive representation, Const ant-Q trans-
form, Invertibility.
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Figure 1. Representations of a musical piece for violin and piano
using the classical sampled STFT (Gabor transform) and the CQ-
NSGT, respectively. A Hann window of length 1024 samples with
a hop-size of 512 samples was used for the Gabor transform, while
a minimum frequency of n,n = 50 Hz at 48 bins per octave was

used for the CQ-NSGT.

In the present contribution, we take a di erent point of view and consider both
the implementation and inversion of a constant-Q transform in the mntext of the
nonstationary Gabor transform (NSGT). Classical Gabor transform [10,[11] may
be understood as a sampled STFT or sliding window transform. The geeralization
to NSGT was introduced in [13,[12] and allows for windows with exible, adaptive
bandwidths. Figure [ shows examples of spectrograms of the samseggnal obtained
from the classical sampled STFT (Gabor transform) and the propsed constant-Q
nonstationary Gabor transform (CQ-NSGT).
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If the analysis windows are chosen appropriately, both analysis andeconstruc-
tion is realized e ciently with FFT-based methods. The original motiva tion for
the introduction of NSGT was the desire to adapt both window size aml sampling
density in time, in order to resolve transient signal components moe accurately.
Here, we apply the same idea in frequency: we use windows with adapé, compact
bandwidth and choose the time-shift parameters dependent on ta bandwidth of
each window. The construction of the atoms, i.e. the shifted versios of the basic
window functions used in the transform, is done directly in the freqency domain,
see Section§ 212 an@3.1. This approach allows for e cient implementabn using
the FFT, as explained in Section[2.3. To exploit the e ciency of FFT, th e signal of
interest must be transformed into the frequency domain. For longreal-life signals
(e.g. signals longer than 10 seconds at a sampling rate of 44100H7)rocessing
is therefore done on consecutive time-slices, which is a natural poessing step in
real-time signal analysisﬂ. The resolution of the proposed CQ-NSGT is identical
to that of the CQT and perfect reconstruction is assured by relying on concepts
from frame theory, which will be discussed next.

2. Nonstationary Gabor Frames

Frames were rst mentioned in [9], also se€ |4,16]. Frames are a gendization of
(orthonormal) bases and allow for redundancy and thus for much nare exibility in
design of the signal representation. Thus, frames may be tailoretb a speci ¢ appli-
cation or certain requirements such as a constant-Q frequencyesolution. Loosely
speaking, we wish to expand, or represent, a given signal of intesé as a linear
combination of some building blocks or atoms »« , with (n;k) 2 Z  Z, which are

the members of our frame: X

1) f = Cnk ' nk
n;k

for some coe cients c,« . The double indexes (; k) allude to the fact that each
atom has a certain location and concentration in time and frequency compare
Figure[2. Frame theory now allows us to determine, under which conitions an ex-
pansion (1) is possible and how coe cients leading to stable, perfecteconstruction
may be determined.

We introduce the concept of frames for a Hilbert spaceH. In a continuous
setting, one may think of H = L2(R), whereas we will chooséd = C-, L being the
signal length, for describing the implementation.

2.1. Frames. Consider a collection of atoms' nx 2 H with (n;K) 2 Z Z. Here,
n may be thought of as a time index andk as an index related to frequency. We
then de ne the frame operator S by

Sf = ' nkd' nks
n;k
for all f 2 H. Note that, if the set of functions f' «;(n;k) 2 Z Zgis an
orthonormal basis, then S is the identity operator. If S is invertible on H, then

Lif the time-slicing is done using smooth windows with a judic iously chosen amount of zero-
padding, no undesired artifacts after modi cation of the an  alysis coe cients have to be expected.
Mathematical details and error estimates will be given else where.
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the collectionf' .« 0, (n;k) 2 Z Z is a frame. In this case, we may de ne adual
frame by

nk = S L nk -
Then, reconstruction from the coe cients cyx = H;' .« is possible:

X
f=51sf= H;' nkiS b nk = Cnk nk -
n;k n;k
2.2. The Case of Painless Nonstationarity. In a general setting, the inversion

of the operator S poses a problem in numerical realization of frame analysis. How-
ever, it was shown in [7], that under certain conditions, usually ful lled in practical
applications, S is diagonal. This situation of painless non-orthogonal expansionsan
now be generalized to allowing for adaptive resolution. Adaptive timeresolution
was described in[[IB["12], and here we turn tadaptivity in frequency in the same
manner.

In the sequel, let T« denote a time-shift by x, M, denote a frequency shift (or
modulation) by ! and Ff = f* the Fourier transform of f. Let ', k 2 Z, be
band-limited windows, well-localized in time, whose Fourier transforms , = ¢k
are centered around possibly irregularly (or, e.g. geometrically) spced frequency
points .

