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1 Introdu
tion and notationsIn this paper we propose three theorems on the representation of band-limitedfun
tions in a solid Bana
h spa
e of fun
tions on a lo
ally 
ompa
t abelian(l
a.) group G. Although the method of proof is 
losely related to thete
hniques des
ribed in an earlier paper by Fei
htinger and Gr�o
henig [8℄(for G = Rd ) the results are more general in the following aspe
ts:� they are valid for general l
a. groups, thus providing the irregular ana-logue of Kluvanek's sampling theorem over general l
a. groups, whi
hin turn has found attention in the applied 
ommunity re
ently (
f. [1℄).� for Eu
lidean spa
es the restri
tion to polynomial weights, hen
e toBana
h spa
es of tempered distributions is repla
ed by the mu
h weakerBeurling-Domar non-quasianalyti
ity 
ondition;� whereas it has been assumed in [7℄ that the sampling set is relativelyseparated the results presented here apply also to sampling sets of ar-bitrary high density, in
luding those 
ontaining 
lusters, a situationwhi
h o

urs naturally in many appli
ations.Throughout this paper we shall use the following standard notations fromharmoni
 analysis. For an l
a. group G, the group operation being writtenadditively. We use dx as a symbol for its translation invariant Haar measure,and Ĝ for the dual group, 
onsisting of 
hara
ters �, de�ned on G and takingvalues in the unit 
ir
le of the 
omplex plane, and satisfying the exponentiallaw �(x + y) = �(x)�(y). Translation of a fun
tion by x 2 G is given byLxf(z) = f(z � x):Throughout this paper the symbol w will be reserved to some (�xed)Beurling-Domar weight, i.e., to a lo
ally integrable fun
tion w satisfying thefollowing 
onditions:1. w(x) � Æ > 0 for all x 2 G;2. w(x+ y) � w(x)w(y); for all x; y 2 G;3. the Beurling-Domar 
ondition (BD)Xn log(w(nx))=n2 <1 for all x 2 Gwhi
h guarantees the existen
e of non-zero band-limited fun
tions inL1w(G) ([12℄). 2



Let Lpw(G) be the spa
e of all (equivalen
e 
lasses of) 
omplex-valuedmeasurable fun
tions f on G su
h thatk f kp;w= �ZG j f(x) jp wp(x)dx�1=p : (1)It 
an be easily seen that the spa
e Lpw(G) is a Bana
h spa
e with respe
t tothe norm de�ned by (1). For p = 1 we obtain a so-
alled Beurling algebraL1w(G) [12℄, whi
h is a 
ommutative Bana
h algebra with respe
t to the usual
onvolution de�ned for L1(G). It is easy to see that C
(G) � Lpw(G) � Lp(G),1 � p � 1; and C
(G) is dense in Lpw(G), for p <1. Here C
(G) denotes theset of all 
omplex-valued 
ontinuous fun
tions on G with 
ompa
t support.The dual of a weighted Lp- spa
es Lpw is Lp01=w(G); with 1=p + 1=p0 = 1 forp 2 [1;1). C0(G) denotes the 
losed subspa
e of L1(G) 
onsisting of all
ontinuous fun
tions vanishing at in�nity, whi
h 
oin
ides with the 
losureof C
(G) in L1(G).If T is a bounded linear operator on (B; k � kB), we write jjj T jjj orjjj T jjjB for its operator norm. We use the symbol ",!" to des
ribe a
ontinuous embedding between topologi
al ve
tor spa
es.For the de�nition of Wiener amalgam spa
e over l
a. groups, su
h asW (L1; l11=w) or W (C0; B); we refer to [3℄. For f 2 L1(G) and � 2 Ĝ the(ordinary) Fourier transform is given as usual, by f̂(�) = RG f(x)�(�x)dx.The indi
ator fun
tion of a set Q is denoted by 1Q.2 Spa
es of band-limited fun
tionsThe aim of this paper is to provide re
onstru
tions theorems for spa
es ofband-limited fun
tions. In order to emphasize that the estimates des
ribedbelow do not just apply to individual Bana
h spa
es but hold simultaneouslyfor large 
lasses of Bana
h spa
es we have to des
ribe �rst as follows: fora given (BD)-weight fun
tion w our estimates will apply uniformly to allsolid BF-spa
es whi
h are L1w(G)-
onvolution modules. More pre
isely, wedenote by Bw the 
olle
tion of all Bana
h spa
es (B; k � kB) whi
h satisfy thefollowing �ve 
onditions:(B1) (B; k � kB) is a Bana
h spa
e, 
ontinuously embedded into L1lo
(G), i.e.,for every 
ompa
t set K � G; there exists a 
onstant CK > 0 su
h thatRK jf(x)jdx � CKkfkB for all f 2 B.3



