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Non-uniform Sampling: Exa
t Re
onstru
tionFrom Non-uniformly DistributedWeighted-AveragesHANS FEICHTINGERJuly 21, 2002In this arti
le, we dis
uss the problem of re
onstru
ting a fun
tion fin a latti
e-invariant subspa
e of Lp�(IRd) from a family of non-uniformlydistributed, weighted-averages fhf;  xji : j 2 Jg using an approximation-proje
tion iterative algorithm.1 Introdu
tionThe 
entral topi
 of this arti
le is a summary of some suÆ
ient 
onditionsunder whi
h a fun
tion f satisfying some a priori 
onditions, expressed interm of 
ertain fun
tion spa
es, 
an be 
ompletely re
onstru
ted from a 
ol-le
tion of lo
al averages of the form fhf;  xji = RIRd f(x) xj (x)dx : j 2 Jg.When f xj ; : j 2 Jg are Dira
 delta distributions, then the data are theexa
t sample values of f at the sampling points xj, and the problem has along history already, under various assumptions, su
h as band-limitedness,or membership of f in some spline-type spa
e.However, in appli
ations, one needs to 
onsider the 
ase where f xj :j 2 Jg are not Dira
 delta distributions but fun
tions that re
e
t the
hara
teristi
 of the more general sampling devi
es. For this 
ase, the setfhf;  xji : j 2 Jg 
onsists of weighted average sample values of f . Another
ase that in
ludes the parti
ular situation where the data are of the formf f(xj) : j 2 Jg is when f xj = �xj : j 2 Jg is a set of non-negativebounded measures with 
ompa
t support. For example, grouped data are2



preferred over exa
t sampling values due to the fa
t that they have a bettersignal-to-noise ration (
f. [19℄ for statisti
al ba
kground in this dire
tion).Obviously, to re
onstru
t a fun
tion from the dis
rete data, we have tomake some general assumptions about the fun
tion f . Clearly these assump-tions must be suÆ
iently 
exible to a

ommodate a large number of possiblemodels for f . Also, the standard assumption of band-limitedness should bea spe
ial 
ase or a limit 
ase of the model spa
es. It turns out that latti
e-invariant spa
es are a suÆ
iently large family of possible model spa
es whi
happear to be adequate for our problem. They 
an be des
ribed as:V p� (�) = 8<: Xk2ZZd 
k�(� � Lk) : 
 2 `p�9=; ; (1)where � is a suitable generator, L is a d�d non-singular matrix, 1 � p <1,and � is a weight that 
ontrols the growth or de
ay of the fun
tions in thespa
e V p� (�). The matrix L transforms the latti
e ZZd to the latti
e �, andwhen L is the identity matrix, we obtain the standard shift-invariant spa
es.That a 
ombination of atoms � (e.g. radial symmetri
 ones) with suitablelatti
es � (related to sphere pa
king) is a good alternative for the usual voxelrepresentation of volume data has been observed also in another 
ontext (
f.[18℄). As a matter of fa
t su
h spa
es 
an also be 
onsidered over LCA groups[11℄, where appli
ations to the theory of Gabor multipliers are given.Let us therefore 
ome ba
k to our main problem: generally we are givena set of data fhf;  xji : j 2 Jg and only an approximate information aboutthe fun
tion f , e.g., we may know that f is 
ontinuous, and we may knowthe generator � approximately, but we may not know the value of p or therate of growth or de
ay of the fun
tion f . Moreover, even if we had the exa
tinformation about the model, the data are typi
ally 
orrupted by noise. Thusour goal is to des
ribe algorithms with the following properties:1. In the ideal 
ase, i.e., when the model for f is exa
t and the data arenot 
orrupted by noise, the algorithm must re
onstru
t the fun
tion fexa
tly, and must do so \fast".2. In the non-ideal 
ase, e.g., when our information about f is partial orwhen the data are 
orrupted by noise, the algorithm must 
onverge andmust be able to \guess" the missing information.In this paper we des
ribe a family of Approximation-Proje
tion algo-rithms (AP algorithms) for re
overing the fun
tion f 2 V p� (�) exa
tly from3



