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1 Abstract

A recurrent theme in mathematics is extension. The rational numbers, for example,
were extended to the real numbers which in turn were extended to the complex
numbers when it became clear that the respective number sets were too small to
solve particular problems in. In this work we highlight a related theme in the
context of time-frequency analysis.

The natural domain of the Fourier transform, which is the fundamental opera-
tion in time-frequency analysis, is L. This is somewhat limited but luckily one can
extend its domain to L? by taking limits, so we are able to work in a Hilbert space,
which is a very nice place to be, amongst others because many concepts of linear
algebra can be carried over to this setting. But Hilbert spaces too, are limited. As
will be pointed out in the beginning of Section [3] it is easy to pose questions which
lead outside the Hilbert space setting and call for distribution spaces.

In this work we will introduce Banach-Gelfand triples, a concept which encom-
passes the “niceness” of Hilbert spaces and the generality of Banach spaces of distri-
butions. A Banach-Gelfand triple is a triple of spaces, consisting of a Hilbert space
‘H which contains a smaller Banach space B and is itself contained in the dual space
B’. Our aim is to emphasize the role of Banach-Gelfand triples as a background to
modern time-frequency analysis. Thus the subsequent section (Section [2)) will give
a short introduction to the key concepts of time-frequency analysis. The Fourier
transform, translation and modulation operators, the short-time Fourier transform
and Gaussian windows will be introduced and important properties will be proved.
In Section we will introduce Gabor frames which enable us to discretize the
short-time Fourier transform.

Section (3| and the subsequent sections encompass the main part of this work.
We will introduce the general concept of Banach-Gelfand triples and subsequently
in Section 4| its specific incarnation (S,, L?, Sy), which plays a key role in time-
frequency analysis as presented here, consequently its discussion will make up a
major part of this paper. Section [5| is dedicated to various classes of operator
representation. Different methods to identify operators with functions on the time-
frequency plane are introduced there.






2 Introduction to Time-Frequency Analysis

2.1 Some Important Operations

Let f be a function from R? to C. We will interpret f as signal, be it a sound, an
image or the vibration of a steel bridge etc. It is the goal of time-frequency analysis
to describe f in terms of its behaviour in time and frequency simultaneously, i.e.
we want an operator F, which takes a function f on R? that is only dependent on
time ¢ and maps it to a function on the time-frequency plane R¢ x R?, that is, F'(f)
is a function of time and frequency.

Before we can start an attempt to construct F', we will talk a little bit about
the structure of the time frequency plane R? x R?. Therefore we have to introduce
some group theory.

Definition 1. Let G be an arbitrary abelian group, then the dual group G of G,
also called the group of characters, is defined as the set

G = {v|v(z+y) = v@)v(y), |v(z)| = 1 where z,y € G}.
G is again a group under pointwise multiplication.

If we take G = R?, and interpret R? as an additive group then the characters
are the functions v(x) = e*™*_ the so-called pure frequencies. With this in mind
we can define the most often used mathematical tool to map a function from the
time domain R? to the frequency domain R%: the Fourier transformation.

Definition 2. (The Fourier Transform) Let f € L'(R?), then the Fourier Trans-
form Ff is defined as

Ffw) = flw) = y f(t)e=?medt. (2.1)

If we switch back to the more general character notation this reads f(w) =
Jga f (t)w(t)dt. This formula looks suspiciously like an inner product (f,w), which
suits the interpretation that the Fourier transform gives us the “energy” of f at
frequency w — but of course it is not. A priori the Fourier Transform is only defined
for functions f € L'(R?), so we can’t legally interpret it as inner product. But
([21)) can be extended to L?(R?) using Plancherel’s Theorem which states that the

Fourier transform is energy preserving for functions f € L' N L*(R%).

Theorem 1. (Plancherel’s Theorem) If f € L' N L*(RY) then

1£1l> = 11 £1l2 (2.2)

Before we can prove this theorem we need some more theory. In particular we
will have to introduce the inverse operator of F (for what its worth, an operator
like F would not be very useful without its inverse F~'). This is done in Theorem
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. With Plancherel’s Theorem in place we can reason that, since L' N L*(R%) is
dense in L*(RY), an arbitrary functlon f € L*(RY) is the limit of some sequence
(f)n € L' 0 L*(RY). Equation (2 2) implies that ( fn)n is a Cauchy sequence in
L*(RY), hence it has a limit and we deﬁne f = lim,, 00 fn

Another consequence of Plancherel’s Theorem is Parseval’s formula which states
that:

Corollary 1. If f,g € L*(R?) then

(f.9) = (F.4). (2.3)

The drawback of the Fourier transformation is, that we loose all time information
of f. We know the frequencies present in the signal and their respective energies,
but we have no information on when a frequency occurs in time, which frequencies
occur together and so on. The basic idea to overcome this problem is to divide the
support of f into small sections and then apply the Fourier transform piecewise. To
accomplish this we multiply f with some compactly supported (or at least rapidly
decreasing) function g, the so-called window function (or just window), which we
“slide” along the timeline to obtain a mapping from complex valued functions on
R? (the signals) to complex valued functions on the time-frequency plane R? x R?
(e.g. spectrograms). To make this more precise we will introduce some fundamental
operations.

Definition 3. (Translation and Modulation) Let T, denote the translation (aka
time shift) operator and M, the modulation (aka frequency shift) operator. Their
respective definitions are

T.f(t) = f(t — ),
Mof(t) = & f(t), ,w e R
One can easily calculate the following commutation relations for T, and M,,,.
T,M, = e ™ M,T, (2.4)

Thus T, and M, commute if and only if x - w € Z, otherwise there is always the
phasefactor e=2™@% which has to be taken into account. If we combine translation
and modulation we call the resulting operator time-frequency shift and denote it by
m(N):

Nf =MT,f, \=(z,w)ecR*
There is also a time frequency shift on the operator level.

Definition 4. Let K be an operator on L?, then we define the time frequeny shift
of operators as

(m@ 7" )N K = m(A)K7*(N).



Definition 5. A dilation operator acts on a function f by stretching or squeezing
its support. We define two kinds of dilation:

e mass preserving dilation: St,f(z) = pf(px)
e value preserving dilation: D, f(x) = f(px)

Now we can further tackle the problem of a joint time-frequency mapping. The
apparent choice for a window g would be to simply take the characteristic function
X7 over some interval I but due to its discontinuities at the edges of I it introduces
oscillations under the Fourier transform (note that FX; is the sinc-function). So
we will choose a smooth window and the most popular choice in literature is the
Gaussian.

Definition 6. (The Gaussian) Let

denote the non-normalized Gaussian function with parameter o > 0, where z is in
R (see Figure [1).

0.2 - N

0.1 N

—0.1 | .

0.2 - |

Figure 1: A Gaussian and its time-frequency shift.

As a small finger exercise we compute the L'-norm of the Gaussian.

Lemma 1. (The L'-norm of ¢,)

||<PaHL1(Rd) = (\/a)d



Proof. We first prove the lemma for d = 1.

1ol o ( / % |dx)
:/|ezw yda;/|eiw2|dx
/|e |da:/|e 5y

—/ e~ &) | dady

/ / ar drdp

7r2
—27r 5 oy
T

=«
The result for d > 1 follows by induction. n

Of utter importance for the theory developed in the sequel of this work is the
behaviour of the Gaussian under the Fourier transform. It turns out that it has
the very convenient property that the Fourier transform of a Gaussian is again a
Gaussian.

Lemma 2. (The Fourier Transform of the Gaussian)

d
2

Fpa(w) = azp1(w)

Q=

where a s positive.

Proof. We will give a proof which uses completion of the square as the central trick.
For a very elegant alternate proof which uses differential equations instead, see [13],
Lemma 1.5.1. W.l.o.g. let d =1, then

@(W) :/e—gz 6—27riccwdx
R
= eﬂaWQ/e(\/in‘/ﬁwyd:c
R

— 2 _T ; 2
— e Taw /6 ™ (z+iaw) dr.
R

Now we set y = = + taw and get

S/O\a(w) — e—ﬂ'aoﬂ / €_§y2dy _ \/ae—ﬂaoﬂ _ \/E@l/a(w),
R
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which can easily be seen by a closer look at the proof of the preceding lemma. For
d > 1 the result follows from the fact that the Fourier transform on R? respects

products, i.e.
d d
F (H fn> =I[/»
n=1 n=1
and the d-dimensional Gaussian factors as @, (z) = [[0_, e~ =% O

Remark 1. We see that for a« = 1 the Gaussian is invariant under the Fourier
transformation.

Next we will work towards introducing the inverse Fourier transform F~!. The
following result is known as the Fundamental Relation of the Fourier Transform or
alternatively the Multiplication Formula.

Theorem 2. Let f,g € L*'(R?), then

» f(x)g(x)de = » f(x)g(x)d. (2.5)

Proof. The proof is a straight forward calculation. With the help of Fubini’s The-
orem we get

[ fwwe= [ ([ soear) g

_ /R ) ( /R d g(aj)e_zmxda:) dt

= [ f0awa.

Now we have all the results in place to prove the inverse Fourier transform.

Theorem 3. Let f, f € L'(RY), then the inverse Fourier transform F~' is given
by
f(x)=F ' f(x) = flw)e™ @ dy Vo € RY. (2.6)
R4
Proof. First, let f € C.(R%), the space of continuous functions with compact sup-

port. Let ¢(z) = ¢~™" be the normalized Gaussian, then ||St,¢[|; = ||¢|l; = 1. Set
Y, = D1/,p, then ¥, = St,p = St,p by Lemma 2| By Theorem [2[it follows that

g f(w)e%m“’@bp(w)dw = g f(w)Mw¢p(w)dw (2.7)
-/ F(W) Tyt (w)dw

11



f(w)T,St,p(w)dw
Rd

f(w)St,o(w — z)dw
Rd
= f * Stﬂ@(x)v

where ¢(z) = ¢(—z). Next we have to show that f * St,p(x) — f(z) for p — oo.
This results from the following considerations:

f % Styp(a) — flz) = /R (Fla— 8- F) Stpton
= [ 0= ) = 1) st

Since by assumption f in C.(R?), the claim is proved and therefore f x St,¢ — f
for p — 0. By Lebesgue s Theorem of Dominated Convergence the left-hand side
of converges to [, f(w)e*™“dw and thus ﬁ holds for all f € C.(R?) but since
this is a dense subspace of L'(R?) it holds on all of L'(R%) and thus the proof is
finished.

O
With F~! at hand we can prove Plancherel’s Theorem.
Proof of Theorem[1 The proof is a straight forward calculation.
Il = [ 1f)Pde
— [ F@)fwds
R
:/ </ )eQﬁzxwdx/ me%ritwdt) dw
R4

= / / / 2= dydtdw

://f F)o(t — x)dxdt

- [ fa@iw

= 1£ll2
]

Now we are able to obtain a joint time-frequency representation of a signal f by
“sliding” a window along the time axis and taking Fourier transforms. The following
operator lies at the center of time-frequency analysis, it is the main building block
for the subsequent theory.

12



Definition 7. The Short Time Fourier Transform (STFT) of a function f € L*(R9)
with respect to a window g € L*(R?) is defined as

Vof(z,w) = f( )g(t — x)e > dt
/ (O M Tog )t (2.8)
= (f, M,T,9)

for (z,w) € R*.

Again, the question arises immediately if there is an inverse operator and how
to construct it. This, again, requires some more results before we can proceed.

Theorem 4. (Orthogonality relations of the STFT)
Let fi, f2, 91,92 € L*(R?), then

<V(]1f17‘/g2f2> = <f17f2><gl792>' (29)
Furthermore V,, fr € L*(R*) for k =1, 2.

Proof. We will follow the proof given in 13|, p.42. At its heart lies a clever appli-
cation of Parseval’s formula.

Vi fiViah) = [ | [ Vi)V Pl s

:/Rd< Rd]:(fl Teg1)(w)F(fa - Tog2)(w)dw )dw
_/R ( fi(t) fa(t )mgﬂt—x)dt) de

/f1 ) fa(t) (/ gl(t—x)gQ(t—a:)d)dt

f17 f2><g1 g2>

O
The orthogonality relations immediatly lead to the following corollary.
Corollary 2. (Moyal’s Formula) Let f,g € L*(RY), then
||ng||L2(Rde§d) = ||g||L2(]Rd)||f||L2(Rd) (2.10)

Remark 2. If in particular ||g||z = 1 (for example if g is the normed Gaussian),
then by (2.10)) the STFT is an isometry, V, : L*(R?) — L*(R??), and thus injective,
i.e. each f € L*(R?) is uniquely determined by its STFT.
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Next we will find a way to reconstruct f from its STFT. With the previous results
we have the right tools at hand to formulate and prove the inversion formula.

