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Abstract

There has recently been evidence for replacing the usual Weyl quan-
tization procedure by the older and much less-known Born—Jordan rule.
In this paper we discuss this quantization procedure in detail and re-
late it to recent results of Boggiato, De Donno, and Oliaro on the
Cohen class. We begin with a discussion of some properties of Shu-
bin’s 7-pseudodifferential calculus, which allows us to show that the
Born—Jordan quantization of a symbol a is the average for T € [0, 1] of
the 7-operators with symbol a.

Introduction

Physical background

Already in the early days of quantum mechanics physicists were confronted
with the ordering problem for products of observables (i.e. of symbols, in
mathematical language). While it was agreed that the correspondence rule
xj — xj, pj — —ihd/0x; could be successfully be applied to the position
and momentum variables, thus turning the Hamiltonian function
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into the partial differential operator

P
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it quickly became apparent that these rules lead to fundamental ambiguities
when applied to more general observables involving products of function of
z; and p;. For instance, what should the operator corresponding to the

magnetic Hamiltonian
AN
2

be? Even if the simple case of the product x;p; = pjz; the correspondence
rule led to the a priori equally good answers —ihx;0/0x; and —ih(0/0x;)x;
which differ by the quantity i4; things became even more complicated when
one came (empirically) to the conclusion that the right answer should in fact
be the “average rule”

1, el Js]
corresponding to the splitting z;p; = %(l’jpj + pjxj). In 1926 Born and

Jordan [3] proposed to more generally quantize monomials z7'p} using the
rule

n
B ap) — g S o)
k=0
where we have set as usual Z; = multiplication by x; and p; = ih0/0x; (see
Fedak and Prentis [6] for a readable analysis cast in a “modern” language
of Born and Jordan’s argument; the older papers [4] by Castellani and [5]
by Crehan also contain valuable information). Born and Jordan’s rules
(5) were actually soon superseded (at least in the mathematical literature)
by Weyl’s quantization procedure: in his mathematical study of quantum
mechanics, Weyl proposed in [13] a very general quantization rule which
leads, for monomials, to the replacement of the Born—Jordan prescription

(5) by
1 . n —k~m~k
(Weyl) — z'p} — o Z <k> Pyt Dy (6)
k=0
Weyl’s correspondence nowadays plays an important role in mathematical
analysis (the theory of pseudo-differential operators), and in physics it has



become the preferred quantization scheme, and this mainly for two reasons:
first to real observables (or symbols as they are called in mathematics) cor-
respond (formally) self-adjoint operators; this is a very desirable properties
since a thumb rule is that to a real observable should correspond an operator
with real eigenvalues (which are, in quantum mechanics, the values that the
observable can actually take). Another advantage of the Weyl correspon-
dence is of a more subtle nature: it is its symplectic covariance property;
this property which is actually characteristic of the Weyl correspondence
among all other pseudo-differential calculi, says that if we perform a linear
symplectic change of variables in the symbol, then the resulting operator
is conjugated to the original by a certain unitary operator obtained by the
metaplectic representation. A third property, which is in a sense rather
unwelcome (Kauffmann [11]) is that the Weyl correspondence is invertible
(see e.g. Wong [14]). Invertibility poses severe epistemological problems,
because it is not physically founded. It is actually possible to prove (de
Gosson and Hiley [9]) that there is a one-to-one correspondence between
Hamiltonian flows and the continuous groups of operators in L?(R™) solving
the Schrodinger equation with Hamiltonian obtained by Weyl quantization.
This result in a sense “trivializes” quantum mechanics making it appear
merely as a “copy” of Hamiltonian mechanics. This issue, which is related
to “dequantization”, will be briefly discussed at the end of the present paper.

Aims and structure of the paper

Shubin’s 7-pseudo-differential calculus (which we review and complement)
in Section 1) suggests to consider variants of the usual Wigner distribution
of the type

W0, 0)(2) = (o2)" [ e ot + r)te - (1= r)uhdy

where 7 is a real parameter (the choice 7 = % yields the usual cross-Wigner
distribution). Recently Boggiatto et al [1] (also see Boggiatto et al [2]) have
shown the advantages of using the average

1
Q. 6) = /0 W, (1, 6)dr

of these 7-distributions on the interval [0,1]. Besides the fact that it be-
longs to the Cohen class and has the right marginals (which is an essen-
tial feature in quantum mechanics), the distribution Q(v,¢) almost en-

tirely eliminates the interference phenomenon (“ghost frequencies”) pre-
sented by the distributions W- (¢, ¢). This property makes of Q(v¢,¢) a



tool of choice in time-frequency analysis. Recalling that the Wigner trans-
form W (v, ¢) = Wy /2(, ¢) is related to the Weyl operator A = Op(a) by
the formula

