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1 Introdu
tion and NotationsIn a previous paper by the authors FP02[9℄ it has been shown that the qualitativetheory of irregular sampling based on iterative re
onstru
tion as developedby Fei
htinger and Gr�o
henig extends to lo
ally 
ompa
t Abelian groups, ifproperly reformulated. At the same time the 
lass of admissible weight fun
-tions has been enlarged to its natural limit, i.e., to weight fun
tions whi
h aremoderate with respe
t to submultipli
ative weight fun
tions, satisfying theso-
alled Beurling-Domar (non-quasianalyti
ity) 
ondition. Su
h a 
onditionis indeed required in order to ensures the existen
e of non-zero band-limitedfun
tions.In the present paper we study various types of error estimates for thesere
onstru
tion methods. Our theorems extend the 
orresponding earlier re-sults in the literature, given for the Eu
lidean n-spa
e only, as in (
f. FG-ERR[8℄).We will give qualitative estimates for the jitter error, for the aliasing error,or trun
ation errors and 
ombined errors. These error estimates apply uni-formly to large families of fun
tion spa
es. Even for the Eu
lidean 
ase ourresults apply to 
ases whi
h have not been 
overed previously. For example,sampling sets whi
h allow arbitrary 
lustering (as long as they are suÆ-
iently dense) are now in
luded, or subexponential weight fun
tions (su
h asx ! exp( 
jxj
) for some 
 2 (0; 1)), whi
h may grow faster than any poly-nomial. The results are new even for the 
ase of regular sampling over lo
ally
ompa
t Abelian (LCA) groups, i.e. for the 
ase that the sampling values aretaken from some latti
e in G (a dis
rete subgroup with 
ompa
t quotient).Thus to our knowledge they provide for the �rst time a detailed error analysisfor Kluvanek's sampling theorem, whi
h 
orresponds to Shannon's samplingtheorem in the 
ontext of LCA groups (
f. Klu69[14℄).In order to �x notations let us summarize the situation. We shall 
on-sider fun
tions f over a lo
ally 
ompa
t Abelian (LCA) group G, the grouplaw being written additively. As usual the dual group Ĝ 
onsists of the\pure frequen
ies" (or 
hara
ters), i.e. 
ontinuous mappings from G into the
omplex numbers, satisfying �(x + y) = �(x)�(y) and j�(x)j = 1 for allx; y 2 G, endowed with pointwise multipli
ation (and uniform 
onvergen
eover 
ompa
t sets). We write dx and d
 for the Haar measures on G andĜ respe
tively. The spa
es Lp(G) are de�ned as usual with respe
t to thisHaar measure. We refer to the books of Rudin Rud67[16℄, Folland Fol94[11℄, or ReiterRS00[15℄ for generalities on the theory of LCA groups and their Haar measures.
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For a stri
tly positive fun
tion m we de�ne the Bana
h spa
e Lpm byLpm(G) = nf jfm 2 Lpo = nf ��� kfkp;m = �ZG jf(x)jpmp(x)dx�1=p <1o :For p = 1 the usual modi�
ation takes pla
e. This way of generatingweighted Lp-spa
es is more appropriate then the usual one (through a 
hangeof the measure), in order to group families of weighted spa
es as done below.The spa
e C
(G) of all 
ontinuous, 
omplex-valued fun
tions on G with
ompa
t support is 
ontained in any of these spa
es, and is dense if and onlyif p < 1. With the usual rule (obtaining fun
tionals via integration overG) the Bana
h spa
e for Lpm(G) is just Lp0m0(G), with 1=p + 1=p0 = 1 andm0 = 1=m. We write C0(G) for spa
e of (bounded) 
ontinuous fun
tionswhi
h vanish at in�nity. It is a Bana
h spa
e with respe
t to the sup-norm,and again C
(G) is dense in C0(G). Its dual may be identi�ed with M(G),the bounded measures on G.We shall 
onsistently use the symbol w only for Beurling weight fun
tionsw : G ! [1;1) whi
h are assumed to be 
ontinuous and submultipli
ative,i.e., w(x+y) � w(x)w(y) for all x; y 2 G. For su
h weights the Bana
h spa
e(L1w(G); k�k1;w) is a 
ommutative Bana
h algebra with respe
t to 
onvolution,a so-
alled Beurling algebra (RS00[15℄), with f � g(x) = RG g(x � y)f(y)dy forf; g 2 C
(G) being the usual 
onvolution produ
t over G.A general weight m is 
alled w-moderate, if it satis�es m(x + y) �w(x)m(y) for all x; y 2 G. Both m = w itself and m = 1=w are w-moderateweights, but also w�, for any � 2 [�1; 1℄.The spa
es Lpm with moderate weights are translation invariant, i.e., ea
hof the translation operators Lz, de�ned as Lzf(x) = f(x� z), is bounded onLpm and kLzfkp;m � w(z)kfkp;m. Due to the pointwise estimate j(f �g)mj �jf jw � jgjm one also has L1w � Lpm � Lpm. Altogether this implies that thespa
es Lpm (for a �xed w) will be typi
al examples of the Bana
h spa
es(B; k � kB) to whi
h our error analysis applies.As in FP02[9℄, we make sure that our statements apply uniformly for the
olle
tion Bw of all Bana
h spa
es of fun
tions (B; k � kB) on G whi
h satisfythe following six 
onditions with respe
t to some �xed Beurling weight w.(B1) (B; k � kB) is a Bana
h spa
e, 
ontinuously embedded into L1lo
(G), i.e.,for every 
ompa
t set K � G; there exists a 
onstant CK > 0 su
h thatRK jf(x)jdx � CKkfkB for all f 2 B.3



