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Abstract

It is known that band-limited functions can be recovered by means
of iterative methods, if only the sampling density is high enough. In
this paper we present an error analysis for these methods, for the
typical sources of error, i.e., jitter error, truncation error, aliasing
error, quantization error, and their combinations. The error analysis
applies uniformly to a variety of norms, such as weighted LP-spaces
over locally compact Abelian groups. In contrast to earlier papers we
do not make use of any (relative) separation condition on the sampling
sets, or polynomial growth of the weights over Euclidean spaces. Thus
even for the case of regular sampling, i.e. sampling along lattices in
G, the results are new in this generality.
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1 Introduction and Notations

In a previous paper by the authors ﬁo_lzt has been shown that the qualitative
theory of irregular sampling based on iterative reconstruction as developed
by Feichtinger and Grochenig extends to locally compact Abelian groups, if
properly reformulated. At the same time the class of admissible weight func-
tions has been enlarged to its natural limit, i.e., to weight functions which are
moderate with respect to submultiplicative weight functions, satisfying the
so-called Beurling-Domar (non-quasianalyticity) condition. Such a condition
is indeed required in order to ensures the existence of non-zero band-limited
functions.

In the present paper we study various types of error estimates for these
reconstruction methods. Our theorems extend the corresponding earlie €rrR
sults in the literature, given for the Euclidean n-space only, as in (cf. TF%)*
We will give qualitative estimates for the jitter error, for the aliasing error,
or truncation errors and combined errors. These error estimates apply uni-
formly to large families of function spaces. Even for the Euclidean case our
results apply to cases which have not been covered previously. For example,
sampling sets which allow arbitrary clustering (as long as they are suffi-
ciently dense) are now included, or subexponential weight functions (such as
r — exp( c|z|’) for some vy € (0,1)), which may grow faster than any poly-
nomial. The results are new even for the case of regular sampling over locally
compact Abelian (LCA) groups, i.e. for the case that the sampling values are
taken from some lattice in G (a discrete subgroup with compact quotient).
Thus to our knowledge they provide for the first time a detailed error analysis
for Kluvanek’s sampling theorem, which corres 9onds to Shannon’s sampling
theorem in the context of LCA groups (cf. %

In order to fix notations let us summarize the situation. We shall con-
sider functions f over a locally compact Abelian (LCA) group G, the group
law being written additively. As usual the dual group G consists of the
“pure frequencies” (or characters), i.e. continuous mappings from G into the
complex numbers, satisfying x(z + y) = x(z)x(y) and |x(z)] = 1 for all
z,y € G, endowed with pointwise multiplication (and uniform convergence
over compact sets). We write dz and dvy for the Haar measures on G and
G respectively. The spaces LP(G) are defined a usual with respect to this

r measure. We refer to the books of Rudin %Folland , or Reiter

for generalities on the theory of LCA groups and their Haar measures.



For a strictly positive function m we define the Banach space L? by

2.(6) = {11m e 2} = {] Ul = ([ 1#@ P (@)dz) " < 20}

For p = oo the usual modification takes place. This way of generating
weighted LP-spaces is more appropriate then the usual one (through a change
of the measure), in order to group families of weighted spaces as done below.

The space C.(G) of all continuous, complex-valued functions on G with
compact support is contained in any of these spaces, and is dense if and only
if p < oo. With the usual rule (obtaining functionals via integration over
() the Banach space for L2 (G) is just Lf,;,(G), with 1/p+ 1/p’ = 1 and
m' = 1/m. We write C°(G) for space of (bounded) continuous functions
which vanish at infinity. It is a Banach space with respect to the sup-norm,
and again C,(G) is dense in C°(G). Tts dual may be identified with M (G),
the bounded measures on G.

We shall consistently use the symbol w only for Beurling weight functions
w : G — [1,00) which are assumed to be continuous and submultiplicative,
ie., w(z+y) <w(zr)w(y) forall z,y € G. For such weights the Banach space
(LL(G), ]| |l1.w) is @ commutati g3anach algebra with respect to convolution,
a so-called Beurling algebra (ILFFSQ%, with f « g(z) = [, g(z —y)f(y)dy for
f, g € C.(G) being the usual convolution product over G.