(AY|d) 12 = (a, W (1, §))

this suggests to define a new type of pseudo-differential operator A by the
formula

(Ap|9) 2 = (a, Q(v, ));

not very surprisingly that operator A is also an “average”, namely

1
A= / A\Td’i'
0

where A, = Op,(a) is the Shubin 7-pseudo-differential operator with symbol
a. We will show in this paper that this operator A (which is also studied
in Boggiatto et al [1]) is precisely the Born—Jordan quantization Apy of the
symbol a (see Section 2), and which is characterized by the rules (5) above),
and show that it allows to recover the quantization formulas ((5)) when the
symbol is a monomial. We also prove a harmonic decomposition result for
the operator A= A\BJ, namely (Proposition 15)
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where T\(ZO) is the usual Heisenberg operator, F,a the symplectic Fourier
transform of the symbol and © is the function defined by

_sin(pozo/h)
Oz0) = poﬂ(ﬁ)o})ﬁ

which also appears (for i = 1/27) in the work of Boggiatto et al [1]; the
formula above shows, in particular, that the Weyl symbol of Agj is given by
the formula

aw = (ﬁ)N a*x Fy0.

We also discuss the symplectic covariance properties of the Born—Jordan
quantization; we prove that this covariance holds for an interesting subgroup
of the metaplectic group, namely the group generated by the metalinear
group and the Fourier transform (full symplectic covariance cannot of course
be expected since the latter is characteristic of Weyl quantization as has been
shown in detail by Wong [14]).



0.1 Notation

We will write z = (z1,..,zn), p = (p1,.,pN), and z = (x,p). Scalar prod-
ucts will be denoted zz’, pp/, etc. For instance pyxz; + - - - + pyxy. The
standard symplectic form on R?Y = RN @RV is given by o(z, ') = pa’ —p'z.
The associated symplectic group is denoted Sp(2N,R). We denote F the
h-dependent unitary Fourier transform defined by

Fol) = ()" [ ity

The scalar product of two functions v, ¢ on RY is (|¢) 2 = Jp ¥(x)p(x)dx
and the associated norm is denoted ||| 2.

1 Pseudo-Differential Operators

1.1 Definitions and first properties
1.1.1 The operators ET

The consideration of quantization rules leads us to study pseudo-differential
operators of the type

@) = ()" [ e Palra+ (0= npp)o)dudy (1)

where 7 is a real parameter and the integral should be understood in some
“reasonable” sense (Shubin [12]). We will often use the notation

A, = Op, ().

For instance, if 1 € S(RV) and a € S(R?Y) the integral is absolutely con-
vergent. For more general symbols a (for instance a € S’(R?")) one can give
a meaning to the expression (7) by declaring that the operator A is defined
by the distributional kernel

Ko (z,y) = (5) " (Fsa)(1 = T + 7y, p) (8)

where Fy ! is the inverse Fourier transform in the second set of variables; it
is however more natural in our context to use the method explained after
Proposition 1 below, and which makes use of the 7-Wigner transform. We
notice that setting 7 = % in formula (7) we recover the expression

~

@) = ()" [[ e+ n) vty ©)
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of a Weyl operator which is standard in the theory of partial differential
operators. Formula (7) can be rewritten

Aito) = ()™ [ eFrae ) Fomip (10)

where F1 is the Fourier transform of 4; this is the conventional defin-
ition of a pseudo-differential operator found in most texts dealing with
partial differential equations and a_is then sometimes called the “Kohn-
Nirenberg symbol” of the operator A. The Kohn—Nirenberg calculus is used
mainly in the microlocal analysis of partial differential equations, and in
time-frequency analysis where it is sometimes more tractable for compu-
tational purposes than the Weyl correspondence. One immediately checks
that Kohn—Nirenberg operators correspond to the simple ordering rule

(KN) - a"pj — 25'P] (11)

in the case of monomials.
A well-known property of the Weyl operators A = Op; /5(a) is that the

(formal) adjoint is given by A* = Op, /2(@); in the 7-dependent case we have
the more general relation

Op.(a)* = Op;_(a) (12)

valid for every real 7.

1.1.2 The quasi-distribution W;

An associated object is the 7-Wigner distribution; it is defined as follows:
for a pair (1, ¢) of functions in S(R™) one sets

W0 = () [ e+ r)de - -y (13)

and when 1) = ¢ one writes W, (¢, 1) = Wr1. Of course, when 7 = % one
recovers the usual cross-Wigner transform

W0 = ()" [ e imute+ dude by (4)

and, as is the case for W the mapping W, is a bilinear and continuous
mapping S(RY) x S(RY) — S(R?N). If 7 = 0 we get

