AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONS
HANS G. FEICHTINGER AND GEORG ZIMMERMANN

ABSTRACT. This note describes a new Banach space By of square integrable functions
on R? having many interesting invariance properties. In fact, the Fourier transform,
time-frequency shifts, and L>-normalized dilations act isometrically on it. For its def-
inition, we make use of a general construction principle for minimal invariant spaces.
We demonstrate a variety of properties following immediately from this principle. Fur-
thermore, we give a number of different characterizations, including various atomic de-
compositions, as well as natural necessary and sufficient conditions for an L*-function
to belong to this new space. A surprising result is the fact that despite the richness of

atoms, the resulting space is a proper subspace of L?.

1. INTRODUCTION

Within a given class of Banach function spaces with certain invariance properties, it is
of interest to ask for the smallest of its elements (if it exists), since it is the intersection
of all the spaces. Often it is possible to describe this minimal space by an atomic decom-
position, i.e., as the space of absolutely convergent series over a family of atoms. This
method is described in detail in Section 2, where we also list several examples of such
spaces, among them the real Hardy space H'(R). Furthermore, we show some general
properties of spaces constructed in this manner.

The space By we want to describe is minimal among those Banach spaces of complex-
valued functions on R that are isometrically invariant under translation, modulation,
and L%-normalized dilation. B, has a number of properties, presented in Sections 4
and 5, which exhibit a somewhat exotic character of this space. In the proofs of these
properties, we often make use of the space Sy which can be characterized as the minimal
space isometrically invariant under translation and modulation, and thus is a (proper)

subspace of By.
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Notation and conventions. In addition to standard convention, we will use the fol-
lowing notation throughout the paper.

For a Banach space B, we denote by B’ its dual Banach space of bounded linear
functionals, and by £(B) the space of bounded linear transformations on B.

For a space X (G) of functions or distributions on a locally compact group G, we denote
by X .(G) the subspace of X (G) of elements with compact support. For f € X (G), (left)
translation by an element x € G is denoted Ty, i.e., T, f(+) = f(z~'-). If G is Abelian,
one writes T, f(-) = f(-—x). In the Abelian case, we also define Modulation M, by an
element £ of the dual group G via M¢ f = ¢ f. Furthermore, on RY, dilation D, = DE}/Q)

(with L?-normalization) by a positive number p € R* is given by
D, f(-)=p"* f(p-).

Occasionally we will choose different normalizations, then we write
DY () =p™ flp-).

So we obtain that D{'/?) is an isometry of L”(R?).
For the Fourier transformation F : f — fon R¢, we use the normalization

fO=[ fle ™ dy
R‘i

which implies that the Gauss function

—mllz|> _ 7@ +-4ad)

go(x) =e e

satisfies gg = go.

The image of L' under the Fourier transformation is denoted A, i.e., we have
A(G) =F (LX(G)) with |Iflla=[lfllz: -

For a linear operator 7" on a space B of functions or distributions on a locally compact

Abelian group G, we define its Fourier transform to be the linear operator on E(@) =

—

B(G) given by
T=FoToF": f|—>ﬂ
. —~ g /; 11—«
In this sense, one has T, = M_,, M, = T, and DE; ) = Dg/p )

A representation m of a locally compact group G on a Banach space B is a group

homomorphism from G into £(B). We call m bounded, if sup,, ||m( < oo. It

g)HL',(B)
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is called strongly continuous, if for each x € B, the mapping G — B, g — 7(g)x, is
continuous.
A projective representation of G on B is a mapping 7 from G into L£(B) with the

properties that there is a measurable function o : GXG — {z € C: |z| = 1} satisfying

m(ry) = o(z,y) m(x) 7(y)

and 7m(e) = Id. From a projective representation 7 of G on B, it is possible to construct
a representation of the group G = G x T, where (z,2)(y,w) = (zy,0(z,y) zw), on B
via m(x,z) = zm(x). As an example, consider a locally compact Abelian group H, let
B = L*(H), and G = HxH. Then 7 : G — L(B), (z,£) = M¢T,, is a (unitary)
projective representation with o((z,£), (y, 1) = n(z) (= e 27 for H = R%). For G, we
obtain the Heisenberg group, and 7 is the Schrodinger representation. For details, e.g.,
see [20] or [21].