Then, we choose frequency dependent time-shift parameters @p-sizes)ax as
follows: if the support of ¢y is contained in an interval of length jl «j, then we
chooseay such that

1
ax —— forall k:
Ik

In other words, the time-sampling points have to be chosen denseneugh to guar-
antee this condition. Finally, we obtain the frame members by setting

"nk = Tha, ke

Under these conditions on the windows  and the hop-sizes, the frame operator
is diagonal in the Fourier domain: since, by unitarity of the Fourier tr ansform [15]
and the Walnut representation of the frame operator [17], we hae
X X
hSfifi= b Tha,' kij2=  jHO M g, Ckij?
n;k n;k
X
= ij'CkJ'Zf/;\ A
K
the frame operator assumes the following form:
X 1
2) Sf=F 1 —jej?f
K
See [[8,[7[11] for detailed proofs of the diagonality of the frame opator in the
described setting. From [2), it follows immediately that the frame operator is
invertible whenever there exist real numbers numbersA and B such that the in-
equalities
X 1
3) 0<A —jckj? B<1
K
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hold almost everywhere. In this case, the dual frame is given by thelements

X 1

nk = Tnak F ! Ck —j'blj2
;A

2.3. Realization in the Frequency domain. Based on the implementation of
nonstationary Gabor frames performing adaptivity in the time domain [12], the
above framework permits a fast realization by considering the Fouer transform of
the input signal. The transform coe cients ¢ .« = Hf;' n« i take the form

Cok = I Tha, ' ki = H'/,\ M na, Cki;
and can be calculated, for eaclk, with an inverse FFT (IFFT) of length determined

by the support of =Lk Similarly, reconstruction is realized by applying the
dual windows ¢k = ‘ck | %j'bﬂ2 in a simple overlap-add process:

4) f'= HI;\M naklck”vI nay Ck-
n;k

3. The CQ-NSGT Parameters: Windows and Lattices

We will now describe in detail the parameters involved in the design of anon-
stationary Gabor transform with constant-Q frequency resolution.

The CQT in [3] depends on the following parameters: the window fundbns,
the number of frequency bins per octave, the minimum and maximum fequencies.
These parameters determine the Q-factor, which is, as mentionetefore, the ratio
of the center frequency to the bandwidth. Here, the Q-factor isdesired to be
constant for all the relevant bins.

Let B and nmin denote the number of frequency bins per octave and the desired
minimum frequency, respectively. For the proposed CQ-NSGT, we ensider band-

Hz) satisfying « = min ZKTI, as in the classical CQT. The maximum frequency

max IS restricted to be less than the Nyquist frequency =2, where ¢ denotes the
sampling frequency. Further, we require the existence of an indeX such that
max Kk < s=2. We may setK = dB l0g,( max= min) + 1€ with dze denoting
the smallest integer greater than or equal toz.

Note that in the CQT, since the frequency spacing in the CQT is geomtic, no
O-frequency is present and some high frequency content might nde represented.
In the CQ-NSGT, however, there is freedom to use additional cergr frequencies,
at negligible computational cost, to guarantee perfect reconstuction.

In our current implementation, tailored to (real) audio signals, we consider some
symmetry in the frequency domain, and take the following values foithe frequency-
centers :

8

EQ k=0
_ mmsz_l; k=1;:::;K
“T3 2 k=K+1

s  2k+2 k; K=K +2;:::;2K +1:

The bandwidth ¢ (the support of the window in frequency) of ' ¢ is set to
be « = k41 k 1, for k = 2;:::;K 1, which leads to a constant Q-factor
Q=( &2 BL) 1. To obtain the same Q-factor on the relevant frequency bins,

1 and g are therefore set to be ;=Q and g =Q, respectively. Finally, we let
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0=2 1=2 min and g+ = s 2 k. Insummary, we have the following values
for :

8
Ezmin; k=0
k=Q;

“T3, 24«;  k=K+1

3.1. Window Choice: Satisfying the Frame Conditions. We now give the
details on the windows' | to be used such that [3) and hence the frame property
is ful lled.

We use a Hann windowfi that is zero outside [ 1=2;1=2], i.e. a standard Hann
window centered at 0 with support of length 1. We obtain the atoms' ¢ by transla-
tion and dilation of fi: c[j]= A((j s=L )= &), k=1;::; K K +2;111;2K +1,
j=0:::;L 1.

For the windows corresponding to the 0 and Nyquist frequencies, & use a
plateau-like function ¢, e.g. a Tukey window. We obtain' ¢ and ' x+1 by set-
ting ck[1=8(( s=L «)= ), k=0;K +1.

