
A LEVINSON-GALERKIN ALGORITHM FOR REGULARIZEDTRIGONOMETRIC APPROXIMATION�THOMAS STROHMERyAbstract. Trigonometric polynomials are widely used for the approximation of a smooth func-tion from a set of nonuniformly spaced samples. If the samples are perturbed by noise, a goodchoice for the polynomial degree of the trigonometric approximation becomes an essential issue toavoid over�tting and under�tting of the data. Standard methods for trigonometric least squaresapproximation assume that the degree for the approximating polynomial is known a priori, which isusually not the case in practice. We derive a multi-level algorithm that recursively adapts to the leastsquares solution of suitable degree. We analyze under which conditions this multi-approach yieldsthe optimal solution. The proposed algorithm computes the solution in at most O(rM +M2) oper-ations (M being the polynomial degree of the approximation and r being the number of samples) bysolving a family of nested Toeplitz systems. It is shown how the presented method can be extendedto multivariate trigonometric approximation. We demonstrate the performance of the algorithm byapplying it in echocardiography to the recovery of the boundary of the Left Ventricle of the heart.Key words. trigonometric approximation, Toeplitz matrix, Levinson algorithm, multi-levelmethod.AMS subject classi�cations. 65T10, 42A10, 65D10, 65F101. Introduction. The necessity of recovering a function from a �nite set ofnonuniformly spaced measurements arises in areas as diverse as digital signal pro-cessing, geophysics, spectroscopy or medical imaging. the measurements fsjgrj=1 areoften distorted by several kinds of error. Hence a complete reconstruction of thefunction from the perturbed data s"j = sj + �j is not possible. Often the functionto be reconstructed is smooth, in which case a trigonometric polynomial of relativelylow degree (compared to the possibly huge number of samples) can provide a goodapproximation to the function. This trigonometric approximation may be found bysolving the least squares problemminp2PM rXj=1 jp(xj)� s"j j2wj ; (1.1)where wj > 0 are weights and PM is the space of trigonometric polynomials of degreeless than or equal to M .Many e�cient algorithms have been developed to solve (1.1), e.g., see the articles[22, 7, 25, 11, 10]. But surprisingly little attention has been paid to the problem ofhow to control the smoothness of the approximation in order to avoid over�tting andunder�tting of the data. An adaptation of the smoothness of the approximation can�The author has been supported by project S7001-MAT, Schr�odinger fellowship J01388-MAT ofthe Austrian Science foundation FWF, and NSF DMS grant 9973373.yDepartment of Mathematics, University of California, Davis, CA 95616-8633, USA;strohmer@math.ucdavis.edu. 1



2 Thomas Strohmerbe achieved of instance by providing a suitable upper bound for the degree M of thespace PM in (1.1). In most of the aforementioned algorithms a necessary requirementto get useful results in applications is that a good a priori guess of the degree of thetrigonometric approximation is available. However a priori it is not clear what is asuitable degree for the solution, in terms of how to choose a reasonable degree Mwhen solving (1.1). Determining M by \trial and error" is certainly not a satisfyingalternative.It is the goal of this paper to derive an e�cient algorithm that computes thetrigonometric approximation which provides the \optimal" balance between �ttingthe given data and preserving smoothness of the solution. Here optimality is meantin the sense that the solution has minimal degree among all trigonometric polynomialsthat satisfy a certain least squares criterion. The algorithm recursively adapts to theleast squares approximation of optimal degree by solving a family of nested Toeplitzsystems in at most O(Mr +M2) operations,If the data fs"jgrj=1 were (i) unperturbed and (ii) stem from sampling a trigono-metric polynomial (with degree less than r=2), then the solution of (1.1) would auto-matically have the appropriate degree, since the original function could be completelyrecovered in this case. However the assumptions (i) and (ii) are rarely met in ap-plications and controlling the smoothness of the solution becomes essential to avoidover�tting and under�tting of the data. If we choose the upper bound for the degreein (1.1) too large, the solution will almost always take on the maximal possible degree,hence being too wiggly and picking up too much noise (over�t), see also Figure 1.1(a){(b). In the extreme case 2M + 1 = r we will get an interpolating polynomial,mostly with strong oscillations and far away from approximating the function betweenthe given samples. On the other hand, if we choose M too small, then the approxi-mation will be very smooth but poorly �tting the given data (under�t). Figure 1.1(c)illustrates this behavior. The \regularized" trigonometric approximation obtained bythe algorithm proposed in this paper { to which we will refer as Levinson-Galerkinalgorithm { is shown in Figure 1.1(d).The paper is organized as follows. In Sections 2 and 4 we present the mainresults, including the Levinson-Galerkin algorithm and a theoretical analysis thatclari�es under which conditions this algorithm provides optimal results. In Section 3we show how properly chosen weights can be used as simple but e�cient tool toprecondition the least squares problem. Some aspects of extending the algorithm tomultivariate trigonometric polynomials are discussed in 5. In Section 6 we presentsome applications in echocardiography.Before we proceed we introduce some notation and conventions. The inner prod-uct is denoted by h�; �i, and the conjugate transpose of a matrix A by A�. The space
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(c) Least squares approximation using atoo small upper bound for the degree ofthe polynomial (under�t) 0 200 400 600 800 1000
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(d) Regularized approximation by pro-posed Levinson-Galerkin algorithmFig. 1.1. Controlling the smoothness of the solution is essential for trigonometric approxima-tion from perturbed data in order to avoid over�tting and under�tting of the data. The proposedLevinson-Galerkin algorithm automatically adapts to the least squares solution of optimal degree.of trigonometric polynomial of degree equal to or less than M is de�ned asPM = (p : p(x) = MXk=�M cke2�ikx) : (1.2)The norm of p(x) =PMk=�M cke2�ikx 2 PM is given bykpk = 0@ 1Z0 jp(x)j2 dx1A 12 =  MXk=�M jckj2! 12 = kck ; (1.3)