(B2) (B; k � kB) is solid, i.e., if f 2 L1lo
(G) (or f 
ontinuous for the 
aseB = C0) satis�es jf(x)j � jg(x)j almost everywhere on G for someg 2 B; then f 2 B and kfkB � kgkB:(B3) B is invariant under translations, i.e., Lxf 2 B; for all f 2 B; x 2 G.(B4) The weight fun
tion w 
ontrols the operator norm of Lx on B, i.e.,jjjLxjjjB � w(x), or more expli
itlykLxfkB � w(x)kfkB; 8x 2 G; f 2 B: (1) shift-norm(B5) (B; k � kB) is a Bana
h 
onvolution module over L1w(G), i.e.,L1w �B � B; and kg � fkB � kgk1;wkfkB; for g 2 L1w(G); f 2 B:(B6) C
(G) is dense in (B; k � kB).For the sake of simpli
ity we assume w(�x) = w(x). Note that (B5) aboveis a
tually a 
onsequen
e of (B4) and (B6) (via ve
tor-valued integration),but some of our statements are valid without (B6) as well.In order to ensure the existen
e of a generalized Fourier transform as wellas non-zero band-limited fun
tions in any B 2 Bw we have to assume thatthe weight fun
tion w satis�es the so-
alled Beurling-Domar 
ondition (BD)Xn log(w(nx))=n2 <1 for all x 2 G ;see RS00[15℄. As explained in FP02[9℄, for any su
h (B; k � kB) the following de�nitionmakes sense. For a given 
ompa
t set 
 � Ĝ with nonvoid interior we de�nethe spa
e of band-limited fun
tions in B (with spe
trum in 
) byB
 = ff 2 B j spe
(f) := supp(f̂) � 
g;where f̂ denotes the Fourier transform of f in the distributional sense (astempered distributions or ultradistributions, 
f. FP02[9℄ and F-Can[5℄ for details).For any (B; k�kB) as above alsoWiener amalgam spa
es su
h asW (C0; B)are well de�ned, with the natural norm for this spa
e being the (global) B-norm of lo
al 
ontrol-fun
tion x 7! kLxk � fk1 for some non-zero k 2 C
(G),
f. F-Can[5℄. The Bana
h spa
e W (C0; B) is 
ontinuously embedded into both(B; k � kB) and C0(G), hen
e 
onvergen
e in W (C0; B) implies B-norm anduniform 
onvergen
e. The reader 
an �nd the de�nition of Wiener amalgam4



spa
es (previously 
alled Wiener-type spa
es, 
f. F-Hom[4℄) su
h as W (Lp; l1) =W (Lp; L1) (with lo
al Lp-norm and global L1-behavior) in F-Can[5℄, as well as alisting of their basi
 properties, but also H90[12℄ or Hei02[13℄ and FW02[10℄.In order to avoid 
onfusion let us note that the des
ription of those amal-gam spa
es requires the use of BUPUs (bounded uniform partitions of unity)whi
h are supposed to be �xed, while the partitions of unity given below areadapted to the sampling families. The 
onstants given below are given for a�xed norm on those amalgam spa
es (using e.g. a smooth BUPU).2 Partitions of Unity on G and OperatorsWe summarize in this se
tion various operators and (pointwise) estimateswhi
h are relevant for the error analysis 
arried out later on.LetX = (xi)i2I be a dis
rete set of sampling points and U a neighborhoodof identity in G. It is 
alled U-dense if Si2I(xi + U) = G: 	 = ( i)i2I is
alled a (non-negative) partition of unity of size U asso
iated with X if(i)  i is measurable and 0 �  i(x) � 1 for all i 2 I,(ii) supp( i) � (xi + U), for all i 2 I; (uniform size).(iii) Pi2I  i(x) = 1 for all x 2 G:Of 
ourse (ii) and (iii) imply that X has to be a U -dense family in G, 
f. F-Hom[4℄.Following Fei
htinger and Gr�o
henig FG-ERR[8℄, we de�ne for a �xed 
ompa
t(and symmetri
) neighborhood U0 of the identity the lo
al maximal fun
tionf#(x) = supy2U0jf(x+ y)j; (2) sharp-defand furthermore for U � U0 and the lo
al U-os
illation byOs
Uf(x) = supz2U jf(x� z)� f(x)j: (3) OSC-defWe will make use of the spa
e CB de�ned byCB = ff 2 B ��� f 
ontinuous; f# 2 Bg (4) CB-defwith the norm kfkCB = kf#kB. For the sake of 
omparison with othernotations let us mention that CB =W (C0; B) (with equivalent norms).5