Wo(th,0)(2) = (5) ™ e 774 (2) F(p)



hence Wy(v, ¢) is the Rihaczek—Kirkwood distribution R(v, ¢) well-known
from time-frequency analysis (Grochenig [10], Boggiatto et al. [1]); if 7 =1
one gets the so-called dual Rihaczek—Kirkwood distribution R*(¢, ). It is
easily verified that

WT(¢7 ¢) = WI—T(¢7 ¢)
The distribution W,y = W, (¢, 1) satisfies the usual marginal properties:

/ W (2)dp = [(a)]? | / Wob()de = |Fo@)?  (15)
RN RN

(Boggiatto et al. [1])
There is a fundamental relation between Weyl pseudo-differential oper-
ators and the cross-Wigner transform, which is actually often used to define

A= Op(a):

(Op(a)|d)r2 = (a, W (¥, 9)) (16)
for 1, ¢ € S(RN). Not very surprisingly this formula extends to the case of
T-operators:

Proposition 1 Let ¢, ¢ € S(RY), a € S(R?Y), and 7 a real number. We
have

(Op,(a)¥[d) 2 = (a, Wz (4, 9)) (17)

where (-,-) is the distributional bracket on R2V.

Proof. By definition of W, we have
(0, Wr(¥,9)) =
()" [, ol + r)(o - (1= 7)) dydpd
and setting z + 7y = v, x — (1 — 1)y = ¢/ this is
(0, Wr(¥,9))
()" /R et a((1 = 7)a! + ) puy))é(a')dydpde

hence the equality (17) in view of definition (7) of the operator A, = Op_(a).
[

Formula (17) allows us to define Ap = Op,(a)y for arbitrary symbols
a € S'(R?) and ¢ € S(RY) in the same way as is done for Weyl pseudo-
differential operators: choose ¢ € S(RY); then W, (v, ¢) € S(R?Y) and the
distributional bracket (a, Wy (¢, ¢)) is thus well-defined; by definition A ¢
is given by (17), and A, is a continuous operator S(RY) — &'(RM).



Remark 2 It follows from the argument above and using Schwartz’s kernel
theorem that every continuous operator S(RY) — S'(RY) is an operator
of the type ET for every value of the parameter T; the argument goes exactly
as for the standard case of Weyl operators treated in Shubin [12], Grichenig

[10].

In Weyl calculus the introduction of the Wigner transform Wi of a
square integrable function the following very simple and natural interpre-
tation: it is, up to a constant factor, the Weyl symbol of the projection
operator IT, of L2(R™) on the ray {A\¢) : A € C}. This interpretation ex-
tends to the T-dependent case:

Proposition 3 Let ¢ € L2(RY).
(i) We have Ty, = (2rh)" Op,(W,1b);
(ii) The T-symbol of the operator with kernel K = 1®¢ is (27rh)N W (1, 9).

Proof. (i) Let ¢ € L2(RY); by definition I1,¢ = (¢[t)) 2% that is
yole) = [ wlab)ot)dy

hence the kernel of II, is K(z,y) = v¥(x)¥(y). Using a partial Fourier
inversion, formula (8) expressing the kernel of II; in terms of its 7-symbol
m, can be rewritten

mola) = [ IR+ s = (1= )y

- /R T )i — (1= T)y)dy
= (2nh)™ Wrip(x, p).

The assertion (ii) is proven similarly replacing ¥ ® ¥ with 1) ® ¢ in the two
last equalities above. m
We also have the Moyal identity:

Proposition 4 Let ((-|-))z2 be the scalar product on L2(R?N) and ||| - ||| 12
the associated norm. We have

(Wr(ap, D)W (', 612 = (555) " (W1¥) 12 (01 12 (18)
and hence in particular
W, )12 = (55) " 1216l 2 (19)
for all Y, ', ¢,¢' € L*(RY).



Proof. Let us set

A= 2rh)™ N (W (v, 9) W (¢, ¢))) 2-
We have, by definition of W,

A= e 1 Py=y")
R4AN

x ¥z + 1Y)z + ry)d(z — (1= 7)y)¢ (v — (1 — 1)y )dzdpdydy’.
The integral in p is (27h)" 6(y — /) hence
A= (2rh)N

X Pz + 1Y) (z + 1y)o(z — (1 = 7)y)¢' (x — (1 — 7)y)dzdy.

R2N

Setting u =z + 7y and v = x — (1 — 7)y we have dudv = dzdy and hence

A= @er)™ [ ) () )g (v)dudo

R2N

= 2nh)N (Y|¢) 12(9]¢) 12

which proves (18); formula (19) follows. =

1.1.3 Ordering of monomials

Since we are dealing in this paper with ordering issues let us find the 7-
pseudo-differential operator corresponding to the monomial symbols z'py
considered in the Introduction:

Proposition 5 Let m and n be two non-negative integers. We have
/m
R DI U E R L e L )
k=0

or, equivalently,

n
n e~k ~m ~1—
Op,(#]'p}) = ) <k> (1 =) g g (21)
k=0

where @Z@b = $§1/J and ]5}4111 = (—ih@xj)ew.