Theorem 5. (The Inversion formula of the STFT)
Let g € L*(R?) with ||g||z2 = 1, then for f € L*(RY) we have

f= Vof(x,w)M,T,g dwdz (2.11)

RdxRd

Proof. Since ||g|l2 = 1, (2.9) implies that

<V§fl7v@f§> ::<jiaf§> \Vfl,fb € I;QGRd)a

which leads to
(Vo Vafi, f2) = (i, fo), (2.12)

which in turn implies V'V, = id, where V denotes the adjoint operator of V.
What we have to show now is that

VS F —/ F(x,w)M,T,g dvdw, (2.13)
RIxR4

for '€ L*(R??). This is done by the following computations:

(Vof F //Vfa:w xw)dxdw
Rd JRd

B éd /Rd ( /R o (t)Txg(t)e—thwdt) dadw
/ (/Rd /Rd z,w) M, Tog(t )d:vdw)d

= ([ VJF

Hence, by setting F' =V, f and with the help of (2.12)) the proof is complete. [

Remark 3. We can omit the assumption that ||g|| .2 = 1 in the previous theorem.
The inversion formula then reads

1

f=rm
1913

/ Vo f(z,w)M,T, g dxdw.
RIxR4

(2.11)) can also be generalized to a situation where we use two different windows g
and v € L? for analysis and synthesis respectively. We only have to make sure that

(v,9) # 0, then
1

=59

/ Vyf(x,w) M, T,y dwdz.
RIxR4

14
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Figure 2: Two spectrograms. Left: spectrogram of a short piece of Klezmer music.
One can clearly identify the drum beats (vertical lines) and a closer inspection
reveals the melody (far right, two alternating notes). Right: spectrogram of the
spoken word “greasy”. Note the frequency pattern in the upper right: that is the
stbilant sound of the “s” phoneme.

With the STFT we have a tool to determine the behaviour of a signal in the
frequency domain over time. A typical usecase are spectrograms, which are just
STFTs with the negative frequencies left out (see Figure .

One is tempted to use smaller time intervals to get more exact frequency localiza-
tion, but there are uncertainty principles in place which prevent us from obtaining
infinitely precise time frequency localization. Practically that means that better
resolution in the time domain yields worse resolution in the frequency domain and
vice versa (see Figure [3]). For a more thorough discussion of uncertainty principles
see . As an example we state one particular uncertainty principle.

Proposition 1. Let U C R* and f,g € L* with || f|l2 = ||gll = 1. Then for e >0

//U Vo f (z,w)]?dedw > 1 — €

implies that |U| > 1 —¢.

Proof. By the Cauchy-Schwartz inequality we have |V, f(z,w)| < | fll2llgll2 = 1.
This yields

1< / / IV, (2, w) 2 dadw < |V, £I%]U] < U]
U

15
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Figure 3: An extreme example of how the choice of the analyzing window influ-
ences the STFT. The signal is a simple sine wave at two different frequencies.
On the left, a wide window was used, resulting in very good frequency localization,
on the right, a very short window was used, which yields good time localization
but very bad frequency localization.

2.2 Gabor Frames

In the previous section we got to know the STFT as our main tool that yields a
joint time-frequency representation of a signal f € L*(R%). But a quick review
of the underlying mechanism shows, that this representation is redundant. If we
look closer at what happens in the time-frequency plane, we see that we let the
window g move around continuously while taking inner products of the signal f
with T, M,g. But since the essential supports of the time-frequency shifted versions
M,T,qg of g overlap, we get highly redundant information, i.e. many of the coeffi-
cients (f, M, T,g) in the inversion formula of the STFT carry essentially the same
information. We need a way to thin out this abundance. Discretization is the way
to go here. We sample the STFT at equidistant points in the time frequency plane,
then, by we should be able to represent f by the following expansion:

f = Z Z <f7 Manmag>Manma’y (214)

meZd neZd

Where a,b € R are constants defining the spacing of the sample points in the time-
frequency plane and g,y € L*(R%) are suitable windows for analysis and synthesis
respectively. Of course there remain some questions. Under which conditions does
the sum in the previous equation converge, and does it converge at all? How do we
have to choose the windows g and ~?

Definition 8. A discrete subgroup A € R?? of the form A = AZ?? for some 2d x 2d-
matrix A with entries in R is called a lattice . We will only work with time-frequency
lattices, which are lattices of the above form in the time-frequency plane R x R,
A lattice of the form A = aR?¢ x bR with a,b € R is called separable lattice.
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Definition 9. A frame is a sequence (g;);c;s in some Hilbert space H, where J is
a countable index set, for which there exists constants A, B > 0 such that for all

feH
AllF15 < D1 9017 < Bl f I3 (2.15)

jeJ
Note that the left-hand inequality ensures injectivity of the sampling operation
f=> ies IS, g;)|? while the right-hand inequality takes care of its continuity. A
frame is called a tight frame if A = B.

Definition 10. Associated with every frame are the following operators.

e The analysis operator C' : H — £2 is given by
C:fe= ([ 9i))jes (2.16)
e The synthesis operator D : €2 — H is given by

D :cHchgj. (2.17)

jeJ
e The frame operator S : H — H is given by

S fe Y (fg)g, (2.18)

jeJ
ie. S=DC.

Remark 4. Tt is easy to see that

(Cf.e)=> (f.9))E

jeJ
= f(t
JGZJ/ chJ
/f c;jg;(t
jeJ
= (f, De),

and thus D and C' are adjoint to each other. Furthermore the frame operator
S = C*C = DD* is self-adjoint.

Lemma 3. Let {g; : j € J} be a frame with frame bounds A, B > 0, then the
set {S7'g; : j € J} is also a frame, the so called dual frame with frame bounds
A~ B,

Proof. For the proof we refer the reader to [13], Corollary 5.1.3. O
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Lemma 4. Let {g; : j € J} be a frame and {v; = S~ 'g; : j € J} its dual frame,
then every f € H can be written as non-orthogonal expansions of the form

F=> {99 (2.19)
jeJ

and

=Y {9 (2.20)

jeJ

Both sums converge unconditionally in H.

Proof. We only sketch the proof which basically consists of a straight forward cal-
culation. We only show ([2.19)):

F=87YSH) =D (f9)5 "9 =D _(f.9)-
jeJ jeJ

[]

In a frame expansion of the form the coefficients are in general not unique.
Since frames are redundant we can drop certain coefficients and still be able to re-
construct f from the remaining ones. This property is very useful for example in
wireless communication because it enables us to reconstruct a signal from incom-
plete transmissions. If we want unique coefficients, we loose the redundancy as
shown in the following theorem which introduces Riesz bases.

Theorem 6. (Riesz basis)
Let (gi)ier be a frame in some Hilbert space H then (g;)ics is called a Riesz basis if
one (and therefore all) of the following equivalent conditions hold:

1. The coefficients (f,~;) are unique.
2. C: L* — £% is surjective.

3. There exists constants A, B > 0 such that for arbitrary sequences ¢ € (1)

Allella < 1> cigilln < Bllell. (2.21)

iel

4. (gi)ier is the image of an orthonormal basis (e;);c; under an invertible operator

T e B(H).

5. The Gram matriz (Guk)nk, where Gui = (gn, gr) defines a positive, invertible
operator on 2.

Proof. The equivalencies are shown in [13], p. 90. ]
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For a thorough discussion of frames and Riesz bases see [1] and [13]. Now we
will apply the machinery of frames to our problem at hand: discretizing the STFEFT
in order to reduce the redundancy and thus achieving a more efficient joint time-
frequency representation of a given signal f. The idea is simple: move a window
g € L*(RY) across the time-frequency plane and take inner products at equidistant
points. The following definition makes this precise.

Definition 11. A Gabor system or Gabor family is a set of functions which is
generated by shifting some window function g € L*(R?) along a time-frequency
lattice A = aZ? x bZ? C R? x RY. Formally, we write

G(g,N) = {r(N)g, X € A}.

The generating function g is called Gabor atom. If G(g,A) is a frame, then it is
called Gabor frame. Consequently the Gabor frame operator is given as

Sf =S (f.x(Ng)r(Ng. (2.22)
AEA

What we are really interested in is a frame expansion of the form (2.14), i.e. we
need a dual window. With Gabor frames this becomes pleasantly easy.

Proposition 2. The Gabor frame operator commutes with time-frequency shifts,
1.€.

(7(\)tST(\) f = Sf. (2.23)
Thus the dual frame is again a Gabor frame, generated by the dual atom v = S~1g.

Proof. The proof is a straight forward calculation. Let A be a lattice in R% x ]l/éd,
then

(W) TISTNf = Y (w(N)f,m(X)gh(r(A) " m(X)g
NeA

=D (f,mN = Ng)m(N = N)g

NeA

= Sf

From this result we can finally derive our Gabor expansion.

Corollary 3. Let f be a function in L*(R?) and G(g,a,b) a Gabor frame, then f
has the expansions

= S (f (W) (2.24)



Remark 5. We succeeded in “thinning out” the information needed to reconstruct
a function f € L*(RY) from its STFT by introducing Gabor frames and the Gabor
expansion. But we have been somehow vague about when this expansion is really
possible. Up to now we use suitable windows in L?(R?) but which ones are they?

3 Banach-Gelfand Triples

The results from the preceding section give rise to some questions. Until now we
have defined the STFT, our main tool in time frequency analysis, only for functions
in L*(R?) with suitable windows g € L*(R?). In this chapter we will elaborate on
what this means.

A particular problem arises when we ask for the eigenvectors of the unitary
operators T, or M,,. From linear algebra we know the fact that every self-adjoint
operator on a finite dimensional euclidian vector space has a complete set of eigen-
vectors. In the infinite dimensional case this isn’t necessarily true anymore. Assume
that T,.f(t) = cf(t) for f € L*(R?) and ¢ € R, then an application of the Fourier
transform yields M_, f (w) =c¢ f (w) almost everywhere, but this holds true only if
f = 0 almost everywhere except for the set of all x such that e 2™ = ¢, a set
which has measure zero, thus f must be 0 almost everywhere and consequently
f = 0. Hence the operator T}, has no eigenvectors in L*(R%). But if we apply T} to
a pure frequency x,,(t) = €™ we find that

T:ch(t) — 6—27ri:cw627ritw

and thus we can consider the pure frequencies x,, as eigenfunctions of the operator
T, to the eigenvalue e~2™. But y,, does not belong to L*(R?%). The solution to
this problem will be the interpretation of the pure frequencies as functionals on a
suitable (Banach-) space of test functions as we will see in Section [} This idea
evolves further into the concept of generalized eigenvectors as introduced in [12]
and [2].

Another problem arises if we want to generalize the STFT. In Equation (2.8))
we saw that the STFT can be considered as an inner product, which only makes
sense in L, but what if we want to apply the STFT to more general objects like
functions from L or distributions. Here the concept of duality comes to rescue.
If we could find a subspace U C L*(R%), we could consider its dual U’ and extend
the definition of the STF'T in analogy to the Hilbert space case as

Vof (2,w) = ({f, MuT:9g)

where f € U’ and g € U. It turns out that this is the correct path to take and
we will even find a suitable Banach space U = S;, leading to a situation where
we have a Banach space embedded into a Hilbert space which in turn is embedded
in the dual of the small space. This is one possible motivation for introducing
Banach-Gelfand triple.
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Remark 6. The following definitions assume a basic familiarity with the concept of
weak*-convergence and the weak*-topology on the dual space B’ of a Banach space
B. A deeper discussion of this concepts can be found in Section [4.6]

Definition 12. Let By, By be Banach spaces. An operator U : B} — B), is called
weak*-weak* continuous or w*-w* continuous if it maps bounded weak*-convergent
sequences in B’ to bounded weak*-convergent sequences in Bj, i.e.

-w

<0n - UJf>Bl - 0= <U0'n - UU7g>B2 =0 vf € Blug € B270n70 € Bll
Now we can give the central definition in this work.

Definition 13. (Banach-Gelfand-Triple) Let H be a Hilbert space and let B be
a Banach space which is continuously and densely embedded into H. If H in turn
is weak*-continuously and densely embedded into B’, the dual space of B, we call
the triple (B, H, B') a Banach-Gelfand-Triple.

Lemma 5. (€', % £) is a Banach-Gelfand-Triple.
Proof. Let cyy be the space of finite sequences
coo = {(an)n>o| Ik : @, =0 Vn > k}
First we will prove that cog is dense in £' and £°. Let f € €' and (c,), € coo such

that

e E<n
‘= 0 k>n

Then we have

||f_cn||:Z|fk|—>0 for n — oo

k>n

The same argument holds for £* and it follows that g is dense in £' N £€*. Now for
f € £ there exists a sequence (g, ), € £' such that

I1f = gnll2 = ||f = ca+cn—gnll2 < If —cnll2 + llen — gnll2 = 0

since cop is dense in the intersection of £ and £? and therefore £' is dense in £
Now we show that €2 is weak*-dense in £°. Weak*-convergence in £ amounts to
coordinate-wise convergence since

> e =Y oufe

k>0 k>0

[(gns ) — (g, /)| =

—+0 <= g,, = grforn = oo

21



where (g, ), is a sequence in £, g € £*° and f € £'. Now let (g,), € £>° be defined

as
g k<n
I =1 0 k>n
then for f € €' N £2

|Zgnkfk - ngfk’ = |ngfk| < Iilff(gk) Z | fx] — 0 for n — co.

k>0 k>0 k>n k>n
Since £' N €% is dense in £%, this holds for all f € £2. O

Definition 14. (Banach-Gelfand triple Homomorphism) Let (By, H1, B}) and (Bsy, Hz, B5)
be two Banach-Gelfand triples, then a Banach-Gelfand triple homomorphism is a
linear mapping 1" which satisfies the following conditions:

e There exists a constant C'g € R such that the operatornorm ||7|| g, B, < Cp.

There exists a constant Cy € R such that |73, 5w, < Cxn.

There exists a constant Cg € R such that ||T| g5, < Cp'.

e T is a w*-w*-continuous mapping from B} to By, i.e. if a net (0,)s € Bj
satisfies
(0a:9) = (0,9) Vg€ By,

then
(Tow,h)y — (To,h)y Vh € Bs.

Remark 7. Of course, by taking C' = max{Cp,Cy,Cp}, we can abbreviate the
above definition by saying that a mapping T between (B1, Hy, B') and (B, H,, B5)
is a BGT-homomorphism if it is bounded on all three “layers” of the Gelfand triple,
ie.