(B2) (B; k � kB) is solid, i.e., if f 2 L1lo
(G) satis�es j f(x) j � j g(x) j almosteverywhere on G for some g 2 B; then f 2 B and k f kB � k g kB :(B3) B is invariant under translations, i.e., Lxf 2 B; for all f 2 B; x 2 G.(B4) The weight fun
tion w 
ontrols the operator norm of Lx on B, i.e.,jkLxkjB � w(x), or more expli
it:k Lxf kB � w(x) k f kB 8x 2 G; f 2 B: (2)(B5) (B; k � kB) is a Bana
h 
onvolution module over L1w(G), i.e.,L1w �B � B; and k g � f kB � k g k1;w k f kB 8f 2 B; g 2 L1w: (3)As it will not restri
t the generality of our statements we assume for
onvenien
e throughout this paper that the weight fun
tion is symmetri
,i.e., satis�es the 
ondition w(�x) = w(x), for x 2 G. Moreover, we mentionthat (B5) is a 
onsequen
e of (B4) whenever C
(G) is dense in (B; k � kB)(the statement following via ve
tor-valued integration).Examples. For a given Beurling-Domar weight w, the family Bw 
ontainsthe spa
es Lpw� ; for �1 � � � 1; 1 � p � 1; but also a large variety ofspa
es, su
h as spa
es based on dyadi
 de
ompositions and others.Lemma 2.1 If B satisfying 
onditions (B1)-(B4), one has:B ,! W (L1; l11=w):Proof. For any � 2 C
(G), the set K := supp(�) is 
ompa
t. Hen
ek f � Ly� k1=k Ly(L�yf � �) k1=k L�yf � � k1� CK k L�yf � � kB;be
ause supp(Lyf ��) � K and B ,! L1lo
(G). Using the solidity of (B; k � kB)and the boundedness of � it follows from (2) thatk L�yf � � kB� k�k1 k L�yf kB� Cw(�y) k f kB :Thus altogether we 
on
lude that the fun
tion k f � Ly� k1 belongs to L11=w,whi
h by the de�nition of Wiener amalgam spa
es implies the in
lusion statedin the lemma. The 
ontinuous embedding is expressed by the inequalityk f � Ly� k1 1=w(y) � CK C k f kB :4



Remark. If G = Rn and w(x) = (1+ j x j)� for some � � 0 then Lemma2.1 implies B ,! S 0; sin
e S(Rn) ,! W (C0; l1�) for any � � 0: In the presentpaper we 
an use more general weight fun
tion, su
h as w(x) = e�jxj
 ; for� � 0; 
 2 [0; 1). For 
 > 0 the Fourier transform has to be understood inthe sense of ultra-distribution on Rn. For details see [5℄.From the Lemma 2.1 it follows that B 2 Bw is a well-de�ned Bana
h spa
eof distribution on G; for whi
h a generalized Fourier transform is alreadyde�ned (for details see Theorem 3, [5℄). Indeed, one has FW (L1; l11=w) �W (FL11=w; l1). In parti
ular, the following de�nition make sense :Given a 
ompa
t set 
 � Ĝ with non-void interior we denote by B
 thespa
e of all band-limited fun
tions in B, i.e.,B
 = ff 2 B : spe
(f) = suppf̂ � 
g: (4)For �xed neighborhood U0 of the identity we de�ne the lo
al maximalfun
tion f# by f#(x) = sup z 2 x+U0 j f(z) j (5)For a neighborhood U of the identity we de�ne the lo
al U os
illation byOs
Uf(x) = supz2U j f(x+ z)� f(x) j : (6)Throughout this paper we will only use neighborhoods U � U0 be
ause forthem we have the following pointwise estimates:(f � h)#(x) � j f j � h#(x) (7)Os
Uf(x) � 2f#(x) (8)and furthermore Os
U(f � h)(x) � j f j � Os
Uh(x): (9)The density of dis
rete families in G will we des
ribed as follows: A setX = (xi)i2I is U -dense provided Si2I(xi + U) = G:If U is open and X is a U -dense family in G it is always (by the lo
al
ompa
tness of G) possible to 
onstru
t a uniform partition of unity 	 =( i)i2I of size U; i.e., 	 satis�es the following 
onditions (
f. [4℄):1.  i is measurable and 0 �  i(x) � 1; 8i 2 I:5



