
AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONSHANS G. FEICHTINGER AND GEORG ZIMMERMANNAbstra
t. This note des
ribes a new Bana
h spa
e B0 of square integrable fun
tionson Rd having many interesting invarian
e properties. In fa
t, the Fourier transform,time-frequen
y shifts, and L2-normalized dilations a
t isometri
ally on it. For its def-inition, we make use of a general 
onstru
tion prin
iple for minimal invariant spa
es.We demonstrate a variety of properties following immediately from this prin
iple. Fur-thermore, we give a number of di�erent 
hara
terizations, in
luding various atomi
 de-
ompositions, as well as natural ne
essary and suÆ
ient 
onditions for an L2-fun
tionto belong to this new spa
e. A surprising result is the fa
t that despite the ri
hness ofatoms, the resulting spa
e is a proper subspa
e of L2.1. Introdu
tionWithin a given 
lass of Bana
h fun
tion spa
es with 
ertain invarian
e properties, it isof interest to ask for the smallest of its elements (if it exists), sin
e it is the interse
tionof all the spa
es. Often it is possible to des
ribe this minimal spa
e by an atomi
 de
om-position, i.e., as the spa
e of absolutely 
onvergent series over a family of atoms. Thismethod is des
ribed in detail in Se
tion 2, where we also list several examples of su
hspa
es, among them the real Hardy spa
e H1(R). Furthermore, we show some generalproperties of spa
es 
onstru
ted in this manner.The spa
e B0 we want to des
ribe is minimal among those Bana
h spa
es of 
omplex-valued fun
tions on R that are isometri
ally invariant under translation, modulation,and L2-normalized dilation. B0 has a number of properties, presented in Se
tions 4and 5, whi
h exhibit a somewhat exoti
 
hara
ter of this spa
e. In the proofs of theseproperties, we often make use of the spa
e S0 whi
h 
an be 
hara
terized as the minimalspa
e isometri
ally invariant under translation and modulation, and thus is a (proper)subspa
e of B0.1991 Mathemati
s Subje
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es, atomi
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2 HANS G. FEICHTINGER AND GEORG ZIMMERMANNNotation and 
onventions. In addition to standard 
onvention, we will use the fol-lowing notation throughout the paper.For a Bana
h spa
e B, we denote by B0 its dual Bana
h spa
e of bounded linearfun
tionals, and by L(B) the spa
e of bounded linear transformations on B.For a spa
eX(G) of fun
tions or distributions on a lo
ally 
ompa
t group G, we denotebyX
(G) the subspa
e ofX(G) of elements with 
ompa
t support. For f 2X(G), (left)translation by an element x2G is denoted Tx, i.e., Tx f ( � ) = f (x�1 � ). If G is Abelian,one writes Tx f ( � ) = f ( � �x). In the Abelian 
ase, we also de�ne Modulation M� by anelement � of the dual group bG via M� f = � � f . Furthermore, on Rd , dilation D� = D(1=2)�(with L2-normalization) by a positive number � 2 R+ is given byD� f ( � ) = �d=2 f (� � ) :O

asionally we will 
hoose di�erent normalizations, then we writeD(�)� f ( � ) = ��d f (� � ) :So we obtain that D(1=p)� is an isometry of Lp(Rd).For the Fourier transformation F : f 7! bf on Rd , we use the normalizationbf (�) = ZRd f (x) e�2�ix�� dxwhi
h implies that the Gauss fun
tiong0(x) = e��kxk2 = e��(x21+���+x2d)satis�es bg0 = g0.The image of L1 under the Fourier transformation is denoted A, i.e., we haveA( bG) = F �L1(G)� with k bfkA = kfkL1 :For a linear operator T on a spa
e B of fun
tions or distributions on a lo
ally 
ompa
tAbelian group G, we de�ne its Fourier transform to be the linear operator on bB( bG) :=\B(G) given by bT = F ÆT Æ F�1 : bf 7! 
Tf :In this sense, one has 
Tx = M�x, 
My = Ty, and dD(�)� = D(1��)1=� .A representation � of a lo
ally 
ompa
t group G on a Bana
h spa
e B is a grouphomomorphism from G into L(B). We 
all � bounded, if supg2G 

�(g)