Proof. It is sufficient to assume N = 1 so we write x;” =z™ and pg” =p".

Let us set an ,(2) = 2™p"; we have using the binomial formula
= (m
mn(rat (1= 1) =3 (1) PH1= kb2
k=0

Setting by, .k (2) = xFy™ Fp™ we have (in the sense of distributions)

Op, bmaite) = g [~ | [~ el inag] ymhutyyay
—00 —0Q0
Using the Fourier inversion formula
i [ ety = (i) e ) (23)
we thus have

Opf(bm,n,k)w = $k(_ih)nag(xm_kw)-

Formula (20) follows inserting this expression in (22). To prove that this
formula is equivalent to (21) the easiest method consists in remarking that
we have the conjugation formula

]:OpT(a)]:_l = Op;_,(ao J_l)

(which will be proven in Proposition 7 below). Since we have a, ,(J 12) =
(=1)™z™p™ and, using the standard properties of the Fourier transform,

fOP‘r(am,n)}-il = (_1)mﬁk§nﬁmik
formula (21) follows. =

Remark 6 Taking T = 3 in either formula (20) or (21) we recover Weyl’s
ordering rule (6). Similarly, taking 7 = 0, one gets the Kohn—Nirenberg
ordering rule (11).

1.2 Symplectic covariance properties

1.2.1 Conjugation with Fourier transform

As already mentioned in the Introduction a characteristic property of Weyl
quantization is symplectic covariance. This property can be described as
follows: let Sp(2N,R) be the standard symplectic group of R*V: it is the
group of linear automorphisms s of RV such that s”Js = J where J is the

10



Oy In

matrix <_IN Oy

>; equivalently s € Sp(2N,R) if and only if o(sz,sz’) =

o(z,2') for all 2,2 € R?2N where 0(z,2') = Jz- 2 is the standard symplectic

form. The group Sp(2N, R) is connected and 7 [Sp(2N,R)] = (Z, +) so that
it has a connected covering group Spy(2N,R) of order 2. That group has
a faithful representation by a group of unitary operators on L2(RY), the
metaplectic group Mp(2N,R). Let 7P : Mp(2N,R) — Sp(2N,R) be the
natural projection; to every s € Sp(2N, R) thus correspond two elements +5
of Mp(2N,R) such that #™MP(£S) = 5. The symplectic covariance of Weyl
calculus means that if A = Op(a) then S—1AS = Op(a o s). This property
is equivalent to the following property of the cross-Wigner transform:

W (S, 50)(z) = W(1,0)(s™"2) (24)

(it is actually an easy exercise to deduce this equivalence from formula (16).
This property is characteristic of Weyl calculus: let A be a linear continuous
operator S(RY) — &'(RY) and write it as a T-operator A, associated with
a symbol a (formula (7); ¢f. Remark 2). Then if S~1AS, again viewed as
a T-operator, has symbol a o s we must have 7 = % For this reason one
cannot expect a general symplectic covariance property for the 7-pseudo-

differential calculus unless 7 = % For instance Boggiatto et al. prove in

[1] that Wi_-(Fy)(p, —z) = Wrp(z,p) when F is the Fourier transform; in
fact the same argument shows that, more generally,

Wir(Fb, Fo)(p, —x) = Wr (¢, 6)(x, p)-

Now, the modified Fourier transform F = e *N7/4F ig in Mp(2N,R) and
we have precisely 7P (F) = J hence the formula above can be written in a
more symplectic fashion as

Wi, (F, Fo)(2) = Wr(¥,¢)(J '2) (25)

which reduces to (24) in the case s = J if and only if 7 = 1. Formula (25)
has the following interesting consequence for 7-pseudo-differential operators:

Proposition 7 Let A, = Op.(a), a € S'(R?Y). We have
FOp(a)F ' =0p;_.(a0 ) (26)
Proof. Let 1, ¢ € S(RV); since F is unitary we have

(FOp,(a)F " |¢) 2 = (Op,(a)F | F ') e

11



hence, using twice (25),

(F Op,(a)F "4[¢) 2 = (a, Wr (¢, ¢) 0 J)
= <a o J_la Wkr(il% ¢)>
= (Op;_, (a0 J " )|¢) 2

which implies (26) since ¢ and ¢ are arbitrary. m

Remark 8 Formula (26) in Proposition 7 allows us to give a very short
proof of the fact that Weyl operators are the only pseudo-differential opera-
tors satisfying the property of symplectic covariance (cf. the proof in Wong
[14]). Indeed, replacing F by F in (26) we see that F Op_(a)F~! = Op_(ao
J7Y) if and only if T = % One concludes by noting that F' € Mp(2N, R).