4 Thomas Strohmerwhere c = fckgMk=�M . In some applications it is advantageous to deal with complex-valued polynomials (see also Section 6), hence we do not restrict ourselves to the caseof real-valued trigonometric approximation.For a = [a�M ; a�M+1; : : : ; aM�1; aM ] 2 C 2M+1 we de�ne the orthogonal projec-tions PN by PNa = [0; : : : ; 0; a�N ; a�N+1; : : : ; ar; aN ; 0; : : : ; 0] (1.4)for N = 1; 2; : : : ;M and identify the image of PN with the 2N +1-dimensional spaceC 2N+1 .Let pM and pN be trigonometric polynomials of degree M and N respectively,with coe�cients vectors cM 2 C 2M+1 ; cN 2 C 2N+1 . If N < M , then we can alwaysinterpret pN as polynomial of degree M by adding to appropriate number of zero-coe�cients and by doing so we are embedding the vector cN into a zero-padded vectorof length 2M+1. We will henceforth tacitly assume that such an embedding has beenmade, when we compute expressions such as kcM � cNk.2. Multi-level least squares approximation. A standard method in numer-ical analysis to �nd the optimal balance between �tting the given data and preservingsmoothness of the solution is to introduce a regularization parameter. The best valueof this regularization parameter is then determined for instance by generalized crossvalidation [15] or via the L-curve [20]. Here we understand regularization not as a wayto stabilize ill-conditioned problems, but in a broader context as a means of �ndingthe best compromise between �tting a given set of data and preserving smoothnessof the solution. As we will see, in our case it is not necessary to introduce an addi-tional parameter, since we can regularize the smoothness of the solution by varyingthe parameter M of the space PM in which we are searching for the solution of (1.1).For the derivation of the algorithm we consider �rst following situation. Assumep�(x) = PN�k=�N�(c�)ke2�ikx 2 PN� and let s" = fs"jgrj=1; 2M + 1 � r with s"j =sj + �j = p�(xj) + �j be given noisy samples satisfyingks" � sk2 � "ks"k2: (2.1)For convenience we assume that r, the number of samples, is odd.The aim is to approximate p� from the data fs"jgrj=1. Let us �rst assume that wealready know that we are searching for our least squares solution in the space PN� . Inthis case the coe�cient vector of the polynomial that solves (1.1) is the least squaressolution of WVN�c =Ws" ; (2.2)where VN� is a r � (2N� + 1) Vandermonde matrix with entries(VM )j;k = e2�ikxj ; j = 1; : : : ; r; k = �N�; : : : ; N� (2.3)



Regularized trigonometric approximation 5and W = diag(fpwjg).We will discuss the role and speci�c choice of the weights in more detail in Sec-tion 3. To reduce the notational burden we absorb the weight matrix W in theVandermonde matrix and in the sampling values. Thus for given degree, M say, weconsider the linear system of equationsVM c = s" (2.4)where VM is now the r� (2M +1) \weighted Vandermonde" matrix. We will denotethe least squares solution of (2.4) by c(M) = fc(M)k gMk=�M and the correspondingpolynomial is p(M)(x) =PMk=�M c(M)k e2�ikx.Since in general we do not know the optimal degree or level M of the space PM inwhich we should solve the least squares problem, the situation becomes considerablymore complicated. If we want to solve (1.1) under the information (2.1) withoutknowing the degree of the polynomial, one may argue that we have to accept anytrigonometric polynomial p(x) = PNk=�N cke2�ikx with kVNc � s"k � "ks"k as anapproximate solution to p�, since it is compatible with the only knowledge we haveon the data.In general there may be in�nitely many such polynomials, which raises the ques-tions of how to �nd a polynomial p that yields a small approximation error kp� � pkand at the same time can be computed e�ciently.2.1. A multi-level algorithm and an e�cient stopping criterion. Theheuristic considerations above suggest following approach.Algorithm 1. Set N = 0 and solve V0c(0) = s". If c(0) satis�es the conditionkV0c(0) � s"k � "ks"k, take c(0) as solution. Otherwise set N = N + 1 and solveVN c(N) = s" ; (2.5)until c(N) satis�es for the �rst time the stopping criterionkVNc(N) � s"k � "ks"k: (2.6)at some level N = N0. Set c(N0) = c(N). The approximation to p� is then p(N0)(x) =PMk=�M c(N0)k e2�ikx.The stopping criterion (2.6) is well-de�ned, since it is de�nitely satis�ed for N =(r�1)=2, in which case the left side in (2.6) equals 0. Thus Algorithm 1 selects amongall least squares solutions p(N); N = 0; : : : ; (r � 1)=2 that polynomial with minimaldegree.Algorithm 1 and stopping criterion (2.6) can be justi�ed by following theoreticalconsiderations.One readily veri�es that the matrices VN ; N = 0; : : : ; (r�1)=2 satisfy the relations:(i) there exists a left-inverse V +N such thatV +N VN = IN ; with V +N = (V �NVN )�1V �N ; (2.7)where IN is the identity matrix on C 2N+1 .



6 Thomas Strohmer(ii) Let a 2 C 2M+1 be the coe�cient vector of some p 2 PM . ThenVNa = VMa for all N >M; a 2 C 2M+1 : (2.8)In (ii) we have made use of the fact that the coe�cient vector a can be interpretedas coe�cient vector of a polynomial of degree N by extending it to a vector of length2N + 1 via zero-padding. The matrix-vector multiplication VMa and equation (2.8)should be understood in this sense.Lemma 2.1. If N � N� then c(N) satis�es kVNc(N)�s"k � "ks"k, hence stoppingcriterion (2.6) always becomes active at some level N0 � N�.Proof. Note that VNV +N is the orthogonal projection into range(VN ) and s 2range(VN�) � range(VN ) for N� � N , hence VNV +N s = s. ThereforekVNc(N) � s"k2 =kVNV +N (s+ �)� (s+ �)k2 = k� � VNV +N �k2 (2.9)=k�k2 � kVNV +N �k2 � "2ks"k2; (2.10)where we have used condition (2.1) in the last step. It follows from (2.10) thatAlgorithm 1 terminates at some level N0 � N�.The following lemma shows that from the viewpoint of numerical stability it isadvisable to keep the level N of the space PN in which we search for our solution assmall as possible.Lemma 2.2. cond(V �NVN ) � cond(V �MVM ) for N �M .Proof. Since PM (V �NVN )PM = V �MVM for M � N;Cauchy's Interlace Theorem [16] implies that cond(V �NVN ) � cond(V �MVM ) for N �M . In the sequel we demonstrate that the fact that Algorithm 1 terminates at somelevel � N� is a desired property in many cases. We show that stopping criterion (2.6)is even optimum in a number of cases.Let us �rst consider two special cases: (i) noisefree samples and (ii) uniformlyspaced samples.2.1.1. Noisefree samples. Any reasonable stopping criterion has to satisfy fol-lowing lemma.Lemma 2.3. For noisefree data the stopping criterion (2.6) yields the exact so-lution.Proof. One readily veri�es that Algorithm 1 terminates at level N�. Hence forN = N�:kp(N) � p�k = kc(N) � c�k = kV +N s" � c�k = kV +N VN c� � c�k = 0; (2.11)since V +N VN c� = c� for N � N�.Lemmas 2.3 and 2.2 together show that stopping criterion (2.6) yields the opti-mum solution for noisefree data while providing maximum numerical stability.