L(B) < 1. It



AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONS 3is 
alled strongly 
ontinuous, if for ea
h x 2 B, the mapping G ! B, g 7! �(g)x, is
ontinuous.A proje
tive representation of G on B is a mapping � from G into L(B) with theproperties that there is a measurable fun
tion � : G�G! fz 2 C : jzj = 1g satisfying�(x y) = �(x; y) �(x) �(y)and �(e) = Id. From a proje
tive representation � of G on B, it is possible to 
onstru
ta representation of the group eG = G o T, where (x; z)(y; w) = (x y; �(x; y) z w), on Bvia e�(x; z) = z �(x). As an example, 
onsider a lo
ally 
ompa
t Abelian group H, letB = L2(H), and G = H� bH. Then � : G ! L(B), (x; �) 7! M� Tx, is a (unitary)proje
tive representation with �((x; �); (y; �)) = �(x) (= e�2�i��x for H = Rd). For eG, weobtain the Heisenberg group, and e� is the S
hr�odinger representation. For details, e.g.,see [20℄ or [21℄.We will need to 
onsider another 
lass of spa
es of fun
tions or distributions, namely,the Wiener amalgam spa
es ([9℄, [12℄, [13℄). First, we 
hoose a suitable bounded uniformpartition of unity (BUPU). This 
an, e.g., be a 
olle
tion (Tn )n2Z on Rd , where  2D = C1
 (the spa
e of test fun
tions) satis�esPn2ZdTn  � 1. LetX(Rd) be a stronglytranslation invariant Bana
h spa
e of fun
tions or distributions on Rd (i.e., we have thatkTx fkX = kfkX for all x 2 Rd and f 2 X) with the property that D �X � X. Thelo
al versionXlo
(Rd) ofX(Rd) is the spa
e of all fun
tions or distributions f on Rd su
hthat for any  2 D, we have (Tx  ) f 2 X(Rd) for all x 2 Rd . Furthermore, let Y (Zd)be a solid shift invariant Bana
h spa
e of sequen
es on Zd (i.e., we have Tn Y = Y forall n 2 Zd, and given an a 2 Y , any sequen
e b on Zd with jb[n℄j � ja[n℄j for all n 2 Zdsatis�es b 2 Y with kbkY � kakY ). The Wiener amalgam spa
e with lo
al 
omponentX and global 
omponent Y 
an be de�ned asW (X;Y ) = �f 2Xlo
(Rd) : kfkW (X;Y ) = 


�kf Tn  kX�n2Zd


Y <1� :The 
ondition  2 D 
an be weakened depending on X. Under the assumptions on Xmade above, it is suÆ
ient to have  2 L1
 (Rd) with  �X �X. Under these 
onditions,di�erent 
hoi
es of  will generate the same spa
e and equivalent norms.



4 HANS G. FEICHTINGER AND GEORG ZIMMERMANN2. Atomi
 de
ompositions and minimal atomi
 spa
esThe spa
e we want to des
ribe belongs to a 
lass of spa
es obtained by a general
onstru
tion prin
iple whi
h has been used before (see Se
tion 3). Several interestingproperties hold for all su
h spa
es. Therefore we will prove them here for the general
ase.Theorem 2.1. Let B be a Bana
h spa
e, and � = ('j)j2J a (not ne
essarily 
ountable)bounded family in B, i.e., k'jkB � C for all j 2 J . De�neB = B� = �f =Xj2J aj 'j :Xj2J jajj <1� ;and let the norm be the in�mum of the 
osts of all admissible representations, i.e.,kfkB = inf �Xj2J jajj : f =Xj2J aj 'j� :Then B is a Bana
h spa
e, 
ontinuously embedded in B.We refer to the 'j as the atoms generating B.Proof. Note that `1(J) is a Bana
h spa
e, and 
onsider the mapS : `1(J)! B; a = (aj)j2J 7!Xj2J aj 'j :S obviously satis�es kS(a)kB �Pj jajj k'jkB � Ckak`1(J), so it is a bounded linear mapwith 
losed kernel. By de�nition, B is isometri
 to the quotient spa
e `1(J)= kerS, whi
himplies the 
laim. �Lemma 2.2. Consider a �xed Bana
h spa
e B and two families of atoms �1 and �2. If�1 � �2, then B�1 is a 
ontinuously embedded subspa
e of B�2.Proof. We trivially have B�1 � B�2 . Furthermore, for f 2 B�1 , the atoms in �2 allow atleast the representations of f from the atoms in �1, we see that kfkB�1 � kfkB�2 . �A natural question to ask is under what 
onditions we obtain B = B, with equivalentnorms. This is trivially obtained by 
hoosing � = f' 2 B : k'kB = 1g, sin
e thenf = kfkB fkfkB with kfkB = kfkB for all f 2 B. In [2℄, F.F. Bonsall has presented amu
h weaker suÆ
ient 
riterion.



AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONS 5Proposition 2.3. ([2℄, Thm. 1) If under the assumptions of Theorem 2.1, there is a
onstant C1 su
h that supj2J �� ('j)�� � C1k kB0 8 2 B0 ;then B = B with norm equivalen
e, i.e.,C1kfkB � kfkB � C2kfkB 8f 2 B :Atomi
 spa
es from bounded representations. When studying a 
lass of fun
tionspa
es invariant under a group of operators, we 
an determine the smallest su
h spa
eby its atomi
 de
omposition as follows. Consider a bounded (proje
tive) representation� of a group G on a Bana
h spa
e B. Choosing ' 2 B (or, if so desired, several 'j)as basi
 atom, we 
an use the 
oherent family � = (�(g)')g2G as atoms and obtain theBana
h spa
e B' := B�(G)' = �f =Xg2G a[g℄�(g)' : a 2 `1(G)	with the norm de�ned as above. It is immediate that B' is the minimal �(G)-invariantBana
h spa
e 
ontaining '. We shall see �rst how 
onvolution in `1(G) 
omes into play(although with a \twist", if � is only a proje
tive representation).De�nition. For B, G, and � as above, de�ne the (semidis
rete) 
onvolution produ
t ofa 2 `1(G) with ' 2 B indu
ed by � asa �0� ' =Xg2G a[g℄�(g)' :For a, b 2 `1(G), de�ne the twisted 
onvolution produ
t(a �� b)[g℄ =Xh2G a[h℄ b[h�1g℄�(h; h�1g) = Xhk=g a[h℄ �(h; k) b[k℄ :If � is a representation, i.e., � � 1, we have a �� b = a � b (standard 
onvolution).Using this notation, we obtain the 
onvenient des
riptionB�(G)' = `1(G) �0� ' :Furthermore, it 
an be seen why it is often reasonable to 
onsider proje
tive representa-tions, sin
e for the representation e� of eG = Go T, we obviously have`1( eG) �0e� ' = `1(G) �0� ' ;and using the proje
tive representation, we have a smaller group to deal with.