The following pointwise estimates are easily veri�ed:(f � h)#(x) � (jf j � h#)(x) (5) estimate1Os
U(f � h)(x) � (jf j �Os
Uh)(x) (6) estimate2For a given partition of unity 	 of size U we de�ne the operatorSp	f =Xi2I f(xi) i;whi
h may be regarded as an irregular spline approximation of f . It is animportant fa
t for our analysis that it makes only use of the given sam-pling values (f(xi)). We need them only for suÆ
iently dense sampling sets,so it is reasonable to assume from now on that U � U0 and 
onsequentlyjSp	f(x)j � f#(x) for all x 2 G, and thus by the solidity of BkSp	fkB � kf#kB : (7) estimate3One more pointwise estimate is of great use for our estimates:jf � Sp	f j(x) � Os
Uf(x): (8) estimate8The main results of FP02[9℄ show that it is possible to re
over a band-limitedfun
tion f 2 B
 from its sampled values on any U(
)-dense dis
rete subsetX = (xi)i2I of G by means of a series representation of the formf =Xi2I f(xi)ei ; (9) series-exp1where the family (ei) is in L1w(G)\B, with joint spe
trum, i.e., supp(êi) � 
0for all i 2 I. Indeed, su
h a family (ei) 
an be 
onstru
ted given only theweight w, the sampling family X = (xi) and the spe
tral set 
.From now on, for a given 
ompa
t set 
 in Ĝ we �x the neighborhoodof the identity in G, say U0, su
h that the expression (series-exp19) holds true for anyU -dense dis
rete subset X = (xi)i2I of G with U � U0.As we are going to show the robustness of this kind of re
onstru
tion wehave to re
all the de�nition of 
ertain approximation operators. They arethe key ingredients for our iterative re
onstru
tion methods. They all grewout of attempts to dis
retize a 
onvolution relation of the form f = f � h invarious di�erent ways, trying to make use of the sampling values of f only(instead of all of f), resp. to make use of "atoms" (shifted 
opies of h) only.6



Let X = (xi)i2I and Y = (yj)j2J be two families of points in G, and	 = ( i)i2I and � = (�j)j2J two partitions of unity of size U asso
iated withX and Y respe
tively. At this point we assume that h 2 L1w(G) is band-limited with spe
(h) = 
0. It follows that h# 2 L1w(G). As in FG-SER[7℄, we 
onsiderthe following approximations to the 
onvolution operator Ch : f 7! h � f:A1f = (Sp	f) � h = hPi2I f(xi) ii � h:A2f = (D	f) � h = Pi2Ihf;  iiLxih:A3f = (D+	f) � h = Pi2I hf(xi) � R  i(x)dxiLxihA4f = [D�(Sp	f)℄ � h = Pj2J hPi2I f(xi) R ( i�j)(x)dxiLyjh:As C
(G) is dense in (B; k � kB) by assumption (B6), the solidity of(B; k�kB) ensures that the partial sums of the seriesPi2I f(xi) i are (un
on-ditional) norm 
onvergent in (B; k�kB) and even in CB. As a 
onsequen
e theoperators are well de�ned at least on CB as 
onvergent series in (B; k � kB).The re
onstru
tion methods des
ribed in FG-SER[7℄ and FP02[9℄ are based on the fa
tthat the approximation operator A (whi
h may be A1; A3 or A4, dependingon the user's preferen
e) satis�es jjjA�ChjjjB
0 < 1 (where jjjT jjjB
0 standsfor the operator norm on B
0), as long as the sampling set X = (xi)i2I issuÆ
iently dense. Hen
e an operator D de�ned as the geometri
 sum basedon (A�Ch) 
an be formed. Under the additional assumption that ĥ = 1 on
 - whi
h will be assumed throughout this arti
le - the iterations given by�0 = Af�n+1 = h � �n � A�n = (Ch � A)�nlead to the following representation of f (as des
ribed in detail in FP02[9℄).f = 1Xn=0 �n =  1Xn=0(Ch � A)n!Af =: DAf;as absolutely 
onvergent series (due to the geometri
 
onvergen
e rate) with1Xn=0 k�nkB �  1Xn=0 jjjCh � AjjjnB
0! � kAfkB <1 :As long as for some sequen
e (
i)i2I the fun
tion f
 = Pi2I 
i i 2 B iswell de�ned, one may apply D to f
 � h and arrives at D(f
 � h) 2 B
0 , just7



by starting the iteration with f
 instead of Af . As a matter of fa
t, a typi
albuilding blo
k ei0 as it is used in (series-exp19) is obtained by 
hoosing as sequen
e 
the unit ve
tor of i0, i.e., with 1 at i0 and 0 elsewhere. Alternatively, ei0arises as limit of the iteration pro
edure, starting with  i0 instead of Af .We are going to dis
uss di�erent kinds of errors that may o

ur in appli-
ations, and will give error estimates whi
h are independent not only fromthe individual f under 
onsideration, the sampling sets (only their densitymatters), and the partitions of unity 	 = ( i)i2I and � = (�j)j2J in use,but even from the spa
e (B; k � kB) to whi
h f belongs (or by whi
h the erroris measured), as long as it belongs to the 
lass Bw, i.e. satis�es 
onditions(B1 � B6) for some �xed w. A typi
al universal 
onstant arising in this
ontext will be the L1w-norm of some fun
tion h 2 L1w(G) satisfying ĥ(!) � 1for all ! 2 
, 
learly indi
ating that one will have larger 
onstants for largersets 
 and stronger weights w.3 Quantization ErrorWhen it 
omes to the re
onstru
tion from sampling values often the exa
tsampling values are not available. Thus typi
ally additive noise may o