A general weight m is called w-moderate, if it satisfies m(xz + y) <
w(z)m(y) for all z,y € G. Both m = w itself and m = 1/w are w-moderate
weights, but also w®, for any a € [—1,1].

The spaces LP with moderate weights are translation invariant, i.e., each
of the translation operators L,, defined as L, f(z) = f(x — z), is bounded on
LP and ||L, fllpm < w(2)||f|lp,m- Due to the pointwise estimate |(fx*g)m| <
|flw * |glm one also has L. « LP. C LP . Altogether this implies that the
spaces LP (for a fixed w) will be typical examples of the Banach spaces

(B, || - ||g) to which our error analysis applies.
P02
As in [9], we make sure that our statements apply uniformly for the
collection B,, of all Banach spaces of functions (B, || - ||g) on G which satisfy

the following six conditions with respect to some fixed Beurling weight w.

(B1) (B,]|-||B) is a Banach space, continuously embedded into L] (G), i.e.,

loc
for every compact set K C @, there exists a constant C'x > 0 such that

Ji |f (@)|dz < Ck||f||p for all f € B.



(B2) (B,]| - ||lg) is solid, i.e., if f € L} (G) (or f continuous for the case
B = (") satisfies |f(x )| < |g(z)| almost everywhere on G for some
g € B, then f € B and ||f||5 < |lg/|5-

(B3) B is invariant under translations, i.e., L,f € B, for all f € B,z € G.

(B4) The weight function w controls the operator norm of L, on B, i.e.,
Il|Lz|||z < w(x), or more explicitly

L flle < w(@)lflls, V2 € G, feB. (1)

(B5) (B,]|-||5) is a Banach convolution module over L! (G), i.e.,

L,*BC B, and|lg* fllz < llgllullflls, for g € L,(G), f € B.
(B6) C.(G) is dense in (B, || - ||B)-

For the sake of simplicity we assume w(—z) = w(x). Note that (B5) above
is actually a consequence of (B4) and (B6) (via vector-valued integration),
but some of our statements are valid without (B6) as well.

In order to ensure the existence of a generalized Fourier transform as well
as non-zero band-limited functions in any B € B, we have to assume that
the weight function w satisfies the so-called Beurling-Domar condition (BD)

Zlog nr))/n? < oo forallz € G,

S00 P02
see [I0]. As explained in 9 , for any such (B, || - ||z) the following definition
makes sense. For a given compact set {2 C G with nonvoid interior we define
the space of band-limited functions in B (with spectrum in Q) by

= {f € B | spec(f) == supp(f) C Q},

where f denotes the Fourier transform of f in ngdis i_%lalriiional sense (as
tempered distributions or ultradistributions, cf. and or details).

For any (B, ||-||5) as above also Wiener amalgam spaces such as W (C°, B)
are well defined, with the natural norm for this space being the (global) B-
norm of local control-function x — || Lyk - f|| for some non-zero k € Ce(G),
cf. [5]." The Banach space W(Cy, B) is continuously embedded into both
(B,|| - ||g) and Cy(G), hence convergence in W (Cy, B) implies B-norm and
uniform convergence. The reader can find the definition of Wiener amalgam



—om
spaces (previously called Wiener-type spaces, cf. ZI % such _SC!X(LPJI) =
W (LP, L") (with local LP-norm and gloﬁ@éoﬂ— émov'oz) W_jﬁn{)ﬁﬂ,ﬁs well as a
l% an )

listing of their basic properties, but also [12] or

In order to avoid confusion let us note that the description of those amal-
gam spaces requires the use of BUPUs (bounded uniform partitions of unity)
which are supposed to be fixed, while the partitions of unity given below are
adapted to the sampling families. The constants given below are given for a
fixed norm on those amalgam spaces (using e.g. a smooth BUPU).

2 Partitions of Unity on G and Operators

We summarize in this section various operators and (pointwise) estimates
which are relevant for the error analysis carried out later on.