We will need to consider another class of spaces of functions or distributions, namely,
the Wiener amalgam spaces ([9], [12], [13]). First, we choose a suitable bounded uniform
partition of unity (BUPU). This can, e.g., be a collection (T,%),cz on R¢, where ¢ €
D = C° (the space of test functions) satisfies > ;. T, ¢ = 1. Let X (R?) be a strongly
translation invariant Banach space of functions or distributions on R? (i.e., we have that
| T fllx = || fllx for all z € R? and f € X) with the property that D - X C X. The
local version X,.(R?) of X (R?) is the space of all functions or distributions f on R? such
that for any ¢ € D, we have (T, ¢) f € X(R?) for all x € R?. Furthermore, let Y (Z%)
be a solid shift invariant Banach space of sequences on Z¢ (i.e., we have T, Y =Y for
all n € Z¢, and given an a € Y, any sequence b on Z% with |b[n]| < |a[n]| for all n € Z4
satisfies b € Y with ||b||y < ||a|ly). The Wiener amalgam space with local component

X and global component Y can be defined as

WOEY) = {7 € Xuel®) s vy = |1 T vl e, < o0}
The condition ¢» € D can be weakened depending on X. Under the assumptions on X
made above, it is sufficient to have ¢ € L°(R?) with ¢)- X C X. Under these conditions,

different choices of i) will generate the same space and equivalent norms.
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2. ATOMIC DECOMPOSITIONS AND MINIMAL ATOMIC SPACES

The space we want to describe belongs to a class of spaces obtained by a general
construction principle which has been used before (see Section 3). Several interesting
properties hold for all such spaces. Therefore we will prove them here for the general

case.

Theorem 2.1. Let B be a Banach space, and ® = (¢;)jes a (not necessarily countable)

bounded family in B, i.e., ||¢;llp < C for all j € J. Define
jer jeJg
and let the norm be the infimum of the costs of all admissible representations, i.e.,
Ifls=int { Sl £ =S a1
jeT jeJ
Then B is a Banach space, continuously embedded in B.

We refer to the ¢; as the atoms generating B.

Proof. Note that El(J) is a Banach space, and consider the map

SZEI(J)—)B, a:(aj)jEJHZajgoj.
jeJ
S obviously satisfies [|S(a)|ls < . la;| l¢jllB < Cllallg (), so it is a bounded linear map
with closed kernel. By definition, B is isometric to the quotient space £'(.J)/ ker S, which

implies the claim. 0

Lemma 2.2. Consider a fixed Banach space B and two families of atoms @1 and &5. If
&y C &y, then Bg, is a continuously embedded subspace of Bg,.

Proof. We trivially have Bg, C Bg,. Furthermore, for f € Bg,, the atoms in @, allow at

least the representations of f from the atoms in @, we see that || f[|s; > [/ flls,,- U

A natural question to ask is under what conditions we obtain B = B, with equivalent
norms. This is trivially obtained by choosing @ = {¢ € B : ||¢||p = 1}, since then
f= ||f||3m with ||f|ls = ||f]|s for all f € B. In [2], F.F. Bonsall has presented a

much weaker sufficient criterion.
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Proposition 2.3. ([2], Thm. 1) If under the assumptions of Theorem 2.1, there is a

constant Cy such that

sup W) > Cillvlle VY e B,
J

then B = B with norm equivalence, i.e.,

Gllfls <llfls < Cellfls VfeB.

Atomic spaces from bounded representations. When studying a class of function
spaces invariant under a group of operators, we can determine the smallest such space
by its atomic decomposition as follows. Consider a bounded (projective) representation
7 of a group G on a Banach space B. Choosing ¢ € B (or, if so desired, several ¢;)
as basic atom, we can use the coherent family @ = (7(g)¢),ec as atoms and obtain the

Banach space

B, =Bray, ={f =) dgr(gp:act(G)}

geG
with the norm defined as above. It is immediate that B, is the minimal 7(G)-invariant

Banach space containing ¢. We shall see first how convolution in £'(G) comes into play

(although with a “twist”, if 7 is only a projective representation).

Definition. For B, G, and 7 as above, define the (semidiscrete) convolution product of

a € £'(@) with ¢ € B induced by 7 as

axl o=y alglm(g)p.

geG

For a, b € £'(G), define the twisted convolution product

(ax, 0)gl =Y _alhlblh ' glo(h,h=Tg) = > alhlo(h, k) blk] .
heG hk=g

If 7 is a representation, i.e., 0 = 1, we have a *, b = a * b (standard convolution).

Using this notation, we obtain the convenient description
B?r(G’)(p = £1 (G) *;r @ .