ur,or only quantized version of su
h data are available. Therefore we study thee�e
t of quantization on the re
onstru
tion result.We write ~f(xi) for the quantized (or noisy) versions of the pre
ise sam-pling value f(xi), and 
onsequently the re
onstru
tion formula (series-exp19) yields anapproximate re
onstru
tion Pi2I ~f(xi)ei: The round-o� error EROf is de-�ned by EROf = f �Xi2I ~f(xi)ei:Sin
e for the estimate of the quantization error the sup-norm is the naturalone, we use it in the following form.th1 Theorem 3.1 Given a 
ompa
t set 
 in G and h 2 L1(G) with ĥ = 1 on
, there exists a 
onstant dh > 0 su
h thatkEROfk1 = 




Xi2I [f(xi)� ~f(xi)℄ ei 




1 � dh�;for any f 2 C0(G) with spe
(f) � 
 and sampling values that are uniformlyquantized with step width � �. 8



The proof of the above theorem depends on the following lemmas. The�rst one has been proved in FP02[9℄. Both statements make use of the pointwiseestimates (estimate15) and (estimate26) and the solidity of (B; k � kB).In the subsequent lemma we write D1 for the series expansion whi
h isderived from the approximation operator A1.lem2 Lemma 3.2 Assume B 2 Bw.(a) For any 
ompa
t subset 
 of Ĝ, there exists a 
onstant C = C(
) su
hthat for all f 2 B
 kf#kB � C(
)kfkB: (10) EST1(b) For a given � > 0 there exists U1 � U0 su
h that for all f 2 B
0kOs
U1fkB � �kfkB: (11) EST2(
) For a given � > 0 there exists U � U0 su
h that for all f 2 B
kOs
#UfkB � � � kfkB: (12) EST3lem1 Lemma 3.3 Assume B 2 Bw, and 
onsider any approximation operator ofthe form A1 for some suÆ
iently dense set X = (xi)i2I. Then there existsa positive 
onstant dh > 0 su
h that for any (�i)i2I with P�i i 2 B, theseries Pi2I �iei is norm 
onvergent in B and




Xi2I �iei




B = 




D1 Xi2I �i i � h!




B � dh 




Xi2I �i i




B <1:For dh we 
an take dh = jjjD1jjjB
0khk1;w; where D1 =P1n=0(Ch � A1)n:Proof. For f 2 B
0 , estimate (estimate88) givesk(Ch � A1)fkB = k(f � Sp	f) � hkB � kOs
Uf � jhj kB � �kfkBkhk1;w:Choosing � < khk�11;w, we have k(Ch � A1)fkB � 
kfkB for some 
 < 1 andall f 2 B
0 : As in Lemma 4.1 of FP02[9℄ this implies the operator norm estimatejjjCh � A1jjjB
0 � 
 < 1:Hen
e the geometri
 series D1 =P1n=0(Ch � A1)n is a well de�ned operatoron B
0 . Setting ei = D1( i � h);9



we obtain




Xi2I �iei




B = 




Xi2I �iD1( i � h)




B = 




D1 Xi2I �i( i � h)!




B� jjjD1jjjB
0khk1;wkXi2I �i ikB = dhkXi2I �i ikB:Thus the lemma is proved.By 
hoosing (B; k�kB) = (C0(G); k�k1) we obtain the following 
orollary.Corollary 3.4 There exists dh > 0 (depending only on the 
hoi
e of h, whi
hin turn depends only on w and 
) su
h that for any bounded sequen
e (�i)i2IkXi2I �ieik1 � dhk�ik1 <1:Proof of Theorem th13.1. Setting �i = [f(xi)� ~f(xi)℄; we obtain k�k1 � �:Applying Lemma lem13.3, for B = C0(G) we havekER0fk1 � dhkXi2I [f(xi)� ~f(xi)℄ ik1 � dh � Xi2I  i(x) � dh � <1:4 The Jitter ErrorThe jitter error arises if the fun
tion is sampled at the in
orre
t instant x0iinstead of xi, or if the sampling positions are not pre
isely known, and thesamples f(x0i) are used as the input in the re
onstru
tion algorithm. Thenthe resulting re
onstru
tion takes the form~f =Xi2I f(x0i)eiand the jitter error is the deviation of ~f from the 
orre
t re
onstru
tionEJf = f � ~f =Xi2I [f(xi)� f(x0i)℄ ei = D1�Xi2I [f(xi)� f(x0i)℄( i � h)�:Assuming that the deviation from the 
orre
t sampling positions is not toolarge in a uniform sense, one may hope that it is possible to 
ontrol the10