6 HANS G. FEICHTINGER AND GEORG ZIMMERMANNLemma 2.4. For B, G, and � as above, the following hold.(i) For a, b 2 `1(G), we have a �� b 2 `1(G) withka �� bk`1(G) � kak`1(G) kbk`1(G) :(ii) Semidis
rete 
onvolution and twisted 
onvolution are related viaa �0� (b �0� ') = (a �� b) �0� ' :Proof. (i) Follows immediately from j�j = 1.(ii) Sin
e the 
hange in the order of summation below is well justi�ed, we havea �0� (b �0� ') =Xg2G a[g℄�(g)Xh2G b[h℄ �(h)' =Xg2G a[g℄Xh2G b[h℄ �(g; h) �(gh)'=Xg2G a[g℄Xk2G b[g�1k℄ �(g; g�1k) �(k)'=Xk2G�Xg2G a[g℄ b[g�1k℄ �(g; g�1k)��(k)' = (a �� b) �0� ' : �Theorem 2.5. Assume that B, G, and � are as above, let ',  2 B, and de�ne B'; B a

ordingly. Then we have the following.(i) f�(g) : g 2 Gg is a family of isometries of B'.(ii) If ' 2 B , then B' is 
ontinuously embedded in B .(iii) If ' 2 B and  2 B', then B' = B with equivalent norms.Proof. (i) For g 2 G, we have that Tg is an isometry of `1(G) satisfying�(g)(b �0� ') = �Tg(b[ � ℄�(g; � ))� �0� ' :(This is a spe
ial 
ase of Lemma 2.4, if we use a = Æg :) Thus we have for arbitraryf = a �0� ' 2 B' thatk�(g) fkB' = inf �kbk`1(G) : b �0� ' = �(g) (a �0� ')	= inf �k
k`1(G) : �Tg(
 �(g; � ))� �0� ' = �(g) (a �0� ')	= inf �k
k`1(G) : �(g) (
 �0� ') = �(g) (a �0� ')	= inf �k
k`1(G) : 
 �0� ' = f	= kfkB' :



AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONS 7(ii) ' 2 B means that ' = b�0�  for some b 2 `1(G), and thus we have by Lemma 2.4for arbitrary f 2 B' thatf = a �0� ' = a �0� (b �0�  ) = (a �� b) �0�  2 B :The 
ontinuity of the embedding follows fromkfkB' = inf �kak`1(G) : a �0� ' = f	= inf �kak`1(G) : (a �� b) �0�  = f	� inf �ka �� bk`1(G)=kbk`1(G) : (a �� b) �0�  = f	� kbk�1`1(G) inf �k
k`1(G) : 
 �0�  = f	= kbk�1`1(G) kfkB :Sin
e this holds for any b 2 `1(G) satisfying b �0�  = ', we have thatkfkB � kfkB' k'kB :(iii) Clear by (ii). �The above results raise the question under whi
h 
onditions we have B' = B for all 2B'. Theorem 3.4 below shows a parti
ular 
ase where this is true.Next, we state 
onditions ensuring B' to be invariant under the Fourier transformation.We will make use of this result in Theorems 3.1 and 4.1.Theorem 2.6. Let B be a Bana
h spa
e of fun
tions or distributions on a self-duallo
ally 
ompa
t Abelian group. Assume that bB = B, and that [�(G) �= �(G) as familiesof operators. (I.e., T 2 �(G) if and only if �bT 2 �(G) for some � 2 C with j�j = 1.)Then 
B' = Bb'. Consequently, if in addition b' = ' or at least ' 2 Bb' and b' 2 B', then
B' = B'.Proof. By the assumptions on B and �(G), we 
an rewrite the Fourier transform of anelement of B' as F �Pg2G a[g℄�(g)'� = Pg2G a[g℄ d�(g)b' = Pg2G b[g℄�g�(g)b', where bis obtained from a by an appropriate permutation. Sin
e this works both ways, we have
B' = Bb'. The se
ond 
laim follows by Theorem 2.5.(iii). �Examples. As a �rst example, 
onsider B = L2(Rd) and ' = g0, the Gauss fun
tion.Letting G = Rd�bRd with �(x; �) = M� Tx, we obtain for B' the Segal algebra S0(Rd)whi
h we want to des
ribe more 
losely in the next se
tion, sin
e we 
an transfer several