Regularized trigonometric approximation 72.1.2. Uniformly spaced samples. If the sampling points xj ; j = 1; : : : ; r areuniformly spaced and we choose wj = 1=r as weights then a simple calculation showsthat VN is unitary on C 2N+1 , i.e., V �NVN = IN for N = 0; 1; : : : ; (r � 1)=2.In this casekc� � c(N)k = kc� � V �Ns"k = kc� � V �NVN�c� � V �N�k: (2.12)N � N� implies V �NVN� = IN and hencekc� � c(N)k = kV �N�k: (2.13)Note that kV �N�k = hV �N�; V �N�i = hVNV �N�; �i = kVNV �N�k; (2.14)since VNV �N is an orthogonal projection. Equation (2.14) yieldskV �M�k � kV �N�k for M � N; : (2.15)Consequently kc� � c(M)k � kc� � c(N)k if N� �M � N: (2.16)Thus for uniformly spaced samples any stopping criterion should terminate Algo-rithm 1 at the latest at N = N�. Under a mild condition on the coe�cients c� wecan show that the proposed stopping criterion provides the optimal solution amongall least squares solutions.Proposition 2.4. Assume that the samples are regularly spaced. Then the solu-tion p(N0) computed via Algorithm 1 satis�eskp� � p(N0)k � kp� � p(N)k for all N � N�: (2.17)If furthermore p� satis�esk(IN� � PN )c�k � k(IN� � PN )V �N��k (2.18)then kp� � p(N0)k � kp� � p(N)k for all N: (2.19)Condition (2.18) is satis�ed e.g., if all coe�cients of p� are larger than the relativenoise level, i.e., jckj � "ks"k.Proof. Lemma 2.1 yields that N0 � N�, thus (2.16) implies (2.17).To prove assertion (2.19) we only have to show thatkc� � c(N0)k � kc� � c(N)k for all N < N�



8 Thomas StrohmerFor N < N� note that (c� � V �NVN�c�) is orthogonal to V �N�, sincehc�; V �N�i =hV �N�VN�c�; V �N�i (2.20)=hVN�c�; V �N�V �N�i = hVN�c�; VNV �N�i; (2.21)hence hc� � V �NVN�c�; V �N�i = 0:Thereforekc� � c(N)k2 = kc� � V +N VN�c� + V �N�k2 = kc� � V +N VN�c�k2 + kV �N�k2 :In order to prove kc� � c(N0)k � kc� � c(N)k for all N < N� we need to verifykc� � V +N VN�c�k2 + kV �N�k2 � kV �N��k2. Sincekc� � V +N VN�c�k2 = N�Xjkj=N+1 j(c�)kj2 = k(IN � PN )c�k2and k(VN�)��k2 � kV �N�k2 = N�Xjkj=N+1 j(V �N��)kj2 = k(IN � PN )V �N��k2;the result follows now from the assumption (2.18).Remark: Proposition 2.4 shows that the least squares polynomial that gives thebest approximation to p� is not necessarily of degree N�.2.1.3. Noisy nonuniform samples. For noisy nonuniformly spaced data weobserve that kp� � p(N)k = kc� � c(N)k � kc� � V +N VN�c�k+ kV +N �k;and for N � N� kp� � p(N)k � kV +N �k; (2.22)since kc� � V +N VN�c�k = 0 in this case.If VN is not unitary then kV +N �k is not necessarily monotonically increasing withincreasing level N . One can argue heuristically that since kV +N k is increasing withincreasing level N due to Lemma 2.2, we may fairly assume that kV +N �k will alsoincrease (although not strictly monotonically). Also from the viewpoint of numericalstability it is reasonable to keep the level N small, since by Lemma 2.2 we knowthat cond(V �NVN ) � cond(V �MVM ) for N �M . This together with (2.22) suggests tochoose a stopping criterion which terminates at or before levelN�, which is guaranteedfor stopping criterion (2.6) by Lemma 2.1.We can conclude that the stopping criterion will provide excellent results if thenoise level " is small or if the condition number of V �NVN is small (which implies thatVN is approximately unitary). In order to verify the latter it is useful to have estimatesfor the condition number of V �NVN . We will address this issue in Proposition 3.1.



Regularized trigonometric approximation 92.2. A Toeplitz system and trigonometric approximation. Instead of di-rectly solving VM c(M) = s" it is more e�cient in our case to consider the normalequations V �MV �M c(M) = V �Ms": (2.23)The reason is that from a numerical point of view the structural properties of thematrix V �MVM are much more attractive than those of VM , which in turn leads tofaster numerical algorithms, see also Section 4.Set TM = V �MVM then a simple calculation shows that the entries of the hermitianmatrix TM are (TM )k;l = rXj=1wje2�i(k�l)xj ; k; l = �M; : : : ;M: (2.24)TM is a Toeplitz matrix, since the entries (TM )k;l depend only on the di�erence k� l.Obviously TM is invertible if 2M + 1 � r.Following result is just a reformulation of (2.23) together with relation (2.8), butsince it plays a key role in Section 4 it is helpful to state it in detail (cf. also [18]).Theorem 2.5. Given the sampling points 0 � x1 < : : : ; xr < 1, samples fs"jgNj=1,positive weights fwjgrj=1 and the degree M with 2M +1 � r. The polynomial p(M) 2PM that solves (1.1) is given byp(M)(x) = MXk=�M c(M)m e2�ikx 2 PM : (2.25)where its coe�cients c(M)k satisfyTMc(M) = b(M) 2 C (2M+1)2 ; (2.26)with b(M)k = rXj=1 s"jwje2�ikxj for jkj �M; (2.27)and TM as de�ned in (2.24).3. Weights as simple preconditioner. Vandermonde matrices are known tobe ill-conditioned, if the nodes xj are clustered [13]. To improve the stability of thesystems (2.4) and (2.26) we can use the weights as simple diagonal preconditioner.This leads to the problem of how to choose the weights wj .We propose to use the size of the area of the Voronoi region [23] associated withthe sampling point xj as weight wj . In 1-D this reduces towj = xj+1 � xj�12 : (3.1)