in
uen
e of jitter error with respe
t to the B-norm, for all band-limitedfun
tions f in B with a given spe
trum. The following theorem shows thatthis is indeed the 
ase. Note that the sequen
es X 0 = (x0i)i2I don't have to bere
onstru
tion sequen
es for the following theorem to be valid. On the otherhand the result implies that uniform 
loseness of a familyX 0 to a family withre
onstru
tion property inherits this property as well.th2 Theorem 4.1 Let X = (xi)i2I be a U-dense set of sampling points in G.Then, for any neighborhood V � U there exists a 
onstant C = Ch(V;
0)su
h that for any family X 0 = (x0i)i2I whi
h is V -
lose to X, i.e., xi�x0i 2 Vfor all i 2 I, kEJfkB � Ch(V;
0)kfkB; 8 f 2 B
:More importantly, these 
onstants Ch(V;
0) tend towards zero as V ! f0g:Remark. Using appropriate modi�
ations the same statements 
an be madefor the other re
onstru
tion operators instead of D1. We leave it to theinterested reader to �ll in the ne
essary details.Be
ause two of the most important re
onstru
tion algorithms des
ribedin FP02[9℄ start with spline approximations as a �rst step let us analyze the errorarising in this step �rst.lemma42 Lemma 4.2 Let X = (xi)i2I be a U-dense set of sampling points in G. Forany neighborhood V � U there exists some 
onstant C = C(V ) su
h that forany X 0 = (x0i)i2I satisfying xi � x0i 2 V for all i 2 I,kXi2I [f(xi)� f(x0i)℄ ikB < C(V )kfkBfor all f 2 B
 and all B 2 Bw. Moreover, C(V )! 0 for V ! f0g.Proof. We are going to estimate the expression on the left side by thefun
tion Sp	(Os
V (f)). Indeed, it is obvious that the assumption implyjf(xi)� f(x0i)j � Os
V f(xi); 8i 2 I:Applying now the solidity assumption (B2) and estimate (estimate37) we obtainkSp	(Os
V (f))kB � kOs
#V fkB:It is therefore suÆ
ient to ensure that kOs
#V fkB < "kfkB for all f 2 B
0 .11



Proof of Theorem th24.1. For given 
 we 
hoose a band-limited fun
tion hin L1w(G) su
h that ĥ(
) = 1 for 
 2 
. Then f = f � h for all f 2 B
.Using also Lemma lemma424.2 the jitter error 
an then be estimated as follows.kEJfkB = kD1�Xi2I [f(xi)� f(x0i)℄ i � h�kB� k(Os
#V f) � hkBjjjD1jjjB
0 � kOs
#V fkBkhk1;w jjjD1jjjB
0� � � khk1;w jjjD1jjjB
0 � kfkBThus the theorem holds true for C(V;
0) = � � khk1;w jjjD1jjjB
0 :5 The Trun
ation ErrorThis type of error appears when only lo
al information is available. Hen
ewe assume that only the sampling values of f at the points xi 
ontained ina 
ompa
t set K � G are available. Using them we obtain a band-limitedfun
tion fK 2 B
0, given by the (usually �nite) sumfK = Xxi2K f(xi)ei:The trun
ation error is then given by ETf = f � fK orETf = f � Xxi2K f(xi)ei = Xxi =2K f(xi)ei:We prove two theorems 
on
erning the trun
ation error. Showing that- independent of the area of interest K - the relative trun
ation error overK 
an be made arbitrarily small for all band-limited fun
tions in B, withrespe
t to their B-norm and uniformly over all 
onsidered B-norms, if onlysamples from some \smeared" version ofK are used. The amount of smearingexpressed by a 
ompa
t set W 
an again be 
hosen independently from theindividual fun
tion of the Bana
h spa
e B 2 Bw. In W99[17℄, one 
an foundexpli
it estimates for the one-dimensional L2-
ase.Theorem 5.1 For any " > 0 there exists a 
ompa
t set W su
h that for any
ompa
t set K and for any U-dense family X = (xi)i2I, we havek[f � Xxi2K+W f(xi)ei℄1KkB � "kfkB 8 f 2 B
:12



Proof. Let K be any 
ompa
t subset in G. We write�K;W = Xxi =2K+W f(xi) i :Then by Lemma lem23.2(a) we see thatk�K;WkB � kf#kB � C(
0)kfkB <1 (13) estimate4holds true for all K and W . Thus, for the global trun
ation error, we haveETf = Xxi =2K+W f(xi)ei = Xxi =2K+W f(xi)D1( i � h)= D1� Xxi =2K+W f(xi) i � h� = D1(�K;W � h) :Now we have to determine W so that the lo
al trun
ation error on K, i.e.,ET f �1K, is small and independent of K. By assumption on X, the geometri
series D1 = 1Xn=0(Ch � A1)nis absolutely 
onvergent, thus for any given " > 0 there exists s � 1 su
hthat the �nite sum Ds1 = sXn=0(Ch � A1)nsatis�es the 
onditionjjjD1 �Ds1jjjB
0 < "3C(
0)khk1;w :Then, the lo
al trun
ation error on K is given byETf1K = D1(�K;W � h) � 1K =h(D1 �Ds1)(�K;W � h)i1K| {z }I1 +Ds1��K;W � (h� k)�1K| {z }I2 +Ds1��K;W � k�1K| {z }I3 :We 
onsider I1 for the given s and use estimate (estimate413) in order to 
omputekI1kB = k(D1 �Ds1)(�K;W � h)1KkB� jjjD1 �Ds1jjjB � k�K;W � hkB� "[3C(
0)khk1;w℄�1C(
0)khk1;wkfkB= kfkB � "=3 :13