2. supp ( i) � xi + U; 8i 2 I:3. Pi2I  i(x) = 1; 8x 2 G:In this situation we will refer to the family 	 shortly as partition of unityof size U (for short UPU), asso
iated with the family X = (xi). Families ofB-splines on R are typi
al UPUs asso
iated with regular families of the form�Z (satisfying an additional �nite overlapping 
ondition).Following Fei
htinger and Gr�o
henig [7℄, we de�ne for su
h an UPU theoperator Sp f =Xi2I f(xi) i;whi
h may be 
onsidered as an irregular spline approximation of f .The general assumption U � U0 implies for 	 as abovej Sp f(x) j� f#(x); (10)thus by the solidity of (B; k � kB)k Sp f kB�k f# kB : (11)whenever f# 2 B.In the present paper we prove the following three theorems on the repre-sentation of band-limited fun
tions:Theorem 2.2 Assume that h 2 L1w satis�es ĥ(t) = 1 on an open neighbor-hood of 
 and spe
(h) � 
0, and that U � Uo is small enough su
h thatfor some g 2 L1w with ĝ = 1 on 
0 k Os
Ug k1;w<k h k�11;w : Then, for anyB 2 Bw the following is true: Every f 2 B
 
an be re
onstru
ted from itssampled values on any U-dense dis
rete subset X = (xi)i2I of G in the formf =Xi2I f(xi)ei; (12)where ei 2 L1w(G), and spe
(ei) � 
0. Furthermore, the series (12) 
onvergesin B and uniformly on 
ompa
t sets.Theorem 2.3 Assume that g; h 2 L1w(G) are band-limited with ĝ(x) 6= 0on 
, spe
(h) � 
0 and ĥ(x) = 1 on spe
(g). Then for any suÆ
ientlysmall neighborhood U of the identity (say U � U1, with U1 only depending6



on g; h; w) there exists C = C(U) > 0 su
h that for any B 2 Bw and anyU-dense family Y = (yj)j2J , f 2 B
 has a representation of the formf = Xj2J 
j(f)Lyjg (13)with 
oeÆ
ients satisfyingkXj2J 
j(f)�j kB� C k f kB; (14)where � = (�j)j2J is any partition of unity of asso
iated with the dis
retesampling set Y:Theorem 2.4 If 
 � Ĝ is 
ompa
t, and g 2 L1w(G) is band-limited withĝ(!) 6= 0 on 
, then there exist U1 and U2 su
h that for any two U1-denseresp. U2-dense dis
rete families of points X = (xi)i2I and Y = (yj)j2J , andfor B 2 Bw every f 2 B
 has the representation of the formf = Xj2J 
j(f(xi)i2I)Lyjg; (15)where the series 
onverges in B and uniformly on 
ompa
t sets. The notationis meant to indi
ate that the 
oeÆ
ients 
j depend only on the sampling valuesf(xi) and the linear 
oeÆ
ient map C : (f(xi))i2I �! (
j)j2J is 
ontinuousin the sense that for some C0 > 0 (depending only on U1 and U2) one haskXj2J 
j(f)�j kB� C0 kXi2I f(xi) i kB; (16)where 	 = ( i)i2I and � = (�j)j2J are arbitrary UPU asso
iated with X andY respe
tively.3 Supporting resultsThe proof of the theorems are based on a series of lemmas, whi
h will begiven in the subsequent se
tions. We begin with some general observations.Lemma 3.1 Any g 2 L1w(G); whi
h is band-limited also belongs toW (C0; l1w);in parti
ular g# 2 L1w; and g is uniformly 
ontinuous and bounded.7