10 Thomas StrohmerThis choice is motivated by following observations.In this section we let VN denote the Vandermonde matrix de�ned in (2.3) withoutweights. Let p 2 PM with coe�cient vector c. SincehTM c; ci = hWVM c;WVM ci = kWVMck2 = rXj=1 jp(xj)j2wj ; (3.2)the inequality C1kck2 � rXj=1 jp(xj)j2wj � C2kck2 (3.3)holds for all c 2 C 2M+1 with constants C1 = �min and C2 = �max, where �min and�max denote the minimal and maximal eigenvalue, respectively, of TM .(i) The lower bound of TM is mainly determined by the large gaps in the sam-pling set. Suppose there is a large gap in the sampling set and denote the intervalcorresponding to this gap by � (hence xj =2 �). Choose a trigonometric polynomialp 2 PM which, like the prolate spheroidal functions, concentrates most of its energyin the interval �. Then the sampling values of p will not pick up any informationabout the main concentration of the polynomial energy. Consequently if we use noweights (or set wj = 1) we getXj =2� jp(xj)j2 � kpk2 = kck2:For such a sampling set the lower frame bound C1 in the inequality (3.3) must besmall. Generically, large gaps and the ensuing lack of information always results inbad condition numbers. This problem cannot be �xed by preconditioning.(ii) On the other hand, we can choose a trigonometric polynomial that is mainlyconcentrated in the region where the sampling points are located. In this case thesame local information is counted and added several times. ThusXj =2� jp(xj)j2 � kpk2 = kck2and the upper constant C2 in (3.3) will be large. Yet, as mentioned in (i) a clusterwill not contribute much to the lower bound and to the uniqueness of the problem. Inthis case the condition number is large, because too much local information is givenin certain areas of the polynomial.Problem (ii) can be addressed by introducing properly chosen weights. The ideais to compensate for the local variation of the sampling density by using weights ininequality (3.3). Suppose that 0 � x1 � x2 � � � � � xr < 1 is a sampling set in[0; 1]. Then a natural choice for the weights is wj = (xj+1 � xj�1)=2. Thus if manysamples are clustered near a point xj , then the weight wj is small. If xj is the onlysampling point in a large neighborhood, then the corresponding weight is large. This



Regularized trigonometric approximation 11choice has not only been con�rmed by extensive numerical experiments [11], but alsoby following optimization approach.A standard approach for the construction of preconditioners for a matrix A is thefollowing. One attempts to �nd the matrix P in a given class M of matrices (e.g.,the class of all circulant matrices or the class of all diagonal matrices) which solvesminP2MkI � PAkF ; (3.4)where k:kF denotes the Frobenius norm.In our setting this translates to following optimization problemminW2DkI � (WV )�WV kF ; (3.5)where D is the class of all r � r diagonal matrices and I is the (2M + 1)� (2M + 1)identity matrix.Note that we require that wj > 0 whereas (3.5) could in principle yield weightsthat violate this condition. However since we will make use of (3.5) in our actualalgorithm, we are somewhat sloppy here.An alternative approach is to consider the solution ofminfcond[(WV )�WV ]gsubject to W 2 D: (3.6)This optimization problem can be transformed to a general eigenvalue problem, see [4],which can be solved by convex optimization algorithms.In the simple case of regular sampling it is easy to check that the solution of bothoptimization problems is given by W = diag(fpwjg) with wj = (xj+1 � xj�1)=2 =1=r. However in the more interesting case of nonuniform sampling neither prob-lem (3.5) nor (3.6) does in general have an analytic solution. Thus using these ap-proaches for the actual construction of a preconditioner would be ridiculous, sincethe computational costs to solve these optimization problems are considerably largerthan solving the trigonometric approximation problem. Nevertheless, solving (3.5)and (3.6) numerically for a variety of di�erent examples is useful to get insight in thetype of weights obtained by these approaches.The numerical results con�rm the choice of the Voronoi-type weights de�nedin (3.1). Sampling points in densely sampled areas are assigned a small weight,whereas sampling points in sparse sampled regions are assigned a large weight. Twotypical comparisons of the weights obtained via optimization and the Voronoi weightsare illustrated in Figure 3. In the �rst case we consider a sampling set with highdensity at the endpoints and strongly decreasing density towards the center. Theweights obtained by solving (3.5) and (3.6) are almost identical and are very close tothe Voronoi weights, as can be seen in Figure 3(a). The di�erence at the endpoints isprobably due to boundary e�ects.
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(b)Fig. 3.1. Comparison of weights obtained by di�erent approaches.In the second example we consider a random sampling set with several areaswith high sampling density and relatively few samples between these clusters. Againall three approaches give weights that show a similar behavior, see Figure 3(b). Thecondition number of the non-weighted Toeplitz matrix in this example is 33, comparedto the signi�cantly smaller condition number 3.3 when using Voronoi-type weights.Using the weights obtained via (3.5) gives cond(TM ) = 3:1, and for the weightsresulting from (3.6) we get cond(TM ) = 2:9, which is only a slight improvementcompared to the Voronoi-type weights.Obtaining good estimates for the condition number of a Toeplitz matrix is adi�cult problem. It is gratifying that by using the weights de�ned in (3.1) it ispossible to get an upper bound for the condition number.Proposition 3.1 (Gr�ochenig, [18]). Assume that the sampling set fxjgrj=1 sat-is�es max(xj+1 � xj) := 
 < 12Mand set wj = (xj+1 � xj�1)=2. Then the condition number of the Toeplitz matrix TMde�ned in (2.24) is bounded by �(TM ) � �1 + 
1� 
�2 : (3.7)4. A Levinson-Galerkin algorithm for trigonometric approximation.The method described in Algorithm 1 can be seen as a Galerkin-type approach,since we try to determine an approximation by searching for a solution in a �nite-dimensional space spanned by orthogonal polynomials, and by increasing the dimen-



Regularized trigonometric approximation 13sion of the space we increase the resolution of our approximation by adding more andmore details.When we use Levinson's algorithm [16] to solve (2.26) for M = 0; 1; : : : ; N0 thetotal computational e�ort would be of O(N30 ), since the solution of each systemTMc(M) = b(M) requires O(M2) operations. Using one of the fast Toeplitz algo-rithms [2, 5] reduces this e�ort to O(kM logM) for each level M , where k is thenumber of iterations, thus leading to a total of O(kN20 logN0) operations. In thissection we show that the systems TMc(M) = b(M);M = 0; 1; : : : ; N0 can be solved inO(N20 ) operations and the total e�ort (including the calculation of the entries of TMand the evaluation of the stopping criterion (2.6)) for computing p(N0) is O(rN0+N20 )operations.Following observation is crucial for the derivation of the proposed Levinson-Galerkin algorithm.Lemma 4.1. For �xed degree M and M+1 let TM ; b(M) and TM+1; b(M+1) be theToeplitz matrices and right hand sides as de�ned in (2.24) and (2.27), respectively.Then TM and b(M) are embedded in TM+1 and b(M+1) in the following way:TM+1 = 2666666664 t0 : : : t2(M+1)... TM ...t2(M+1) : : : t0
3777777775 ; b(M+1) = 2666666664b�(M+1)b(M)bM+1