8 HANS G. FEICHTINGER AND GEORG ZIMMERMANNideas and methods from this example to the spa
e we want to examine. Note that wehave bB = B, b' = ', and [�(G) �= �(G), so we 
an 
on
lude that S0(Rd) is invariantunder the Fourier transformation.Several other examples for spa
es 
onstru
ted by the above methods 
an be found in theliterature. In [23℄, vol. I, Y. Meyer uses B = C0(Rd), G = Rd�R+ with �(x; �) = D(0)� Tx,i.e., L1-normalization), and ' = g0 (the Gauss-fun
tion). This yields a spa
e the authordenotes \l'alg�ebre des bosses" (\hump-algebra"). It allows for an easy des
ription interms of wavelet bases. In the same book, the author shows that B = L1(Rd), G =Rd�R+ with �(x; �) = D(1)� Tx, and ' = g0 yields B' = L1(Rd) with equivalent norms.This is an example where an Lp-spa
e (p = 1) has an atomi
 de
omposition using a two-parameter group only. Furthermore, it is worth noting that this immediately implies (byan argument similar to the proof of Theorem 2.6) for the 
hoi
e B = A(Rd), G = bRd�R+with �(�; �) = D(0)� M�, and ' = g0 that B' = A(Rd) with equivalent norms.Also in [23℄, vol. I, it is shown that B = L1(R), G = Rd�R+ with �(x; �) = D(1)� Tx,and ' = �[0;1=2℄ � �[1=2;1℄ (the so-
alled Haar-wavelet) yields for B' the homogeneousBesov spa
e _B01;1.One of the �rst spa
es to be
ome famous for its `1-atomi
 representation is the realHardy spa
e H1(R). It 
an be 
hara
terized by 
hoosing B = L1(R), G = R�R+ with�(x; �) = D(1)� Tx, and as set of basi
 atoms � = �f2L2(R) : supp(f) � [�12 ;+12 ℄; kfkL2 =1; RR f (x) dx = 0	 � L1(R) (see [5℄).The spa
es Eq(Rd) (1� q <1) des
ribed in [10℄ are 
onstru
ted from � = �D(1)� f :f 2 Lq(Rd); kfkLq�1; supp(f) � [�1; 1℄d	. They are dilation invariant Bana
h algebrasunder 
onvolution, and have been useful in proving Tauberian theorems for fun
tions ofbounded Lp-means on Rd .M�obius invariant spa
es of fun
tions on the unit disk and related spa
es have beenstudied systemati
ally by J. Peetre and others (see [1℄, [25℄).This list is by no means exhaustive, but only intended to give the reader an idea ofthe variety of su
h spa
es.



AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONS 93. The Segal algebra S0(Rd)De�nition. The spa
e S0(Rd) is obtained by letting B = L2(Rd), and 
hoosing ' = g0and G = Rd�bRd with the proje
tive S
hr�odinger representation. This yieldsS0(Rd) = �Xn anM�n Txn g0 :Xn janj <1; (xn; �n) 2 R�bRd� :This spa
e has been studied extensively in the literature, e.g., see [7℄, [8℄, [14℄, [15℄, [16℄;furthermore in [17℄, where it appears as the modulation spa
e M1. We only state thoseproperties that we shall refer to later on. By the results from Se
tion 2, the followingproperties are immediate from the de�nition of S0.Theorem 3.1. (i) S0 is a Bana
h spa
e, 
ontinuously embedded in L2(Rd).(ii) S0(Rd) is isometri
ally invariant under translation and modulation.(iii) S0(Rd) is isometri
ally invariant under the Fourier transformation.Originally, the spa
e S0 was de�ned di�erently, namely, as a Wiener amalgam spa
e(see [8℄). The following result states that the de�nitions agree, and from this 
hara
teri-zation of S0(Rd), various properties 
an be derived.Theorem 3.2. ([11℄) S0(Rd) 
oin
ides with the Wiener amalgam spa
e W (A; `1), i.e.,the spa
es have the same elements and equivalent norms.Corollary 3.3. (i) A
 = S0;
 is a dense subspa
e of S0(Rd).(ii) S0 is a dense subspa
e of L2(Rd).(iii) S0 is (non-isometri
ally) invariant under dilation. Dilation operators within a
ompa
t parameter range are uniformly bounded (in the operator norm on S0).(iv) Translation, modulation, and dilation a
t 
ontinuously on the elements of S0(Rd),i.e., 

D�M� Tx f � f

S0 ! 0 �(x; �; �)! (0; 0; 1)�for all f 2 S0(Rd).Theorem 3.4. ([11℄) In the 
onstru
tion of S0(Rd), any non-zero element of S0 
an beused as basi
 atom, i.e.,S0(Rd) = �Xn anM�n Txn ' :Xn janj <1; (xn; �n) 2 Rd�bRd�for any ' 2 S0(Rd)nf0g, and the norms indu
ed by di�erent 
hoi
es for ' are equivalent.



10 HANS G. FEICHTINGER AND GEORG ZIMMERMANN4. The spa
e B0The spa
e we want to des
ribe is obtained by using B = L2(Rd); the aÆne Heisenberggroup G = (Rd � bRd)nR+ , where (x; �; �)(y; �; �) = (�x+y; ��1�+ �; ��); the proje
tiverepresentation �(x; �; �) = D�M� Tx with �((x; �; �) (y; �; �)) = e�2�i� ��x; and the Gaussfun
tion g0 as basi
 atom. This setup yields the following.De�nition. For ' 2 L2(Rd), we de�neB'(Rd) = �f =Xn2N an D�n M�n Txn ' :Xn2N janj <1; (xn; �n; �n) 2 Rd�bRd�R+�with norm kfkB'(Rd) = inf�Xn2N janj : f =Xn2N an D�n M�n Txn '� :For the spe
ial 
ase where ' = g0, the Gauss fun
tion, we write B0(Rd) := Bg0(Rd).By the results from Se
tion 2, the spa
e B'(Rd) has the following properties.Theorem 4.1. (i) B'(Rd) is a Bana
h spa
e, 
ontinuously embedded in L2(Rd).(ii) D�M� Tx is an isometry of B'(Rd) for all (x; �; �) 2 Rd�bRd�R+ .(iii) B0(Rd) is invariant under the Fourier transformation F . Using the norm indu
edby g0 = bg0, we even have that F is an isometry on B0.4.1. Equivalent 
hara
terizations. In this se
tion, we present a number of di�erent,but equivalent atomi
 