the family of weighted averages, i.e. fhf;  xji : j 2 Jg. Su
h AP algorithmsperform exa
t re
onstru
tion, as long as the data are obtained from a fun
-tion within the family of spa
es (irrespe
tive of � or the value of p). Thus,after re
onstru
tion we 
an inspe
t whether f belongs to a 
ertain spa
e ornot. Moreover, the re
onstru
tion automati
ally 
onverges in the right normwithout feeding this a priori information into the algorithm. Thus the algo-rithm is adaptive and always 
onverges in the appropriate spa
e. In 
ontrast,the use of a frame algorithm usually is said to require some a priori estimateson the size of the frame bounds, and 
laims about 
onvergen
e apply only tothe Hilbert spa
e norm.When the model of f is not exa
t, i.e., the assumption that f belongs toa latti
e-invariant spa
e generated by � is only a rough approximation, orwhen the sample data are 
orrupted by noise, then the AP algorithm still
onverges to a fun
tion f1 in some appropriate V p� (�), and the re
onstru
tedfun
tion f1 is \best" in some sense.Sin
e the results for weighted average sampling when � = 1 are well-known [1, 3, 5℄, and sin
e the proof for general � is similar to the proofs in[1, 2, 3, 5℄, we will omit them. Instead, our aim will be mostly tutorial andqualitative. Related results on re
onstru
tion from averages 
an be found in[14, 15, 21, 22, 23℄. For more referen
es on sampling and re
onstru
tion see[3℄. More referen
es on sampling and appli
ations 
an be found in [8℄.2 NotationAlthough we are mainly interested in latti
e-invariant spa
es (or spline-typelike spa
es) for some weighted Lp-spa
es, the Wiener amalgam [12℄ are impor-tant auxiliary tools for the development of the theory. A fun
tion f belongsto the weighted spa
e Lp� if and only if f� belongs to Lp. We will use twotypes of weight fun
tions: 1) The weights denoted by w are 
ontinuous,stri
tly positive (w > 0) , symmetri
 (w(x) = w(�x)), and submultipli
a-tive (w(x + y) � w(x)w(y)) ( The assumptions on the submultipli
ativeweight w imply that w � 1); and 2) the w-moderate weights � that satisfy�(x+y) � C�(x)w(y), and that are also 
ontinuous, symmetri
 and positive.By 
hoosing a w that grows at in�nity, we 
ontrol the de
ay of the fun
tionsin Lp. On the other hand the moderate weights � are not restri
ted to begreater than 1. Thus, for an w-moderate � that de
ays to zero at in�nity,the spa
e Lp� 
ontains fun
tions that grow at in�nity.4



A measurable fun
tion f belongs to the Wiener amalgam spa
e W p� , 1 �p <1, if it satis�eskfkW p� = 0� Xk2ZZd ess supfjf(x+ k)jp �(k)p : x 2 [0; 1℄dg1A1=p <1: (2)If p =1, a measurable fun
tion f belongs to W1� if it satis�eskfkW1� = supk2ZZdfess supfjf(x+ k)j �(k) : x 2 [0; 1℄dgg <1: (3)The spa
e W p� is a Bana
h spa
e, and the subspa
e of 
ontinuous fun
tionsW p�;0 � W p� is a 
losed subspa
e of W p� [12℄.3 AP algorithm for exa
t re
onstru
tion fromweighted averagesFor the spa
es V p� (�) in (1) to be well de�ned, we require that the generator� belongs to the spa
e W 1w;0, and satis�es the 
onditionA � Xj2ZZd ����̂(� + (L�1)T j)���2 � B (4)where (L�1)T is the transpose of the matrix inverse of L. These two re-quirements on � imply that V p� (�) is a 
losed subspa
e of W p�;0 � Lp� for allw-moderate weights � and for 1 � p � 1 [3℄. Moreover, under the same
onditions on �, the dual fun
tion ~� is a well de�ned fun
tion inW 11 and 
anbe expressed as e�(�) = Xk2ZZd bk�(� � Lk) (5)where the 
oeÆ
ients bk are determined expli
itly by the Fourier seriesXk2ZZd bke2�ik� = 0� Xk2ZZd ��� b�(� + (L�1)Tk)���21A�1 ;i.e., (bk) is the inverse Fourier transform of  Pk2ZZd ��� b�(� + (L�1)Tk)���2!�1. Inaddition, the operatorP : f ! Xk2ZZd hf; ~�(� � Lk)i�(� � Lk); (6)5



is a bounded proje
tion from Lp� onto V p� (�) for all p; 1 � p � 1 and allw-moderate weights � [3℄.Obviously, to re
onstru
t a fun
tion f 2 V p� (�), the sampling densitymust be suÆ
iently large. One way to measure the sampling density of a setX = fxj; j 2 Jg is to �nd a number 
0 that allows us to 
over IRd withballs of radius 
 > 
0 that are 
entered on xj, i.e., IRd = [jB
(xj) for every
 > 
0. A set X with this 
overing property will be 
alled 
0-dense.Before des
ribing the AP algorithmwe �rst de�ne the quasi-re
onstru
tionoperator AX used in the re
onstru
tion s
heme:AXf =Xj2J hf;  xji�j: (7)Here f�jgj2J is any partition of unity whi
h is asso
iated with the ballsfB
(xj)gj2J , and satis�es1. 0 � �j � 1, 8j 2 J ;2. supp �j � B
(xj); and3. Pj2J �j = 1.A spe
ial 
ase for AX is the nearest neighbor interpolation, also known asthe Voronoi interpolation s
heme. However, in pra
ti
e 
ondition (3) on �j
an be relaxed to Pj2J �j � 1 as long as Pj2J �j is 
lose to one \most ofthe time", i.e., the regions where su
h deviations o

ur are thin and spreadout and do not 
over large regions. The use of su
h \alternative systems"will slightly deteriorate the speed of 
onvergen
e(have a slightly negativee�e
t on the rate of 
onvergen
e), but may have the big advantage thatthe 
omputational 
osts per iteration are mu
h lower, so that the overallapproximation quality a
hieved at �xed 
omputational 
ost 
an be in
reasedsigni�
antly in some 
ases.We 
an now use the quasi-re
onstru
tion operator AX in an iteratives
heme to re
onstru
t the fun
tion f 2 V p� (�) exa
tly from the data hf;  xj ias des
ribed by the theorem below. The only assumptions are that  xj 2 L1is su
h that RIRd  xj = 1, supp xj(� + xj) � [�a; a℄d, and RIRd ��� xj ��� � M ,where a > 0;M > 0 are independent of xj in the 
ase of averaging fun
tions,or that �xj are non-negative bounded measures with support in [�a; a℄d andtotal mass 1 in the 
ase  xj = �xj . 6