Let X = (x;);er be a discrete set of sampling points and U a neighborhood
of identity in G. It is called U-dense if |J,c;(zi + U) = G. U = (¢;)er is
called a (non-negative) partition of unity of size U associated with X if

(i) 1); is measurable and 0 < ¢;(z) <1 for all i € I,
(i) supp(vp;) C (x; +U), for all ¢ € I, (uniform size).
(iii) Y ;e  vi(x) = 1for all 2 € G.

-H
Of course (ii) and (iii) imply that X has to be a U-dense family in G, cf. e

. . . . . -ERR
Following Feichtinger and Grochenig 8( , we define for a fixed compact
(and symmetric) neighborhood Uy of the identity the local mazimal function

(@) = supyeunf(x + )], (2)

and furthermore for U C U, and the local U-oscillation by
Oscy f(z) = sup.ev|f(z — z) — f()]. (3)
We will make use of the space C'B defined by

CB = {f € B| f continuous, f* € B} (4)

with the norm ||f|lcz = ||f*||s. For the sake of comparison with other
notations let us mention that CB = W (C°, B) (with equivalent norms).

5



The following pointwise estimates are easily verified:

(f«h)#(x) < (If]*h*)(2) (5)
Oscy(f = h)(x) < (|f]* Oscyh)(x) (6)

For a given partition of unity ¥ of size U we define the operator

Spwf = Z f(@i)ibi,

i€l

which may be regarded as an irregular spline approximation of f. It is an
important fact for our analysis that it makes only use of the given sam-
pling values (f(z;)). We need them only for sufficiently dense sampling sets,
so it is reasonable to assume from now on that U C U, and consequently
|Spw f(z)] < f#(z) for all z € G, and thus by the solidity of B

ISpaflls < IF 15 (7)

One more pointwise estimate is of great use for our estimates:

|f — Spe fl(x) < Oscy f(x). (8)

P02
The main results of 9 show that it is possible to recover a band-limited
function f € B% from its sampled values on any U(Q)-dense discrete subset
X = (x;)ier of G by means of a series representation of the form

=Y flae, (9)

i€l

where the family (e;) is in L} (G)N B, with joint spectrum, i.e., supp(é;) C Qg
for all i € I. Indeed, such a family (e;) can be constructed given only the
weight w, the sampling family X = (x;) and the spectral set .

From now on, for a given compact set €2 in G we s}érglég_re}gi%hborhood
of the identity in G, say Up, such that the expression (| olds true for any

U-dense discrete subset X = (x;);c; of G with U C U.

As we are going to show the robustness of this kind of reconstruction we
have to recall the definition of certain approximation operators. They are
the key ingredients for our iterative reconstruction methods. They all grew
out of attempts to discretize a convolution relation of the form f = f x h in
various different ways, trying to make use of the sampling values of f only
(instead of all of f), resp. to make use of "atoms” (shifted copies of h) only.

6
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Let X = (2;)ier and Y = (y;)jes be two families of points in G, and
U = (¢;)ier and @ = (¢;)jecs two partitions of unity of size U associated with
X and Y respectively. At this point we assume that h € I} ﬁg%}“ is band-
limited with spec(h) = Qq. It follows that h#* € L. (G). As in% consider
the following approximations to the convolution operator C, : f — h x f.

Af = Spef)eh = S @i b

Asf = (Db = Y |[f@) - [vi@)de] Loh
Auf = [Do(Spud)l ch = Syes | Sier £(w5) [(hi63) (@)dw | Ly h.

As C.(G) is dense in (B,|| - ||g) by assumption (B6), the solidity of
(B, ||-]|s) ensures that the partial sums of the series ) ., f(#;)¥; are (uncon-
ditional) norm convergent in (B, ||-||5) and even in C'B. As a consequence the
operators are well defined at least on C'B as convergent series in (B, || - || ).