Furthermore, it can be seen why it is often reasonable to consider projective representa-

tions, since for the representation m of G=0Gx T, we obviously have
€(G) s o = £(G) #, o,

and using the projective representation, we have a smaller group to deal with.
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Lemma 2.4. For B, G, and 7 as above, the following hold.
(i) Fora, b € £(G), we have a *, b € £'(G) with
a *, b||el(G) < ||a||£1(G) ||b||e1(G) .
(ii) Semidiscrete convolution and twisted convolution are related via
a s (b ) = (ax, b) 4 .

Proof. (i) Follows immediately from |o| = 1.

(ii) Since the change in the order of summation below is well justified, we have

axl (b o) = alglm(9) > blhlm(hyp = alg) ) blklalg, h) w(gh)p

geqG heG geG heG

= alg)> blg 'Klolg, g k) w (k)
geG keG

= Z <Z algblg "kl o(y, 9‘1k)>7r(k)g0 = (ax,b) % .
keG ™ ge@

OJ

Theorem 2.5. Assume that B, G, and 7 are as above, let ¢, 1 € B, and define B, By,
accordingly. Then we have the following.
(i) {m(g9) : g € G} is a family of isometries of B,,.
(ii) If ¢ € By, then B, is continuously embedded in B.
(iii) If ¢ € By and ¢ € B, then B, = By, with equivalent norms.

Proof. (i) For g € G, we have that T, is an isometry of £'(G) satisfying

()b ) = (T,(0-10(g, ) *7 .
(This is a special case of Lemma 2.4, if we use a = §,.) Thus we have for arbitrary

[ =ax. ¢ e B, that

Im(9) Flls, = inf { bl : b+, 0 = 7o) (¥, ¢)}
= inf {||cllerc = (Tylealy, ) #r 9 = 7(9) (a %, )}
— inf {[|clgr e : 7(9) (c ¥ @) = 7(9) (a ¥ )}
= inf {{|cl[g1(q) 1 ¢ 7 0 = [}

= [Iflls, -
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(ii) ¢ € By, means that ¢ = bx’ ¢ for some b € £'(G), and thus we have by Lemma 2.4
for arbitrary f € B, that
f=axo=ax. (bx 1) = (ax,b)*. 1€ By.

The continuity of the embedding follows from

1flls, = inf {|lallp ) : ax o= f}

= inf{“““el(a) D(axg b) x = f}

> inf {||a *g b||el(G)/||b||el(G) (axg b) ¥ b = f}
b7y inf {lelleny < e % = £}

= bl 11118, -

Vv

Since this holds for any b € £'(G) satisfying b *. 1) = ¢, we have that

1flls, < Ifls, [l¢lls, -
(iii) Clear by (ii). 0

The above results raise the question under which conditions we have B, = B, for all
1) € B,. Theorem 3.4 below shows a particular case where this is true.
Next, we state conditions ensuring B, to be invariant under the Fourier transformation.

We will make use of this result in Theorems 3.1 and 4.1.

Theorem 2.6. Let B be a Banach space of functions or distributions on a self-dual
locally compact Abelian group. Assume that B = B, and that 77(5) = 71(Q) as families
of operators. (Le., T € 7(G) if and only if oT € 7(G) for some o € C with |a| = 1.)
Then B:, = B;. Consequently, if in addition p = ¢ or at least ¢ € Bz and § € B, then

—

B,=B,.

Proof. By the assumptions on B and 7(G), we can rewrite the Fourier transform of an

element of B, as F (dec a[g]ﬂ(g)gp) = deG algl m(g)p = deG blg]l g (9)P, where b

is obtained from a by an appropriate permutation. Since this works both ways, we have

B; = B;. The second claim follows by Theorem 2.5.(iii). O

Examples. As a first example, consider B = L*(R?) and ¢ = gy, the Gauss function.
Letting G = RExR? with 7(x, &) = M¢ T,, we obtain for B, the Segal algebra S,(R?)

which we want to describe more closely in the next section, since we can transfer several
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ideas and methods from this example to the space we want to examine. Note that we
have B = B, $ = ¢, and 7r/(G\) >~ 7(G), so we can conclude that Sy(R?) is invariant
under the Fourier transformation.

Several other examples for spaces constructed by the above methods can be found in the
literature. In [23], vol. I, Y. Meyer uses B = Cy(R?), G = R*xR* with 7 (x, p) = DE,O) T,,
i.e., L*-normalization), and ¢ = go (the Gauss-function). This yields a space the author
denotes “I'algebre des bosses” (“hump-algebra”). It allows for an easy description in
terms of wavelet bases. In the same book, the author shows that B = L'(R?), G =
R xRT with 7(z, p) = Dgl) T,, and ¢ = gy yields B, = L'(R?) with equivalent norms.
This is an example where an LP-space (p = 1) has an atomic decomposition using a two-
parameter group only. Furthermore, it is worth noting that this immediately implies (by
an argument similar to the proof of Theorem 2.6) for the choice B = A(R?), G = R?xR*
with 7(§, p) = DE)O) Mg, and ¢ = gy that B, = A(R?) with equivalent norms.