For I2 we re
all that Ds1 is well de�ned for all f 2 B with f# 2 B andkDs1fkB = k sXn=0(Ch � A1)nfkB:Sin
e f and f# both belong to B, we obtain(Chf � A1f)#(x) = (f � h� Sp	f � h)#(x):� (2f# � jhj)#(x) � (2f# � h#)(x); 8 x 2 G;whi
h ensures that k(Chf � A1f)#kB � 2kf#kBkh#k1;w:Repeating this pro
ess s times, we obtainkDs1kB � 2skf#kBkh#ks1;w = Cskf#kB : (14) estimate5Combining (estimate413) and (estimate514), we havekI2kB = kDs1[�K;W � (h� k)℄1KkB� C(
0)kfkBk(h� k)k1;w� kfkB � "=3for all f 2 B
 and (h� k) suÆ
iently small, and independent of K and W .Finally, we dis
uss I3: We writeT (f) = [f �Xi2I f(xi) i℄ � k;where k 2 L1w(G): We haveT (f)#(x) � (2f# � jkj)#(x) � (2f# � k#)(x);hen
e kTfkB � 2kkk1;w � kf#kBwhi
h implies thatk(T jf)#kB � 2jkkkj1;wkf#kB = Cj1kf#kBfor all f and f# in B: Furthermore,(Chf � A1f � Tf)# = [(f �Xi2I f(xi) i) � (h� k)℄#14



� (Os
Wf)# � jh� kj:As in the Lemma lem23.2(b), we getk(Chf � A1f � Tf)#kB � k(Os
Wf)#kBk(h� k)k1;w� �kfkBk(h� k)k1;wfor all f 2 B
.For �; �# 2 B, the operator identity(Ch � A1)m � Tm= (Ch � A1 � T )[(Ch � A1)m�1T 0 + � � �+ (Ch � A1)0Tm℄= m�1Xj=0 T j(Ch � A1 � T )(Ch � A1)m�j�1holds and the above estimates providek(Ch � A1)m�� Tm�kB = km�1Xj=0 T j(Ch � A1 � T )(Ch � A1)m�j�1kB� m�1Xj=0 Cj1k(Ch � A1 � T )(Ch � A1)m�j�1�#kB� C(
0)k(h� k)k1;w m�1Xj=0 Cj1k(Ch � A1)m�j�1�kB� C(
0)m�1Xj=0 Cj1Cm�j�11 k(h� k)k1;w � k�#kB :Setting Ts =Psj=0 T j; we havekDs1�� Ts�kB = k sXj=0(Ch � A1)j�� T j�kB� Ck(h� k)k1;w � k�#kBwhere C is a general 
onstant, 
overing all 
onstants of the previous 
al
ula-tions. Combining these estimates we see thatkDs1(�K;W � k):1KkB � k(Ds1 � Ts)(�K;W � k)kB + kTs(�K;U � k)1KkB15



� Ck(h� k)k1;w � k�K;W � kkB + kTs(�K;U � k)1KkB� Ck(h� k)k1;wd(W;
0)kfkBkk#k1;w + k[Ts(�K;U � k)℄1KkB :Now, 
hoosing k as the restri
tion of h to a 
ompa
t set in G su
h thatk(h� k)k1;w � "3Ckk#k1;wC(
0)we obtain kI3k � "kfkB=3 + k[Ts(�K;W � k)℄1KkB :With supp(k) � W , it 
an be seen thatTs[�K;W � k℄1K = 0 :This 
ompletes the proof.Theorem 5.2 Let K be a 
ompa
t set in G and f 2 [Lpw℄
(G), thenkETfkp � dhkfkp;w � supx=2Kw�1(x);where dh = jjjD1jjjp;w � khk1;w:Proof. Sin
e the support of Pi=2IK f(xi) i is 
ontained inV = fx 2 G : x = xi + u; xi =2 K; u 2 Ug;we obtain by means of Lemma 5.2kETfkp = kXi=2K f(xi)eikp= kXi=2K f(xi)D1( i � h)kp = kD1Xi=2K f(xi)( i � h)kp� jjjD1jjjB
0khkp;w � kXi=2K f(xi) ikp � dhkXi=2K f(xi) ikp� dhkf#1V kp = dhkf#1Vww�1kp � dhkf#kp;wsupx=2Vw�1(x);whi
h 
ompletes the proof. 16