Proof. Sin
e g 2 L1w; we have ĝ 2 FL1w: By the assumption ĝ has 
ompa
tsupport and thus ĝ 2 W (FL1w; l1): By [5℄, Theorem 2.g = F�1ĝ 2 W (FL1; l1w) � W (C0; l1w) � C0(G);hen
e uniformly 
ontinuous (and bounded). Sin
e a 
ontinuous fun
tion g isin W (C0; l1w) if and only if g# 2 L1w(G) the proof of lemma is 
omplete.Lemma 3.2 For every g 2 L1w(G) with 
ompa
t spe
(g) = 
1; and any� > 0; there exists a neighborhood U of the identity su
h thatkOs
U(g)k1;w < �:Proof. Let g be a band-limited fun
tion in L1w: By Lemma 3.1 g# 2 L1w(G)and thus one 
an �nd for � > 0 a 
ompa
t set K � G su
h thatZGnK g#(x)w(x)dx < �=4;and hen
e using (8) ZGnK Os
U(g)(x)w(x)dx < �=2; (17)Over K we have the following estimate:ZK Os
U(g)(x)w(x)dx � maxx2Kw(x) k Os
Ug k1j K j= CK;w k Os
Ug k1;where j K j is the Haar measure of K. Sin
e g is a uniformly 
ontinuousfun
tion, one may 
hoose U small enough to obtainCK;w k Os
U(g) k1< �=2 (18)From (17) and (18) we infer thatk Os
U(g) k1;w< �:Lemma 3.3 Given the (BD)-weight w and a 
ompa
t set 
 � Ĝ; one 
an�nd for every � > 0 some neighborhood U � U0 su
h that one has for anyB 2 Bw k Os
U(f) kB� � k f kB; 8f 2 B
:In parti
ular, ff 2 B
; k f kB� 1g is an equi
ontinuous family in (B; k � kB),for any spa
e B 2 Bw: 8



Proof. For any 
ompa
t set 
 one 
an �nd some band - limited g 2 L1w(G)with ĝ(!) = 1 for all ! 2 
, sin
e the Beurling-Domar 
ondition implies thatFL1w is a Wiener algebra in Reiter's sense [12℄. Now f = f � g for f 2 B
implies via (9) kOs
UfkB � kOs
Ugk1;wkfkBfor any U . Choosing now U a

ording to Lemma 3.2 the proof is �nished.Remark. The above argument shows also that a similar estimate is validfor Os
#Uf (just use (7) and repla
e kOs
Ugk1;w by kOs
#Ugk1;w), as it is alsonot diÆ
ult to �nd that Lemma 3.2 is also valid for Os
#U g.Lemma 3.4 For given w and any 
ompa
t set 
 � Ĝ there exists C
 =C(w;
) su
h that for all B 2 Bw one has for all f 2 B
kf#kB � C
kfkB:Proof. We 
hoose g 2 (L1w)
1 su
h that ĝ(!) = 1 on 
. Then we havef = f � g; and therefore f# � jf j � g# by (7). From this pointwise estimatethe norm inequality follows by applying the solid B-norm and assumption(B5), with C
 =k g# k1;w.4 Approximation of 
onvolution operatorsLet X = (xi)i2I and Y = (yj)j2J be any two sets of sampling points and( i)i2I and (�j)j2J be partitions of unity asso
iated with X and Y respe
-tively. We suppose h is a 
ontinuous fun
tion with h# 2 L1w(G): As in[4℄, we 
onsider the following approximations of the 
onvolution operatorCh : f ! h � f:A1f = (Sp	f) � h =  Xi2I f(xi) i! � h; (19)A2f = (D	f) � h = Xi2I h i; fi Lxih; (20)A3f = (D+	f) � h = Xi2I f(xi)�Z  i(x)dx�Lxih; (21)A4f = [D�(Sp	f)℄ � h = Xj2j "Xi2I f(xi)�Z  i(x)�j(x)dx�#Lyjh: (22)9