3777777775 : (4.1)
Proof. (4.1) follows immediately from the de�nition of TM and b(M) and (2.8).Unfortunately the solutions c(M) and c(M+1) of the systems TM c(M) = b(M) andTM+1c(M+1) = b(M+1) are not related is such a simple manner. But we can exploitthe nested structure of the family fTMgN0M=1 by solving the systems TMc(M) = b(M)recursively via a modi�ed Levinson algorithm. The standard Levinson algorithm can-not be applied directly, since it only addresses Toeplitz systems, where the principalleading sub-matrix and the principal leading sub-vector of the right hand side stayunchanged during the recursion, which is not the case here. For TM+1 it does notmatter, if we enlarge TM by appending new entries below or above, whereas the righthand side b(M) cannot be rearranged in such a way, the principal leading subvectorof the right hand side will be changed if we switch from b(M) at level M to b(M+1) atlevel M + 1.To adapt Levinson's algorithm to our situation, we have to split up the changefrom the system TM c(M) = b(M) at level M to the system TM+1c(M+1) = b(M+1) atlevelM+1 into two separate steps. Instead of indexing the matrix TM and the vectorsb(M); c(M) by the degree M , it is therefore advantageous to index them according totheir dimension. For clarity of presentation we reserve the subscript (M) for thedegree of the polynomial and its coe�cient vector respectively, and use the subscript



14 Thomas Strohmer(`) when we refer to the dimension of the corresponding coe�cient vector in C ` . Thusfor even `, b(`) = [b� 2̀+1; : : : ; b 2̀ ]T 2 C ` , and for odd ` we set b(`) = [b� `�12 ; : : : ; b `�12 ]T(whence b(1) = b0), analogously for c(`). Further it is useful in the sequel to denotet(`) = [t1; : : : ; t`]T . Then the Toeplitz matrix T` of size `�` is generated by the vector[t0; (t(`�1))T ]T with tk =Prj=1 wje2�ikxj according to (2.24).Assume we have already solved the system TM c(M) = b(M) at level M (with` = 2M +1) and now we want to switch to the next level M +1. As we have agreed,we do this in two steps. In the �rst step (` ! ` + 1) the Toeplitz system can bewritten as " T` E`t(`)(t(`))TE` t0 # " v(`)v `+12 # = " b(`)b `+12 # ; (4.2)where E` is the rotated identity matrix on C ` , i.e.,E` = 2640 1. . .1 0375 :System (4.2) can be solved recursively by the standard Levinson algorithm [21, 16].To be more detailed, assume that we have already solved the system T`c(`) = b(`) for` = 2M+1 and assume further that the solution of the `-th order Yule-Walker systemT`y(`) = �t(`) is available. Then the solution of (4.2) can be computed recursively byv `+12 = (b `+12 � [t(`)]TE`c(`))=�`v(`) = c(`) + v `+12 E`y(`)where �` = t0 + [t(`)]T y(`) = (1� �`�1�`�1)�`�1�` = �(t`+1 + [t(`)]TE`y(`))=�`z(`) = y(`) + �`E`y(`)y(`+1) = "z(`)�` # :Now we can proceed to the second step (` + 1 ! ` + 2 = 2(M + 1) + 1), wherethe Toeplitz system can be expressed as" t0 (t(`+1))�t(`+1) T`+1 #"v� `+12v(`+1)# = "b� `+12b(`+1)# (4.3)with c(`+2) = [v� `+12 ; (v(`+1))T ]T = c(M+1). Observe that (4.3) cannot be transformedto a system of the form (4.2) by simple permutations, i.e. just by interchanging rows



Regularized trigonometric approximation 15and columns. Since we have already solved the systems T`+1c(`+1) = b(`+1) andT`+1y(`+1) = �t(`+1) we can writev(`+1) = (T`+1)�1(b(`+1) � t(`+1)v� `+12 ) = c(`+1) + v� `+12 y(`+1)and v� `+12 =(b� `+12 � [t(`+1)]�v(`+1))=t0=(b� `+12 � [t(`+1)]�c(`+1) � [t(`+1)]�v� `+12 y(`+1))=t0=(b� `+12 � [t(`+1)]�c(`+1))=�`+1 ;where we have used in the last step that T` = [T`]� which implies that (t(`+1))�y(`+1)is real and therefore t0 + (t(`+1))�y(`+1) = t0 + (t(`+1))T y(`+1) = �`+1.Note that at each level M we have to check if the stopping criterion (2.6) issatis�ed. The evaluation of the expressionrXj=1 jp(M)(xj)� s"j j2wj (4.4)can be considerably simpli�ed and by avoiding the evaluation of p(M) at the nonuni-formly spaced points xj we can reduce the computational e�ort from O(Mr) to O(M)operations.To do this we de�ne the subspace R = �fp(xj)grj=1 : p 2 PM	 � C r with theweighted inner product hy; ziR =Prj=1 yj �zjwj for y; z 2 C r . The solution of the leastsquares problem (1.1) is the orthogonal projection of the vector fs"jgrj=1 2 C r onto Rand therefore must satisfyhfp(M)(xj)g � fs"jg; fp(M)(xj)giR = rXj=1(p(M)(xj)� s"j)p(M)(xj)wj = 0which implies hfp(M)(xj)g; fs"jgiR = hfp(M)(xj)g; fp(M)(xj)giR : (4.5)SincerXj=1 js"j � p(M)(xj)j2wj = rXj=1 js"j j2wj � 2Re hs"; fp(M)(xj)giR + rXj=1 jp(M)(xj)j2wj= rXj=1 js"j j2wj � rXj=1 jp(M)(xj)j2wj