HTH(Bl,Hl,B'l)%(Bz,HQ,BIQ) <C

and T is w*-w*-continuous from B to B,,.

Definition 15. (Banach-Gelfand triple Isomorphism) Let (B1, H1, B}) and (Bsy, Ha, B)
be two Banach-Gelfand triples. A linear mapping U is called a (unitary) Banach-
Gelfand triple isomorphism if

e U/ is an isomorphism between B; and B,.
e U is an isomorphism (resp. U is an unitary operator) between H; and H,.

e U extends to a weak™-isomorphism and a norm-to-norm continuous isomor-
phism between B’ and Bj,.
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Definition 16. For an operator U we can express the fact that U is a unitary
Banach-Gelfand triple isomorphism with the following Gelfand bracket notation

<f1,f2>(B,H,B') = <Uf1,Uf2>(B,H,B/)- (3.1)

This notation extends the inner product notation for Hilbert spaces to the functional
brackets of Banach spaces.

The following theorem is of utter importance and immediately shows how useful
the concept of Banach-Gelfand triples is.

Theorem 7. (Extension of Operators)

Let U be a unitary mapping U : Hy — Hy. Then U extends to a Banach-Gelfand
triple isomorphism from (By, Hy, By) to (Ba, Ha, BY) if and only if U, as well as
its adjoint U’, restricted to By and By respectively, are bounded linear operators.
In other words if and only if there exists a constant C > 0 such that

IUfllB, <ClflB. Vf € By (3.2)

as well as
|U'gllB, < Cllgllz, Vg € By (3.3)

Proof. One direction of the proof is clear. If U extends to a Banach-Gelfand triple
isomorphism, then U and U’ are bounded on the innermost level of the Gelfand
triple. On the other hand, if (3.3)) holds, then we can define a mapping U by

<Ug7f> - <g’ U/f>

where g € B} and f € B,. This mapping is bounded on B’ because

1Uglle, = max [Ug,f)l = max [(g,U'f)] < Cllg]s,-

IfllBy<1 £y <1

It thus extends the unitary mapping U : H; — Ha, and since H; is weak™-dense in
B, this extension is unique as a function mapping weak*-convergent sequences in
B on weak*-convergent sequences in Bj. Similarly, we define

U g, f)=(9,Uf), g€ By feB.

This is again a bounded operator, thus U is an isomorphism from B/ to Bj. Note
that the bijectivity of U restricted to B; follows from and and the
bijectivity of U : H1 — Hs (in particular U : B; — B, has a right-inverse and is
thus surjective, the injectivity is trivial).

O

As a corollary we get immediately
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Corollary 4. Let U be an isomorphism from By to By, then U extends to an
isomorphism on (By,H1, BY) to (Ba, Ha, BY) if and only if

<fa g>H1 = <va Ug)'Hz vfag € Bl (34)

Proof. 1f U is an BGT isomorphism between (By,H1, B}) and (Bsy, Ha, By), then
it is clear that (3.4)) holds. On the other hand it follows from (3.4) that

£ W3, = f oo = (UL, Uf)we = IUFIG, VS € By,

and thus U extends to an isometry from #; to H, with dense range U(B;) = Bs.
Thus U : Hy — Hs is a unitary mapping. This implies that the restriction of
U’ = U~! to B is bounded, thus Theorem [7| applies. O

Remark 8. Corollary [4] gives us a straight forward tool to determine if a given
operator is a Banach-Gelfand triple isomorphism. All we have to do is to check if

Equation (3.4) holds.

4 The Gelfand Triple (S, L? S})

In this section we will introduce the key players of this survey: the Banach space
S, and its topological dual SJ. Together with L? they form the most prominent
and important Banach-Gelfand triple in modern time-frequency analysis. Extensive
further information on the topics in this section can be found in [11], [4], [13] and [5].

First we define two very general classes of spaces which provide the background
for the results in the sequel of this work.

Definition 17. (Mixed-norm spaces)
Let 1 < p,q < oo, then the mized norm space LP4(R??) is defined as the space of
all measureable functions on R?? such that

1/q

a/p
£l Loa(raay = (/Rd ( g ]f(x,w)]pdx) dw) < 0.

with the usual modification if p = co or ¢ = c.

Remark 9. Mixed-norm spaces are a generalization of the usual LP-spaces to the 2d-
dimensional plane. They use separate LP-norms for each “direction” or “domain”
(e.g. time and frequency).

The next definition expresses the idea that lies at the core of the theory of
time-frequency analysis as developed in this work: To define function spaces by the
behaviour of their members under the STF'T.

Definition 18. (Modulation Spaces) A function (or distribution) f belongs to the
modulation space MP4(R?) if

[fllazra = [IVgfllra < oo,

for some suitable window g.
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Remark 10. Membership in a modulation space gives us information on the over-
all behaviour of a function on the time-frequency plane. It tells us if it is well
concentrated (e.g. bandlimited functions) or spread out (e.g. noise signal).

The following section introduces a class of spaces which will turn out to be very
useful in the daily work of the time-frequency analyst (see also [5] and [14]).

4.1 Wiener amalgam spaces

The idea behind this special class of spaces stems from the desire to describe a
function jointly in terms of its local and global behaviour. Therefore we will first
decompose a given function f into compactly supported pieces and then measure
the behaviour of each piece (the local behaviour of f) as well as the behaviour of
all the pieces together (the global behaviour of f). To decompose f we need the
following definitions.

Definition 19. Let A = FL' be the image under the Fourier transform of the
space L'. It is equipped with the norm

1fla=1lz (4.1)

Its topological dual is the space A" = FL*, the Fourier image of L* (we don’t know
yet how this might be interpreted). The space A, is the space of all band-limited,
absolutely integrable functions.

Definition 20. Let ¢ be a function in A.(R%). Then ¢ generates a Bounded
Uniform Partition of Unity (BUPU) if

Z Trp(x) = Z olr—k)=1 VreR

kezd kezd

Definition 21. A sequence space S is called BK-space if it is a Banach space with
respect to the topology of pointwise convergence, i.e. a sequence (sg) € S converges
tos e Sif sy — s" for k = oo. A BK-space S is called solid if for every sequence
s = (s%); there exists a sequence ¢t = (t"); € S such that |s”| < |t"| implies s € S
and ||s]ls < [|[]s-

By using Bounded Uniform Partitions of Unity we can define Wiener Amalgam
spaces as follows.

Definition 22. Let ¢ € A. generate a BUPU. Let Y be a solid BK-space and
X some translation invariant Banach space of functions or distributions satisfying
A - X C X, then a function f € X, belongs to the Wiener Amalgam Space
W(X,Y) if

[ llwexyy = L Trellx [y ) < o0, (4.2)

where Y (k) emphasizes that we take the Y-norm with respect to k.
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Remark 11. The assumption that Y is solid is necessary to show that (4.2)) actually
defines a norm. To verify the triangle inequation consider f,g € W(X,Y), then
If + gllwexyy = I+ 9)Thel xly )
= I/ Tee + 9Tl x Iy 1 -
Now a priori we don’t know if || fTre + gTrp|lx € Y, but

[/ Tep + gTiellx < [[/Tepllx + l9Tkel x,

by the triangle equation in X. But ||fTre||x + [lgTkellx € Y since

I Teellx + lgTepllx by ) < N Teellx v + IlgTrel x Ny )
= [fllwexy) +llgllwexy).
Since Y was assumed to be solid this implies || fTrp+ gTrp||x € Y and the triangle
equation is verified.

Remark 12. In this work we will always use Y = £7/1 < p < oo. A function
f € W(X,£°) then has the norm

1/p
1 fllwx.ery = <Z |’ka90H§(>

keZ

The definition of Wiener amalgam spaces captures the local behaviour of a
function f by applying some Banach space norm and at the same time describes its
global membership in some Banachspace Y. Thus it allows for a more finer grained
description of f, e.g. two functions with the same LP-norm do not necessarily have
the same Wiener norm.

Wiener amalgam spaces obey to the following important convolution relations
which will be needed later on.

Theorem 8. Let X x Xo C X3 and Y7 x Yy C Y3, then
(X175/1> * W(X27}/2) g W(X?)?}/?))

Proof. The proof largely follows [b]. Let f; € W(X1,Y1) and fo € W(X,Y3).
Let v, and 19 generate BUPUs for W (Xy,Y7) and W (X5, Y3) respectively. Then
we know that f,Ty1, is a function in X,,r = 1,2. Let 7, = Xsupprv, denote the
characteristic function of supp T;1,. First consider the function

(@) =Y I Tty 5, 7 (), (4.3)

iel

where I is some index set. We will show that v(z) € Y,. Let I, :== {i : z €
supp T3¢, } and let n be such that

Hkaerxr = squHfTﬂﬂrHXT'
1€ T
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I, is finite since 1), is compactly supported, hence

v(@) =D |If Tl 7 (2)
= Z HfTﬂerxr
1€l,

< Cf Tutnl

and therefore |||y, < C||fllw(x,v,) by (4.2). Now choose g € A, with suppg C

supp ¢; as well as supp g C supp ¥2 generating a BUPU for W (Xj3,Y3). Then we
can write

Jix fo= Z(fl * f2)Thg = Z(fl * f2) -

k k

First we see that

(fi* f2)gn = Z g (1T * faTjabs)

i,j€I
where the sum is taken over the set I of all index pairs (i, 7) such that supp(gx) N
supp(Tithy = Tjips) # (0. Then

1 gl < D Nlgwllall AiTanllx | f2T5¢n | xs
(Zm])elk

Now we have to bring in convolution on the global spaces Y; and Y5. Observe that

(7—1 * 7_2)(:U> > HXsuppgkul

if x € supp(gx) as above. Now consider the function 1 : k +— ||(f1 * f2)gk||xs, then
for z € supp g fixed

n(k) = |(fr* f2)gnl x,

< lgrlla (Z HflTile)qu) * (Z Hf2Tj"¢2Hx2T2> ()

| supp g |1
=: C(F} % F?)(x).

By definition of the Wiener amalgam norm, the functions F;' and F} are ele-
ments of the spaces Y1, Y, respectively. Thus the second convolution relation in
the assumption applies and yields F}' x Fj2 € Y;. Since this holds true for all
X € supp gk, the preceding formula implies that k& — ||(f1 * f2)gk||xs € Y3 and thus
fix f2 € W(X3,Y3). u

In the context of Gabor frames the subsequent theorem will prove to be helpful.
It shows that sampling of “well behaved” functions leads to equally nice behaviour
of the resultant sequences of sampling points.
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Theorem 9. (Sampling estimate for Wiener amalgam spaces)
Let A be a lattice for the time frequency plane R? x R%, then for a continuous
function f and p € [1,00) there ezists a constant Cy such that

1 f1alleray < Callfllwz=.ery (4.4)

Proof. Since ¢ € A, we know that there exists some R > 0 such that suppy C
Br(0), where Br(0) denotes the ball with radius R around 0 in R? x R%. Let N
denote the number of lattice points in A N Br(n) then there exists a constant C
with V < C}y, hence

STHMP Y CY IFNTe (V)

AEA AEA nez2d

=CI Y Y TN
neZ2d A\e ANBR(n)

<CR YN Tl = CRIfllw iz o)-

nez2d

]

Remark 13. The theorem also holds for p = oo with slightly modified proof (see |13],
Proposition 11.14).

4.2 The space S; and its dual

The STET gives rise to a special Banach space which proved to be optimally suited
for time-frequency analysis. The idea is to define a space of functions based on
the properties of their STFTs. In particular we are interested in functions with
integrable STF'T, i.e. functions that are in a sense bounded or well concentrated
in the time frequency plane. The resulting space is known as Feichtinger’s algebra
and is denoted by Sp.

Definition 23. (The Banach Space Sy(R?))
Let g be the Gaussian. A function f belongs to the space Sp(R?) if

I lsoceer = [[Vofll: = / Vi (@.)ldude < o0 (4.5)
X

It can be shown that the definition of Sy(R?) does not depend on the window
g (see Corollary [11] and [7]). Any non-zero g € Sp(R?) is suitable and different
windows yield equivalent norms. Sy(R¢) contains the Schwartz space S(R?). Fur-
thermore S, (IR?) is a special member of the class of Modulation spaces (see Definition

18) where it corresponds to the space M, (RY) = M'(R?).
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Theorem 10. (Important Properties of Sp)
Let g denote the Gaussian.

1. Sy(R%) is a time-frequency homogeneous Banach space, i.e. for every f €
So(R?) we have 7(\)f € Sy(R?) and ||7(N)flls, = [|.f]|s,-

2. 8y(R?) is a dense subspace of L*(RY), furthermore it is the smallest time-
frequency homogeneous Banach space containing g.

3. ,SO(Rd) is invariant under the Fourier transform, i.e. if f € Sy(RY) then
f € So(RY) and || fl|syra) = [I.f |5 (ra)-

Proof. First we observe that the STF'T of a time-frequency shifted version of f €
So(R9) is just a time-frequency shift of the STFT on the time-frequency plane:

Vo(MTof)(w,w) = | MT, f(t)g(x — t)e "™ dt

Rd

= f(t —u)g(x —t)e =gt
R4

— ) f(z)mef%riz(sz) 67271'1'u(o.27§")d,Z
R
= ¥ Mo, Tiu,e) Vo f (,0).