Also in [23], vol. 1, it is shown that B = L'(R), G = R!xR* with 7(z,p) = DIV T,,
and ¢ = Xjo1/9) — X[1/2,1] (the so-called Haar-wavelet) yields for B, the homogeneous
Besov space B?,r

One of the first spaces to become famous for its £'-atomic representation is the real
Hardy space H'(R). It can be characterized by choosing B = L*(R), G = RxR* with
m(z, p) = DV T,, and as set of basic atoms & = { fEL*(R) : supp(f) C [-3, +1], | fllz2 =
1, [ f(@)dz =0} C L'(R) (see [5]).

The spaces E?(R?) (1< ¢ < o0) described in [10] are constructed from & = {DE}) f:
f e LYRY), || fllze<1,supp(f) C [-1,1]?}. They are dilation invariant Banach algebras
under convolution, and have been useful in proving Tauberian theorems for functions of
bounded L”-means on R?.

Mobius invariant spaces of functions on the unit disk and related spaces have been
studied systematically by J. Peetre and others (see [1], [25]).

This list is by no means exhaustive, but only intended to give the reader an idea of

the variety of such spaces.
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3. THE SEGAL ALGEBRA S;(R?)

Definition. The space S;(R?) is obtained by letting B = L*(R?), and choosing ¢ = g,
and G = RxR? with the projective Schrodinger representation. This yields

Sy(RY) = {Zan M, T, 9o : Z lan| < 00, (n, &) € ]Rx]l/id} :

n

This space has been studied extensively in the literature, e.g., see [7], [8], [14], [15], [16];
furthermore in [17], where it appears as the modulation space M'. We only state those
properties that we shall refer to later on. By the results from Section 2, the following

properties are immediate from the definition of Sj.

Theorem 3.1. (i) Sy is a Banach space, continuously embedded in L*(RY).
(ii) So(RY) is isometrically invariant under translation and modulation.

(iii) Sp(RY) is isometrically invariant under the Fourier transformation.

Originally, the space Sy was defined differently, namely, as a Wiener amalgam space
(see [8]). The following result states that the definitions agree, and from this characteri-

zation of Sy(R?), various properties can be derived.

Theorem 3.2. ([11]) S,(R?) coincides with the Wiener amalgam space W (A, £"), i.e.,
the spaces have the same elements and equivalent norms.
Corollary 3.3. (i) A. = Sy is a dense subspace of Sy(R?).
(ii) Sy is a dense subspace of L?(R?).
(iii) Sy is (non-isometrically) invariant under dilation. Dilation operators within a
compact parameter range are uniformly bounded (in the operator norm on Sp).
(iv) Translation, modulation, and dilation act continuously on the elements of Sy(R?),

1.€.,
| Dy Me T, f = flg, = 0 ((,& p) = (0,0,1))
for all f € Sy(R?).

Theorem 3.4. ([11]) In the construction of So(R?), any non-zero element of Sy can be

used as basic atom, i.e.,

S,(RY) = {Zan Mg, Ta, ¢ Z lan| < 00, (xn, &) € ]Rdx]ﬁd}

n

for any o € Sy(RY)\ {0}, and the norms induced by different choices for ¢ are equivalent.
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4. THE SPACE B,

The space we want to describe is obtained by using B = L*(R?); the affine Heisenberg
group G = (R? x I@d) x R*, where (z,&, p)(y,n,A) = (Az+y, \7'E+1, p)); the projective
representation 7(z,&, p) = D, M T, with o((x,&, p) (y,n, ) = €777 and the Gauss

function gy as basic atom. This setup yields the following.

Definition. For ¢ € L*(R?), we define

B,(R%) = {f = Zan D,, Mg, Ty, 0 Z lan| < 00, (n, &, pn) € RdX@dXR+}

neN neN

with norm

1l ety = inf{z aal : F = 3, Dy Mg, T, go}.

neN neN

For the special case where ¢ = gg, the Gauss function, we write By(R?) := B, (R?).
By the results from Section 2, the space B,(R?) has the following properties.