6 Aliasing ErrorIf the re
onstru
tion algorithm is applied to the samples f(xi) of a non-band-limited, but at least a 
ontinuous fun
tion f it generates a band-limitedfun
tion fA =Xi2I f(xi)eiwith spe
trum in 
0. Then the di�eren
e EAf = f � fA is 
alled aliasingerror. In order to estimate EA we use again the spa
e CB = W (C0; B)de�ned earlier. We will further make use of the following result whi
h is neweven for the Eu
lidean 
ase.th3 Theorem 6.1 Assume that Ĝ is �-
ompa
t. Then there exists a boundedsequen
e h(k) of band-limited fun
tions in L1(G) (with kh(k)k1 � 2) and asequen
e U (k) of neighborhoods of the identity su
h that for any 
hoi
e of aU (k)-BUPU 	(k), the sequen
e of re
onstru
tion operators D(k)A(k) satis�eskf �D(k)A(k)fkp0 ! 0 ;whenever f̂ 2 W (Lp; l1), for some p 2 [1; 2℄:Remarks.1. For general dual groups Ĝ whi
h are not �-
ompa
t one has to usea bounded net of re
onstru
tion operators instead of the sequen
e(D(k)A(k))k�0:2. If f 2 Lpv(Ĝ); for some weight fun
tion v with 1=v 2 Lp0(Ĝ); thenf̂ 2 W (Lp; lpv) � W (Lp; `1): In parti
ular Theorem 6.1 applies for anyp 2 [1; 2℄ if G = Rd; jf̂(x)j � C(1 + jxj)�; for some � > d:The proof of Theorem 6.1 depends on the following lemmas.lem3 Lemma 6.2 For any given weight w satisfying the BD-
ondition, there existsCw > 0, su
h that for any 
ompa
t set 
 in Ĝ; there exists some band-limitedh 2 L1w(G) satisfying khk1;w � 2Cw and ĥ(!) = 1 on 
.Proof. The proof follows BPR[2℄, using the following fa
ts.17



1. There exists � 2 L1w(G), �̂(!) = 1 on 
; be
ause FL1w is a Wieneralgebra in the sense of Reiter RS00[15℄.2. There exist bounded approximate units (��)�2J in L1w(G), of band-limited fun
tions, i.e., sup�k��k1;w � Cw. Sin
e Ĝ is �-
ompa
t onemay assume that this is a sequen
e.Due to these observations, we 
an �nd �0 su
h that k��0 � � � �k1;w < Cw:Setting � = ��0 and following BPR[2℄, we have forh = �+ �� � � �ĥ(x) = 1 on 
; sin
e (1� ĥ)(!) = (1� �̂)(!)(1� �̂)(!) = 0 on 
; andkhk1;w � k�k1;w + k�� � � �k1;w < Cw + Cw = 2Cw:Remark. Clearly one 
an 
hoose Cw = 2 (even Cw = 1 + �; for any � > 0)for the 
ase that w(x) = 1:lem4 Lemma 6.3 If C
(G) is dense in B and B � C0(G); then for every f 2 CB;Os
Uf 2 CB for a suÆ
ient small U 2 U(e) and kOs
UfkCB ! 0 forU ! feg:Proof. Sin
e jOs
Uf(x)j � 2f#(x) for U � U0, we have (Os
Uf)# �2f## 2 B; by the translation invarian
e and solidity of B; hen
e Os
Uf 2CB for f 2 CB: Sin
e C
(G) is dense in B; for a given � > 0 there existssome 
ompa
t set K � G su
h thatkf## 1K
kB < �=4;hen
e k(Os
#Uf) 1K
kB < �=2 : (15) estimate6Furthermore, f 2 B � C0(G) is uniformly 
ontinuous and therefore one 
an�nd U � U0 su
h that kOs
Ufk1 < �=(2k1KkB); andk(Os
#Uf) 1KkB � kOs
Ufk1k1KkB < �=2 : (16) estimate7From (estimate615) and (estimate716), we infer that for any suÆ
iently small U � U0kOs
#UfkB � k(Os
#Uf) 1K
kB + k(Os
#Uf) 1KkB < � :18



Proof of Theorem th36.1 Let 
k be an in
reasing sequen
e of 
ompa
t subsetsin Ĝ with Ĝ = [
k. We 
hoose h(k) a

ording to Lemma lem36.2 su
h thatĥ(k) = 1 on 
k and kh(k)k1 � 2: For h(k) we 
hoose U (k) su
h that for everyU (k)-BUPU 	(k) we have for A(k)f = Sp	(k)f � h(k), (where A = A1 asin FP02[9℄) jjjCh(k) � A(k)jjjp0 < 1=2: Then D(k) = P1n=0(Ch(k) � A(k))n satis�esjjjD(k)jjjp0 � 2 andkD(k)A(k)gkp0 � 3kgkp0; 8 g 2 Lp0(G);be
ause jjjA(k)jjjp0 � jjjCh(k)jjjp0 + jjjCh(k) � a(k)jjjp0� kh(k)k1 + 1=2 � 2 + 1=2 < 3:For any � > 0 and f with f̂ 2 W (Lp; l1), we may 
hoose some k su
h thatkf̂ � f̂ 1
kkW (Lp;l1) < "=6 ;and de�ne fk by f̂k = f̂ 1
k : For given samples of f , we get fa = D(k)A(k)f .Using the assumption B ,! W (C; lp0) (e.g. if f̂ 2 W (Lp; l1) for all f 2 B),we 
omputekEAfkB = kf � fakB = kfk + (f � fk)�D(k)A(k)fk �D(k)A(k)(f � fk)kB� kf � fkkB + jjjD(k)jjj � jjjAjjj � kf � fkkBbe
ause fk = D(k)A(k)fk. Combining these estimates we obtainkEAfkp0 � 6kf � fkkB < " :7 Combined ErrorsApparently, in typi
al appli
ations the errors des
ribed in the previous se
-tions may o

ur simultaneously. Thus, it will be ne
essary to deal with thepossible 
ombinations of these errors. In order to avoid multiple, but verysimilar arguments we des
ribe in this se
tion the 
ombination of jitter andaliasing errors on a lo
ally 
ompa
t Abelian group. We prove the following:th4 Theorem 7.1 If f 2 CB is sampled at points x0i; i 2 I, instead of xi andthe re
onstru
tion algorithm yields~f(x) =Xi2I f(x0i)ei;19