1.2.2 Covariance under the metalinear group

However, symplectic covariance subsists for an important subgroup of the
metaplectic group Mp(2N,R). Let my, be the automorphism of R2N defined,
for L € GL(N,R), by mz(z,p) = (L 'z, LTp). One immediately verifies
that mz, € Sp(2N,R). Moreover, each my, is the projection onto Sp(2N,R)
of the two operators My, , and My, ;4o = —Mp, ,, in Mp(2N,R) defined by

My, (x) = i#y/|det Lj1p(Lx);

here p (the “Maslov index”, see de Gosson [7]) is 0 or 2 (modulo 4) if
det L > 0 and 1 or 3 (modulo 4) if det L < 0. The operators My, , satisfy
the multiplication rule My, , My ,» = Mg, ;4 and thus form a group of
unitary operators, the metalinear group ML(2N,R).

Proposition 9 Let My, € ML(2N,R). We have

Wr (M uth, ML u$)(2) = Wi (4, 6)(mp' 2) (27)
for ¥, ¢ € S(RY) and
My, Op,(a)My,, = Op,(aomy) (28)

for a € S'(R?N).
Proof. We have
W (Mg up, My, ,0)(2) = (ﬁ) | det L]
< [ L+ )L - (1= )y

12



that is, setting y' = Ly,

WT(ML//‘/’» ML,M¢)(2) =
()" [ et w3 — (1= )y

hence (27). To prove formula (28) we begin by noting that
(M, Op.(a) My, lé) 12 = (Op,(a) M )| My u9) 2

that is, using (17) in Proposition 1, formula (27), and again formula (17):

(M}, Opo (ML, b10)g2 = [ o) WMy, Mo p9)(2)

- / a(2)W (3, 6)(my ' 2)dz
RN

— / a(mpz)Wr (¢, ¢)(z)dz
RN

= (Op (aomp)y[o) L2
hence (28). m

1.3 Cohen class property
1.3.1 Definition of the Cohen class

Let Q : S(R") x S(R") — S(R?") be a sesquilinear form and set Q) =
Q(¢,v). Recall that Qi belongs to the Cohen class if it is of the type
Q1 = W1 x 0 for some distribution 6 € §'(R?"). Sufficient conditions for a
distribution to belong to Cohen’s class are

~

QY(z — 20) = Q(T(20)¢)(2) (29)

Q1 9)(0,0)] < C[¥] 2[4l 2 (30)

where C' is a constant (see e.g. Grochenig [10] or de Gosson [8]). Taking
Q(Y, ¢) = Wr(¢, ¢) condition (29) is easily seen to hold, but condition (30)

only holds when 7 # 0 and 7 # 1; in fact a straightforward calculation using

the Cauchy—Schwarz inequality yields the estimate
N
W (0, 6)(0)] < (55)" spmimyrs 6l el ] o (31)

Boggiatto et al. [1] however show by a direct calculation that when i = 1/27
one has

13



with

N o . 2
aT(z) = (ﬁ) 627r127__1pw.
when 7 # % It follows that:

Proposition 10 For ¢, ¢ € S(RY) we have
We(h,¢) = W (¥, ¢) + 0+ (33)

where

1 N a2 e
GT(Z) = (m> eﬁ 27—1 (34)
when T # % When T = % we have 0, = 6.

Proof. Let us denote W2 (1, ¢) the transform W, (¢, ¢) when h = 1/27; it
is related to the general case by the obvious formula

W2 (1, ¢)(x,p) = (2nh)N Wo (v, ¢) (2, 2h); (35)

the result immediately follows from (32) using elementary changes of vari-
ables. The case 7 = % is straightforward since Wy 5(v), ¢) = W (1), ¢). =

1.3.2 Applications to A,

We are going to establish an important representation result for 7-pseudo-
differential operators using the Heisenberg operator. Let us first prove the
following Lemma which is a straightforward consequence of the Proposition
above:

Lemma 11 Let A, = Op,(a) with a € 8'(R). The Weyl symbol aw of
A is given by aw = a * 0.

Proof. In view of the equality (16) the Weyl symbol of A\T is determined
by formula (7): R

(Arplo) 2 = (aw, W (¥, 9))
for v, ¢ € S(RY). In view of (17) we also have

(Ar|9) 12 = (a, W2 (¥, 9))

that is, taking (33) into account,
(Arlo) sz = (a, W (1, 9) % 0:) = (ax 0/, W (¥, 0))

where 0Y(2) = 0,(—2) hence aw = a * 0Y; since 0,(—z) = 6,(2) we have
aw = a * 0, as claimed. m

14



Proposition 12 The action of a pseudo-differential operator ET on Y €
S(RY) is given by

A\Hﬁ = (ﬁlﬁ)N faa(zo)fT(zU)wdzo (36)