Theorem 4.1. (i) B,(R?) is a Banach space, continuously embedded in L*(R?).
(ii) D, M¢ T, is an isometry of B,(RY) for all (z,, p) € RExRIXRY .
(iii) Bo(R?) is invariant under the Fourier transformation F. Using the norm induced

by go = go, we even have that F is an isometry on By.

4.1. Equivalent characterizations. In this section, we present a number of different,

but equivalent atomic characterizations of By (R?).

Theorem 4.2. (i) So(R?) is continuously embedded in By(R?).
(ii) For ¢ € Sy(R?) \ {0}, we have B, = By.

Proof. (i) Sp(R?) is generated by the family of atoms {M, T, go : € € R?,z € R?}, which
is a subset of the family of atoms generating By(R?), so Lemma 2.2 applies.

(ii) By (i), ¢ € So(R?) implies p € By(R?) and therefore, by Theorem 2.5.(ii), B, C By.
Conversely, we know by Theorem 3.4 that {M T, ¢} generates So(R?) also, and thus we
have gy € Sp(R?) C B, (R?) which, again by Theorem 2.5.(ii), implies By, = B,, C B,. [

Remark. (i) It is not clear yet whether we actually do have B, = B for all ¢ € B\ {0}.

(ii) In the atomic representation of Sy(R?), it suffices to consider a lattice aZ?xbZ? <
R? x@d, where a and b have to be chosen in accordance with the choice of the basic atom
¢; for details, e.g., see [16]. Furthermore, on Sy(R?), we do have uniform boundedness

of the dilation operators on compact ranges of the scaling factor. Therefore, in analogy
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to the Sp-case, it suffices to consider H = ZIxZxZ with 7(k,m,n) = Dy My, Ty for
appropriate ¢ € Sy(R?) \ {0}, matching a, b > 0 (ensuring that {M,,, Ty, ¢} generates
So), and arbitary p > 1 to obtain By, = By. (Note, though, that H is just a discrete
subset, but not a subgroup of the affine Heisenberg group).

The next result shows that in contrast to Sp(R?), the new space By(R?) can be gener-
ated from discontinuous functions. In particular, we see that Sy C By, since Sy C C(R?).

Theorem 4.3. For ¢ = X(g1) (and thus for the indicator function of any compact inter-

val), we have that B, = By.

Proof. By Theorem 2.5.(iii), it suffices to show that ¢ € B, and ¢ € B, for some
Y € By(R) with B, = By. By Theorem 4.2, we may choose the triangular function
1 = max{0, 1—|z|}, since it satisfies 1) € A.(R) C Sy(R).

Now ¢ and ¢ satisfy

=277 TioDatp + Z 2 U2 Ty i1 Dy p + Z 27U T 4 joi Dy 1h,

j=1 j=1
so [lells, <2712 +237%2 270H/2 = 971/237% 1979/2 < 00, and thus ¢ € By. Con-
versely,

0o 2171

Y= ZZ( —3j/2 T(ok—2)2-i Dai 0 + 27 s T1-2k)2-7 Do @)

j=1 k=1

hence |||, < D202, 2771 227%/2 = 372 279/% < 00, and thus ¢ € B, also. O
Note that

Mgn Tl‘n Dpn 80(1‘) = (bn - a’n)_l/Q 62“5715” X[anybn] (1‘) ’
where [a,, b,] = [:rn,xn+ L ] Since ch 2mf"’chn bl HL2 = |¢n| vVbn—a,, we obtain the
following.

Corollary 4.4.

BU(R) = {f = ch €2M£nz X[an,bn} : Z |Cn|\/ b,—a, < OO}
and | fl|Bo(r) = inf { Z len| \Vbn—ay : f = ch 2TinT X[an,bn}} .

We observe the following dense inclusions in connection with B,.
Corollary 4.5. (i) So(R?) is a dense subspace of Bo(R?).
(ii) Bo.(R?) is a dense subspace of By(R?).
(iii) Bo(R?) is a dense subspace of L*(R?).
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Proof. (i) Clear by Corollary 3.3.(iii) and Theorem 4.2.(ii).
(ii) Follows from Corollary 3.3.(i).

(iii) Follows from Corollary 3.3.(ii).
0J

Theorem 4.6. The action of G = (RYxRY)xR* on the elements of Bo(R?) is strongly
continuous, i.e., D,M¢ Ty f — f in Bo(R?) as (z,&,p) — (0,0,1) for all f € By(RY).