hara
terizations of B0(Rd).Theorem 4.2. (i) S0(Rd) is 
ontinuously embedded in B0(Rd).(ii) For ' 2 S0(Rd) n f0g, we have B' = B0.Proof. (i) S0(Rd) is generated by the family of atoms fM� Tx g0 : � 2 bRd ; x 2 Rdg, whi
his a subset of the family of atoms generating B0(Rd), so Lemma 2.2 applies.(ii) By (i), ' 2 S0(Rd) implies ' 2 B0(Rd) and therefore, by Theorem 2.5.(ii), B' � B0.Conversely, we know by Theorem 3.4 that fM� Tx 'g generates S0(Rd) also, and thus wehave g0 2 S0(Rd) � B'(Rd) whi
h, again by Theorem 2.5.(ii), impliesB0 = Bg0 � B'. �Remark. (i) It is not 
lear yet whether we a
tually do have B' = B0 for all ' 2 B0nf0g.(ii) In the atomi
 representation of S0(Rd), it suÆ
es to 
onsider a latti
e aZd�bZd CRd�bRd , where a and b have to be 
hosen in a

ordan
e with the 
hoi
e of the basi
 atom'; for details, e.g., see [16℄. Furthermore, on S0(Rd), we do have uniform boundednessof the dilation operators on 
ompa
t ranges of the s
aling fa
tor. Therefore, in analogy



AN EXOTIC MINIMAL BANACH SPACE OF FUNCTIONS 11to the S0-
ase, it suÆ
es to 
onsider H = Zd�Zd�Z with �(k;m; n) = D�n Mma Tkb forappropriate ' 2 S0(Rd) n f0g, mat
hing a, b > 0 (ensuring that fMma Tkb 'g generatesS0), and arbitary � > 1 to obtain B�(H)' = B0. (Note, though, that H is just a dis
retesubset, but not a subgroup of the aÆne Heisenberg group).The next result shows that in 
ontrast to S0(Rd), the new spa
e B0(Rd) 
an be gener-ated from dis
ontinuous fun
tions. In parti
ular, we see that S0 ( B0, sin
e S0 � C(Rd).Theorem 4.3. For ' = �[0;1℄ (and thus for the indi
ator fun
tion of any 
ompa
t inter-val), we have that B' = B0.Proof. By Theorem 2.5.(iii), it suÆ
es to show that ' 2 B and  2 B' for some 2 B0(R) with B = B0. By Theorem 4.2, we may 
hoose the triangular fun
tion = maxf0; 1�jxjg, sin
e it satis�es  2 A
(R) � S0(R).Now ' and  satisfy' = 2�1=2T1=2D2  + 1Xj=1 2�(j+3)=2 T2�j�1 D2j+1  + 1Xj=1 2�(j+3)=2 T1�2�j�1 D2j+1  ;so k'kB � 2�1=2 + 2P1j=1 2�(j+3)=2 = 2�1=2P1j=0 2�j=2 < 1, and thus ' 2 B . Con-versely,  = 1Xj=1 2j�1Xk=1 �2�3j=2T(2k�2)2�j D2j '+ 2�3j=2T(1�2k)2�j D2j '� ;hen
e k kB' �P1j=1 2j�1 2 2�3j=2 =P1j=1 2�j=2 <1, and thus  2 B' also. �Note that M�n Txn D�n '(x) = (bn � an)�1=2 e2�i�nx �[an;bn℄(x) ;where [an; bn℄ = [xn; xn+ 1�n ℄. Sin
e 


n e2�i�nx �[an;bn℄

L2(R) = j
nj pbn�an, we obtain thefollowing.Corollary 4.4. B0(R) = �f =Xn 
n e2�i�nx �[an;bn℄ :Xn j
njpbn�an <1�and kfkB0(R) = inf �Xn j
njpbn�an : f =Xn 
n e2�i�nx �[an;bn℄� :We observe the following dense in
lusions in 
onne
tion with B0.Corollary 4.5. (i) S0(Rd) is a dense subspa
e of B0(Rd).(ii) B0;
(Rd) is a dense subspa
e of B0(Rd).(iii) B0(Rd) is a dense subspa
e of L2(Rd).



