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Abstract. Trigonometric polynomials are widely used for the approximation of a smooth func-
tion from a set of nonuniformly spaced samples. If the samples are perturbed by noise, a good
choice for the polynomial degree of the trigonometric approximation becomes an essential issue to
avoid overfitting and underfitting of the data. Standard methods for trigonometric least squares
approximation assume that the degree for the approximating polynomial is known a priori, which is
usually not the case in practice. We derive a multi-level algorithm that recursively adapts to the least
squares solution of suitable degree. We analyze under which conditions this multi-approach yields
the optimal solution. The proposed algorithm computes the solution in at most O(rM + M?) oper-
ations (M being the polynomial degree of the approximation and r being the number of samples) by
solving a family of nested Toeplitz systems. It is shown how the presented method can be extended
to multivariate trigonometric approximation. We demonstrate the performance of the algorithm by
applying it in echocardiography to the recovery of the boundary of the Left Ventricle of the heart.
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1. Introduction. The necessity of recovering a function from a finite set of
nonuniformly spaced measurements arises in areas as diverse as digital signal pro-
cessing, geophysics, spectroscopy or medical imaging. the measurements {s; };7:1 are
often distorted by several kinds of error. Hence a complete reconstruction of the
function from the perturbed data s = s; + v; is not possible. Often the function
to be reconstructed is smooth, in which case a trigonometric polynomial of relatively
low degree (compared to the possibly huge number of samples) can provide a good
approximation to the function. This trigonometric approximation may be found by

solving the least squares problem

pEPN £
]:

”
min Z Ip(z;) — s§|2wj, (L.1)
1

where w; > 0 are weights and Py is the space of trigonometric polynomials of degree
less than or equal to M.

Many efficient algorithms have been developed to solve (1.1), e.g., see the articles
[22, 7, 25, 11, 10]. But surprisingly little attention has been paid to the problem of
how to control the smoothness of the approximation in order to avoid overfitting and
underfitting of the data. An adaptation of the smoothness of the approximation can
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be achieved of instance by providing a suitable upper bound for the degree M of the
space Py in (1.1). In most of the aforementioned algorithms a necessary requirement
to get useful results in applications is that a good a priori guess of the degree of the
trigonometric approximation is available. However a priori it is not clear what is a
suitable degree for the solution, in terms of how to choose a reasonable degree M
when solving (1.1). Determining M by “trial and error” is certainly not a satisfying
alternative.

It is the goal of this paper to derive an efficient algorithm that computes the
trigonometric approximation which provides the “optimal” balance between fitting
the given data and preserving smoothness of the solution. Here optimality is meant
in the sense that the solution has minimal degree among all trigonometric polynomials
that satisfy a certain least squares criterion. The algorithm recursively adapts to the
least squares approximation of optimal degree by solving a family of nested Toeplitz
systems in at most O(Mr + M?) operations,

If the data {s}}j_; were (i) unperturbed and (ii) stem from sampling a trigono-
metric polynomial (with degree less than r/2), then the solution of (1.1) would auto-
matically have the appropriate degree, since the original function could be completely
recovered in this case. However the assumptions (i) and (ii) are rarely met in ap-
plications and controlling the smoothness of the solution becomes essential to avoid
overfitting and underfitting of the data. If we choose the upper bound for the degree
in (1.1) too large, the solution will almost always take on the maximal possible degree,
hence being too wiggly and picking up too much noise (overfit), see also Figure 1.1
(a)—(b). In the extreme case 2M + 1 = r we will get an interpolating polynomial,
mostly with strong oscillations and far away from approximating the function between
the given samples. On the other hand, if we choose M too small, then the approxi-
mation will be very smooth but poorly fitting the given data (underfit). Figure 1.1(c)
illustrates this behavior. The “regularized” trigonometric approximation obtained by
the algorithm proposed in this paper — to which we will refer as Levinson-Galerkin
algorithm — is shown in Figure 1.1(d).

The paper is organized as follows. In Sections 2 and 4 we present the main
results, including the Levinson-Galerkin algorithm and a theoretical analysis that
clarifies under which conditions this algorithm provides optimal results. In Section 3
we show how properly chosen weights can be used as simple but efficient tool to
precondition the least squares problem. Some aspects of extending the algorithm to
multivariate trigonometric polynomials are discussed in 5. In Section 6 we present

some applications in echocardiography.

Before we proceed we introduce some notation and conventions. The inner prod-

uct is denoted by (-, -), and the conjugate transpose of a matrix A by A*. The space
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Fic. 1.1. Controlling the smoothness of the solution is essential for trigonometric approrima-

Ipll = / Ip(e)? da

tion from perturbed data in order to avoid overfitting and underfitting of the data.
Levinson-Galerkin algorithm automatically adapts to the least squares solution of optimal degree.