Now, for the collection of time-shifts of the constructed windowsay, we require
ak s= k in order to satisfy (B). The ' ,x are then given by their Fourier
transforms as:

'Chk =M na,Ck; N =0;:::;dee 1
Figure[Zillustrates the time-frequency sampling grid of the set-up vith the sampling
points taken geometrically over frequency and linearly over time. Gien these
parameters, the coe cients of the CQ-NSGT are of the form cox = ;' nki =
H 'k i; f 2 C-. We note that the time-shift parameters can also be xed to have
the same valuea = min «f axg and the coe cients obtained from the CQ-NSGT can
be put in a matrix of size d%e 2(K +1).

From the given support condition, the system f'cxgx has an overlap factor of
around 1=2. This implies that for the case whereay = <= , the redundancy of
the system is approximately %

By construction, the sum §1ng1 aL—k ¢, 2 is nite and bounded away from 0.
From Sections[2.2 andZ.B, the frame operator is invertible and perfg reconstruc-
tion of the signal is obtained from the coe cients c,x by applying (@).

4. Simulations

We now present some experiments comparing the original CQT with tle CQ-
NSGT in terms of reconstruction error, computation time and (visual) representa-
tion of sound signals.

Technical framework: All simulations were done in MATLAB R2009b on a 2
Gigahertz Intel Core 2 Duo machine with 2 Gigabytes of RAM running Kubuntu
9.04. The CQTs were computed using the code published with [16], avaitde for
free download at http://www.elec.qgmul.ac.uk/people/anssik/cqt/ . The CQ-
NSGT algorithms are available at http://univie.ac.at/nonstatgab/cqt/

For all experiments, nax IS taken to be « = nin ZKB—I, where K is the largest
integer such that 2 y < .
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Figure 2. Exemplary sampling grid of the time-frequency plane
for a nonstationary Gabor system with resolution evolving over
frequency.

4.1. Reconstruction Errors. The theoretical results, stating that the CQ-NSGT
allows for perfect reconstruction, are con rmed by our experimats. For ve test
signals and various transform parameters, the relative reconstrction error

Vi
ur e o1
o B i) frclili?
rec — r . . q.
=0 If 12

was calculated. With i, between 10 Hz and 130 Hz and from 12 to 192, the
largest reconstruction error of the CQ-NSGT algorithm was slightly smaller than
1:6 10 5, perfect reconstruction up to numerical precision. For comparisn, it
was shown in [16] that a CQT with reasonable amounts of redundancyand bins
per octave can be inverted with a relative error of 10 3. This might not be enough
for high-quality applications.

4.2. Computation Time and Computational Complexity. The required time
for construction of the transform atoms and computation of the corresponding
coe cients was measured for audio signals of roughly 6 to 18 secomdlength, at
a sampling rate of 441 kHz. Each experiment was repeated 50 times, the results
are listed in Table[d. We note that for all signals, the CQ-NSGT is faste than the
CQT implementation proposed in [16] by a considerable factor.

Our approach is still of complexity O(L logL), though, and the advantage over
the CQT decreases for longer signals. Each frequency channel's tarsamples are
acquired by means of sampled IFFT from the Fourier transform of hie input signal,
multiplied with the corresponding window. Therefore, a preliminary full length
FFT is necessary.

More explicitly, we assume'cyx to have support of length My and we denote
by Ni the corresponding IFFT length. Let N = maxy fNkg, i.e. the maximum
IFFT-length, and we have My Ny N, since we only consider the painless case.
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signal length CQT mean time CQ-NSGT mean time
L variance (in seconds) variance (in seconds)
262144 241 0.03 064 0:00
280789 2:42 0.06 068 0:06
579889 3:09 0:06 128 0:06
600569 313 0:04 175 0:04
805686 3:57 0:09 151 0:08

Table 1. Comparison of computation time between CQTs and
CQ-NSGTs for signals of various lengths over 50 iterations. Pa-
rameters for all transforms wereB =48 and i, =50 Hz.

Consequently, the number of operations is as follows:
(1) FFT: O(L log(L)).
(2) Windowing: M operations for the k-th window.
(3) IFFT: O (Nk log(Ny)) for the k-th window.

The number of frequency channels B +2 is independent of L, since it is deter-
mined directly from the transform parameters. Thus, My and N are L-dependent
and the computational complexity of the discrete CQ-NSGT isO(L logL).

In applications, the dual windows are constructed directly on the fequency side
and the painless case construction involves muItipIicat';pn of the windw functions
by the inverse of a diagonal matrix, resulting in O(2 ﬁﬁoﬂ Mg) = O(L) oper-
ations. Finally, the inverse CQ-NSGT has numerical complexity O (L log (L)),
since it entails computing for the FFT of each coe cient vector, mult iplying with
the corresponding dual windows and, after evaluating the sum, cmputing a length
L IFFT.

We note that linear computation time may be achieved by processing e sig-
nal in a suitable piecewise manner. Some experiments on that mattehave been
conducted, but the details of this procedure exceed the scope dtiis paper and are
intended to be part of a future contribution.