Proof. This is a straightforward consequence of the fact that G acts continuously on
the elements of Sy(R?) (see Corollary 3.3.(iv)) and the density of this space in By (R?)
according to Corollary 4.5.(i). U

Corollary 4.7. (i) Bo(R?) is a Banach module over L'(R?) with respect to convo-

lution, i.e., L' x By C By with ||g * fllz, < llgllz: || f||8, for all g € L', f € By.

(i) Bo(R?) is a Banach module over the Fourier algebra A(RY) = F(L'(RY)) with

respect to pointwise multiplication, i.e., A-By C Bo with ||g- fllz, < llglla|lf]5,
forallg € A, f € By.

Remark. The two parts of the above corollary follow from the strong continuity of
the actions of the group of translations and the group of modulations, respectively. A

corresponding statement could be made with respect to the group of dilations.

4.2. By is a proper subspace of L?. In the following two sections, we exhibit some
of the properties of By that are the reason for calling it an “exotic” space of functions.
First, we show that it is properly contained in L?. We find this somewhat surprising: As
already remarked before Proposition 2.3, using the unit sphere of any Banach space as
family of atoms yields the whole Banach space. For B = Ll(Rd), it suffices already to
take m(x, p) = DE,I) T, and ¢ = X[,1) in order to obtain B, = L'. So in our setup, one
might expect to obtain all of L? due to the richness of atoms — but this is not the case,
as we will see in a moment.

In Section 5, we examine the local and the global behavior of the elements of By, and

we compare it to other LP-spaces and to certain Wiener amalgam spaces.
Proposition 4.8. Use ¢ = X[}, and let f € By.(R), say, supp f C [a,b]. Then it
suffices to consider representations of f supported in [a,b] to determine | f||B,®) (and

thus also to decide whether [ € By(R) or not).
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Proof. Since we use ¢ = X|p;], we make use of the By-norm given in Corollary 4.4. It
suffices to show that for an arbitrary representation of f, there is another one supported
on [a,b] such that the absolute coefficient sum of the latter representation is no larger
than that of the former. But replacing each interval [a,, b,] by the interval [a,, b,]| N ]a, b]
(or simply omitting the term if this intersection does not contain a proper interval) will

yield just that. O

Corollary 4.9. Using the norm induced by ¢ = Xjo1], we have || f - X 4|8, < ||fll8, for
all f € By(R), i.e., the functions Xiap are a bounded family of pointwise multipliers on

By(R).
Now we can construct an element of L* \ B,.
Theorem 4.10. The following function is an element of L* \ By(R):

F=> X ar2i) -

k=1

Proof. Assume that f € By(R). First, we want to show that given a representation of f
in terms of the atoms generated by Xjo 1, we can obtain a “cheaper” one by restricting it

to Up—,[4k%, 4k*+1]. Le., we claim that

oo
[[en €7 Xia, balfane,ab2-+1] HL2(R) < Z ek €7 Xa, b, HL2(R) :
1 n=1

NE

>

n=1

=
Il

It suffices to show that for [a,b] C R, we have

Z HX[a,b]ﬂ[4k2,4k2+1]HLZ(R) < HX[a,b}HLZ(R) = Vb-a.
k=1

Note that 4(k+1)%—(4k*+1) = 8k+3 > 11, so if b—a < 11, then [a, b]N[4k?, 4k>+1] # O
for at most one k, and the claim is obvious. Furthermore, if b<4, then the left hand
side is zero, and there is nothing to show. If a<4<b, then [a,b] N [4k?, 4k* + 1] =
[4,b] N [4k2, 4k2 + 1] for all k, and v/b—4 < /b—a, so we may assume that 4<a and that
b—a>11.
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Now [ X(a,pjnpak2 402411 | £2(m) €quals zero if a>4k*+1 or b<4k*, and at most one otherwise.

Therefore, writing M for the number of elements in a set M, we have

Z ‘|X[a,b]ﬂ[4k2,4k2+1]HL2(R) < #{k - 4k < b} — #{k : 4k* < a—1}

IN

Wo- (Va1 - 1)
L (VB = v/a+3) < L (Vima+ViT) < Vi,

IN

as claimed.