If C
(G) is dense in B, the solidity of B implies that the partial sums ofthe series Pi2I f(xi) i are norm 
onvergent in B (otherwise one has at leastpointwise 
onvergen
e). Hen
e we may write A1f = Pi2I f(xi)( i �h) if thisis more suitable for our purpose, and likewise for other operators. Essentiallyas a 
onsequen
e of the 
onvolution theorems for Wiener amalgam spa
es theoperators A1 and A3 are well de�ned and bounded on W (C;B), while A2; A4are bounded from B to W (C;B). In parti
ular, all of them are well de�nedon B
0 , due to Lemma 3.4 (re
all that spe
(h) � 
0).The following two lemmas will be the key to the main results:Lemma 4.1 Assume that h 2 L1w satis�es ĥ(!) = 1 on 
 � Ĝ: Then forevery 
 > 0 there is neighborhood of the identity U1 = U1(�), su
h thatk Chf � A1f kB< 
 k f kB; 8f 2 B
; B 2 Bw;as long as the sampling set X = (xi)i2I is U1-dense. If in addition h isband-limited the same is true for suitable neighborhoods U2 and U3 for theapproximation operators A2 and A3 respe
tively.Proof. Case i=1. Sin
e 	 is of size U � U0 the pointwise estimatej f � Sp f j (x) � Os
Uf(x) (23)is valid, and we obtain by Lemma 3.3 and assumption (3)k Chf � A1f kB � k (f � Sp f)� j h jkB�k Os
Uf kBk h k1;w � � k f kBk h k1;w :Case i=2. Rewriting the de�nition of A2 we obtainChf � A2f = f � h� (D	f) � h = (Xi2I  if) � h� hXi2I  i; fiLxih:For any �xed i 2 I the expression 
an be written asZG  i(y)f(y)h(x� y)dy � ZG  i(y)f(y)h(x� xi)dy= ZG  i(y)f(y)[h(x� y)� h(x� xi)℄dy:10



Taking absolute values and summing over i in I one obtainsj Chf � A2f j (x) �j f j � Os
Uh(x);whi
h implies by the solidity of B and the 
hoi
e of U a

ording to Lemma3.3 that for f 2 Bk Chf � A2f kB � k f kBk Os
Uh k1;w � � k f kBk h k1;w :Case i =3. We have Ch � A3 = (Ch � A1) + (A1 � A3): Sin
ej A1f(x)� A3f(x) j=jXi2I f(xi) i � h�Xi2I f(xi)�ZG  i(y)dy�Lxih(x) j=jXi2I f(xi) ZG  i(y)h(x� y)dy �Xi2I f(xi) ZG  i(y)h(x� xi)dy j�Xi2I j f(xi) j ZG  i(y)jh(x� y)� h(x� xi)jdy�Xi2I j f(xi j ZG  i(y)Os
Uh(x� y)dy � Sp (j f j) �Os
Uh(x);it follows, using again Lemma 3.3k A1f � A3f kB � k Sp (j f j) kBk Os
Uh k1;w;and thus using (11) and Lemma 3.4 for U small enough ( by Lemma 3.3).k A1f � A3f k � � k f kBk h k1;w :This 
ompletes the proof of the lemma.Lemma 4.2 If h; h1; h2 2 L1w(G) are band-limited fun
tions with 
ommonspe
trum 
0, then for any � > 0 there exist neighborhoods U4; U5 su
h thatfor all B 2 Bw and all UPUs 	 of size U4 and all UPUs � of size U5:(i) k Chf � A4f kB� � kBk h1 k1;w for all f 2 B
0 ,(ii) k Ch1�h2f � A5f kB� � k f kBk h1 k1;wk h2 k1;w;whereA5f = [D�(Sp	f �h1)℄�h2 = Xi2I; j2J f(xi)�Z  i � h(z)�j(z)dz�Lyjh2: (24)11