R2N
where

Fra(z) = (55)" / e 1 ()2 = Fa(J2) (37)
RQN

is the symplectic Fourier transform of a € S'(R*™) and T\T(zo) 1s the modified
Heisenberg operator defined by

~

T, (z0)0(x) = €37 CT=DP0r0 T (5)4) () (38)

that is

~

T (o) () = e o=y — ), (39)

Proof. Assume that 7 = 1, then T,(20) = T(z0) and formula (36) becomes

Ay = (E)Y | Foa(z20)T(z0)0d20

R2N

which is the expression of a Weyl operator well-known in harmonic analysis
(see e.g. de Gosson [7, 8]). When 7 # % we argue as follows: in view of
Lemma 11 we have

A= ()" [ Falas o) e otz

= Foa(20)Farbyr(20)T (20)10dz0

R2N

where we have used the formula F,;(ax0,) = (27Th)N ForaFs0,-. which follows
at once from the usual formula giving the Fourier transform of a convolution
product. A straightforward calculation shows that we have

Fob (o) = (k) e imes
and hence

Ay = (ﬁ)N faa(zo)eﬁ(27_1)p0m°f(zo)1/1dzo

R2N

which is precisely (36). m

15



A straightforward calculation shows that the adjoint of the operator
T:(z0) is given by

T (20)" = Tir(—20); (40)
from this immediately follows the formula for the adjoint of A, = Op._(a):
Op,(a)” = Op;_,(a@). (41)

Remark 13 A straightforward computation using either (38) or (39) shows
that the modified Heisenberg operators Ty (zo) satisfy for all values of T the
commutation relations

T (20)Tr (21) = en "GO T ()T (2). (42)
These operators thus correspond to (equivalent) representations of the Heisen-
berg group.
1.3.3 The 7-dependent cross-ambiguity transform

The cross-Wigner transform W (i, ¢) has a “dual companion”, the cross-
ambiguity transform A(1), ¢) which is explicitly given by the integral formula

AW.0)) = ()" [ eI+ foole — Jaldel. (@3
One toggles between both using the symplectic Fourier transform:

A, ¢) = FoW (1, 0) , WY, 9) = FoA(Y, ¢). (44)

We are going to generalize this formula to the T-dependent case; let us first
recall the following alternative definition of the cross-ambiguity transform
(see de Gosson [7, 8]):

A, 9)(2) = (35)" WIT(2)9).2- (45)
This formula suggests that we define
Ar(,0)(2) = (z7)" (VITr(2) )12 (46)

where Tj(z) is the modified Heisenberg operator (38). A straightforward
calculation gives the explicit expression

A (Y, 9)(20) = (ﬁ)N e*z%(QTfl)poxo

X / 6_%7’0'76/1!1(3:' +720)p(2’ — (1 — 7)z0)da’.
RN
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2 Born—Jordan Quantization

In what follows the parameter 7 is restricted to the closed interval [0, 1].

2.1 The Born—Jordan operators fAlB J
2.1.1 Definition of A\BJ

Let A, = Op, (a) be the pseudo-differential operator defined by formula (7).
By definition the Born—Jordan operator Agy = Opgj(a) is the average of
the operators A, for 7 € [0,1]:

~ 1 ~
Apyyy = ()" /0 Aapdr. (47)

Note that it immediately follows from formula (12) for the adjoint of that
we have
Opg;(a)" = Opg;(@) (48)
hence, in particular, Ay = Opgj(a) is (formally) self-adjoint if and only
if the symbol a is real. This important property is thus common to Born—
Jordan and Weyl calculus, and makes AB 7 a good candidate for a physical
quantization procedure. But more about that later.
To justify the chosen terminology we have to show that the quantiza-
tion @ — Oppj(a) contains as a particular case the original Born—Jordan
prescription (5) described in the Introduction. That is we have to prove that

Opg;(z}'p}) e Z Pl R, (49)

Recall that we have shown in Propos1t10n 5 (formula (21)) that

m, . n . n n— ~N-~nNn—
O (a7u) =3 () (1= bt
k=0
It follows that

Opg;(z]'p}) = ;} (Z) Bn—k+1,k+ 1)@/6@71]53771 k
where B is the beta function. It follows that
Nk+1DI'(n—k+1)

I'(n+2)
_ kl(n—k)!
 (n41)!