, , . [FG-SER [FP02
The reconstruction methods described in and 9 are based on the fact

that the approximation operator A (which may be A;, A3 or A4, depending
on the user’s preference) satisfies |||A — Cy|||goo < 1 (where |||T|||go, stands
for the operator norm on B%), as long as the sampling set X = (x;)ic; is
sufficiently dense. Hence an operator D defined as the geometric sum based
on (A —C}) can be formed. Under the additional assumption that 2 =1 on
Q2 - which will be assumed throughout this article - the iterations given by

¢o=Af

byt =D x b — A = (Cr, — A) g,
PO2
lead to the following representation of f (as described in detail in 9 ;

F=Y ¢n= (Z(oh - A)") Af = DAY,

n=0 n=0

as absolutely convergent series (due to the geometric convergence rate) with
oo o0
6alls < { D 1Ch = Allla, | - 1Af |5 < o0
2
n=0 n=0

As long as for some sequence (c;);er the function f, = >, ;i) € B is
well defined, one may apply D to f.* h and arrives at D(f, x h) € B, just

7
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by starting the iteration with f. insg%%gle(s)f_’éé}lc i As a matter of fact, a typical
building block e;, as it is used in (9] is obtamed by choosing as sequence ¢

the unit vector of iy, i.e., with 1 at ¢, and O elsewhere. Alternatively, e;,
arises as limit of the iteration procedure, starting with 1);, instead of Af.

We are going to discuss different kinds of errors that may occur in appli-
cations, and will give error estimates which are independent not only from
the individual f under consideration, the sampling sets (only their density
matters), and the partitions of unity ¥ = (¢;);c; and ® = (¢;),cs in use,
but even from the space (B, |- ||g) to which f belongs (or by which the error
is measured), as long as it belongs to the class B,, i.e. satisfies conditions
(B1 — B6) for some fixed w. A typical universal constant arising in this
context will be the L. -norm of some function h € L (@) satisfying h(w) = 1
for all w € 2, clearly indicating that one will have larger constants for larger
sets {2 and stronger weights w.

3 Quantization Error

When it comes to the reconstruction from sampling values often the exact
sampling values are not available. Thus typically additive noise may occur,
or only quantized version of such data are available. Therefore we study the
effect of quantization on the reconstruction result.

We write f(z;) for the quantized (or noisy) versions of the recise sam:
pling value f(;), and consequently the reconstruction formula (EJ) yields an
approximate reconstruction » ., f(x;)e;. The round-off error Egof is de-
fined by

Epof = f =Y f(z:)es

el

Since for the estimate of the quantization error the sup-norm is the natural
one, we use it in the following form.

Theorem 3.1 Given a compact set Q in G and h € L'(G) with h =1 on
Q, there exists a constant d, > 0 such that

IEroflloo = || [f (@) — F(z:)] e

i€l

S dhO',

o0

for any f € Co(Q) with spec(f) C Q and sampling values that are uniformly
quantized with step width < o.



The proof of the above t ggLem depends on the following lemmas. The
ﬁrs.t one hargs‘gﬁggt ggé)tviefn(% 1:182 i Bc?th statements make use of the pointwise
estimates (b) and (b6) and the solidity of (B, || - ||5)-

In the subsequent lemma we write D; for the series expansion which is
derived from the approximation operator A;.

Lemma 3.2 Assume B € B,,.

(a) For any compact subset Q of G, there exists a constant C' = C(Q) such

that for all f € B
1*15 < C@IIf 5. (10)
(b) For a given n > 0 there exists U, C Uy such that for all f € B

|Oscu, fllz < nll fl5- (11)
(c) For a given n > 0 there exists U C Uy such that for all f € B®

l0sct fls < n-1f]ls- (12)

Lemma 3.3 Assume B € B, and consider any approzimation operator of
the form Ay for some sufficiently dense set X = (x;);cr. Then there exists
a positive constant d, > 0 such that for any (N\;)ier with > \p; € B, the
series Zie[ Aie; 18 morm convergent in B and

> e D, (Z it * h)

el i€l

> At

el

< oQ.

<dj
B

B ‘
For dy, we can take dy, = |||D1|||gao ||hl|1,w, where Dy =3 07 (Ch — Ap)™.
i 8
Proof. For f € B%, estimate (E)télnxlfae%e
1(Cr = A flls = I(f = Spaf) * hlls < |[Oscu f =+ |hll[s < nllflslh

Choosing 1 < ||Al|; 4, we have ||( sog A1) fllB < 7 fllp for some v <1 and
all f € B%. As in Lemma 4.1 of his implies the operator norm estimate

B

1w-

|Ch — Ail||pao < v < 1.