Thus ||M¢T,flls, = || f|ls,- To show that Sy(R?) is a Banach space, we have to
verify that Y, ||/l < oo implies f =", fn is in Sp(R?). Indeed,

1 flls, = //!ng(x,w)|dxdw
<3 [[ Wauto )l

neN

= N fullsy < o0

neN
and thus finishes the proof of the first statement. To prove the second one, we need
that
VoSl = sup  [{f, MuTeg)| < [ fll2llgll2,

(z,w)eRExRE

because in combination with (2.10)) this yields

112 = Ngll2* Va3
< llglla* Vo FlloclVaslls
< llgllz "1 1l211f1ls0-
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which implies that Sy(RY) C L*(R?). Now let (g,), € So(R?) with supp(g,) com-
pact for all n € Z generate a BUPU in L*(RY), then fg, € Sy(R9) for f € L*(R%)

and
f=tim 3 fo.

In|<k

thus for every f € L*(R?) there is a sequence of functions vy = > n<k S s i €
Sy (R?) converging to f and hence Sy(R?) is dense in L*(R%).

To show that S is the smallest Banach space of its kind we observe that for any
time-frequency homogeneous Banach space B containing g we can write f € Sy(R?)

as

7
— V. flx,w)M,T,gdwdx
(7:9) Jraxga (@)

for an analyzing window v € Sy(R%) with (g,~) # 0. From this follows

f=

1 1
Vaf (z, )| [ M Togl| p dwda < 10 >|||9||B||f||50

Iflls <

(9 1] Jraxa

Thus Sp(R?) is embedded in every time-frequency homogeneous Banach space B
containing g.
For the third claim we use Parseval’s formula to obtain

fy M, T.q)

Vof(z,w) = (f,
<f ToM_.3)
= (f,

QNZIWM_Ing>
727rmwv f

If we let g be a Gaussian window, which is invariant under the Fourier transform,
it thus follows that

s = [ Woftwoldods = [ Wof(cow)dodo = s,

R xRd
]

When talking about Sy(RY) we will also have to consider the space of all linear
functionals on Sy(R?). Let S¢(R?) denote the dual space of Sy(R9). First we will
extend the Fourier transform to Sg(R?) using Parseval’s formula (2.3)).

Definition 24. For f € S{(R?) and g € Sy(R?) the Fourier transform of f is
defined as f € Sj(R?) such that

(f.9) = (f.9).

Lemma 6. The Fourier transform is a Banach Gelfand triple isomorphism.
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Proof. By Theorem 10| the Fourier transform is an isomorphism on Sy(R?), which
by Plancherel’s Theorem (Theorem [1)) extends to an unitary mapping on L*(R?).
An application of Corollary [4] finishes the proof. m

With the previous definition we can interpret the STFT, which can be expressed
as an inner product on L*(R?), as the application of an element of S¢(R%) to an
element of Sy(R?), namely a time-frequency shifted version of g € Sy(R?).

Definition 25. If o € Sj(R?), g € Sy(R?) then
Vyo(x,w) = (o, M,T,g).

This is a uniformly continuous function on R? x RY.

Remark 14. The (uniform) continuity can be seen as follows. An easy consequence
of Theorem [I0 is that

lim ||M,T,q — =0, VYge SR,
(m,w)ﬁ(o,m“ 9—9lls, g € So(R7)

Hence M, T, acts continuously on Sy(R?). Thus for o € S¢(R?), g € Sy(R?)
(o, M, T,9) — (0,9)
for (z,w) — 0, which shows the continuity of V0.

Lemma 7. With the previous result in mind we see that Sy(R?) can be characterized
in terms of the STFT. Let 8'(R?) denote the dual of the Schwartz space of rapidly
decreasing functions (we could also use the even bigger space D'(R?), the dual space
of the space of infinitely differentiable functions on R® with compact support), then

RdxRd

SY(RY) = {o e S'(RY) : |[o]|syqmn) = IVyollo~ = sup [Vyolz,w)] < oo}

Ezample 1. The d-distribution belongs to Sg(R?). This follows from
0]l syay = sup [Vyd(z,w)|
(z,w)ERE x R4

= sup |(6, M,T,g)|

(z,w)eRE x Rd

= sup  |g(—7)|
(z,w)ERE x R4

= [lglloc < llglls, <00

Remark 15. With Definition [25(we have extended the inner product notation, which
is only meaningful on a Hilbert space, to the Banach space Sy and its dual. Summing
up, we can write for f € (Sy, L*, S¢)(R?):

Vof(z,w) = (f, M,T:9) s 12,59
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Now we can reassess the problem of eigenvalues of the shift operator 7, as
mentioned on page The trick is to consider the pure frequencies as functionals
on Sy(RY), indeed we have

Ixollsy(RY) = sup  [Vyxw(z,v)|
(z,v)ERXR

=  sup ’ 62ﬂitwm€—2m’tudt‘
(z,v)eRxR JR?

< sup |27 g (t — )|t
(z,v)eRxR /R4

< lgllrmay < llglls, < oo,

thus the operators T, and M, have eigenvectors in Sy(R?), namely y, and 4,
respectively.
Next we will also extend the inverse STFT to Sj(RY).

Theorem 11. Let o € SJ(RY), g € Sy(R?), then
o= / Voo (w,w)M, Ty drvdw, v € Sy(R?), (4.6)
Ré xR
where the integral is to be interpreted in the weak sense, i.e.

@0) = [, Vol ML) VE € SR

Proof. For v € Sy(R?) define ¢ = [424 Vyo(x,w) M, T,y dedw, then for every f €
So(R9)

Gf) = [, Viele.w) ML, ) dad

_/ (0, MuT,q)V, (2, ) dude
RixRd
= <0-7 f>’
since f = [pa 50 Vo f (@, w) M, T, g dedw is valid for f € Sy(R?), thus ¢ = 0. O

One of the most important characterizations of Sy is as Wiener amalgam space.
Using this alternative viewpoint may lead to very accessible proofs as will be seen
in the sequel. The following theorem again emphasizes the “niceness” of Sy, iden-
tifying it locally with the Fourier image (thus a subspace of Cy) of all integrable
functions which are piecewise summable. So once more we can appreciate how well
concentrated Sy-functions are on the time-frequency plane.
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Theorem 12. Let A = FL" with ||f|a := ||kl for f = h, and A" = FL*, then
Sy(RY) = W(A, ') (47)

and
Sy (RY) = W (A, £%). (4.8)

Proof. We begin with the first equation and have to show that f € Sy(R%) if and
only if > ||f Tw]|la < oco. First assume that f € Sp(R?), then the invariance of
Sy(R?) under the Fourier transform implies that there exists a function h € Sy(RY)
such that f = h. Let ¢ € A, N Sy(R?) (for example let 1 be a triangular function)
generate a BUPU. By the same argument as above there exists a ¢ € Sy(R?) with
1) = @. We have to show, that Y ||fT.¢|la =D, [|h* Mypll1 < co. We compute
that

(h* Mpp)(z) = /h(t)go(:z: — t)e* ey = 2 MY bz, n),

where " (x) = p(—x). Thus
> b Mol = Z/ Vi h(z, n)|[e™" |de = /Z Vv h(z,n)|dz < oo, (4.9)

since h € Sy(R?). Conversely assume f € W(A,£'"), then f = . fT, and
Yon lf Tht|la < 0o. Now let g € Sy N A, then a quick calculation yields

1f Toto || syway = I f Totp Tegll all,

< |lf Tu¥|l allgll a| supp g N supp f T, 0|" (4.10)
< 00,

since both functions in question are compactly supported and thus f € Sy(RY). O

Remark 16. Equation (4.10) also shows that A. C Sy, in fact it is even a dense
subspace of Sp.

Theorem 13. Sy(R?) is a dense subspace of L*(R?) and weak*- densely embedded
in S§(RY), i.e. (Sp, L?, 8J)(R?) is a Banach Gelfand triple.

Proof. That Sy(R?) is a dense subspace of L*(R?) was already shown in Theorem
[10l What remains to be shown is the weak* density of So(R%) in S§(R?). But before
we proceed, we need the following result.

Lemma 8. Let g > 0 and h be in Sy(R?), then for every f € So(RY) we have

(ps7)—(00,00)
as well as
i  (Dh(Stsg + f) — fllsyn = 0. (4.12)
(p,7)—=(00,00)
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Proof. We will only sketch the proof. Therefore we show that St,g* f € Sy(R?) for
f, g € So(R?) with g > 0. Observe that for a window v € Sy(R?)

My * (Stpg * f)(t) = QQMthW(Stpg * f)(1)),

thus
| M.y s (Stpg = f)(E)] = [V5(Stpg * [)(E,w)].
On the other hand,

| Moy + (Stog * f) ()] = [(Stpg x Moy * f)(1)]
< (IStogl* V5 £ (- w)[(1)).

Now choose g > 0 € Sy(R?) such that ||g[; < 1. Now it follows that

| [ WSt pieoardo < [ [ 1tgl V- 5wl

= [ ([1susnar) ( [ wiste.onar)
< [ [ st

lim [|St,g * f = flls = 0.
p—00

hence

This result is equivalent under the Fourier transform to

lim [|(D1§)f = fl|s,ze) = 0. (4.13)

1
p—0 P

Since both St, and D, are bounded operators on Sp(R?), we can combine them and
thus finish the proof. O

Continuation of the proof of Theorem [13. First observe that £' x£>° C £>° and A’ x
A C A. The latter relation follows from the fact that the Fourier transform maps
convolution to multiplication and vice versa and the relation L' - L™ C L', which
can easily be verified. Using and Theorem [§] we see that

Sy xSy =W(A £2°)x W(A L) C W(A,£2). (4.14)
Proceeding with W (A, £') - W (A, £*) C W (A, £") we arrive at
W(A,£) - (W(A€%)+ W(A,£)) C W(A,£)

or, more compactly,
Now we reevaluate Lemma |8| Since the limit holds true for the Sy-norm, it also
applies for o € SJ(R?) in the weak* sense, i.e. if we let g and h as in Lemma ,
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Equation (4.11)) and (4.12)) applied to f € Sy(R?) hold true (with absolute value
instead of the norm). Let’s verify this for Equation (4.12)), if f € S;(R%) we have

(Doh(Stegx o)) = [ @) D)o T.(Strg) o
= // f(x)D,h(x)St,g(x — t)o(t)dtdx

- / (St % (D,h F)) (Bt
= o(St, g% (D,h f),

where g(x) = g(—z). Thus
((Dph(Stzg x 0))(f) = o(f)| = |o(St-g « (Dph f = f))| < ellollsy,

for suitable 7, p according to (4.11). Now Equation (4.15) implies that S;(R?) is
weak*-dense in Sy (R?). O

In the preceding proof we made heavy use of a technique called regularization
which will be the topic of the following subsection.

4.3 Regularization

It is a standard technique in mathematics to approximate objects which live in
general spaces by objects that live in smaller spaces which are well known and
easier to handle. In the setting of time-frequency analysis such spaces are typically
S{(RY) and Sy(R?) respectively. To approximate o € Sy(R?) we will start by
“taming” it in the time domain and subsequently in the frequency domain. Here
“taming” is to be understood as localizing the support of ¢ in the time frequency
plane. This can be done in various ways, three of which we will discuss here.

Of course we need to make sure that our localization procedure converges to the
original function if we let the localization parameter go to infinity (or zero as the
case may be).

Definition 26. A regularizing sequence is a sequence of operators (A,), with ker-
nels (K,), € So(R??), i.e. A, maps S¢(R?) into Sp(R?), where

e cach A, is a Banach-Gelfand triple homomorphism on (Sp, L?, S¢)(R%)

o |A.f — flls, = 0 for n — oo and f € Sp.
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Regularization via PC and CP operators

Definition 27. A product-convolution operator (PC operator) is an operator of
the form

Ag,hf = g(h‘ * f)

and conversely a convolution-product operator (CP operator) is of the form

Bg,hf =g* (hf)

The following proposition reconsiders the proof of Theorem (13| from the angle
of regularization.

Proposition 3. Let A, : f — D,g(Stoh x f), then A, is a regqularizing sequence
for a — oo, more precisely

1. Ay S§(RY) — Sp(RY)
2. Aouf = f Vf € S(RY)
3. Ago — o Vo € SJ(R?) in the weak* sense.
Proof. The proof is identical to the proof of Theorem ]

Remark 17. This result shows that parameterized PC operators with g, h € Sy(RY)
are suitable for constructing regularizing sequences. An analoguous result holds for
CP operators. By analyzing what a PC operator with g € Sy(R?) actually does, we
find that it works by applying lowpass filtering (convolution with g) to its argument,
which amounts to localization in the frequency domain, followed by localization in
time via multiplication with h and vice versa for CP operators.

Regularization via Fourier Transform
The same effect, as described in the previous remark, can be achieved by multiply-
ing with g on the time side followed by the same operation on the Fourier transform
side. In the following we will w.l.o.g. let g = h € Sp(R?).

Let’s define an operator Ao f(t) = f(t)ga(t) where g, (t) = e=*™" is the Gaussian.
Obviously, the action of A, is localization in time. Now consider the operator

T, :=A,0FoA,.

The integral kernel of T, is

_ 2 _9i _ 2
Ka(w,t) —e amt e 27rztw€ antw

_ e—ﬂ(at2+2itw+aw2)

As we can see, the action of this operator on a function f € (Sp, L?, SJ)(R?) is
twofold. First it gently applies localization in the time domain before transferring
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the result to the Fourier transform side and localizing again. The adjoint operator
of T, is

T = A, o F oA,
with integral kernel

_ 2 i _ 2
K;(t,W) —e anw ethwe amt

G—Tr(aw2 —2itw+at?)