12 HANS G. FEICHTINGER AND GEORG ZIMMERMANNProof. (i) Clear by Corollary 3.3.(iii) and Theorem 4.2.(ii).(ii) Follows from Corollary 3.3.(i).(iii) Follows from Corollary 3.3.(ii). �Theorem 4.6. The a
tion of G = (Rd�bRd)nR+ on the elements of B0(Rd) is strongly
ontinuous, i.e., D�M� Tx f ! f in B0(Rd) as (x; �; �)! (0; 0; 1) for all f 2 B0(Rd).Proof. This is a straightforward 
onsequen
e of the fa
t that G a
ts 
ontinuously onthe elements of S0(Rd) (see Corollary 3.3.(iv)) and the density of this spa
e in B0(Rd)a

ording to Corollary 4.5.(i). �Corollary 4.7. (i) B0(Rd) is a Bana
h module over L1(Rd) with respe
t to 
onvo-lution, i.e., L1 �B0 � B0 with kg � fkB0 � kgkL1 kfkB0 for all g 2 L1, f 2 B0.(ii) B0(Rd) is a Bana
h module over the Fourier algebra A(Rd) = F(L1(bRd)) withrespe
t to pointwise multipli
ation, i.e., A �B0 � B0 with kg �fkB0 � kgkA kfkB0for all g 2 A, f 2 B0.Remark. The two parts of the above 
orollary follow from the strong 
ontinuity ofthe a
tions of the group of translations and the group of modulations, respe
tively. A
orresponding statement 
ould be made with respe
t to the group of dilations.4.2. B0 is a proper subspa
e of L2. In the following two se
tions, we exhibit someof the properties of B0 that are the reason for 
alling it an \exoti
" spa
e of fun
tions.First, we show that it is properly 
ontained in L2. We �nd this somewhat surprising: Asalready remarked before Proposition 2.3, using the unit sphere of any Bana
h spa
e asfamily of atoms yields the whole Bana
h spa
e. For B = L1(Rd), it suÆ
es already totake �(x; �) = D(1)� Tx and ' = �[0;1℄ in order to obtain B' = L1. So in our setup, onemight expe
t to obtain all of L2 due to the ri
hness of atoms | but this is not the 
ase,as we will see in a moment.In Se
tion 5, we examine the lo
al and the global behavior of the elements of B0, andwe 
ompare it to other Lp-spa
es and to 
ertain Wiener amalgam spa
es.Proposition 4.8. Use ' = �[0;1℄, and let f 2 B0;
(R), say, supp f � [a; b℄. Then itsuÆ
es to 
onsider representations of f supported in [a; b℄ to determine kfkB0(R) (andthus also to de
ide whether f 2 B0(R) or not).
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e we use ' = �[0;1℄, we make use of the B0-norm given in Corollary 4.4. ItsuÆ
es to show that for an arbitrary representation of f , there is another one supportedon [a; b℄ su
h that the absolute 
oeÆ
ient sum of the latter representation is no largerthan that of the former. But repla
ing ea
h interval [an; bn℄ by the interval [an; bn℄\ [a; b℄(or simply omitting the term if this interse
tion does not 
ontain a proper interval) willyield just that. �Corollary 4.9. Using the norm indu
ed by ' = �[0;1℄, we have kf � �[a;b℄kB0 � kfkB0 forall f 2 B0(R), i.e., the fun
tions �[a;b℄ are a bounded family of pointwise multipliers onB0(R).Now we 
an 
onstru
t an element of L2 nB0.Theorem 4.10. The following fun
tion is an element of L2 nB0(R):f = 1Xk=1 1k�[4k2;4k2+1℄ :Proof. Assume that f 2 B0(R). First, we want to show that given a representation of fin terms of the atoms generated by �[0;1℄, we 
an obtain a \
heaper" one by restri
ting itto S1k=1[4k2; 4k2+1℄. I.e., we 
laim that1Xn=1 1Xk=1 


n e2�i�nx �[an;bn℄\[4k2;4k2+1℄

L2(R) � 1Xn=1 


k e2�i�nx �[an;bn℄

L2(R) :It suÆ
es to show that for [a; b℄ � R, we have1Xk=1 

�[a;b℄\[4k2;4k2+1℄

L2(R) � 

�[a;b℄

L2(R) = pb�a :Note that 4(k+1)2�(4k2+1) = 8k+3 � 11, so if b�a � 11, then [a; b℄\[4k2; 4k2+1℄ 6= ;for at most one k, and the 
laim is obvious. Furthermore, if b�4, then the left handside is zero, and there is nothing to show. If a<4<b, then [a; b℄ \ [4k2; 4k2 + 1℄ =[4; b℄ \ [4k2; 4k2 + 1℄ for all k, and pb�4 � pb�a, so we may assume that 4�a and thatb�a�11.



14 HANS G. FEICHTINGER AND GEORG ZIMMERMANNNow k�[a;b℄\[4k2;4k2+1℄kL2(R) equals zero if a�4k2+1 or b�4k2, and at most one otherwise.Therefore, writing ℄M for the number of elements in a set M , we have1Xk=1 

�[a;b℄\[4k2;4k2+1℄

L2(R) � ℄fk : 4k2 � bg � ℄fk : 4k2 � a�1g� 12pb� �12pa�1� 1�� 12�pb�pa + 3� � 12�pb�a+p11� � pb�a ;as 
laimed.Assume that f 2 B0(R). Then there exists an admissible representationf = 1Xn=1 
n e2�i�nx �[an;bn℄ with 1Xn=1 j
njpbn�an <1 :Consequently, we know from the above thatf = f � �Sk[4k2;4k2+1℄ = � 1Xn=1 
n e2�i�nx �[an;bn℄�� 1Xk=1 �[4k2;4k2+1℄�= 1Xn=1 
n e2�i�nx 1Xk=1 �[an;bn℄\[4k2;4k2+1℄= 1Xm=1 fm e2�i�mx �[dm;em℄ with 1Xm=1 jfmjpem�dm � 1Xn=1 j
njpbn�an <1 ;where for ea
h m, we have that [dm; em℄ � [4k2; 4k2+1℄ for some k. Due to the absolute
onvergen
e in L2(R), we may reorder the series in the formf = 1Xk=1 Xm2Jk fm e2�i�mx �[dm;em℄ where Jk = �m 2 N : [dm; em℄ � [4k2; 4k2+1℄	 ;i.e., we must have Pm2Jk fm e2�i�mx �[dm;em℄ = 1k�[4k2;4k2+1℄ for all k 2 N , and thus1Xk=1 Xm2Jk jfmjpem�dm = 1Xk=1 Xm2Jk 