Proof. For the proof of part (i) see [7℄. Con
erning (ii) observe that forgiven � > 0, 
0; h1; h2 2 L1w with the spe
(h1) [ spe
(h2) � 
0; we 
an �ndsome neighborhoods U4 and U5 ( using h = h1 in the de�nition of A4 ) su
hthat k Chf � A4f kB� � k f kBk h1 k1;w by (i). A5 = Ch2A4; this impliesk Ch1�h2f � A5f kB�k h2 k1;wk (Ch1 � A4)f kB�� � k f kBk h1 k1;wk h2 k1;w :5 Fa
torization of 
onvolutions.Let g 2 L1w(G) be any band-limited fun
tion. We 
hoose another band-limited fun
tion h 2 L1w(G) with and ĥ(x) = 1 on spe
(g) and write 
o forspe
(h). Consequently g � h = g, or CgCh = Cg.In the sequel some of the operators to be dis
ussed may have ni
e mappingproperties (e.g. Ch will map all of B into B
0), but on the other hand itwill be also of interest to 
onsider them only as an operator on B
0 itself,be
ause they may have better properties there. In order to express thisdi�eren
e more 
learly we will use the notation jjjT jjjB
0 in order to des
ribethe operator norm of some operator on B
0 . A
tually, in this way we 
an �ndthat 
ertain operators are 
ontra
tions and thus allow to build a Neumannseries expansion from them.In order to get into this situation let us assume that we deal with one ofthe operators A(h;X;	) from the previous se
tion, whi
h is a good approxi-mation to Ch on B
0 , su
h that the remainder R := Ch �A is a 
ontra
tionon B
0 . In other words we assumejjj R jjjB
0=jjj Ch � A jjjB
0< 1:This implies that D = 1Xk=0Rkis well de�ned on B
0 . For these operators we prove the following fa
toriza-tion results.Lemma 5.1 Under the above assumptions Cg fa
torizes as given below:(i) Cg = CgAD on B
0 ; 12



(ii) Cg = DACg on all of B;(iii) Cg = CgDA on B
0Proof. (i) Sin
e Cg = CgCh; we haveCg = Cg(A+R) = CgA+ CgR:Repeating this pro
ess n times, we get Cg = CgAPnk=0Rk + CgRn+1 for alln � 0, hen
e Cg = CgAD; by going to the limit n !1 (R is a 
ontra
tionon B
0).(ii) Again Cg = ChCg impliesCg = ChCg = ACg +RCg = ACg +RACg +R2Cg:Iterating this pro
ess and passing to the limit leads toCg = ( 1Xk=0Rk)ACg = DACg:Sin
e Cg maps B into B
0 and A, D are well de�ned on all of B assertion(ii) holds for the whole spa
e B.(iii) Sin
e for f 2 B
0 we have Cgf = CgCgf and Cg = DACg it suÆ
esto verify that CgRkAf = CgARkf for all k � 0. This relation is obvious fork = 0. Assuming that it is true for all k � n we derive therefromCgRn+1Af = Cg(Ch � A)RnAf = CgChRnAf � CgARnAf= CgRnAf � CgARnAf = CgARnf � CgARnAf= CgARnChf � CgARnAf = CgARn(Ch � A)f = CgARn+1f :6 Proof of the main theoremsIn this last se
tion the observations made so far will be put together in orderto derive the main results of this paper.Proof of Theorem 2.2. Sin
e ĥ(t) = 1 on an open neighborhood of 
,we assume that ĥ(t) = 1 on 
0; where 
0 is any open neighborhood of 
:Hen
e there exists g 2 L1w(G) su
h that ĝ(x) = 1 on 
 and spe
(g) � 
0:This entails that g � h = g; i.e., CgCh = Cg: Sin
e we 
an �nd for � < 1some U a