Blk+1,n—k+1)=

17



and hence m
1 ~k ~n~n—k
Opg;(z]'p}) = o kz_:opj T pj

which is the same thing as (49). Notice that using the formula (20) which is
equivalent to formula (21) the same argument yields the alternative equality

m

1

~k~n~m—k
L ~ . (50)
m+1 Pt

Opg;(2]'p}) = Ti'p; T

2.1.2 Comparison of Born—Jordan and Weyl quantization

A quadratic Hamiltonian
1
H(Z) = §M22 = (.’L’,p)M(l’,p)T (51)

where M = M" is a real 2N x 2N matrix has identical Weyl and Born—
Jordan quantizations; in fact writing the Hamiltonian as

H(z) = Z osz? + 6]-90? + 2yjpjx;
J

we see that Opgj(H) = Op(H) when the 7; are all zero; when there are
cross-terms x;p; follows using formula (49) (or (50)) with m = n = 1; this
shows that the Born-Jordan quantization of x;p; is 3(%;p; + p;@;) which
is the same result as that obtained using Weyl quantization (cf. formula
(6)).in both case the corresponding operator is given by

1 7
H = 5(2,pj) M (25, 05)"
Born-Jordan and Weyl quantization are also identical for “physical”
Hamiltonians of the type “kinetic energy + potential”. Suppose more gen-
erally that H is a symbol of the type (1) that is

N
— 1 2

Then H = Opg;(H) = Op(H) that is

X R 2

= — + V(x). (53)
= Qmj 8.%]2
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This can be seen by noting that OpBJ(pg) =—— h282/8m32~ taking m = 0
and n = 2 in formula (50) and that by (7)

Op, (Vi) = (z7) " /RZN PV (r 4 (1= 7)y)u(y)dydyp

— /RN V(re + (1 - 1)y)v(y)d(z — y)dy

= V()Y (2);

integrating in 7 from 0 to 1 yields Opg;(V)1) = V4 and hence (53). We are
going to see that the Born—Jordan and Weyl quantizations of the magnetic
Hamiltonian (3) also coincide; let us first prove the following elementary
Lemma which we will also apply to quadratic Hamiltonians:
Lemma 14 Let A: RN x R, — R be a smooth function. Then

ih

Ol A0 = Oplpy A0 = =3 | L)+ AT w]. (o0

Proof. It is sufficient to assume N = 1. Using definition (7) of A, = Op, (a)
we have

Op, (pA)Y(z) = 525 /RQ et P @ p A(ra + (1 — 1)y, £ (y)dydp

= [ | [ et | At (- vt

—0o0

In view of the Fourier formula (23) the expression between the square brack-
ets is —ihd’(x — y) hence

Op, (pAYi(z) = —ih / @ - y)Alrz + (1 - Ty, D(y)dy

= —ih /Oo 3z —y) & [Alrz + (1 — m)y, )e(y)] dy
— —in[(1 — 1) & (AP) + TAL Y] .

Formula (54) follows setting in the Weyl case 7 = § and integrating from 0
to 1 in the Born—Jordan case. m

It follows from the Lemma above that: both Weyl and Born—Jordan
quantizations of a (time-dependent) magnetic Hamiltonian

zt:EZ?L— A, 1)) + V(2. 0) (55)
7=1
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are the same. In fact, expanding the terms (p; — A;(z,t))? we get

N

N
Z%? > p]A +2,4 LV

j:l J=1

We have seen above that the terms p? and Aj2 + V have identical quantiza-
tions; in view of formula (54) this also true of the cross-terms p;.A;, leading
in both cases to the formula

N
=% 1 (_ma — Ay(z, t)>2 V(1) (56)

= 2m; Ox;j
well-known from quantum mechanics.

2.1.3 Harmonic representation of A\BJ

It is customary in harmonic analysis to write a Weyl operator A with symbol
a in the form

Ay = ()™ [ Falwo, po)et EH ) gidpday; (57)
R2N
this formula goes back to the work of Weyl [13]. It is however preferable for
our study of Born—Jordan quantization to use the alternative formulation

A= (5m)" [, Foalzo)T ()02 (58)
already used in the proof of Proposition 12. This not only because the role
of the Heisenberg group in this procedure becomes more apparent, but also
because practical calculations are easier and more explicit. The equivalence
of both formulas is clear (at least at the formal level): replacing zo = (x0, po)
in (57) with Jzp one gets

Ap = ()Y | Fa(Jz)et @) pdpoda

R2N
which is precisely (58).

Proposition 15 Let ¢ € S(RY). (i) We have
)N

Fara(20)0(20)T (20)1bdzo (59)

R2N

Apytp = (54
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where © is the function defined by
sin(poxo/h)

O(z0) = 60
(z0) pozo/h (60)

(ii) The Weyl symbol aw of A\BJ is given by the convolution product
aw = (ﬁ)Na*]-}@. (61)

Proof. (i) In view of formulas (36) and (38) in Proposition 12 we have

A\BJw Lﬁ / Foa(zg) (/ o35 (27— 1)p0x0d7.> T'(20)bdzo;

a straightforward calculation yields
1
/ o3 @r—Dpozo g _ 2N . PoTo
0 Doxo 2h
hence formula (59). (ii) Since the symplectic Fourier transform is involutive
we have (F,a)0 = (Fra)Fs(Fs0) hence (61) since
(Foa)Fo(F60) = (%h)Nfa(a * FoO).