In a second experiment, CQT and CQ-NSGT coe cients of the shortest sample,
a Glockenspiel signal, were computed for several numbers of binsepoctave. We
note that the complexity of the algorithm for the CQ-NSGT is linear in B. The
results, listed in Table[2, illustrate that the advantage of the CQ-NSGT algorithm
increases for large numbers of bins.

4.3. Visual Representation of Sound Signals. The spectral representation
provided by CQT has several desirable properties, e.g. the logaritmic frequency
scale resolves musical intervals in a similar way, independent of absdhkifrequencies.
These properties are still present in the CQ-NSGT, in fact, its visud representation
is practically identical to that of classical CQT as illustrated by Figure [3 for the

exemplary case of the Glockenspiel signal. Figurgl 4 shows the CQ-KS of two

additional music signals, further illustrating that even highly complex signals are
nicely resolved by the proposed transform, similar to CQT.

2Since the proposed method relies on an initial FFT of length L, a prime valued signal length
may give a longer computation time.
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Bins per CQT mean time CQ-NSGT mean time
octave B variance (in seconds) variance (in seconds)
12 0:95 0.01 036 0:00
24 1:44 0:.02 044 0:.00
48 2:42 0.03 065 0:.00
96 450 0:23 109 0:15
Table 2. Comparison of computation time between CQTs and

CQ-NSGTs of the Glockenspiel signals, varying the number of bins
per octave. Values were obtained over 50 iterations. The minimum
frequency min was chosen at 50 Hz.
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Representations of the Glockenspiel signal using the

CQ-NSGT and the original CQT. The transform parameters were
B =48 and nin =200 Hz.
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Fugue - dB-scaled CQ-NSGT
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Figure 4. Representations of a pipe organ and piano solo record-
ings, respectively, using the CQ-NSGT. The transform parametes
wereB =48 and i, =50 Hz.

5. Experiments on Applications

Our experiments show applications of the CQ-NSGT in musical contets, where
the property of a logarithmic frequency scale renders the methodbften superior
to the traditional STFT. Corresponding sound examples can be fond at http://
univie.ac.at/nonstatgab/cqt/

5.1. Transposition. A useful property of continuous constant-Q decompositions
is the fact that the transposition of a harmonic structure, like a note including over-
tones, corresponds to a simple translation of the logarithmically scked spectrum.
Approximately, this is also the case for the nite, discrete CQ-NSGT. In this ex-
periment, we transposed a piano chord simply by shifting the inner fequency bins
accordingly. By inner frequency bins, we refer to all bins with consant Q-factor.
This excludes the 0-frequency and Nyquist frequency bins. The et portion of the
signal has been damped, since inharmonic components, such astsents, produce
audible artifacts when handled in this way. In Figure [3, we show specbgrams
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Figure 5. Piano chord signal and upwards transposition by 5
semitones, corresponding to a circular shift of the inner bins by
20. The transform parameters wereB = 48 and n,j, = 100 Hz.

of the original and modi ed chords, shifted by 20 bins. This correspnds to an
upwards transposition by 5 semitones.

5.2. Masking. Inthe masking experiment, we show that the perfect reconstrution

property of CQ-NSGT can be used to cut out components from a sigal by directly

modifying the time-frequency coe cients. The advantage of consderably higher
spectral resolution at low frequencies (with a chosen applicationyseci ¢ temporal

resolution at higher frequencies) compared to the STFT, makes tB CQ-NSGT
a very powerful, novel tool for masking or isolating time-frequeng components of
musical signals. Our example shows in Figure 6 a mask for extracting ¢r inversely,
suppressing { a note from the Glockenspiel signal depicted in Figur&. The mask
was created as a gray-scale bitmap using an ordinary image manipul&in program
and then resampled in order to conform to the irregular time-frequency grid of the
CQ-NSGT. Figure 6 shows the mask spectrogram, along with the spgrograms of
the synthesized, processed signal and remainder.
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Figure 6. Note extraction from the Glockenspiel signal by mask-
ing. The CQ-NSGT coe cients of the Glockenspiel signal were
weighted with the mask shown on top. The remaining signal and
extracted component are depicted in the middle and bottom re-
spectively. The transform parameters wereB = 24 and njn =
50 Hz.
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6. Summary and Perspectives

We presented a constant-Q transform, based on nonstationaryGabor frames,
that is computationally e cient and allows for perfect reconstruct ion. The de-
scribed framework can easily be adapted to other perceptive fragency scales (e.g.
mel or Bark scale) by choosing appropriate dictionaries.

The possibility of overcoming the di culties that stem from dependen ce of the
proposed transform on the signal length, e.g. by piecewise procgfag, is currently
under investigation. This will further reduce computational e ort and enable the
use of a single family of frame elements for signals of arbitrary length
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