Hence the geometric series Dy = Y (Cj, — A;)" is a well defined operator
on B%. Setting
e; = Dy(; x h),

9



we obtain

Z )\iei

i€l

Z AiDy (77/}2' * h)

el

D, (Z X (% h))

el

B B B
< I1D1lllsao 1Al Y Xivhills = dall Y Aidill -
el i€l

Thus the lemma is proved.

By choosing (B, ||-1|5) = (C°(G), ||||ls) We obtain the following corollary.

Corollary 3.4 There exists dy, > 0 (depending only on the choice of h, which
in turn depends only on w and ) such that for any bounded sequence (\;)icr

1Y Neillso < dallAillse < 0.

il
Proof of Theorem Settmg Xi = [f(z;) — f(x;)], we obtain ||| < 0.
Applying Lemma for B = C°(G) we have

1Eroflloo < dall Y [f (x:) = Fa)]thilloo < dn o Y wilw) < dn o < oo

1€l el

4 The Jitter Error

The jitter error arises if the function is sampled at the incorrect instant !
instead of z;, or if the sampling positions are not precisely known, and the
samples f(x}) are used as the input in the reconstruction algorithm. Then
the resulting reconstruction takes the form

~:Zf(sc' e

i€l

and the jitter error is the deviation of f from the correct reconstruction

Esf = f=F =3 [fw) = fah)]er = Do D) = F@d] (Wi +h)).

i€l el

Assuming that the deviation from the correct sampling positions is not too
large in a uniform sense, one may hope that it is possible to control the

10



th2

influence of jitter error with respect to the B-norm, for all band-limited
functions f in B with a given spectrum. The following theorem shows that
this is indeed the case. Note that the sequences X = (z});e; don’t have to be
reconstruction sequences for the following theorem to be valid. On the other
hand the result implies that uniform closeness of a family X' to a family with
reconstruction property inherits this property as well.

Theorem 4.1 Let X = (;);e; be a U-dense set of sampling points in G.
Then, for any neighborhood V- C U there exists a constant C = Cp(V, Q)
such that for any family X' = (2})ic; which is V-close to X, i.e., x; —x, € V
foralli eI,

1Esfllp < Cu(V, Q) f 5, vV feB".

More importantly, these constants C(V, ) tend towards zero as V. — {0}.

Remark. Using appropriate modifications the same statements can be made
for the other reconstruction operators instead of D;. We leave it to the
interested reader to fill in the necessary details.

eoause two of the most important reconstruction algorithms described
in [9] start with spline approximations as a first step let us analyze the error
arising in this step first.

Lemma 4.2 Let X = (;);er be a U-dense set of sampling points in G. For
any neighborhood V- C U there exists some constant C' = C(V') such that for
any X = (2))ier satisfying x; — 2, €V foralli €I,

1Y 1f (i) = F@)eills < COV)If1ls

i€l

for all f € B® and all B € B,,. Moreover, C(V) — 0 for V. — {0}.

Proof. We are going to estimate the expression on the left side by the
function Spy(Oscy(f)). Indeed, it is obvious that the assumption imply

|f(2:) = f(2})] < Oscv f(a;), Vi€l
timate3
Applying now the solidity assumption (B2) and estimate (e?; e obtain
1Spa (Oscy (/))ls < 0scl £l 5.

It is therefore sufficient to ensure that ||Oscl f||p < ¢||f|| for all f € B%.

11
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Proof of Theoremﬁ.l. For given 2 we choose a band-limited function h
in L! (@) such tha nggnyd 5 1fory € Q. Then f = fxhforall f € B,

Using also Lemma 4. e jitter error can then be estimated as follows.
1Esflls = 11Dy ( DCF ) = F(a)liss = b)lls
iel

< NOscff) * hllslDilllgos < |OsciflI5l0

< 0+ |hlliw D120 - [1f11 5
Thus the theorem holds true for C'(V,Qq) = 1 - ||h||1w ||| D1]|]520-

v ||| D1l oo

N

5 The Truncation Error

This type of error appears when only local information is available. Hence
we assume that only the sampling values of f at the points z; contained in
a compact set K C G are available. Using them we obtain a band-limited
function fx € B, given by the (usually finite) sum

fi =Y fzes.