M
Py =1<p:p)= Y o’
k=—M

1
2

The norm of p(z) = Zi\/[:_M cpe’™ kT ¢ Py is given by

M 2

. laf”

k=—M

of trigonometric polynomial of degree equal to or less than M is defined as

= [lell

The proposed

(1.3)
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where ¢ = {¢x}._,;- In some applications it is advantageous to deal with complex-
valued polynomials (see also Section 6), hence we do not restrict ourselves to the case
of real-valued trigonometric approximation.

For a = [a_a,a— i1, ---anm—1,an] € CPMFL we define the orthogonal projec-
tions Py by

Pya=1[0,...,0,a_N,G-N41,---s0r,an,0,...,0] (1.4)

for N =1,2,..., M and identify the image of Py with the 2N + 1-dimensional space
CZN+1 .

Let p™ and p" be trigonometric polynomials of degree M and N respectively,
with coefficients vectors ¢¥ € C2M+1 N ¢ C?N+1, If N < M, then we can always
interpret p’¥ as polynomial of degree M by adding to appropriate number of zero-
coefficients and by doing so we are embedding the vector ¢V into a zero-padded vector
of length 20 +1. We will henceforth tacitly assume that such an embedding has been

made, when we compute expressions such as ||cM — cV||.

2. Multi-level least squares approximation. A standard method in numer-
ical analysis to find the optimal balance between fitting the given data and preserving
smoothness of the solution is to introduce a regularization parameter. The best value
of this regularization parameter is then determined for instance by generalized cross
validation [15] or via the L-curve [20]. Here we understand regularization not as a way
to stabilize ill-conditioned problems, but in a broader context as a means of finding
the best compromise between fitting a given set of data and preserving smoothness
of the solution. As we will see, in our case it is not necessary to introduce an addi-
tional parameter, since we can regularize the smoothness of the solution by varying
the parameter M of the space P); in which we are searching for the solution of (1.1).

For the derivation of the algorithm we consider first following situation. Assume
pi(z) = chv:lm (ci)e?™** ¢ Py, and let s° = {85}j=1,2M + 1 < r with s5 =
sj +v; = p.(z;) + v; be given noisy samples satisfying

157 = slI” < ells°[. (2.1)

For convenience we assume that r, the number of samples, is odd.

The aim is to approximate p, from the data {sj i=1- Let us first assume that we
already know that we are searching for our least squares solution in the space Py, . In
this case the coefficient vector of the polynomial that solves (1.1) is the least squares
solution of

WVn,c=Ws®, (2.2)
where Vi, is a r X (2N, + 1) Vandermonde matrix with entries

(Var)j o = e*mkei j=1,...,r, k=—N,,...,N, (2.3)
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and W = diag({,/w;})-

We will discuss the role and specific choice of the weights in more detail in Sec-
tion 3. To reduce the notational burden we absorb the weight matrix W in the
Vandermonde matrix and in the sampling values. Thus for given degree, M say, we

consider the linear system of equations
Ve = s° (2.4)

where Vis is now the r x (2M + 1) “weighted Vandermonde” matrix. We will denote
the least squares solution of (2.4) by ¢™) = {¢{™}M = and the corresponding
polynomial is p) (z) = Y00, ciM)e%ikz.

Since in general we do not know the optimal degree or level M of the space Py in
which we should solve the least squares problem, the situation becomes considerably
more complicated. If we want to solve (1.1) under the information (2.1) without
knowing the degree of the polynomial, one may argue that we have to accept any

trigonometric polynomial p(z) = ZQ’:_N cpe2mike

with ||[Vye — s°|| < €||s°|| as an
approximate solution to p,, since it is compatible with the only knowledge we have
on the data.

In general there may be infinitely many such polynomials, which raises the ques-
tions of how to find a polynomial p that yields a small approximation error ||p. — p||

and at the same time can be computed efficiently.

2.1. A multi-level algorithm and an efficient stopping criterion. The
heuristic considerations above suggest following approach.

ALGORITHM 1. Set N = 0 and solve Voc® = s°. If ¢(9 satisfies the condition
[Voc® — s%|| < el|s¢||, take @ as solution. Otherwise set N = N + 1 and solve

V™) = ¢ (2.5)
until ¢ V) satisfies for the first time the stopping criterion
[Vive™ — 5[ < e]ls°)|. (2.6)

at some level N = Ny. Set ¢\No) = ¢\N) | The approzimation to p. is then p(NO)(a:) =
Z;@M:_M CECNO)e%rikz'

The stopping criterion (2.6) is well-defined, since it is definitely satisfied for N =
(r—1)/2, in which case the left side in (2.6) equals 0. Thus Algorithm 1 selects among
all least squares solutions p™¥), N = 0,...,(r — 1)/2 that polynomial with minimal
degree.

Algorithm 1 and stopping criterion (2.6) can be justified by following theoretical
considerations.