Assume that f € By(R). Then there exists an admissible representation

o.¢] o @]
f= Z Cn € X o] with Z len] v/ bn—an < 00.
n=1 n=1

Consequently, we know from the above that

f=T XU,z ak211) = <Z Cn €™ X, b ) <Z X[4k2,4k241] )

n=1

(o0}
2mi€nx
Cp €™ § Xlan,bn]N[4k2,4k2+1]
1 k=1

00 o0
fn €7 X o1 with Z ||V em—dm < Z |Cn| V/ b= < 00,
m=1 n=1

M]3

3
I

NE

3
Il

where for each m, we have that [d,,, e,,] C [4k? 4k*+1] for some k. Due to the absolute

convergence in L?*(R), we may reorder the series in the form

f= Z Z [ 2T X(dm em] where Ji = {m € N: [dpn, em] C [4K?, 4k2+1]} ,

k=1 meJy

i.e., we must have Y, fm 2T X (4 em] = £ X[ak2,ak21) for all k € N, and thus

Zva em—dm

M8 i ME%

Z 1 Fon €7 Xt | 2
€y

k=1 melJy
2 : 2TiNm T
Z fm € i X[dmaem}
k=1l meJ, L?*(R)
00 00
k=1 k=1

which is a contradiction to the assumed admissibility of the representation of f. So we

may conclude that f ¢ By(R). O
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5. LOCAL AND GLOBAL PROPERTIES OF B

Theorem 5.1. (i) Bo(R) Z LP(R) for pe[l, 0]\ {2}.
(i) L*(R) € Bo(R) for pell, oo].

Proof. (i) For p<2, let ¢, = 2"P=2/% 50 (¢,)pen € £'(N). Then we have that

f = Z Cp, 2_n/2X[2n’2n+1] is in BO (R) s

neN
but Hf“??(R) = Z lcp|P 9=np/29n _ Z on(2-p)/4 _ o
neN neN

For 2<p<oo, let ¢, = 2" P/ 50 (¢,)nen € £'(N), and we have that

f=Y a2 Xpmngne  isin By(R),

neN
but Hf“I}J’(R) = Z |cn | onp/2 g—n _ Z on(p=2)/4 —
neN neN

These functions also show that By(R) € L*(R).
(ii) Theorem 4.10 shows that L*(R) € By(R). For the case p#2, note that L?(R) ¢
L*(R) D By(R). O

5.1. Local properties. An elegant way to study examples of functions in By(R) is
implied by Theorem 4.6. Since the action of G is strongly continuous, we may integrate
m(g) over G with respect to any bounded Radon measure on G to obtain new elements
of By. For example, we know that for any f which can be written as
_ dp
f=1 9p)Dipo—
R+ P
for some g € L'(R™, %) and ¢ € By, we have f € By with ||f||s, < ||g||L1(R+’de) |2l 8, -

The particular choice ¢ = X;) shows that for any g € L'(R*, %), the function
fl@) = /0 9(0) p X0 ()

= / glp) p**dp

belongs to By(R). Note that this is equivalent to f'(x) = —g(z) z73/2 on R*. Since the
same argument works on R, we may conclude that the condition v/|z| f'(xz) € L*(R, dx)
is sufficient for f € L*(R) to be in By(R).

Consequently, f = 2% X (o with /2] f'(z) = a2 /2 is in By(R) if and only if o >
—1/2. (For a < —1/2, we have f ¢ L? D By(R).) By considering a € (0, 1], this shows
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that an element of By(R) has to satisfy no Lipschitz condition at its points of continuity.
Similarly, f(x) = 2% X[, is in By(R) if and only if o < —1/2.

More generally, we may conclude that C! C By(R). This can be strengthened using
the well-known result by Bernstein that Lip,(T) C A(T) for a > 1/2 (e.g., see [19],
Thm.1.6.3). Soif f has compact support and satisfies a Lipschitz condition with o« > 1/2,
then f € A. C S, C By.

On the other hand, consider the function

—1
[ = Vi logx X(0,1/¢] -

It satisfies f € L*(R), but /[z[ f' ¢ L'. This leads us to conjecture that f € L?\ By(R).

Another statement about the local behaviour can be made by comparing B, with

certain inhomogeneous Besov spaces.

Lemma 5.2. B}, C By(R) if and only if s > 3.

For the proof, we make use of the following lemma.

Lemma 5.3. Letting PWoNL'(RY) = {f eL': supp(f) C [—Q,Q]d}, we have that

PWonL' C By,  with ||f|lg, < CQY?||f]5 -

Proof. For Q = %, this is immediate from the fact that bandlimited elements of L' are in
Sy and thus in By with || f|ls, < [|flls, < C||fl: for all f € PW,,,NL'. For general
Q, note that [|f]ls, = [ Dy flls, < C Q2D fllz = C Q| fl . O

Proof (of Lemma 5.2). Since we have B, C Bf, for r >s>0, it suffices to verify that
B}/IQ C By. But this is an immediate consequence of the definition of the Besov spaces
(see [26], p. 93) which describes f € B}/IQ as a series of building blocks f, € PWy.NL'.
Lemma 5.3 shows that this series is absolutely convergent in Bj.