As o approaches zero, T!. o T}, converges to F o F = Id. From this we might
conclude that the kernels K, - K, converge to §(t — x) since

/}awa—wwzfu>

and so 0(t—x) can be interpreted as the kernel of the identity. Indeed, for f € Sy(R?)
we compute

<mmm>mgmwwwm>

://K;(x,w)z(a(w,t)f(t)dtdw

Re R

_ f(t)e—ﬂ(at2+2itw+aw2)e—n(aw2—2ixw+o¢x2)dtdw

Rd R4

— //f(t)ew(at2+2itw+2aw22ixw+a:v2)dtdw
R4 R4

— / / f(t)e—ﬂ'ath—Qwiw(t—x) 627raw26—7ra:v2 dtdw
Rd Rd

B //f(t)e—om(t2+x2)e—?waw26—2wiw(t—x)dtdw
Rd R4

— /f(t)eaﬂ(tQJr:vz) /627raw2627riw(tx)dwdt
R4 R4

= /f(t)e_m(ﬁ”z) Foo(t—a)dt
Rd

\/§ / 2, .2 1 2
_ f(t)efaﬂ'(t +x )efﬁﬂ'(tfx) dt,
2
Vo)
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where we assumed d = 1. In the last integral we set y = (t — z)/y/a and write
t? 4+ 22 in the first exponent as (t — z)? + 2tz. This yields

\/5/ i o
Y2 | Fx + Vay)e omevt R AVay ) o —gimen? 1o gy
2

\/5Rd

which reduces to

1 / _ 2 2 _1 2
— | flz +Vay)e am(ay*+2(Vay+a)z) o= 37Y" gy
Ve

Now we take the limit o — 0 and conclude

a—0

lim % / flx+ \/ay)e_aﬂ(oéy2+2(\/ay+x)x)e—%mﬁdy
R4
1 / , .
= — lim f(;(; + \/ay)e*aﬂ(ay +2(\/ay+z)ff)e*§7ry dy
a—0
V2 S

= s H@) [ty

Rd

To justify the interchanging of limit and integral one could either use Lebesgue’s
theorem of dominated convergence or argue that, since we are in Sy, the integrand
decreases rapidly enough such that there are virtually no contributions from “far
away” and hence we can interpret the integral as a “quasi finite” Riemann integral.
A simple duality argument shows that (7", 0 T, )o — o for o € S§(R?). Observe
that
(T 0 Ta) =T} o (TL) =T o T,

i.e. T! oT, is self-adjoint, then
(T5 0 T)o, g) = (0, (T 0 Ta)g),

for every g € Sp(R?). Figure |4 is a visualization of this calculation. Note how the
kernel approaches the identity matrix.

Regularization via Gabor sums
The third regularization method we will briefly mention is regularization via partial
Gabor sums.
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Lemma 9. Let A C RY x RY be a lattice with elements A = (A1, A2), let g € Sp(RY)
be a Gabor atom with dual atom g, then the operators

Av:ife > (fo)i

A2HAZ<N?
form a regularizing sequence for N — oo.

Proof. Tt is clear from Corollary [6] that Ay : Sg — Sy. The convergence Ay f — f
is also obvious for the whole Gelfand triple (Sy, L?, Sy)(R?). O

Remark 18. Of course we are not limited to circular subsets of R? x R¢ only. The
preceding lemma is also true for sums over rectangular subsets of the time-frequency
plane or, more general, for any finite subset of A C R? x R?.

4.4 (Sp,L2 S,) and Gabor frames
Now that we have shown that (Sp, L?, S¢)(R?) is a full-fledged Banach-Gelfand

triple we will investigate some of its properties regarding Gabor frames as introduced
in Section We start with an inequality.

Lemma 10. Let g € So(RY), ||g|le = 1 and f € SJ(R?), then
Vo (z,w)| < (Vo |+ [Vag)) (2, w) (4.16)

Proof. The key to the proof is the following calculation. Let F' € (Sp, L?, S¢)(R?%),
then

Vq(V‘l(F))(w,w) = (V, 'F, M, T,g)
(F,V,(M,Ts,q))

// (t,v)V,(M,T,g)(t, v)dtdv
= //F(t, v)e VOV g(x —t,w — v)dtdy,

from which it follows that

VoV, F| < (1F|+ [Vagl)(a,w). (117)
The result follows by taking /' =V f. ]

Remark 19. Combining the preceding lemma with (4.14])) yields that V, f € W (A, £>)
if fe Sj(RY).

Theorem 14. Let g € Sy(R?Y) and f € (Sy, L?, S§)(R?), then it follows that V,f €
(W (L>®,£"), W (L>®, £%), W(L>®,£>°)) and the subsequent inequality holds:

HngHW(L‘X’,K”) < OHV_CJQHW(L"O,Zl)”fH(SO,LZ,SO/)' (4.18)
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Proof. The proof uses Young’s inequality for modulation spaces, which states that

1 * gllw@e=ey < Cliflleellgllw@=ey 1 <p <o (4.19)

For an exhaustive proof of this formula we refer the reader to [13], Theorem 11.1.5.

We apply (4.19) to (4.16]), which yields
HV;]fHW(Loo,Ep) S CHV;]f”LpHV;IgHW(LO",El) pE {1727 00}7

thus the proof is finished.
]

With these technicalities at hand we will prove that the analysis operator and
consequently the synthesis operator are bounded.

Theorem 15. Let g € Sy(RY) and A a lattice in R*, then the analysis operator
Cy: e ({f;m(N\)g))rea is bounded from (Sy, L?, SY) into (£',€%,£>°) and we have

1Cllop < CAllVagllww (o o) (4.20)

Proof. First we observe that C, f(z,w) = (f, M,T,g9) = V, f|a. Since V, f is contin-
uous we can apply Theorem [9] and thus by ([4.18)) get

|Cofller = IV flaller
< CallVyfllw e ev)
< CallVygllw oo 1 | (5,22,57)-
]

With a straight forward duality argument we get the same result for the synthesis
operator Dy : (cx)xea F D yen OT(A)g.

Theorem 16. Let g € Sy(R?) and A a lattice in R*, then the synthesis operator
Dy, is a bounded mapping from (£',€%,€%) to (Sy, L?, Sy).

Proof. Since D, = C}, we have
|<Dgca = |<C7ng>|
< ||C||(£1722,13°°)||Cgf||(e1,e2,e°°)
< HC||(£1,£2,£°°)HCgHOPHfH(SO,LQ,Sg/)'

We consider Dy as adjoint operator, hence

IDgcllsy 2.8 = sup  [(Dyc, f)|
HfH(SU,L2,SU’)§1

< leller e2,6) 1 Cyllop
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Corollary 5. Let g,v € So(RY) and A C R?*? q lattice, then the generalized Gabor
frame operator

Sg,’vf = Z<f,7‘l'()\)g>ﬂ'()\)’}/ = D'ngf

AEA

1s a Banach-Gelfand triple isomorphism. Furthermore in analogy to and
2.20)), every f € (Sy, L*, S¢) can be expanded as

f=> (f,7(Ng)m(Ng

AEA

=Y (£, 7Ng)m(N)g.

AEA
where g = S;glg 1s the dual window of g.

Remark 20. The preceding theorems are also valid for general modulation spaces,
ie.

Cy : MPI(R*) — 29(72%),

D, : P9(Z*) — MP(R*)
and the Gabor frame operator

Sy + MPA(R*) — MPI(R?).

See |13], Theorem 12.2.3. and 12.2.4.

Corollary [5| immediatly leads to another quite important characterization of
So(R%). Tt implies that every function in Sy(IR?) is a superposition of time-frequency
shifted versions of a single atom go.

Corollary 6. (Atomic characterization of Sy(R?))
Let gy € Sp(R?), go # 0, then

So(R%) = {f => My, Trrgo, Y _ el < oo} : (4.21)
n=1 n=0
Lemma 11. The last corollary implies that the definition of Sy does not depend on

the choice of g.

Proof. Assume that g,¢ € Sy(R?), then ¢’ = >">7 ¢, M,, Ty, 9. This allows us to
make the following (rough) calculation:

‘/g/f({t, W) = <f, MwTacg/>
— <f7 Mwa Z CnMwnTxng>
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= colf, MJT, M, T, g)
= Z Cn<f7 MynTyng>
=3 Vol (s v):

From this it follows that

Vi flh <D leal Vo flla < oo,

thus the independence of g in the definition of Sy is proved. O

4.5 Wilson bases

In this section we will introduce a basis for the Banach-Gelfand triple (Sp, L?, S7).
To get there we will make use of so-called mized-norm spaces, a generalization
of LP-spaces.The key result, Wilson bases, sprung from a simple but profound
modification of a Gabor system. Instead of time frequency shifted versions M,T,.g
of a Gabor atom g, which are concentrated at (z,w), we consider a system which
is symmetrically concentrated at (z,w) and (z, —w). We will define Wilson bases
for dimension d = 1 and then generalize the concept to higher dimensions which is
easily done by taking tensor products. For more on Wilson bases see for example [13]
or [8]. First, we will define mixed-norm spaces.

Definition 28. (Mixed-norm spaces)
Let 1 < p,q < oo, then the mized norm space LP4(R??) is defined as the space of
all measureable functions on R?? such that

qa/p 1/a
| £l Lra(meay = (/ ( !f(x,w)]pdx) dw) < 00.
Rd R4

with the usual modification if p = oo or ¢ = c.

Definition 29. Let G(g,1,1) be a Gabor system of redundancy 2 in L*(R), then
the associated Wilson system W(g) consists of the functions

Yin = ca T (My + (=1)"M_y)g, (k,n) € Z x Z, (4.22)
where ¢y =1, ¢, = \% forn > 1 and
¢2]€70 = Tkg, keZ. (423)

As seen in this definition a member function of a Wilson system consists of the
sum of two time shifted versions of the atom ¢g which are modulated with opposite
sign. For the Wilson system W(g) to be a basis we need some more structure of
the underlying Gabor system.
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Theorem 17. If G(g,1,1) is a tight frame for L*(R) and ||g|ls = 1 as well as
g(z) = g*(z) = g(—x). Then W(g) is an orthonormal basis of L*(R?)

Proof. The proof of this theorem is quite involved and comprehensive. Therefore
we will leave it to the interested reader to study it on his own. A real in-depth
discussion and proof can be found in ( [13], p.168f). O

For a Wilson basis W(g) we define the associated analysis operator Cy and
synthesis operator D, as

Cd’f = (<f> ¢kn>)(k,n)€Z><Z+ (424)
Dyc=Cyf = Z Z CknPkn- (4.25)
neN keZ

We will need these operators to prove the following theorem where we will establish
an isomophism between modulation spaces of functions or distributions and discrete

mixed-norm spaces. As a corollary we will establish a Banach-Gelfand triple basis
for (Sp, L?, S¢)(R%).

Theorem 18. (Isomorphism Theorem)
Let W(g) with g € So(R) be an orthonormal Wilson basis, then the analysis operator
Cy establishes an isomorphism between the spaces MP4(RY) and €7%(Z x 7).

For the proof of this theorem we need some more facts about Wilson bases which
are collected in the following theorem.

Theorem 19. Let W(g) with g € Sy(R?) be an orthonormal basis for L*(R%), then
there exists a constant C' > 1, such that

1/q

q/p
1
ol llagra < > (Z [(f, ¢kn>lp> < C|| fllagra, (4.26)

neN \k€eZ

which implies that Cy, is one-to-one from MP9(R?) into €7%(Z x Z*). Furthermore
the coefficients (f, Vg, in the orthogonal expansion

F=) {f k) rn (4.27)

neN keZ

are unique and the sum converges unconditionally in the M *-norm for p,q < oo
and weak™® otherwise. To put it differently, if f = Dyc, then ¢ = Cyf.

Proof. We will only sketch the proof, for the details we refer the reader to [13], p.265-
266. Let us write the identity operator in L*(R?) as Id = D,Cy, which is possible
because W(g) is an orthonormal basis for L*(R?). Then we can verify if we
can show the continuity of the operators Dy, and Cy. The key to achieve this, is to
reduce the statement about Wilson bases to a statement about the synthesis and
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analysis operator for frames respectively. If for an arbitrary sequence (Ck,n)(k,n)erZ+
we define the sequence (ékm)(k,n)ezxm as

\/Lick,n n>0
~ o (,1)k+n
Ckn = 73 Ck,—n N < 0

Ck,0 n =20,

it can be shown that ||&[|m.q < v/2||c|we and Dyc = D,é. By Theorem |16 it follows
that
| Dycllara = | Dgéllarea < Clléllera < V2C||cl|era,

and thus Dy, is continuous. The continuity of Cy, follows in a similar fashion from

Theorem (|4.20]) and so (4.26)) follows by

”f“Mp’q = HDwCzj;HMp,q
< 1 Dyllopl|Cop fllera
< 1Dy llopll Collopll f [l azpa

if we take C' = max ||Dy||op||Cyllop- The rest of the theorem is an analogy to
Corollary 5] O

Proof of Theorem[18 Admittedly we have more or less outsourced the proof of
Theorem (18| to the preceding Theorem [19| and the only thing left to do now is to
sum up. Cy maps MP? one-to-one into €74(Z x Z*) and conversely for ¢ € £/
we find f = Dyc with ¢ = Cyf and so Cy, is onto £79(Z x Z7T). Its inverse is the
operator Dy, mapping £74(Z x Z*) onto M. O

Before we can go on we need to extend the notion of Wilson bases to higher
dimensions d > 1. We accomplish this by taking tensor products as seen without
proof (for the proof see [13], p.270) in the following lemma.