T, €K

The truncation error is then given by Erf = f — fx or

Erf=f— Z f(zi)e; = Z f(w;)e;.

;€K ¢ K

We prove two theorems concerning the truncation error. Showing that
- independent of the area of interest K - the relative truncation error over
K can be made arbitrarily small for all band-limited functions in B, with
respect to their B-norm and uniformly over all considered B-norms, if only
samples from some “smeared” version of K are used. The amount of smearing
expressed by a compact set W can again be chosen ind %ndently from the
individual function of the Banach space B € B,. In ?#7], one can found
explicit estimates for the one-dimensional L2-case.

Theorem 5.1 For any e > 0 there exists a compact set W such that for any
compact set K and for any U-dense family X = (x;);er, we have

If = Y fldeixlls <cllfls  ¥feB™

r,EK+W

12



Proof. Let K be any compact subset in G. We write
brw = > flx:)i.

CCW?K-I—W
lem!

Then by Lemma % 2(a) we see that

Isalls < 17115 < @) flls < oo (13)

holds true for all K and W. Thus, for the global truncation error, we have

Erf = Z f(xi)e; = Z f(x:) D1 (¢ h)

$i¢K+W CCW?K—I—W
= D1< Z f (@) * h) = Di(¢xw *h).
Ii¢K+W

Now we have to determine W so that the local truncation error on K, i.e.,
Erf-1k,is small and independent of K. By assumption on X, the geometric

series
o0

D, = Z(Ch —Ay)"

n=0
is absolutely convergent, thus for any given ¢ > 0 there exists s > 1 such
that the finite sum

S

D} =3 (Ch — A"

n=0

satisfies the condition

£
D, — D} < —.
||| 1 1|||BQO 3C(QO)||h||1,w

Then, the local truncation error on K is given by
ETf]-K = Dl(d)K,W S h) . 1[( =

(Dy = D}) (@1 )| 1+ D5 (o = (h = ) ) 1+ D5 (frear k) 1c

~” ~~ ~~

n Iy I3
We consider [; for the given s and use estimate (F’%i;nn;%er to compute
IL][s = [[(D1 = DY) (¢xw * h)1k|ls
< I[Py = Dillls - llorw = blls

IN

eBC(Q0)[All1.] C(Q0)l1Bl11wl.fll5
1fll5-2/3.

13



For I, we recall that D{ is well defined for all f € B with f# € B and
1D fll =l Z (Ch = A)"fll5-

Since f and f# both belong to B, we obtain
(Chf = Aif)*(x) = (f * h — Spuf * )" (x).
< @fF«[p)*(x) < 2fF «h¥)(2), Vzeg,
which ensures that
1(Cnf — AL )l < 2/ f#]BlIA* |10

Repeating this process s times, we obtain

D315 < 2°[1 %3]l = Cll f*5 - (14)
lestimatedestimateb
Combining (II3) and ([4), we have
1Llls = ID3[¢rw * (h = k)]1k| s
< CQ)IfIBlR = E)l1w

< [Iflls-2/3
for all f € B® and (h — k) sufficiently small, and independent of K and W.

Finally, we discuss I3. We write

=[f = Fla] =k,

where k € L! (G). We have
T(/)*(2) < 2f" * [k)*(2) < (27 « k7)(2),

hence
1Tl < 20kl - 1F7]5
which implies that

(T ) *ls < 27

= Ol 1l

for all f and f# in B. Furthermore,

(Cnf = Af =TH* =[(f - Zf(%)%) * (h—k)J*

el

14



< (Oscw f)* * |h — k.
As in the Lemma %%n(gb), we get
1(Chf = Arf =T *|l5 < (Osew ) |Bll(7 = k)1

<l flsll(h = E)ll1w
for all f € B

For ¢, ¢* € B, the operator identity
(Cp =A™ =T™
= (Ch,— A —T)[(Ch — Al)m_lTO o (O — A1)0Tm]

3
L

= Tj (Ch - Al - T) (Ch - Al)m_j_l

J

Il
)

holds and the above estimates provide

m—1

I(Ch = A6 = T™dlls = | 32 T9(Co — A1 = T)(Ch — 4)™ 9|5

=0

m—1
< CI(Ch — Ay = T)(Ch — A))™ 7 ¢#||
7=0
m—1 ' '
< C(W)l[(h=k)llw Y CLICh = A))™ 76l
j=0
m—1
< C(Q0) Y CICT M (h = E)lw - 1165