16 Thomas Strohmerby (4.5), and becauserXj=1 jp(M)(xj)j2wj = rXj=1 wj� MXm=�M c(M)m e2�imxj�� MXn=�M c(M)n e2�inxj�= MXm=�M MXn=�M c(M)m c(M)n � rXj=1wje2�i(m�n)xj�= hTMc(M); c(M)i = hb(M); c(M)i ; (4.6)it follows that rXj=1 js"j � p(M)(xj)j2wj = rXj=1 js"j j2wj � hb(M); c(M)i : (4.7)Since Prj=1 js"j j2wj has to be computed only once at the beginning of the algorithm,the evaluation of (4.4) can be carried out in O(M) operations.Summing up we have arrived at following algorithm to compute p(N0).Algorithm 2 (Levinson-Galerkin algorithm for trigonometric polynomials). Letthe sampling points fxjgrj=1, sampling values fs"jgrj=1, weights wj > 0 and the dataerror estimate " be given. Then the trigonometric polynomial p(N0) determined inAlgorithm 1 can be computed in O(rN0 +N20 ) operations by following algorithm.Initialize: t0 = Prj=1 wj ; t1 = Prj=1 wje2�ixj ; b0 = Prj=1 s"jwj ; � = Prj=1 js"j j2wj ,y(1) = �t1=t0; c(1) = b0=t0; �0 = t0; �0 = �t1=t0; "1 = (� � b20=t0)=�; ` = 1.while "` > "�` = (1� �`�1�`�1)�`�1if ` � 1 mod 2b `+12 = rXj=1 s"jwje�i(`+1)xjv `+12 = b `+12 � hE`c(`); t(`)i�`v(`) = c(`) + v `+12 E`y(`)c(`+1) = " v(`)v `+12 #b(`+1) = " b(`)b `+12 #elseif ` � 0 mod 2b� 2̀ = rXj=1 s"jwje��i`xj



Regularized trigonometric approximation 17v� 2̀ = b� 2̀ � hc(`); t(`)i�`v(`) = c(`) + v� 2̀ y(`)c(`+1) = "v� 2̀v(`)#b(`+1) = "b� 2̀b(`)#"`+1 = j� � hb(`+1); c(`+1)ij=�endt(`+1) = rXj=1 wje2�i(`+1)xj�` = � t(`+1) + hE`y(`); t(`)i�`z(`) = y(`) + �`E`y(`)y(`+1) = "z(`)�` #t(`+1) = " t(`)t`+1#` = `+ 1endN0 = `=2p(N0)(x) = N0Xk=�N0 c(N0)k e2�ikxRemark: Usually one evaluates the �nal approximation on regularly spaced gridpoints, hence the last step of the algorithm can be realized by a Fast Fourier transform.The most costly steps are the computation of the entries of t(`) and b(`). Accordingto Corollary 1 in [11] the entries of TM and b(M) can also be computed via FFTby embedding the xj into a regular grid (since the xj can be stored only in �niteprecision). In this case one automatically gets all entries t0; : : : ; tr at once. Howeverthis trick is only useful if the number of points of the regular grid is of the samemagnitude as the number of sampling points. Alternatively one may use the numericalattractive formulas of Rokhlin [9] or Beylkin [3] for a fast evaluation of trigonometricsums at unequally spaced nodes.Algorithm 2 can be simpli�ed for real-valued data, this modi�cation is left to thereader.Fast Vandermonde solvers requireO(Mr) operations for the solution of VM c(M) =s", cf. [25]. It is not clear however if these algorithms can utilize the nested structure



18 Thomas Strohmerof the sequence of matrices fVMgM in order to give rise to an e�cient implementationof Algorithm 1. Moreover it is an open problem if the Vandermonde solvers can beextended to multivariate trigonometric approximation. We will see in the next sectionthat the extension of Algorithm 2 to higher dimensions is straightforward.5. Multivariate trigonometric approximation. An advantage of the pro-posed approach, besides its numerical e�ciency, is the fact that it can be easily ex-tended to multivariate trigonometric approximation. In this section we brie
y discusssome results for the two-dimensional case.We de�ne the space of 2-D trigonometric polynomials P 2M byP 2M = 8<:p : p(x; y) = MXj;k=�M cj;ke2�i(jx+ky)9=; : (5.1)To reduce the notational burden, we have assumed in (5.1) that p has equal degreeM in each coordinate, the extension to polynomials with di�erent degree in eachcoordinate is straightforward.For an arbitrary sampling set f(xj ; yj)grj=1 2 [0; 1)2 and given degree M thesystem matrix according to the 2-D version of Theorem 2.5 is [28](TM )k;l = rXj=1wje2�i(k�l)(xj+yj) ; k; l = 0; : : : 2M : (5.2)One can easily verify that TM is a hermitian block Toeplitz matrix with 2M + 1di�erent Toeplitz blocks of size (2M + 1) � 2M + 1, cf. [28]. For a given samplingset let TM be the block Toeplitz matrix for degree M and TM+1 the block Toeplitzmatrix for degree M + 1. There is a similar relationship between TM and TM+1as in the 1-D case. More precisely, denote the Toeplitz blocks of TM and TM+1 by(BM )k; k = 0; : : : ; 2M , and (BM+1)k; k = 0; : : : ; 2M + 2, respectively. Then onereadily veri�es following embedding:TM+1 = 2666666664 (BM+1)0 : : : (BM+1)�2(M+1)... TM ...(BM+1)2(M+1) : : : (BM+1)0
3777777775 ; (5.3)

BM+1 = 2666666664 t0 : : : t2(M+1)... BM ...t2(M+1) : : : t0
3777777775 : (5.4)