Lemma 12. Let W(g) be an orthonormal Wilson basis for L*(R), then the func-
tions

d
Ups = H¢Tjsj (IJ) r,s e Zd7 520 (4.28)
j=1

define an unconditional orthonormal basis for L*(R%).

Up until now we have introduced Wilson bases only as bases for L*(R?) but
Theorem (18| suggests that they in fact can act as basis for the whole Gelfand triple
(So, L?, S5)(RY).

Lemma 13. Let (Ygn) (knyezixna be an orthonormal Wilson basis for L*(R?), then

® (Vkn)(kn)ezixne s a bounded, absolute basis of Sy(R%).
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® (Vkn)(kn)czixne is a weak™ basis of Sg(R?).

Consequently the analysis operator Cy f = ((f, €:))icr establishes an unitary Banach
Gelfand triple isomorphism between (Sy, L?, 8§)(RY) and (€', £€%,£7)(Z¢ x N9).

Proof. If we recall that So(R?) coincides with the modulation space My (R?) we can
apply Theorem (18| and find that Cy, maps Sy(R¢) isomorphically to £ (Z4 x N¢) =
£(Z*xN%). Now Equation Z?GI) states that (Vin) (k) ezdxne is a bounded, absolute
basis of Sy(R?). For f € Sj(R?) the expansion

=Y (f thn) rn

keZd neNd

converges unconditionally in the weak™ sense according to Theorem , ie.

keZ4 neNd

=3 (. kn) (Wi g) < 00, Vg € SH(RY).

k€Zd neNd

This shows the second part of the lemma. O

4.6 Weak*-topology

In this section we will have a thorough look at the weak*-topology, especially on
S¢(R?). We start off with some topological theory.

Definition 30. Let X be a set. A topology 7 on X is a collection of subsets of X
(called the open sets) which satisfy

. XeTandDeT
2. IfUleTand UQETthen UlﬂUQET
3. For any index set I, U; € T implies that (J,., U; € T

Let X be a set and F' # () a family of mappings f : X — Y} for some topological
space Y. Let Tx denote the union of all finite intersections of f~1(V'), where V is
an open subset of Y, then Ty is a topology on X. If we say a topology 7 is weaker
than a topology 7s, if every Ti-open set is also 7>-open, in symbols: 7; C Ty, then
Tx is the weakest topology on X such that every f : X — Y} is continuous.

Now let X be a topological vector space and X' its dual. Every x € X defines
a linear functional on X’ via

fo(@) = (x,2") 2 e X, (4.29)
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where the brackets are to be understood in a functional sense, i.e. (z,2’) is to be
read as z'(x). This simply means that X C (X')’. A topological space for which
X" = X is called reflexive.

Now we are in a situation similar to the one described above, where X’ is the
argument space and C the target space for all functions f, : X’ — C. Hence the
functions f, induce a topology on X', the so-called weak*-topology (cf. [15]).

A slightly less abstract way to introduce the weak*-topology is via seminorms

on X' defined by as
pa(a) = | fa (@) = [{z,2")]. (4.30)

Let P be the collection of all seminorms on X’ and let F' C P be a finite subset.
For € > 0 we then define the sets

Kp. ={d' e X'":p(a/)y<e VpeF} (4.31)

and
H ={Kp.: F C P, F as above and ¢ > 0}. (4.32)

The following definition puts this in a broader topological context.

Definition 31. Let (X, 7) be a topological space. A set U C X is a neighbourhood
of © € X if there exists a T € 7 such that x € T C U. A collection Z of
neighbourhoods of z is called a local base at x if for every neighbourhood V of x
there exists a U C % with U C V.

Remark 21. With this definition we see that defines neighbourhoods of 0 and
the set £ in is a local base at 0. The notion of a neighbourhood of some
point x in a topological space generalizes the concept of the ball with radius ¢ in
a metric space (Y,d), B:(x) :== {y € Y : d(x,y) < £}. Also note that in a metric
space Y (By/,(7))n is a local base for z € Y.

Now we can use (4.31]) and to define the weak*—topology on X'. It consists
of all sets U C X’ which are open in the sense that for all 2/ € U there exists a set
K, € & such that ' + K, C U, in other words, a set U C X’ is open if for all
x’ € U there is a whole neighbourhood K,» € J# of x with K,, C U (see [17] for
details and proofs).

Next we will develop the notion of convergence in the weak*-topology. There-
fore we will define nets which are a generalization of sequences, because the latter
demand more structure than a general topological space may provide.

Definition 32. A directed set is a set S together with an reflexive and transitive
relation < such that for every a,b € S there exists an element ¢ € S such that a < ¢
and b < ¢. We write (5, <) to denote a directed set.

Definition 33. Let X be some topological space. A net x is a mapping from a
directed set (S, <) to X, x : s +— z.
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Remark 22. Nets generalize the concept of sequences by allowing more general
index-sets. A sequence in X is just a net with domain N and range X.

So why do we need nets? Recall that a sequence (z,), € X converges by
definition to a point z € X if for all N € N there exists an M € N such that
r, € Byn(x) for all n > M. So the convergence of sequences depends on the
availability of countable local bases, but in general topological spaces they might
not exist. Topological spaces which do possess countable local bases are called
AA2-spaces. To define the convergence of nets we can use general local bases by
saying that a net (z,), converges to x if for every U C %,, where %, is a local base
of x, there exists an index oy such that x, € U for all a = «y.

To define convergence in the weak™ topology we will again use seminorms as
defined in (4.30)) instead of the very abstract definition above.

Definition 34. (Weak*-convergence) Let B be a Banach space and B’ its topo-
logical dual. A net (0,), € B’ is said to converge weak® to o € B’ if and only
if

pr(oa —0) =0

for all seminorms py on B’, o — 00, or stated differently,

oa(f) —a(f)] =0
for all f € B and o — o0, i.e. (04)a € B’ converges pointwise to o € B’.

Remark 23. This definition matches our abstract definition of net-convergence, be-
cause for every finite set F' C B and ¢ > 0 there exists an o such that ps(c,—0) < ¢
for all @ > «p. Thus, reconsidering (4.31]) leads directly to the definition of net-

convergence given in remark 22|

Lemma 14. A Banach space B is reflexive with respect to the weak™® topology on
B, ie. (B, w*) = B.

Proof. 1t is clear that every g € B defines an element in (B’) by the definition

o,(0) :=(g,0), o€B. (4.33)
Thus B is a subspace of (B’)’. Since (B’,w*)" is the space of all linear functionals
on B’ which are continuous with respect to its weak*-topology, every ¢’ € (B’, w*)’
satisfies

(Op, 0"y — (o,0").

if 0,, = o in the weak™ sense. By (4.33) these are exactly the elements of B. Thus
B = (B ,w")". O

According to the following lemma, pointwise convergence from Definition [34] is
equivalent to uniform convergence on compact sets.
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Lemma 15. Let B be a vector space and (04)s a net in B'. o, converges weak™ to
o € B' if and only if for all e > 0 and for all compact sets K C B, there exists an
indexr o such that for all o = ay

loa(f) —o(f)| <e VfeEK.

Now lets turn our attention to (Sp, L?, SJ)(R%). As we have seen in Corollary |§|7
Sy(R?) can be characterized as the space of all linear combinations of time-frequency
shifted copies of a single atom gy (e.g. the Gaussian). Since the definition of Sy(R9)
does not depend on a particular choice of atom, every atom in Sy(IR?) is suitable for
said characterization, which implies that the set {M,T,g, (r,w) € R¢xR?} is a total

subset of Sp(R?). This leads to the following characterization of weak*-convergence
on Sj(RY).

Theorem 20. (Weak-* convergence in S§(RY)) Let (04)a be a net in S§(RY). (04)a
converges weak* to o € S§(RY) if for every ¢ > 0 and every o > 0 there exists an
index a such that for all o = ay

|Ua(Mwag> - J<Mmeg)| - |<Ua: Mmeg> - <Ua Mwa9>|
= [Vyoa(z,w) = Vyo(z,w)|
<g,

where |(z,w)| < o.

Remark 24. Theorem 20| shows that weak* convergence of o, to o on Sy(R?) can
be described as pointwise resp. uniform convergence over compact sets of the time
frequency plane of Vo, to Vyo. This can be depicted as the spectrograms of o,
resembling more and more the spectrogram of o.

Example 2. As an example where we have weak*-convergence on S¢(R?) but not
norm convergence consider the d-distribution. Let z, — 2o € R?, if we use the
standard norm on S¢(R%), we have

5:): _6950 oo — n) :27
50, = il = i 17(22) = Jo0)

on the other hand, using the weak*topology, we have

pf<5ﬂcn - 610) - |<f7 693n - 62¢0>
|<f7 6xn> - <f> 5x0>|
= |f(zn) = f(0)| = 0,

for all f € Sp(R?).
As another example consider the pure frequencies x,, = w(-) = e>™@ € SJ(R?).
In the weak*-topology we have

Pr(Xen = Xan) = [{f5 Xon — Xeo)|
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= |<f7Xwn> - <f7Xw0>|
= | f(wn) = flwo)| =0,

where w,, — wy € RY and f € Sy(R?) arbitrary. In the norm-topology we have
again that

wn — Xwolloo = max Awn — f(w
e = Xenlloe = e 1) = )

= max |f(wn) = f(wo)| =2,
I3 <1

since the Fourier transform is an isometry on Sy(R?) (see Theorem [10)).

Proposition 4. A net o, is weak* convergent in S§(RY) if and only if it con-
verges on the finite dimensional subspace V = span(gi,...,gn) C So(R%), where
91,92, - - gn are arbitrary elements of Sy(R?).

Proof. Assume that o, is a weak™ convergent net in Sj(R?), (o, g) — (00, 9),Vg €
So(R%). By using the Gram-Schmidt process we can construct a biorthogonal system
{fi,..., fn} from g1, ..., g,. Consider the projection operator

n

PVUa = Z<0a7 fk)fk7

k=1

then by assumption Py o, converges pointwise to Pyog = Y ,_, (00, fi) fx, it even
converges in the Sy-norm. Now for the other direction: We know that o, converges
on every finite dimensional subspace of Sj(R?), thus in particular on the one di-
mensional space V = {cf|f € Sy(R?) fixed ,c € R}. Then Pyo, = (04, f)f. If we
let w.lo.g. ||fll2 = 1, it follows that ||Pvo, — Pyooll2 = [{(0a, f) — (00, f)|, which
tends to zero by assumption. Since this is true for any f € Sy(R?), the proof is
complete. O

5 Operator Gelfand Triple

The underlying theme in this section is the search for methods to identify operators
acting on the Gelfand triple (Sy, L, SJ)(R?) with corresponding functions on the
time-frequency plane. This approach is known as operator quantization. In the
following sections we will discuss three different takes on this theme: Identification
of an operator with its integral kernel, the Kohn-Nirenberg correspondence and the
spreading representation. The material covered here is largely based on [9).

5.1 Integral Operators

In a finite dimensional world, problems which are described by linear systems
amount to the action of matrices on vectors by multiplication. But if we step
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into the infinite dimensional world of function spaces, we have to adapt our think-
ing. An infinite dimensional linear system is described by some linear operator K
which acts on a function f. This action can be described — in analogy to matrix
multiplication but using integration instead of summation — as

k1@ = [ k)i

The function k, which plays the role of the matrix, is called the kernel of the
operator K. Operators of this kind are known as integral operators. A particularly
nice example are the operators with kernels in L*(R? x R?), the so-called Hilbert-
Schmidt operators. The space of Hilbert-Schmidt operators is denoted by HS. It
is equipped with an inner product via

(K, Lyns = (k(K), k(L)) p2rixpey F,G € HS
which turns HS into a Hilbert space with the derived norm

[ K|[ns = v (K, K).

These results instantly raise the question how a general operator K is related
to its kernel k or which properties of the operator can be encoded in its kernel.
This leads us to the so-called Kernel Theorems which identify operator spaces with
corresponding kernel spaces.

Definition 35. For f,g € S;(R?) let g ® f denote the mapping

g f:h—(h f)g, Vhe SjRY. (5.1)

This is a rank-one operator. Its kernel is given by k(g ® f)(x,y) = g(x)f(y).

Theorem 21. Let B' = L(Sy, Sg) denote the space of all continuous linear operators
mapping So(R?) into S{(RY). These operators are in one-to-one correspondence
with their kernels in Sj(RY x RY), i.e. every distribution x(K) € S§(R? x R?)
defines a bounded linear operator K from Sp(R?) to S{(RY) by

(Kf,9) = (k(K),g® f) f,g€ SR, (5.2)

and conversely for every operator K which maps So(R?) into S§(R?) there exists a
unique kernel k(K) € S(R? x RY) such that the action of K is described by .

Proof. For a given x(K) € S§(R? x RY) we have
(K f, )| = [(K(K), k(g @ [))]

1K) sy ll(g @ F)lls,
1) sy 19l 5011 /] 5.

IA
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which is valid for all g € Sy(R?). Therefore we conclude that K f € S¢(R?) and
hence K € B’ with operator norm ||K|| < ||&(K)]sy-

Conversely let K be an operator in B’ and let (ks ) (x,n)ezdxne be a Wilson basis,
then we define the matrix corresponding to K as Kjp s = (Kin,rs)(i,n),(r,s)cz2¢ Where

kln,rs = <K1/17=3, 2ﬂln>7 lu n,r,s e Zdv n,s Z 0. (53)

The second part of Lemma |13 implies that |k, 5| < oo and thus K, s € £>°(Z*?).
But in fact K, ,s is even £ because (wkn)(k,n)edeNd is a basis for §y. Now we
define

’%(K) = Z kln,rs wln & Jrs‘ (54)

I,n,r,s€Z4

The sum converges absolutely since

Z |kln,rs wln X Ers|

l,n,r,s€Z4

< Nl sy [€rsllsyeey D himrs]
I,n,r,s€Z4

< o0.