then k ~f � fkB � kf � f � hkB + dhkf � f � hkCB + C(U;
0)kfkB; )where U , h 2 L1w(G) and 
onstants are taken from the previous theorems.Proof. Combining the jitter and aliasing errors for the sample points x0i; i 2I; we get ~f � f = Xi2I [f(x0i)� (f � h)(x0i)℄ei| {z }I1+ Xi2I [(f � h)(x0i)� (f � h)(xi)℄ei| {z }I2+ (Xi2I (f � h)xiei)� f| {z }I3 :We have kI1kB = kXi2I [f(x0i)� (f � h)(x0i)℄eikB= kXi2I [f(x0i)� (f � h)(x0i)℄D1( i � h)kB� dhkXi2I [f(x0i)� (f � h)(x0i)℄ ikB� dhk(f � f � h)#kB = dhk(f � f � h)kCB :We also have kI3kB = k(f � f � h)kB :Finally, we see that I2 is a jitter error of f � h. Hen
e, as in the proof ofTheorem th24.1, we havekI2kB = kEJ(f � h)kB = kXi2I [(f � h)(x0i)� (f � h)(xi)℄eikB= kD(Xi2I [(f � h)(x0i)� (f � h)(xi)℄( i � h))kB� Ch(U;
0)kf � hkB � Ch(U;
0)khk1;wkfkB :Combining these estimates 
ompletes the proof of the theorem. Remarks.20



1. Even CB-norm estimates for B = Lp0(G) and f as in Theorem th47.1 arepossible.2. The 
orresponding error estimates using the operators A2; A3 and A4
an be obtained by similar arguments as for the theorems involving A1.Referen
esAG:SIREV [1℄ A. Aldroubi and K.Gr�o
henig. Non-uniform sampling and re
onstru
-tion in shift-invariant spa
es. SIAM Rev., 43(4) (2001), 585-620.BPR [2℄ G.F. Ba
helis, W.A. Parker and K.A. Ross, Lo
al units in L1(G), Pro
.Am. Math. So
., Vol. 31, 1972, 312{313.F-Bol [3℄ H.G. Fei
htinger. Bana
h 
onvolution algebras of Wiener type. In Pro
.Conf. on Fun
tions, Series, Operators, Budapest 1980, volume 35 ofColloq. Math. So
. J�anos Bolyai, 509{524. North-Holland, Amsterdam,1983.F-Hom [4℄ H.G. Fei
htinger, A 
hara
terization of minimal homogeneous Bana
hspa
e, Pro
. Am. Math. So
. 81/1, (1981), 55{61.F-Can [5℄ H.G. Fei
htinger, Generalized amalgams, with appli
ations to Fouriertransform, Canad. Journ. of Math. XLII/3, (1990), 395{409.FG-Atom1 [6℄ H.G. Fei
htinger and K. Gr�o
henig, Bana
h spa
es related to integrablegroup representations and their atomi
 de
ompositions I, J. Fun
t.Anal., Vol.86/2 (1989), 307{340.FG-SER [7℄ H.G. Fei
htinger and K. Gr�o
henig, Irregular sampling theorems andseries expansions of band - limited fun
tions, Jour. Math. Anal. Appl.167 (1992), 530{556.FG-ERR [8℄ H.G. Fei
htinger and K. Gr�o
henig, Error analysis in regular and irreg-ular sampling theory, Appl. Anal. 50 (1993), 167{189.FP02 [9℄ H.G. Fei
htinger and S.S. Pandey, Re
overy of band- limited fun
tionson a lo
ally 
ompa
t abelian groups from irregular samples (submitted).FW02 [10℄ H.G. Fei
htinger and T. Werther, Robustness of minimal norm inter-polation in Sobolev algebras. In Sampling, Wavelets and Tomography,Eds.J.J.Benedetto and A.Zayed, Birkh�auser, , ANHA-Series, 2002.21



Fol94 [11℄ G.B. Folland. A Course in Abstra
t Harmoni
 Analysis. CRC Press,Bo
a Raton, 1994.H90 [12℄ C.E. Heil, Wiener Amalgam Spa
es in Generalized Harmoni
 Analysisand Wavelet Theory, Ph.D. Thesis, Univ. of Maryland, 1990.Hei02 [13℄ C. Heil. An introdu
tion to weighted Wiener amalgam spa
es Pro
.Conf. Madras, January 2002, to appear.Klu69 [14℄ I. Kluvanek, Sampling theorem in abstra
t harmoni
 analysis, Mat. Ca-sopis Slov. Akad. Vied, 15(1969), 43-48.RS00 [15℄ H. Reiter and I. Stegeman, Classi
al Harmoni
 Analysis and Lo
allyCompa
t Groups, Oxford Univ. Press, 2nd Ed., 2000.Rud67 [16℄ W. Rudin. Fourier Analysis on Groups, Wiley, New York, 1967.W99 [17℄ T. Werther, Re
onstru
tion from irregular samples with improved lo
al-ity, Master Thesis, University of Vienna, 1999.

22