fm e2�i�mx �[dm;em℄

L2(R)� 1Xk=1 



 Xm2Jk fm e2�i�mx �[dm;em℄



L2(R)= 1Xk=1 

 1k�[4k2;4k2+1℄

L2(R) = 1Xk=1 1k =1 ;whi
h is a 
ontradi
tion to the assumed admissibility of the representation of f . So wemay 
on
lude that f =2 B0(R). �
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al and global properties of B0Theorem 5.1. (i) B0(R) 6� Lp(R) for p2[1;1℄ n f2g.(ii) Lp(R) 6� B0(R) for p2[1;1℄.Proof. (i) For p<2, let 
n = 2n(p�2)=4p, so (
n)n2N 2 `1(N). Then we have thatf =Xn2N 
n 2�n=2�[2n;2n+1℄ is in B0(R) ;but kfkpLp(R) =Xn2N j
njp 2�np=2 2n =Xn2N 2n(2�p)=4 =1 :For 2<p<1, let 
n = 2n(2�p)=4p, so (
n)n2N 2 `1(N), and we have thatf =Xn2N 
n 2n=2�[2�n;2�n+1℄ is in B0(R) ;but kfkpLp(R) =Xn2N j
njp 2np=2 2�n =Xn2N 2n(p�2)=4 =1 :These fun
tions also show that B0(R) 6� L1(R).(ii) Theorem 4.10 shows that L2(R) 6� B0(R). For the 
ase p 6=2, note that Lp(R) 6�L2(R) � B0(R). �5.1. Lo
al properties. An elegant way to study examples of fun
tions in B0(R) isimplied by Theorem 4.6. Sin
e the a
tion of G is strongly 
ontinuous, we may integrate�(g) over G with respe
t to any bounded Radon measure on G to obtain new elementsof B0. For example, we know that for any f whi
h 
an be written asf = ZR+ g(�) D1=� ' d��for some g 2 L1(R+ ; d�� ) and ' 2 B0, we have f 2 B0 with kfkB0 � kgkL1(R+; d�� ) k'kB0 .The parti
ular 
hoi
e ' = �[0;1℄ shows that for any g 2 L1(R+ ; d�� ), the fun
tionf (x) = Z 10 g(�) ��1=2�[0;�℄(x) d��= Z 1x g(�) ��3=2 d�belongs to B0(R). Note that this is equivalent to f 0(x) = �g(x) x�3=2 on R+ . Sin
e thesame argument works on R� , we may 
on
lude that the 
ondition pjxj f 0(x) 2 L1(R; dx)is suÆ
ient for f 2 L2(R) to be in B0(R).Consequently, f = x� �(0;1℄ with pjxj f 0(x) = �x��1=2 is in B0(R) if and only if � >�1=2. (For � � �1=2, we have f =2 L2 � B0(R).) By 
onsidering � 2 (0; 1℄, this shows



16 HANS G. FEICHTINGER AND GEORG ZIMMERMANNthat an element of B0(R) has to satisfy no Lips
hitz 
ondition at its points of 
ontinuity.Similarly, f (x) = x� �[1;1) is in B0(R) if and only if � < �1=2.More generally, we may 
on
lude that C1
 � B0(R). This 
an be strengthened usingthe well-known result by Bernstein that Lip�(T) � A(T) for � > 1=2 (e.g., see [19℄,Thm.I.6.3). So if f has 
ompa
t support and satis�es a Lips
hitz 
ondition with � > 1=2,then f 2 A
 � S0 � B0.On the other hand, 
onsider the fun
tionf = �1px log x �(0;1=e℄ :It satis�es f 2 L2(R), but pjxj f 0 =2 L1. This leads us to 
onje
ture that f 2 L2 nB0(R).Another statement about the lo
al behaviour 
an be made by 
omparing B0 with
ertain inhomogeneous Besov spa
es.Lemma 5.2. Bs1;1 � B0(R) if and only if s � 12 .For the proof, we make use of the following lemma.Lemma 5.3. Letting PW 
\L1(Rd) = �f 2 L1 : supp( bf) � [�
;
℄d	, we have thatPW 
\L1 � B0 with kfkB0 � C 
1=2kfkL1 :Proof. For 
 = 12 , this is immediate from the fa
t that bandlimited elements of L1 are inS0 and thus in B0 with kfkB0 � kfkS0 � C kfkL1 for all f 2 PW 1=2\L1. For general
, note that kfkB0 = kD1=
 fkB0 � C k
1=2D(1)1=
 fkL1 = C 
1=2kfkL1 . �Proof (of Lemma 5.2). Sin
e we have Br1;1 � Bs1;1 for r� s� 0, it suÆ
es to verify thatB1=21;1 � B0. But this is an immediate 
onsequen
e of the de�nition of the Besov spa
es(see [26℄, p. 93) whi
h des
ribes f 2 B1=21;1 as a series of building blo
ks fn 2 PW 2n\L1.Lemma 5.3 shows that this series is absolutely 
onvergent in B0.For s< 12 , we have Bs1;1 6� B0 sin
e Bs1;1 6� L2 (e.g., see [6℄). �Example 5.4. The following example exhibits one of the problems in the pra
ti
al usageof B0(R). Consider the fun
tion f = �[0;a℄[[1�a;1℄ for a < 1=2. There are two immediaterepresentations of f using ' = �[0;1℄, namely, f = �[0;a℄+�[1�a;1℄ with absolute 
oeÆ
ientsum 2pa, and f = �[0;1℄ � �[a;1�a℄ with absolute 
oeÆ
ient sum 1 + p1�2a. The tworepresentations have the same \pri
e" for a = 4=9. For a < 4=9, it is 
heaper to use twoseparate blo
ks, while for a > 4=9, it is 
heaper to \bridge the gap" and to subtra
t a
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k in the 
enter. Thus the optimal representation does not depend 
ontinuously onthe fun
tion, a phenomenon whi
h 
an also be observed in mat
hing pursuit problems.See also the last paragraph of Se
tion 6 for resulting 
onsequen
es.5.2. Global properties. Sin
e B0 is a lo
alizable spa
e, Wiener amalgam spa
es (seethe introdu
tion) allow us to get an idea of the global behaviour of elements in B0.Theorem 5.5. Let p 2 [1;1℄.(i) B0(R) �W (B0; `p) if and only if p2[2;1℄.(ii) W (B0; `p) � B0(R) if and only if p=1.Proof. Assume that k�[0;1℄kB0 = 1, and re
all that the norm in B0 is invariant undertranslations and modulations.(i) Assume p<2. For the fun
tions 
onstru
ted in the proof of Theorem 5.1.(i), 
asep<2, we havekfkpW (B0;`p) =Xk2Z