Regularized trigonometric approximation 19In [1] Levinson's algorithm has been extended to general block Toeplitz systems.With this extension and relation (5.3) at hand, we can easily generalize Algorithm 2to 2-D (and along the same lines to multivariate) trigonometric approximation.The analysis of the stopping criterion (2.6) in Section 2 can be applied line byline to the 2-D (actually to the n-D) setting. The only di�culty arises in the searchfor simple criteria for the invertibility of the block Toeplitz matrix TM . The condition(2M + 1)d � ris necessary in dimension d > 1, but no longer su�cient, since the fundamentaltheorem of algebra does not hold in dimensions larger than one. In [19] Gr�ochenighas derived estimates for the condition number of TM in higher dimensions. In 2-Dthese estimates can be stated as follows.Let D�(a; b) = f(x; y) 2 R2 : (x � a)2 + (y � b)2 < �2g be the disc of radius �centered at (a; b). We say that a set f(xj ; yj); j = 1; : : : ; rg is �-dense in [0; 1]� [0; 1],if Srj=1D�(xj ; yj) � [0; 1] � [0; 1]. In other words, the distance of a given sample(xj ; yj) to its nearest neighbor (xk; yk); k 6= j is at most 2�.Analogously to Section 3 we choose the size of the Voronoi region Vj associatedwith xj as weight wj in the computation of the block Toeplitz matrix TM in (5.2).Suppose that the sampling set f(xj ; yj); j = 1; : : : ; rg � [0; 1]� [0; 1] is �-dense and� < log 24�M : (5.5)Gr�ochenig [19] has shown that under these conditionscond(TM ) � 4(2� e4�M�)2 : (5.6)In particular, for arbitrary �-dense sampling sets, the block Toeplitz matrix TM isinvertible and the 2-D version of Algorithm 2 is applicable.5.1. Line-type nonuniform sampling in 2-D. In the following we considera special case of trigonometric approximation in two dimensions. This case ariseswhen a function is irregularly sampled along lines. A typical example is illustratedin Figure 5.1. Such sampling patterns are encountered for instance in geophysics andmedical imaging, see also Section 6.2.Corollary 5.1. Let p 2 P 2M and let fxj ; yj;kg; j = 1; : : : ; r; k = 1; : : : ; rj be asampling set in [0; 1)2 such thatA1kpk2 � rjXk=1 jp(yj;k)j2 � B1kpk2 A1; B1 > 0 (5.7)for every p 2 PM and for all j. Further assume that fxjgj2Z is a sampling set suchthat A2kpk2 � rXj=1 jp(xj)j2 � B2kpk2 A2; B2 > 0 (5.8)
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Fig. 5.1. Line-type nonuniform sampling setfor every p 2 PM . ThenA1A2kpk2 � rXj=1 rjXk=1 jp(xj ; yj;k)j2 � B1B2kpk2 (5.9)for every p 2 P 2M .If fxjg and fyj;;kg are sampling sets with supk(xk+1 � xk) = �2 < 12M andsupj;k(yj;k+1 � yj;k) = �1 < 12M , then Al = (1 � �l)2; Bl = (1 + �l)2; l = 1; 2 and thecondition number of the block Toeplitz matrix TM is bounded by�(TM ) � (1 + �1)2(1 + �2)2(1� �1)2(1� �2)2 : (5.10)Proof. Let x be �xed. Then y ! p(x; y) 2 PM and hence for all jA1 1Z0 jp(xj ; y)j2 dy � rjXk=1 jp(xj ; yj;k)j2 � B1 1Z0 jp(xj ; y)j2 dy (5.11)by assumption (5.7). It follows thatA1 rXj=1 1Z0 jp(xj ; y)j2 dy �Xj;k jp(xj ; yj;k)j2 � B1 rXj=1 1Z0 jp(xj ; y)j2 dy (5.12)Now let y be �xed. Then x! p(x; y) 2 PM andA2 1Z0 jp(x; y)j2 dx � rXj=1 jp(xj ; y)j2 � B2 1Z0 jp(x; y)j2 dx : (5.13)



Regularized trigonometric approximation 21Since rXj=1 1Z0 jp(xj ; y)j2 dy = 1Z0 rXj=1 jp(xj ; y)j2 dy ; (5.14)assertion (5.9) follows by combining (5.12) and (5.13) with (5.14). The estimate ofthe constants Al; Bl and of the condition number of the block Toeplitz matrix TMfollow from Theorem 2.5.The proof of Corollary 5.1 is due to Gr�ochenig [17]. Corollary 5.1 does not onlyguarantee that p 2 P 2M can be recovered from its samples p(xj ; yj;k), it provides more.An immediate consequence is, that it can be reconstructed by an e�cient algorithmrelying on an successive application of Algorithm 2 and the Gohberg-Semencul rep-resentation of the inverse of a Toeplitz matrix. See Section 6.2 for more details andan application in medical imaging.6. Curve and surface approximation by trigonometric polynomials.Trigonometric polynomials can be used to model the boundary or the surface ofsmooth objects. Let us consider a two-dimensional object, obtained e.g. by a planarcross-section from a 3-D object and assume that the boundary of this 2-D object is aclosed curve in R2 . We denote this curve by f and parameterize it by f(u) = (xu; yu),where xu and yu are the coordinates of f at \time" u in the x- and y-direction respec-tively. Obviously we can interpret f as a one-dimensional continuous, complex, andperiodic function, where xu represents the real part and yu represents the imaginarypart of f(u). It follows from the Theorem of Weierstrass (and from the Theoremof Stone-Weierstrass [26] for higher dimensions) that a continuous periodic functioncan be approximated uniformly by trigonometric polynomials. If f is smooth, we canfairly assume that trigonometric polynomials of low degree provide an approximationof su�cient precision.Assume that we know only some arbitrary, perturbed points sj = (xuj ; yuj ) =f(uj) + �j ; j = 1; : : : ; r of f , and we want to recover f from these points. By a slightabuse of notation we interpret sj as complex number and writesj = xj + iyj : (6.1)We relate the curve parameter u to the boundary points sj by computing the distancebetween two successive points sj�1; sj viau1 = 0 (6.2)uj = uj�1 + dj (6.3)dj =q(xj � xj�1)2 + (yj � yj�1)2 (6.4)for j = 2; : : : ; r. Via the normalization tj = tj=L with L = ur + dN we force allsampling points to be in [0; 1). Other choices for dj in (6.1) can be found in [8] inconjunction with curve approximation using splines.



22 Thomas StrohmerHaving carried out the transformations (6.1){(6.4), we can solve the problem ofrecovering the curve f from its perturbed points sj by Algorithm 2.6.1. Object boundary recovery in Echocardiography. Trigonometric poly-nomials are certainly not suitable to model the shape of arbitrary objects. Howeverthey are often useful in cases where an underlying (stationary) physical process im-plies smoothness conditions of the object. Typical examples arise in medical imaging,for instance in clinical cardiac studies, where the evaluation of cardiac function usingparameters of left ventricular contractibility is an important constituent of an echocar-diographic examination [30]. These parameters are derived using boundary tracingof endocardial borders of the Left Ventricle (LV). The extraction of the boundary ofthe LV comprises two steps, once the ultrasound image of a cross section of the LVis given, see Figure 6.1(a){(d). First an edge detection is applied to the ultrasoundimage to detect the boundary of the LV, cf. Figure 6.1(c). However this proceduremay be hampered by the presence of interfering biological structures (such as papillarmuscles), the unevenness of boundary contrast, and various kinds of noise [29]. Thusedge detection often provides only a set of nonuniformly spaced, perturbed boundarypoints rather than a connected boundary. Therefore a second step is required, torecover the original boundary from the detected edge points, cf. Figure 6.1(d). Sincethe shape of the Left Ventricle is de�nitely smooth, trigonometric polynomials areparticularly well suited to model its boundary.After having transformed the detected boundary points as described in (6.1){(6.4)we can use Algorithm 2 to recover the boundary. The noise level � depends on thetechnical equipment under use, it can be determined from experimental experience.Figure 6.2(a){(b) demonstrate the importance of determining a proper degree for theapproximating polynomial. The approximation displayed in Figure 6.2(a) has beencomputed by solving (1.1) where M has been chosen too small, we obviously haveunder�tted the data. The over�tted approximation obtained by solving (1.1) usinga too large M is shown in Figure 6.2(b). The approximation shown in Figure 6.1(d)has been computed by Algorithm 2, it provides the optimal balance between �ttingthe data and smoothness of the solution.6.2. Boundary recovery from a sequence of images. In cardiac clinicalstudies one is more interested in the behavior of the Left Ventricle over a period oftime rather than in a single \snapshot". Thus for a �xed cross section we are givena sequence of ultrasound images (usually regularly spaced in time) describing thevariation of the shape of the LV with time. One cycle from diastole (the state ofmaximal contraction of the LV), passing systole (the state of maximal expansion) tothe next diastole consists typically of about 30 image frames. Since the behavior ofthe LV is (at least for a short period of time) almost periodic, one can model thevarying shape of a �xed cross section of the LV as distorted two-dimensional torus,which in turn can be interpreted as 2-D trigonometric polynomial. Clearly we haveto use a di�erent degree for the time coordinate � and for the spatial coordinate u.
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(a) 2-D echocardiography (b) Cross section of Left Ventricle