[
In Boggiatto et al. [1] the authors consider the average

Wi (4, 8)(z /Ww

(which they denote by Q(%, ¢)); they show that the bilinear form Wgj be-
longs to the Cohen class. It immediately follows from (15) that the marginal
properties also hold for Wgjv = Wgjs (¢, ¢):

/ Weyt(2)dp = [th(z / Wt (2)de = |Fy(p)|*. (62)

As expected, Born—Jordan operators can be expressed in terms of their
symbol and Wgj3 (1, ¢):

Proposition 16 The operator EBJ and the bilinear form Wpgy are related
by the formula

(Apst|d)r2 = (a. Way (¥, 9)) (63)
valid for all v, ¢ € S(RY).

Proof. In view of formula (17) in Proposition 1 we have

(A\T¢|¢)L2 = <a7 WT(¢7 ¢)>7

integrating this equality from 0 to 1 with respect to the variable 7 yields
(63). m
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2.1.4 Symplectic covariance of A\BJ

Since a Born—Jordan operator is in general distinct from the Weyl operator
with same symbol we cannot expect full symplectic covariance to hold for
them. However:

Proposition 17 Let Agy = Opg;(a). We have:
(i) Let F € Mp(2n,R) be the modified Fourier transform i~%2F; then

o Opgj(a)F = Opg;(aoc J); (64)

(ii) Let My, ,, € ML(2n,R) (the metalinear group) and my, = 7™MP (M ,,) €
Sp(2N,R); we have

M]:LA\BJML,M = OpBJ(aomL). (65)
Proof. (i) In view of formula (26) we have
F~'Op,(a)F = Op;_, (a0 J)

hence

([ onntaar) £ = [ omytaenir= [ op(aosar

and formula (64) follows. (ii) In view of formula (28) in Proposition 9 we
have

1 1

hence the covariance formula (65). m

Remark 18 It is possible to give a direct proof of (64) and (65) using the
explicit formula (59) for Apyy, the symplectic covariance of Weyl opera-
tors, and the fact that the function © given by (60) is invariant under the
transformations (x,p) — (p, —x) and (z,p) — (L~ z, LTp).

Recalling that
My (x) = i"+/|det L|p(Lx)

the operators F' and M, , satisfy the intertwining formula
FMp = Mry- ,F,

hence the set {F, My, ,, : det L # 0} is a subgroup of the metaplectic group
Mp(2n,R). The result above says that the Born-Jordan operators are co-
variant under the action of this group.
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Discussion

We have seen that for physical Hamiltonians of the type (52) and (55) both
Weyl and Born—Jordan quantizations are the same, and so are the quan-
tizations of the generalized harmonic oscillator (51), so one could wonder
whether it is really worth to bother. The reason might come from the fact
that Weyl quantization is in a sense “too perfect”. It is, as Kauffmann [11]
points out the most “austere” quantization, and this austerity enables it to
have very good symmetry properties. In particular it has the property of
symplectic covariance, and it is the only pseudo-differential calculus having
this feature, as follows from the argument in Wong [14]. As we briefly men-
tioned in the Introduction Weyl calculus is invertible, and allows (see de
Gosson and Hiley [9]) to show that fundamentally Schrodinger’s equation
is equivalent to Hamilton’s equations of motion. Such a situation is not
physically very tenable (unless one introduces supplementary condition),
because quantum and Hamiltonian mechanics are certainly not equivalent
theories (at least physically)! It turns out that Born-Jordan quantization
is not invertible, in the following sense: let A : S(RY) — S/(RN) be a
an arbitrary continuous operator, and let aw € S’ (R?N) be its Weyl sym-
bol: A = Op(aw). If there exists a € S'(R?V) such that A = Opgj(a)
then in view of formula (61) in Proposition 15 aw and a are related by the
convolution equation

aw = (ﬁ)Na*fg@

that is, taking (symplectic) Fourier transforms
Fraw = (Fra)©

However, given an arbitrary aw this relation does not determine F,a, that is
a. This fact, together with the properties of the distribution Q (v, ¢) studied
by Boggiatto et al. [1] suggest that Born—Jordan quantization could really
make a case against more traditional quantization schemes. This possibil-
ity should certainly be studied seriously, and perhaps complemented using
recent results in Boggiatto et al [2]) where the authors consider weighted
averages of the quasi-distributions W,. The study of quantization, both
from mathematical and physical perspectives, certainly still has a brilliant
future!

Acknowledgement 19 The authors would like to express their gratitude
to Professor S. Kauffmann for several exchanges of ideas on dequantiza-
tion and quantization, and for an interesting discussion of invertibility of
quantization.
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