I
o

J

Setting Ts = > 5, T7, we have
IDi6 = Teolls = 1Y _(Ch = A1)/ & — T/l
=0

< Oh =Bl - 67|

where C'is a general constant, covering all constants of the previous calcula-
tions. Combining these estimates we see that

||Df(¢K,W * k)-lK“B < ||(Df - Ts)(¢K,W * k)HB + ||Ts(¢K,U * k)lK“B
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< Clh = EB)llvw - oxw * Kl s + | Te(¢x0 * k) Lkl

< CN(h = )lawd(WV, Q) | B 0 + [T (50 + B) 1k |5 -

Now, choosing £ as the restriction of h to a compact set in G such that

g
h—k w S
1= 8w < sEmET o)

we obtain
1] < ellflls/3 + [Ts(pxw * k)|1k]|5 -

With supp(k) C W, it can be seen that
This completes the proof.

Theorem 5.2 Let K be a compact set in G and f € [LP]*(Q), then

1E7flly < dllf

lpaw - Supagrcw™ (x),

where

dn = |[[D1llp,w - 1ol -

Proof. Since the support of Ziﬂx f(z;)1; is contained in
V={reG:z=2+u,x; ¢ K,uecU},

we obtain by means of Lemma 5.2

1Brflly =11 flaieily

i¢K
= 1) fla) Dy D)l = 1Dy Y f (@) (i + b))l
igK igK
< Dl oo el - 11> F@)tbilly < dnll D F @)l

i¢K i¢K
< dull fF1v]l, = dall fF1vww |, < dill fF|lpwsupegrw ! (),

which completes the proof.
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6 Aliasing Error

If the reconstruction algorithm is applied to the samples f(x;) of a non-
band-limited, but at least a continuous function f it generates a band-limited

function
fa= Z flzi)e;
iel
with spectrum in €)y. Then the difference Fof = f — fa is called aliasing
error. In order to estimate E4 we use again the space CB = W(C), B)
defined earlier. We will further make use of the following result which is new
even for the Euclidean case.

Theorem 6 1 Assume that G is o- compact. Then there exz’sts a bounded
sequence h* of band-limited functions in L'(G) (with [[h®]|, < 2) and a
sequence Uk of neighborhoods of the identity such that for any choice of a
UK _-BUPU ¥®) | the sequence of reconstruction operators D®) A®) satisfies

If = DB AW, =0,

whenever f € W (LP,1"), for some p € [1,2].
Remarks.

1. For general dual groups G which are not o-compact one has to use
a bounded net of reconstruction operators instead of the sequence

(D(k)A(k))kZO-

I f e LP(@), for some weight function v with 1/v € L”(G), then
f € W(LP,Ip) € W(LP,¢"). In particular Theorem 6.1 applies for any
pe[1,2]if G =R, |f(2)] < C(1 + |z|)*, for some o > d.

The proof of Theorem 6.1 depends on the following lemmas.

Lemma 6.2 For any given weight w satisfyz’pg the BD-condition, there exists

Cy > 0, such that for any compact set ) in G, there exists some band-limited
h e L.(G) < 2Cy, and h(w) =1 on Q.

PR
Proof. The proof follows %ﬁ using the following facts.

17
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1. There exists ¢ € L.(G), o(w 1 on Q, because FL! is a Wiener
algebra in the sense of Reiter

2. There exist bounded approximate units (psg)ses in Ly (G), of band-
limited functions, i.e., sup,/[pslliw < Cw. Since G is o-compact one
may assume that this is a sequence.

Due to these observations, we can find 3, such that ||pg, < Cly.

Setting p = pg, and following [2], we have for

h=p+od—pxo
h(z) =1 on Q, since (1 — h)(w) = (1 — ¢)(w)(1 — p)(w) = 0 on Q, and

||h||1,w S ||p||1,w + ||¢ - ¢ * p”l,w < Cw + Cw = 2011)

Remark. Clearly one can choose C,, = 2 (even C,, = 1 + ¢, for any € > 0)
for the case that w(z) = 1.