ording to Lemma 4.1 we have jjj Ch � A1 jjjB< 1 on B
0 for any13



U -dense set X = (xi) and any UPU	 asso
iated to X Now, using Lemma5.1, we obtain Cg = D1A1Cg on B, whi
h implies that Cg = CgD1A1 on B
:Sin
e f � g = f for all f 2 B
 we havef = Cgf = D1A1Cgf = D1  Xi2I f(xi) i � h! =Xi2I f(xi)D1( i � h):As D1 is 
ontinuous on B
0 ; the above series 
onverges in B.As the series Pi2I f(xi)( i � h) is un
onditionally 
onvergent in B andD1 is 
ontinuous on B
o; the right hand series is 
onvergent in B ( a
tuallyin W (C;B)). On the other hand we have that  i � h 2 L1w, and L1w 2 Bw.Therefore, the 
ontinuity of D1 on L1w implies thatei = D1( i � h) 2 L1w(G)and spe
(ei) � spe
(h) = 
0, for all i 2 I: Thus Theorem 2.2 holds.In the same way we 
an use the operators A3 and A4 to �nd the 
orre-sponding representations for f 2 B
. For appli
ations A3 is the most usefuloperator.Proof of Theorem 2.3. On a

ount of Lemma 5.1 we have Cg =CgA2D2: Sin
e ĥ(t) = 1 on spe
(g), whi
h 
ontains an open neighborhood of
, by the Wiener-Levy theorem ([12℄, Chapter 6) there exists a lo
al inverseof g, that is, a band-limited fun
tion g1 2 L1w(G) su
h that spe
(g1) � spe
(g)and ĝ1ĝ � 1 on 
; hen
e f = f � g1 � g. It follows thatf = CgCg1f = CgA2D2Cg1f = CgXj2Jh�j; D2Cg1fiCgLyih= Xj2Jh�j; D2Cg1fiLyih = Xj2J 
j(f)Lyig;where 
j(f) = h�j; D2(f � g1)i:To obtain an estimate for the sequen
e (
j(f)) we write F = D2(f � g1) =D2Cg1f: Then we havek F kB�jjj D2 jjj � k g1 k1;wk f kB :To obtain the required estimate (14) we observe that for any x 2 G thesum Pj2Jh�j; F i�j(x) is �nite and 
ontains only those non-zero terms wherex 2 U + yj: Denoting the 
hara
teristi
 fun
tion of U � U by k we havej h�j; F i�j(x) j� hLxk; j F ji�j(x) = (j F j �k(x))�j(x):14



Taking the B norm on both sides, we getkXj2Jh�j; F i�j kB � k j F j � k kB � k F kBk k k1;wThis 
ompletes the proof of the Theorem 2.3.Proof of Theorem 2.4.The proof of Theorem 2.4 
an be obtained either by 
ombining Theorem 2.2and Theorem 2.3 or following the arguments of [4℄. This somewhat lengthyand te
hni
al method requires to use of Lemma 4.2 (ii). It is left to theinterested reader to �ll in the details.Final remarks: In this paper we have emphasized the fa
t that the re
on-stru
tion method 
an be des
ribed in a uni�ed way, for a variety of fun
tionspa
es. This is of relevan
e for appli
ations, sin
e it would not be so usefulif together with the sampling values also assumptions on the fun
tion (e.g.to belong to some weighted Lp-spa
e) would have to be made, or relevantinformation would have to be provided by the user. The results as presentedare a good basis for an error analysis, su
h as jitter, aliasing or trun
ationerrors. This will be a topi
 of a subsequent paper (see [10℄).From the pra
ti
al side one might prefer to stress the fa
t that all the al-gorithms have also 
learly a des
ription in the form of an iterative algorithm,with a geometri
 de
ay rate. Thus they 
ould be redes
ribed by saying thatfor all the fun
tion spa
es under 
onsideration a 
ertain sampling density Uwould allow to guarantee a relative approximation error (in any of the fun
-tion spa
e norms k � kB, for B 2 Bw), by running a �xed number of iterationsonly.Last but not least we want to mention that even for the 
ase of theordinary Hilbert spa
e L2(R) these iterative algorithms (requiring admittedlya bit of oversampling) deliver a re
onstru
tion of a band-limited fun
tion fromits sampling values with building blo
ks whi
h are better 
on
entrated nearthe sampling points then the standard frame algorithm. This aspe
t has beeninvestigated in the master thesis by Tobias Werther [13℄ in mu
h detail, anda summary is published in [9℄.
15
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