For s < %, we have B} | Z By since B}, ¢ L* (e.g., sce [6]). O

Example 5.4. The following example exhibits one of the problems in the practical usage
of By(R). Consider the function f = Xjgaqupi—q,1] for a < 1/2. There are two immediate
representations of f using ¢ = X[g 1], namely, f = X[g 4] + X[1-4,1] With absolute coefficient
sum 2+/a, and f = Xj0,1] — Xja,1—a] With absolute coefficient sum 1 + V1—2a. The two
representations have the same “price” for a = 4/9. For a < 4/9, it is cheaper to use two

separate blocks, while for a > 4/9, it is cheaper to “bridge the gap” and to subtract a
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block in the center. Thus the optimal representation does not depend continuously on
the function, a phenomenon which can also be observed in matching pursuit problems.

See also the last paragraph of Section 6 for resulting consequences.

5.2. Global properties. Since By is a localizable space, Wiener amalgam spaces (see

the introduction) allow us to get an idea of the global behaviour of elements in Bj.
Theorem 5.5. Let p € [1,0].

(i) Bo(R) € W (B, ") if and only if p€[2, <].
(ii) W (B, €) C By(R) if and only if p=1.

Proof. Assume that ||Xpj||s, = 1, and recall that the norm in B, is invariant under
translations and modulations.
(i) Assume p<2. For the functions constructed in the proof of Theorem 5.1.(i), case

p<2, we have

2n 1
“fHZ;V(BO’”) - Z fo[k’kJ’”HIl;o - Z Z “271(1)72)/4]) 27n/2X[2"+m,2n+m+1}Hll;o
keZ neN m=0
= 3" on g2 app = § 7 gnom/t = o
neN neN

Since £*(Z) C #/(Z) for p>2, it suffices to show the inclusion for p=2. We have for
arbitrary a, b € R and ¢ € R that

. 1/2
|W(Bo,e2) = <Z H€2mfxx[a,b}ﬂ[n,n+1]H2BO>

neEZ

‘ | 627ri§xx[a’b}

[b]-1 1/2
= < [a]+1—a2+212+\/6—[b]2> =Vvb—a.

[a]+1

Therefore we have for an arbitrary f =Y, _ycn €™ X[, 4.1 € Bo(R) that

neN

||f||W(BO,£2) < Z |cn He%mx[a,b]HW(BO,e?) - Z cn] V/bp—ap < 00.

neN neN

Since this holds for all representations of f, we even have || |y (s,.2) < || f||5,-

(ii) For p=1, the statement is trivially true since

Z f X[n,n+1}

nel

||f||30 =

< Z HfX[n,TH»HHBO = ||f||W(307£1) ’

By nez



18 HANS G. FEICHTINGER AND GEORG ZIMMERMANN

On the other hand, we have shown in Theorem 4.10 that f =377, %X[Mz,%zﬂ] is not in

BO (R) y but

7 lwisery = [ (15 X ll30) ez |y = | Dicrileny < 20 for all pe(1, o]

6. IMPLICATIONS FOR MATCHING PURSUIT AND BASIS PURSUIT METHODS

In the literature on signal analysis, it is often argued that parsimoneous representations
are important for efficient compression or feature detection, where it is desirable to store
only few coefficients. The prototype algorithm in this context is the matching pursuit
algorithm suggested by Mallat and Zhang [22]. Although this method works well for
“nice” signals (the meaning of the latter depending on the dictionary in use), it tends to
result in a large number of fairly small coefficients (cf., [18] for such and other problems
of matching pursuit). Therefore Donoho [3] suggested to minimize the £'-norm of the
coefficients by means of global optimization methods. This was one motivation for the
definition of the space Bj.

Consequently, we emphasize the following two important observations. Firstly, com-
pare the construction of By to ordinary Gabor expansions of L%. It follows from standard
frame theory that using time-frequency shifts of an appropriate basic atom and allowing
£2-coefficients yields all of L?, while Theorem 4.10 shows that the restriction imposed by
using £'- instead of £*-coefficients is not compensated by the use of a largely increased
dictionary (namely, containing not only all translated and modulated, but also dilated
versions of a given atom).

Secondly, Example 5.4 demonstrates that the mapping from L*(R) to the coefficients
is inherently unstable, even for simple signals, and consequently, its use for feature ex-
traction purposes may suffer seriously in certain cases. However, one might argue from
a somewhat more applied point of view that By is the appropriate domain for searching

parsimoneous representations.
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