Lemma 6.3 If C.(G) is dense in B and B C C°(G), then for every f € C'B,
Oscyf € CB for a sufficient small U € U(e) and ||Oscyflles — 0 for
U — {e}.

Proof. Since |Oscyf(x)| < 2f#(x) for U C Uy, we have (Oscyf)* <
2f## ¢ B, by the translation invariance and solidity of B, hence Oscy f €
CB for f € CB. Since C.(G) is dense in B, for a given n > 0 there exists
some compact set K C G such that

/7% 1gellp < n/4,
hence
1(Oscf ) 1kellp < n/2. (15)

Furthermore, f € B C C°(Q) is uniformly continuous and therefore one can
find U C Uy such that ||Oscy fllo < n/(2]|1k||5), and

1(Osef ) 1klls < 0seu f ool Lillp < 0/2. (16)

lestimateflestimate?

From (I5) and (I6), we Snfer that for any sufficiently small U C U,

10scEflle < (Osctf) 1xells + |(Osct f) 1kl <.

18



thé4

Proof of Theorem }67 Let F be an 1ncreas1ng sequence of co pact subsets
in G with G = UQF. We choose h* accordmg to Lemma %iTsuch that
h®) =1 on QF and |||, < 2. For A*) we choose U( ) such that for every
U(’“)ﬁBQUPU \IJ(’“) We have for AR f = Spyqyf * h®, (where A = A as

|Chay — A®|||,y < 1/2. Then D®) = 3% (Cpay — AW satisfies
|||D Ny <2 and

ID®A® gy < 3llglly, Vg€ LY (G),

because
A < Chiallly + 1Chiy — a® |1

<R +1/2<241/2< 3.
For any € > 0 and f with f € W (LP,I'), we may choose some k such that
If-f Lok||wreny <€/6,

and define f, by fr = f 1gs. For given samples of f, we get f, = D" AK) £,
Using the assumption B < W (C, ") (e.g. if f € W(LP,I) for all f € B),
we compute

NEafllz =11 = fallg = | + (f = fx) = DWAW f — DO AB(F — £)||5
<|If = fellz + DB AN - 1f = fells

because fr = D®) A®) £, Combining these estimates we obtain

IEaflly <6If = fills <e.

7 Combined Errors

Apparently, in typical applications the errors described in the previous sec-
tions may occur simultaneously. Thus, it will be necessary to deal with the
possible combinations of these errors. In order to avoid multiple, but very
similar arguments we describe in this section the combination of jitter and
aliasing errors on a locally compact Abelian group. We prove the following:

Theorem 7.1 If f € CB is sampled at points x},i € I, instead of x; and
the reconstruction algorithm yields

=Y f(@)es,

el
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then

If = flls < If = f=hllg+dullf — f*hlles + CU, Q)| fll5)

where U, h € L, (G) and constants are taken from the previous theorems.

Proof. Combining the jitter and aliasing errors for the sample points =}, €
I, we get

F=f = Y If@) —(f=h)(@)]e:

+ Z[(f « h)(xf) — (f * h)(@:)]e;
We have
iz = IIZ[f(fvé)—(f*h)(fvé)]eillB
= |l Z[f(fri-) — (f* h) ()] D1 (¥ * h) |5
SEADDHCORIRIICHE

< dull(f = fxh)#|lp=dul|(f — f*h)|lcB-
We also have
1lls = I(f — f*=P)ls-

Finally, € see that I, is a jitter error of f x h. Hence, as in the proof of
Theorem A.T, we have

ILls = IEs(f*)ls =D [(f+h)(@}) = (f *h)(@:)]eill s

i€l

= IID(Z[(f x h) (i) — (f = h) ()] (i h)l| s

< Cu(U, )1 f * bz < Cu(U, Qo) [[All 1l f1]5 -

Combining these estimates completes the proof of the theorem. Remarks.
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. Even C'B-norm estimates for B = L? (G) and f as in Theorem h are

possible.

. The corresponding error estimates using the operators A,, A3 and Ay

can be obtained by similar arguments as for the theorems involving A;.
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