By Lemma |12 ¢, ® 1), is an orthonormal Wilson basis for L*(R??) and hence a
Gelfand triple basis by Lemma 13| Thus we can verify that

<K Z <f7 wrs>wrs> , Z <g,¢ln>wln>

r,s€Z4 I,nezd

(Kf,g)

= S ) (9 G (K o, )

r,8,l,n€Z4

= Z kln,rs <wln> g> <¢rs, f> (55)

r,8,l,n€Z4

= Z kln,rs <¢ln ® ETS’ g f>

r,8,l,n€Zd
= (r(K),9® [)
To prove the uniqueness of x(K) assume that there exists a x'(K) with (k(K), 1, ®

Yrs) = (Krs, Ypn) = (K (K), Y ® ETS) Then we can calculate
<K‘(K)7 wln & Ers> = Z kij,gh <77Dl] ® Egh? wln & Ers>

l’]’g7h€Zd

= E kij,gh 5ijgh,lnrs

1’7J7g7heZd

= kln,rs~

Now it follows that ki, s = ki, .., hence x(K) is unique. O
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Theorem 22. Let B be the space of bounded linear operators from S¢(R?) to Sy(R%),
which map weak*-convergent sequences (gn)necze € Sq(R?) to Cauchy sequences in
So(R%).  Then there exists a unique kernel k(K) € Sy(R? x RY), i.e. there is a
one-to-one correspondence between the space So(R? x R?) and the space B.

Proof. Let x(K) be a function in Sy(R?), let (Vrs)(rs)ezixne be a BGT basis. In
particular k(K) € Sy(R?*) C L*(R??) which implies that there exists a Hilbert-
Schmidt operator K with a corresponding matrix defined by

(me wlm>L2(R2d) - <’€<K)7 wrs ® 1/}lm>L2(]R2d)‘

Since 1,5 ® Yy, is in particular a basis for Sy(R??) we see that this matrix is in
£'(Z**) and therefore describes the action of an operator from £°(Z%) to £'(Z%).
According to Theorem (18 we can now conclude that K is an operator from Sy (R?)
to Sy(RY).

Conversely assume that K is bounded and linear from Sj(R?) to Sy(R?). Then
we can define a matrix representation of K by

klm,rs = <lem7 wrs>-

According to Lemma (13| this is an £'-matrix and K acts on f = > (rs)ezdxnd CrsPrs,
f e S{(RY),ce £ as

Kf = Z klm,rs Crs wlm'

l,m,r,s€Z

A priori this sum only converges in Sy(R?) if f lies in the closed linear span of
(Vrs) (rsye zaxnwa in Sg(R?) but thanks to the extra condition that K maps weak*
convergent sequences to Cauchy sequences the expansion is valid for all f € Sj(R?).
Now we can define our kernel as in ([5.4))

R(K) = Z klm,rs wlm & Ers )

I,m,r,s€Z4

hence x(K) is in the space Sp(R??). The uniquness of the kernel is shown just like
in the preceding theorem. O

Remark 25. Note that B’ is the dual space of B. If we combine the preceding
theorems with the fact that each L*kernel defines a Hilbert-Schmidt operator,
we notice that the Banach-Gelfand triple (B, HS,B’) is isomorphic to the triple
(8o, L?, S)(R? x RY).

5.2 Pseudodifferential Operators

In this section we will present a different concept to identify operators with functions
on the time-frequency plane: the so-called Kohn-Nirenberg correspondence.
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Definition 36. For a function or distribution o € Syj(R x HA%) we define the corre-
sponding pseudodifferential operator with symbol o as

Kf(x) = /R (), w) flw)er @ duy. (5.6)

The function o is called the Kohn-Nirenberg symbol of K and the mapping o — K
is referred to as the Kohn-Nirenberg correspondence. We will often write o(K) to
emphasize the relation between the symbol ¢ and its corresponding operator K.

Before we go any further a motivation for Equation ([5.6|) is due, because at first
sight it seems rather odd. A closer look reveals that the action of K on f is defined
as weighted inverse Fourier transform of f .

The concept of pseudodifferential operators stems from the theory of partial
differential equations. The preceding definition is motivated by the following con-
siderations (see [13] p.302). Let f € C® be a smooth function with compact
support. A differential operator A acts on f as

Af(z) =D oalx)Df(x) (5.7)

<N

where o, € C* are non constant coefficients and N is the order of A. Then we can
calculate

FO ) = [ (DD

R4
- —/ (—2miw)* f(t)e 2™t adt
—00 R4

= (2miw)* f(w),
which is true due to f having compact support. Now we substitute in ([5.7)) and get
Df(t) = FHF(D*f)(w))

:/ F(w) (2miw)e®™ ™ duw
R4

— f<t>6—2m't~w

and thus

Af(t) :/Rd Z oo (t)(2miw)® | f(w)e? ™ dw.

lo] <N
Now we set 0(A)(z,w) = 3|, <y Talz)(2miw)* yielding a special case of (5.6).
Ezxample 3. If the symbol o only depends on w, i.e. o(z,w) = ﬁ(w), then
Kf(z) = / () ()€™ duy

=F ' (hf)(x)
= (h* f)(z).

So K acts as a convolution operator.
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Ezample 4. If o is of the form o(x,w) = u(x)v(w), then

Kf(z) = /Rd u(z)0(w)e*™™ ¥ dw
= v(x)(v* f)(@),

and so K acts as product convolution (PC) operator.

In the following lemma we quickly introduce the partial Fourier transform, which
will be needed later on. We will omit the proof but the interested reader is referred
to [9] Lemma 7.3.6.

Lemma 16. Let f be a function or distribution in (Sy, L?, Sg)(R? x RY) then the
partial Fourier transform with respect to the second variable of f is defined as

(Faof)(w,w) = [z, t)e 2™ dt,
R4

This is a unitary Banach—Gelfand triple isomorphism between (Sy, L?, S§)(R% x R?)
and (Sy, L?, S¢§)(R x R), hence

<-/—"2f7 }—29> (S0,L2,8¢)(RxR) — <f7 )(SO,LQ,SO’)(Rded)-

Theorem 23. The Kohn-Nirenberg symbol o(K) € So(R x R) of an operator K
can be expressed by k(K) € Sy(R??) as

o(K)(z,w) = /d k(K)(z,x —t)e 2™ dt (5.8)
R
On the other hand the kernel k(K) can be written by means of o as
K(K)(z,t) = /’E o(K)(z,w)e?m @y, (5.9)
R
In other words, there is_a one-to-one correspondence between the Kohn-Nirenberg
symbols o(K) on R? x R? of operators and their kernels k(K) on R*? and thus the

Kohn-Nirenberg correspondence establishes a unitary Banach-Gelfand triple isomor-
phism between (B, HS,B') and (Sy, L?, S§)(R? x R9).

Proof. In (5.6) we substitute the integral formula for f and get

K, f(x) = / o () (i, 0) ()7 duo

/Rd /Rd w) e f(t) dwt (5.10)
/Rd K(K) (2, t) f(t)dt,
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where k(K)(z,t) = [poo(K)(z,w)e*™ @ D%dw. Now let F, denote the partial
Fourier transform in the second variable and define the shift operator in the second
variable as

T2 f(v,w) = f(v,v —w). (5.11)

This is a self-inverse automorphism on (Sy, L?, S¢)(R? x RY). With this notation
we can write K as
K(EK)(x,t) = T Fy o (K)(x,1),

from which it follows that
o(z,w) = .FQTJ?K(K)(.%, w)

—/ k(z, v —t)e ™t
R4

Thus, according to Lemma [16| we have an isomorphism between Sy(R? x R?) and
Sy (R2), furthermore this also implies an isomorphism between Sy(R? x R%) and B
according to Theorem 22} In order to show that we can expand this isomorphism to
a Banach—Gelfand triple isomporphism it remains to verify that for two operators
K, L € B the following equation holds:

<U(K)7U(L)>L2(Rx@) = (k(K), “(L»L?(R?d)
But this follows immediately as is seen by
(1K), 0(L)) gaguny = (FoT2 RUK), FoT2 K(L) oy
= (T2 W), T2 (L) (e
= (r(K), 5(L)) L2 eoa)
O

Now that we got to know the KNS, we would like to explore what it is good for.
The next theorem states that the KNS can be used to write an operator as sum of
time-frequecy shifted versions of a prototype operator Fj.

Theorem 24. Let the prototype operator Py be an operator in B’ with kernel
K(Py) =00 ® 1 and K € B, then

K= o(K)(\) (1 @ 7)(A) Py dX (5.12)

where o(K)(A) = (K, (1 @ 7*)(\) Po) 5.

Proof. Let A = (t,v). We first verify the latter equation. Therefore we need the
kernel of (m @ 7*)(\) Py and after a simple calculation, we find that

R((m @ ) (N Po) (2, y) = 0,(x)e*™ 0.
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With this in mind it now follows easily that
(K, (m @) (M) Fo)s = (k(K), k((m @ 7°)(A) Po)(,y))

- / KUK (2, ), (x)e 2@ dady
Rd xRd

- / R (K (t, y)e 2 dy
Rd xRd

/Rd Ny K(K)(t,t — 2)e 2™ *dz
= o(K)(t,v).

To show that the integral in ([5.12]) really represents the operator K, we look at
#(K) and find that

() (2, y) = / o ()t )6, ()2 dt

Rd xR

R

:/ o(K)(z,v)e @9y,

:/ o(K)(z,v)er @9 qy

R
The last line in this equation is just the inversion formula for the KNS (5.9). O

Example 5. As an illustration we will calculate the Kohn-Nirenberg symbol of the
rank-one operator f ® g*:

o(f ® g") () = / K(f @ g°) (@, — e 2mtedt

Rd

= [ F@gle—pemiedr
Rd

— 727ri(mfz)-wd
@) [ e :

— —2mizw 27riz~wd
flaes= [ GEed:

— f(x) /g(w)e—%ixw'
This is the so called Rihaczek distribution of f against g.

A very convenient property of the KNS is derived in the next lemma. It states
that time-frequency shifting of the operator translates to time-frequency shifting of
its KNS.

Lemma 17. (Covariance Lemma)
Let K € (B,HS,B'), then the action of t@m*(\) on K translates to a time-frequency
shift of the Kohn-Nirenberg symbol o(K), i.e.

o((m@71)(N)K) = Tho(K).
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Proof. Note that (7 ® 7*)(A\)(K) is an automorphism on (B, HS, B’) and thus with
the help of ((5.12) we get

(@) (N(K) = /RX o (K)(p)(m @ )(A)(m @ 7") (1) Fo dp

R

/R o (K) () (m @ 7) (A + 1) Po dp

R

/]R . Tho(K)(v)(r @) (v)FP dv.

5.3 Spreading representation

We start this final chapter on operator quantization with the definition of the sym-
plectic Fourier transform which is an operator on functions which live on the time-
frequency plane R% x R?.

Definition 37. (Symplectic Fourier Transform) Let Z denote an isomorphism from
R? x R? to R? x R? given by

z::(_?é), z*:((l)_(l)). (5.13)

The symplectic fourier transform on R? x R is defined as
Fof(\) = / F)e ™ gy N e R xR, (5.14)
Ré xR
or, if we set A = (z,w) and n = (t,€)
Fifew) = [ ft.e e e
Ré xR
= / Flt, e e qqe gt e R € w e R (5.15)
Ré xR

Remark 26. Note that this means, that the symplectic Fourier transform is just the
usual Fourier transform on the time-frequency plane rotated by 90°, i.e

Fsf(z,w) = Ff(w, —x) = F(Z(z,w)).

This implies that the symplectic Fourier transform is a Banach-Gelfand triple au-
tomorphism on the Gelfand triple (S,, L?, SJ)(R? x R?). Furthermore we observe,
that Fy is self-inverse since

Fo(Fol)(x,§) = F(FS)E, —x)
= FHF )¢ )
= F '\ Ff(x,€)
= f(x,8).
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At the moment we already know two different “views” on pseudodifferential
operators. On the one hand we have the definition of such an operator K with
symbol ¢(K), on the other hand we can think of them as integral operators with
some kernel x(K) which can be calculated from o(K).

The symplectic Fourier transform allows us to introduce yet another “view” on
pseudodifferental operators which turns out to be very natural in the context of
time-frequency analysis: the so called spreading representation of K, which allows
us to describe an operator as superposition of weighted time-frequency shifts. This
is motivated by the following calculation:

K(K)(2,y) = Fy lo(e, —y)
= FF Ry lo(r, o —y)
= FF to(z,z —y) (5.16)
= FFo(—z,y—x)
= F'6(x,y — ).

Switching to integrals we thus get
K(K)(z,y) = / 6(v,y — x)e*™  dy (5.17)
Rd
Foo(x —y,v)e*™ “dy.
Rd

Now we define n(K)(z, v) := Fso(x,v) and write K as integral operator substituting
(5.17) for k(K') which yields

K@) = [ n(K)w.0) 1)y
/Rd /R (z —y,v)e*™ " f(y)dvdy (5.18)

_ /R d /@ ) (= )

/Rd /Rd )(t, V)M, T, f(x)dtd.