(c) Detected boundary points (d) Recovered boundary of LV computedby Algorithm 2Fig. 6.1. The recovery of the boundary of the Left Ventricle from 2-D ultrasound images is abasic step in echocardiography to extract relevant parameters of cardiac function.Due to interfering biological structures and other distortions it sometimes hap-pens that some of the image frames cannot be used to extract any reliable boundaryinformation. Thus we have to approximate these missing boundaries from the infor-mation of the other image frames. To be more precise, assume that an echocardio-graphic examination provides a sequence of ultrasound images I� taken at time points� = 0; 1; : : : ; T � 1, where T is approximately the length of one diastolic cycle (the
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(a) Under�tted solution (b) Over�tted solutionFig. 6.2. The approximation in the left image results from using a too small polynomial degree,the approximation in the right image from a too large degree for the trigonometric approximation.time points could also be nonuniformly spaced). Assume that some of the images I�provide no useful information, so that we can only detect boundary points fsj;kgrjk=1from the images I�j , where f�jgrj=1 is a subset of 0; 1; : : : T � 1. In order to get acomplete description of the LV for the time interval [0; T ], we have not only to ap-proximate the boundaries fj from each Ij , but we also have to recover the boundariescorresponding to the missing images. In other words we look for a 2-D trigonometricpolynomial p� 2 P 2M of appropriate degree M that satis�es p(�j ; uj;k) � (xj;k; yj;k)where the parameter u is related to sj;k = xj;k + iyj;k by formulas (6.2){(6.4). Thisapproximation can be computed by the 2-D version of Algorithm 2, as indicated inthe beginning of Section 5.Under certain conditions we can use the 1-D version of Algorithm 2 instead ofits 2-D version. As long as the assumptions of Corollary 5.1 are satis�ed, we cancompute p� 2 P 2M by a successive application of Algorithm 2. We �rst approximatethe boundaries fj for each j separately from its samples fsj;kgrjk=1, which yields jdi�erent polynomials p(Mj) 2 PMj . Having done this, the next step is to recoverthe missing boundaries at those time points where no information is available. Weproceed by approximating successively the missing information \line by line". Wechoose u = 0, say, and approximate the missing information from the samples p(Mj)(u)taken at the time points �j ; j = 1; : : : ; r.Note that the Toeplitz matrices of the systems (TM )uc(M)u = b(M)u coincide for allu, since the sampling geometry is constant along the u-coordinate (because we haverecovered all samples at each �j). Thus we have to solve multiple Toeplitz systems



Regularized trigonometric approximation 25with the same system matrix but di�erent right hand side. It is well-known thatthis can be done e�ciently by exploiting the Gohberg-Semencul representation of theinverse of the Toeplitz matrix [14]. In our context this reads as follows. We solve(TM )uc(M)u = b(M)u (6.5)for one u by Algorithm 2. We can solve now all other systems e�ciently by establishing(TM )�1 in the Gohberg-Semencul form(TM )�1 = �[L(M)]�L(M) � U (M)[U (M)]�� =z0 (6.6)where L(M) is a lower triangular Toeplitz matrix with z = [z0; z1; : : : ; z2M ]T as its�rst column, U (M) is an upper triangular Toeplitz matrix with [0; z1; : : : ; z2M ]T as itslast column, z being the �rst column of (TM )�1. The matrix vector multiplicationsto compute c(M)u = (TM )�1u b(M)u can now be carried out quickly using the Fast Fouriertransform by embedding L(M) and U (M) into circulant matrices.7. Miscellaneous remarks. For sampling sets with large gaps it can happenthat the system TMc(M) = b(M) gets ill-conditioned with increasing degree M andtherefore Algorithm 2 may become instable [6]. In this case one can use a di�erent,more robust approach, which however comes at higher computational costs [27]. Wesolve the system TMc(M) = b(M) iteratively, e.g. by the conjugate gradient methoduntil a certain stopping criterion is satis�ed at iteration k, say, yielding the solutionc(M)k . We use this solution as initial guess at the next levelM +1 by setting c(M+1)0 =[0 (c(M)k )T 0]T . The crucial point in this procedure is to �nd a stopping criterion thatguarantees convergence of the iterates, see [27, 24] for more details.The computation of the entries of the Toeplitz matrix in Section 6 involves thenodes uj which in this particular case depend on the (perturbed) samples sj . There-fore not only the right hand side b(M), but also TM is subject to perturbations. Hencein principle one might use the concept of total least squares (see [12]) instead of aleast squares approach. A detailed discussion of this modi�cation is beyond the scopeof this paper.Acknowledgments. The major part of this work was completed during my stayat Stanford University. I want to thank Prof. David Donoho and the Department ofStatistics for their hospitality. REFERENCES[1] H. Akaike, Block Toeplitz matrix inversion, SIAM J. Appl. Math., 24 (1973), pp. 234{241.[2] G. Ammar and W. Gragg, Superfast solution of real positive de�nite Toeplitz systems, SIAMJ. Matrix Anal. Appl., 9 (1988), pp. 61{76.[3] G. Beylkin, On the fast Fourier transform of functions with singularities, Appl. Comp. Harm.Anal., 2 (1995), pp. 363{381.[4] S. Boyd, L. El Ghaoui, E. Feron, and V. Balakrishnan, Linear matrix inequalities insystem and control theory, SIAM, Philadelphia, PA, 1994.
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