f �[k;k+1℄

pB0 =Xn2N 2n�1Xm=0 

2n(p�2)=4p 2�n=2�[2n+m;2n+m+1℄

pB0=Xn2N 2n j2�n(p+2)=4pjp =Xn2N 2n(2�p)=4 =1 :Sin
e `2(Z) � `p(Z) for p>2, it suÆ
es to show the in
lusion for p=2. We have forarbitrary a, b 2 R and � 2 bR that

e2�i�x�[a;b℄

W (B0;`2) = �Xn2Z

e2�i�x�[a;b℄\[n;n+1℄

2B0�1=2= �p[a℄+1�a 2 + [b℄�1X[a℄+1 12 +pb�[b℄ 2�1=2 = pb� a :Therefore we have for an arbitrary f =Pn2N 
n e2�i�nx �[an;bn℄ 2 B0(R) thatkfkW (B0;`2) �Xn2N j
nj 

e2�i�x�[a;b℄

W (B0;`2) =Xn2N j
njpbn�an <1 :Sin
e this holds for all representations of f , we even have kfkW (B0;`2) � kfkB0 .(ii) For p=1, the statement is trivially true sin
ekfkB0 = 



Xn2Zf �[n;n+1℄



B0 �Xn2Z

f �[n;n+1℄

B0 = kfkW (B0;`1) :



18 HANS G. FEICHTINGER AND GEORG ZIMMERMANNOn the other hand, we have shown in Theorem 4.10 that f =P1k=1 1k�[4k2;4k2+1℄ is not inB0(R), butkfkW (B0;`p) = 


�kf �[n;n+1℄kB0�n2Z


`p(Z) = 

� 1k�k2N

`p(N) <1 for all p2(1;1℄ : �6. Impli
ations for mat
hing pursuit and basis pursuit methodsIn the literature on signal analysis, it is often argued that parsimoneous representationsare important for eÆ
ient 
ompression or feature dete
tion, where it is desirable to storeonly few 
oeÆ
ients. The prototype algorithm in this 
ontext is the mat
hing pursuitalgorithm suggested by Mallat and Zhang [22℄. Although this method works well for\ni
e" signals (the meaning of the latter depending on the di
tionary in use), it tends toresult in a large number of fairly small 
oeÆ
ients (
f., [18℄ for su
h and other problemsof mat
hing pursuit). Therefore Donoho [3℄ suggested to minimize the `1-norm of the
oeÆ
ients by means of global optimization methods. This was one motivation for thede�nition of the spa
e B0.Consequently, we emphasize the following two important observations. Firstly, 
om-pare the 
onstru
tion of B0 to ordinary Gabor expansions of L2. It follows from standardframe theory that using time-frequen
y shifts of an appropriate basi
 atom and allowing`2-
oeÆ
ients yields all of L2, while Theorem 4.10 shows that the restri
tion imposed byusing `1- instead of `2-
oeÆ
ients is not 
ompensated by the use of a largely in
reaseddi
tionary (namely, 
ontaining not only all translated and modulated, but also dilatedversions of a given atom).Se
ondly, Example 5.4 demonstrates that the mapping from L2(R) to the 
oeÆ
ientsis inherently unstable, even for simple signals, and 
onsequently, its use for feature ex-tra
tion purposes may su�er seriously in 
ertain 
ases. However, one might argue froma somewhat more applied point of view that B0 is the appropriate domain for sear
hingparsimoneous representations. A
knowledgementsThe authors would like to express their thanks to David Donoho for fruitful 
onversa-tions on this topi
 whi
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