Theorem 3.1 Let the weight w, the Latti
e �, and the generator � be given.Then there exists a density 
 = 
(�) > 0 and a0 > 0 su
h that any f 2 V p� (�)
an be re
overed from the data fhf;  xji : j 2 Jg on any 
-dense set X =fxj : j 2 Jg and for any 0 < a < a0, by the following iterative algorithm :( f1 = PAXffn+1 = PAX(f � fn) + fn ; (8)where , P is the operator in (6). In this 
ase, the iterate fn 
onverges to f inthe W p� -norm, hen
e both in the Lp�-norm and uniformly over 
ompa
t sets.If furthermore �(x) � 1 for all x 2 IRd, then Lp� � Lp and one has uniform
onvergen
e.The 
onvergen
e is geometri
, that is,kf � fnkLp� � kf � fnkW p� � C1�n kf � f1kW p�for some � = �(
; a; �) < 1 and C1 <1.Let us make the following remarks.1. Re
onstru
tion from weighted averages in latti
e-invariant spa
es forthe L2 
ase is dis
ussed in [1℄. The Lp 
ase and when the latti
e-invariant spa
e is 
onstru
ted from multiple generators is presentedin [5℄. Re
onstru
tion from perfe
t sampling (i.e., xj = Æ(� � xj)) inlatti
e-invariant spa
es using AP algorithms is dis
ussed in [2, 3℄. Thebandlimited 
ase is worked out in [13℄. The general uniform sampling
ases are dis
ussed in [6, 7℄.2. Theorem 3.1 does not rule out sampling point 
lustering. Thus inprin
iple, algorithm 8 still works even in the presen
e of 
lustering.However, if the sampling set X is separated, i.e., inf jxj � xlj � Æ > 0,then we have the following norm equivalen
e
 kfkLp� � 0� Xxj2X ���hf;  xji���p j�(xj)jp1A1=p � C kfkLp� (9)where 
 and C are positive 
onstants independent of f , p, or �. How-ever, 
 and C may depend of Æ and the submultipli
ative weight w.This norm equivalen
e remains valid if X is relatively separated, i.e.,X is the �nite union of separated sampling sets Xi; i = 1; � � � ; N .7



3. Note that the algorithm (8) does not require the a priori knowledge ofp or �.4. Although in latti
e-invariant spa
es f(�) 2 V p� (�) implies that f(� �Lk) 2 V p� (�) for all k 2 ZZd, it does not imply that V p� (�) is translationinvariant, in general, e.g., f 2 V p� (�) does not imply that f(� � �) 2V p� (�) for all � 2 IRd. Thus, knowledge of the origin in V p� (�) is assumedfor exa
t re
onstru
tion. Un
ertainty in the origin will introdu
e errorin the re
onstru
tion. This is equivalent to a �xed jitter error in thesampling pro
ess and 
an be analyzed using jitter error methods.5. A generator � whi
h is 
ontinuous and has 
ompa
t support alwayssatis�es the assumptions of Theorem 3.1.6. If the assumptions on � in Theorem 3.1 are satis�ed, i.e., when thegenerator � belongs to the spa
e W 1w;0 and satis�es 
ondition 4, thenthe proje
tor P in (6) is uniformly bounded for all p with 1 � p � 1.The 
ase � = sin
 (i.e., the bandlimited 
ase) does not satisfy theassumption of Theorem 3.1, be
ause of the slow de
ay of the sin
-fun
tion. However, this 
ase is 
overed by the results in [13, 20℄. Forthe bandlimited 
ase, the P in (6) is bounded for all p with 1 < p <1.However in this 
ase, P is not uniformly bounded and kPk ! 1 asp! 1 or p!1.7. The proje
tor (6) 
an be implemented using 
onvolutions. As a 
on-sequen
e, every iteration of algorithm (8) has a 
omplexity of order Nfor data of length N . Re
ently, Gr�o
henig and S
hwab have produ
edre
onstru
tion algorithms in latti
e-invariant spa
es that are order N[16℄.8. In the spe
ial 
ase where  xj =  (� � xj) (e.g., same sampling devi
eeverywhere), the average sampling problem in V p� (�) 
an be viewed asideal sampling in the spa
e V p� (� �  ).9. If the fun
tion f 2 W p� does not belong to V p� (�) (e.g., our model of fis not exa
t), then the iterate fn in algorithm (8) still 
onverges to afun
tion f1 su
h that P (AXf1 � AXf) = 0.
8
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