The function n(K) is the so-called spreading function of K. Equation also
gives a nice link to applications. Assume we want to send the signal f from A to
B. Depending on the distance between A and B and the medium through which
we send f, the signal will undergo some amount of transformation. So, instead of
f the receiver B will get the distorted signal K f. The above equation states that
the action of K can be considered as a superposition of time-frequency shifts.

Theorem 25. Let K € (B,HS,B'), then the spreading function n(K) is defined
on R? x R? as
H(K) = Fu(o(K). (5.19)
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n(K) is related to the kernel K(K) of K wvia

n(K)(x,v) = /]Rd K(K)(tt — x)e ™Vt (5.20)
and
K(K)(z,y) = /@d n(K)(x —y,v)e*™ “dv. (5.21)

Consequently the mapping K — n(K) is a unitary Banach-Gelfand triple isomor-
phism between (B, HS,B') and (Sy, L?, S¢)(R? x RY).

Proof. First we need to recall that the Kohn-Nirenberg Symbol of an operator K
can be written as o(K)(t,v) = FoT?k(K)(t,v). Then a straight forward calculation

yields (5.19):
Fo(o(K))(z,v) = FFTak(K)(z,v)
= ]-—]:ngli(K)(l/, —)
= F ' Tiw(K) (v, —x)
and thus
n(K)(x,v) = / T?k(K)(t,z)e 2™ dt

Rd
:/ k(K)(t,t — x)e *™dLt.
Rd

The inverse formula was already derived in (5.17)). And the Banach-Gelfand triple
isomorphism follows from the properties of the symplectic Fourier transform. [

Example 6. We compute the spreading function of a rank-one operator f ® g*,
W99 = [ 8@t - s)e
R4

= [ f(t)g(t — z)e """t
R4

=Vyf(z,v)
and find that it is simply the STFT of f with respect to window g.

5.4 (Gabor Multiplier

In this last section on operators we will tap into the Gabor setting by defining
Gabor multipliers. The action of this kind of operators is given by multiplying the
coefficient sequence in the Gabor expansion of a function with some sequence on
the lattice and thus manipulating its time-frequency content, an operation which is
commonly known in signal processing as filtering of a signal. For a closer discussion
of the topics in this section we refer the reader to [3], [6], |L0] and [16]. We begin
by formally defining Gabor multipliers.
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Definition 38. Let g; and g, be functions in L*(R?), let A be a time-frequency
lattice in RY x R? and (m(\))aea a complex-valued sequence on A. Then the Gabor
multiplier with upper symbol m(\) is defined as

Gm(f) = Ggigoam(f Zm A)gi)m(A)ga.

AEA

If 1 = g = go we will simply write Gy A m, or, even shorter, Gy,. With this
assumption we can also define Py := 7(\)g ® 7(\)g*, this is the projection operator
on the one dimensional subspace spanned by time-frequency shifted versions of g.
With this notation G, now looks like

m — Zm()\)P)\

A€A

It is clear from the definition that the choice of the analysis window g¢;, the
synthesis window g, and the symbol m(\) will determine the mapping properties of
Gg.am between different spaces. In the case where g1 = g = g2, we see that Gy m
is just a linear combination of projection operators Py with coefficients m(\) onto
one-dimensional subspaces of L*(R?). The following theorem sums up the basic
mapping properties of Gy, in dependence on the symbol m

Theorem 26. (Properties of Ggpm)
Let g1, g2 € So(R?) and A € R? x R? be some lattice, then

1. G is a bounded operator on (Sy, L?, S§) whenever m € £2°(A).
2. Gy is in HS whenever m € £2(A).
3. G is in B= L(S{,Sy) whenever m € £'(A).

Or, reformulated in a more compact fashion, the mapping (m(X))rep — Gm maps
the Gelfand-Triple (€',€%,€°)(A) into the Gelfand-Triple (B, HS,B').

Proof. To prove this theorem we write
Gm = Dy, 0 Moy,

where Cy, is the analysis operator with respect to g, D, is the synthesis operator
with respect to go and M is defined as M : ¢ — (m(A\)c(A\))ren for sequences
c=(c(A))rer- 91,92 € So(R?Y) in particular implies that they are Bessel atoms, i.e.
establishing a Bessel sequence for any TF-lattice A and thus Gy, = Dy, o M o Cj,
is bounded whenever M is bounded. For m in the various sequence spaces we have
that

M . (£,0%,£7°)(A) — (€,0%,£°)(A) whenever m € £°(A) and ||M]| <

[[m o
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o M : (£2,£%)(A) — (€%, (A) whenever m € £2(A) and || M| < ||ml]|
o M :£°(A) — £'(A) whenever m € £'(A) and || M| < ||m]|,,

which follows from basic inequalities concerning pointwise products of sequences.
The rest of the theorem follows from the mapping properties of D, and C, between

(S, L*, S¢) and (£',£2,£>) (see Theorem [15] and [16)). O

Definition 39. Let (GM;, GMs, GM ) denote the Gelfand triple of Gabor mul-
tipliers with upper symbol m € (€', £ £)(A) respectively. Then the preceding
theorem can be summarized as (GM;, GMs, GM,) C (B, HS, ).

With these results in mind the question arises, wether it is possible to retrieve
the symbol m from a given Gabor multiplier G,,. This is covered in the following
theorem.

Theorem 27. (Best approzimation by Gabor multipliers)

1. (P\),cp is a Riesz basis for (S, L?, 89)(R?) if and only if the A- Fourier
transform of (V,9(A)|?)aea is free of zeros.

2. There exists a canonical biorthogonal family (Qx)xen C span((Px)xea), where
Qx = 1(N)Qm*(N\) and Q is an operator with kernel in Sy(RY).

3. For any operator T € (B, H, B') the best approximation by Gabor multipliers
in (GMy, GMs, GM ) is given by

PG(T) = (T.Q\)Px. (5.22)

AEA

In particular the mapping m()\) +— Gy is invertible between (€', €2 £*)(A) and
(MG, MGy, MG ) C (B, HS,B'). Ezplicitly, the symbol m is given by

(m(A))aea = ((Gm, Qa))rea-

Proof. To prove the first part of the theorem we have to verify that for constants
AB>0

Allell3 < 11~ e Pallfus < Bllell3-
AEA

Since ¢ is in Sy(R?) and thus (gy)xea a Bessel sequence, the upper bound exists.
For the lower bound we first notice that

1D cPRs =D D cNe(X)(Px, ) (5.23)

A€A AEA NeN

and after a quick calculation (see |16] for details) we find that

(Py, Px) = Vog(N = ). (5.24)
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If we insert this into (5.23)) writing ©(A\) = [V,g(\)|* we get
1D e Pallus =Y _ch) Y cN)p(N =)
AEA AEA Y
= (c*a o, C>£2(A)

= <é ) @7 é>£2(A)
_ / BOEENRY

This last expression is bounded below by A||c||3 if and only if ¢(N\) = Fa(|V,g/|*) >
A > 0, since by Plancherel’s Theorem Sy [e)PdX = |c]|3

Now for the second statement of the theorem: Since (Py)aea is a Riesz basis,
there exists a biorthogonal system (Q)xea and we only need to show that it is
of the claimed form @, = m(\) ® Q ® 7*(\) with generating operator @) € B, i.e.
k(Q) € Sp(R?). The last claim follows from Theorem 3.6 in [6] whenever g € Sy(R?).
With the help of Theorem [17] then follows that

(m(A) ® Q @ 7*(X), Pyv) = (Ih0(Q), Tvo (P))
= (0(Q), T -x0(P))
=(Q, Pv_»)
=0\
Since the biorthogonal basis is unique, this proves the second part of the theorem.

Now for T' € HS the best approximation in the space GM, is given by the
orthogonal projection onto that space, i.e. by

PG(T) =) (T.Qx)P=) (T.P\)Qx. (5.25)

Since Py and (), are in B, this equation can be extended to the whole Gelfand triple
(B,HS,B’). Finally, by Theorem |15 the analysis operator C; maps the operator
kernels from (Sy, L?, S¢)(R??) to (£',£%,£°)(A) and thus follows the last claim of
the theorem.

O

Corollary 7. If we define the mapping 5 : T — ((T,Qx))xen, then [ is a surjective
and bounded mapping from (B, HS,B') onto (€', €%, £7)(A).

Proof. The surjectivity follows from the fact that every m in (£',£? £>°)(A) defines
a Gabor multiplier in (GM1, GM3y, GM,) C (B, HS,B’). O

If we review Equation (5.25)) once more, we find that we can rewrite the coeffi-
cients of the last sum as

@.P) = [ [ oD@ nn@nwied = To.m).  620)

We name this result in the following definition:
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Definition 40. (Lower symbol) The lower symbol of an arbitrary operator T €
(B,HS, B’) with respect to window ¢ and lattice A is given by

ar(T)(A) = (T'gx, 9x)-

Lemma 18. The lower symbol or,(G) of a Gabor multiplier G is related to the upper
symbol m wia a bounded, invertible linear mapping on (€, €2, £2°)(A),

o = |thg|2 *A 1M

Proof. Let G =3, ., m(\) Py, then

or(G)(N) = <Z m<>‘)P/\9/\’79/\’>

eA

= mA\){Pag )
XeA

=) _ mA)(P Pv)
AEA

=Y [Vog(N = M) Pm(N)
eA

= (|Vygl* %4 m)(X).

A look at Figure [5| sums up the results of this section.

PG

(GMy, GMs, GM.) (B,HS, B)

Gm > ((Gm, Qx))x T = (on(T) (M)A

(€, 02, £>)(A) (0,02, £>)(A)

o = Vgg*xpa m

Figure 5: The relationships between the different Gelfand triples involved when
we talk about Gabor multipliers.
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5.5 Composition of operators

Finally we will briefly discuss the composition of operators. The previous discus-
sion in this section suggests that operator composition corresponds to some sort of
composition of their kernels (or symbols). Indeed, if the operators in question both
have kernels in Sy(RR?) then their composition amounts to the continuous analogon
of matrix multiplication.

Lemma 19. Let Ty and Ty be operators from S§(R?) to So(R?), then the kernel of
the composition Ty o T} is given by

K(z,y) = g Ky(x,s)K1(s,y)ds, (5.27)

where K1, Ky € So(R??) are the kernels of Ty, Ty respectively.

Proof. The proof follows easily by a short calculation. O

Remark 27. Formula (5.27) also holds true if one of the kernels is an element of
L>*(R*) since Sy - L™ C ;.

When dealing with more general operators, e.g. with kernels in L? or distri-
butional kernels, we cannot expect to get away with Equation ([5.27]), since this
product need not be properly defined. Instead we will apply regularization tech-
niques as discussed in Section [£.3]to get approximations of the operators in question
before calculating the kernel of the composite mapping.

Lemma 20. Let Ty, Ty be linear mappings on Sg(R?), then for each regularizing
sequence A, the operators A, o T, and A, o Ty map Sj(RY) in Sy(R?). Thus they
can be composed at the kernel level as in Lemma such that the kernel of the
composition A, o Ty o A, o T} is weak™ convergent to the kernel of Ty o T} and the
resulting operator converges pointwise to the action of Ty o T.

Proof. Let K, denote the kernel of the composite operator A, cTy0 A, 0T}, K the
kernel of T5 o T7 and K, K5 the kernels of T}, T5 respectively. As n — oo

|T2(Tho) — An(Ta(An(Tho)))l|sy — 0.

This shows the pointwise convergence of the operators which implies the weak™*
convergence at the kernel level. O

We will close this work with the diagram shown in Figure [6] which gives a rough
overview of the relationships between the spaces discussed within the preceding

pages.

65



Fs

(@2, %) ()

o =Vgg*pa m

Figure 6: The big picture.
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A Deutsche Zusammenfassung

Ziel der vorliegenden Arbeit ist es, Banach-Gelfand Triple im Kontext der Zeitfre-
quenzanalyse vorzustellen. Banach-Gelfand triple verbinden die Eigenschaften von
Hilbertraumen mit denen von allgemeinen Banachraumen von Distributionen. Ein
Banach-Gelfand Triple ist ein Triple von Raumen, bestehend aus einem Hilbert-
raum H in den ein (kleinerer) Banachraum B eingebettet liegt. H selbst wiederum
ist enthalten in dem Banachraum B’, dem Dualraum von B. Wir werden die
Rolle aufzeigen, die Banach-Gelfand Triple als grundlegendes Konzept in der Zeit-
Frequenz Analyse spielen.

Kapitel [2| gibt eine kurze Einfiihrung in das Themengebiet. Fouriertransforma-
tion, Modulations- und Verschiebungsoperator, die Kurzzeitfouriertransformation
sowie Gaussfunktionen werden vorgestellt und deren, fiir diese Arbeit wichtigen,
Eigenschaften bewiesen. In Kapitel 2.2 werden Gabor Frames eingefiihrt und disku-
tiert. Sie erlauben eine Diskretisierung der Kurzzeitfouriertransformation.

Kapitel [3] leitet den Hauptteil dieser Arbeit ein. Banach-Gelfand Triple werden
allgemein definiert und wichtige Eigenschaften bewiesen. Kapitel 4] widmet sich im
Anschluss daran dem Gelfand Triple (S, L?, Sy), das eine Schliisselrolle in der hier
vorgestellten Form der Zeit-Frequenz Analyse spielt. In Kapitel [5| werden schlieflich
unterschiedliche Klassen der Operatordarstellung besprochen. Es werden Metho-
den vorgestellt, um Operatoren mit Funktionen auf der Zeit-Frequenz Ebene zu
identifizieren.
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