One readily verifies that the matrices Vi, N = 0,. .., (r—1)/2 satisfy the relations:

(i) there exists a left-inverse V3 such that
ViVn = Iy, with Vi = (V3Va) 'V, (2.7)

where Iy is the identity matrix on C2V+1,
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(ii) Let a € C?M+! be the coefficient vector of some p € Pys. Then
Vna = Viyra for all N > M, a € C2M+1, (2.8)

In (ii) we have made use of the fact that the coefficient vector a can be interpreted
as coefficient vector of a polynomial of degree N by extending it to a vector of length
2N + 1 via zero-padding. The matrix-vector multiplication Vasa and equation (2.8)
should be understood in this sense.

LEMMA 2.1. If N > N, then V) satisfies ||[Vyc™Y) —s°|| < €||s°||, hence stopping
criterion (2.6) always becomes active at some level Ng < N,.

Proof. Note that VyVy is the orthogonal projection into range(Vy) and s €
range(Vy, ) C range(Vy) for N, < N, hence VyVyf's = s. Therefore

Vve™ — s> =V Vi (s +v) = (s +0)IIP = [lv = VeV vl (2.9)
=[lvl* = VNV vll? < e?ls°)17, (2.10)

where we have used condition (2.1) in the last step. It follows from (2.10) that
Algorithm 1 terminates at some level Ny < N,. O

The following lemma shows that from the viewpoint of numerical stability it is
advisable to keep the level N of the space Py in which we search for our solution as
small as possible.

LEMMA 2.2. cond(V¥Vn) > cond(Vi;Var) for N > M.

Proof. Since

PM(VX}VN)PM = VA}VM for M < N,

Cauchy’s Interlace Theorem [16] implies that cond(V{Vn) > cond(V3;Var) for N >
M. 0O

In the sequel we demonstrate that the fact that Algorithm 1 terminates at some
level < N, is a desired property in many cases. We show that stopping criterion (2.6)
is even optimum in a number of cases.

Let us first consider two special cases: (i) noisefree samples and (ii) uniformly
spaced samples.

2.1.1. Noisefree samples. Any reasonable stopping criterion has to satisfy fol-
lowing lemma.

LEMMA 2.3. For noisefree data the stopping criterion (2.6) yields the exact so-
lution.

Proof. One readily verifies that Algorithm 1 terminates at level N,. Hence for
N = N.,:

1PN = pull = [l — el = IVis™ —eal| = IV Vives — el = 0, (2.11)

since Vi Vie. = ¢ for N > N,. O
Lemmas 2.3 and 2.2 together show that stopping criterion (2.6) yields the opti-

mum solution for noisefree data while providing maximum numerical stability.
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2.1.2. Uniformly spaced samples. If the sampling points z;,5 =1,...,r are
uniformly spaced and we choose w; = 1/r as weights then a simple calculation shows
that Vi is unitary on C2VN*! e, V¥V = Iy for N =0,1,...,(r —1)/2.

In this case

llex = M = llew = Vsl = llex = ViV e = Vivll. (2.12)
N > N, implies V3 Vn, = Inx and hence
llex = M = [Vl (2.13)
Note that
Vvl = (Vev, Vaw) = (VnVaw,v) = [Va Vv, (2.14)
since VaV3 is an orthogonal projection. Equation (2.14) yields
IVarvll < IVavll for M < N,. (2.15)
Consequently
lew =™ <lew — ™M) if N, <M < N. (2.16)

Thus for uniformly spaced samples any stopping criterion should terminate Algo-
rithm 1 at the latest at NV = .. Under a mild condition on the coefficients c, we
can show that the proposed stopping criterion provides the optimal solution among
all least squares solutions.

PROPOSITION 2.4. Assume that the samples are regularly spaced. Then the solu-
tion pNo) computed via Algorithm 1 satisfies

I« =Nl < llpu =p!™|| for all N > N.. (2.17)
If furthermore p, satisfies
I(In. = Pn)edll = [[(In. — Pn)VR, V| (2.18)
then
lIp+ = PN < [Ipe = p™| for all N. (2.19)

Condition (2.18) is satisfied e.g., if all coefficients of p. are larger than the relative
noise level, i.e., |ci| > €||s?]|.
Proof. Lemma 2.1 yields that Ng < N,, thus (2.16) implies (2.17).

To prove assertion (2.19) we only have to show that

llew — o) < Jle, — ™| for all N < N,
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For N < N, note that (c. — V¥V, c.) is orthogonal to Vv, since

(cx, Vav) =(VR, VN, ¢, VRv) (2.20)
=(Vn, ¢, VN, Vav) = (VN.co, VN V), (2.21)
hence
(cx — VN VN, Ci, Vr) =0.
Therefore

llex = MNP = llew = Vi Vive e + ViV = llew = Vi Vel + [Vl

In order to prove |lc, — ¢ ™| < |lex — ™| for all N < N, we need to verify
llew = VA V. el P + VR v I1® > [V, vIIP. Since

N,
les = Vi Vel = 3 I(edel? = Iy — Py)eal?
|k|=N+1
and
N,
IOV VI = IVaviP = S (VR = Iy = Py)Vi, VIR,
\k\=N+1

the result follows now from the assumption (2.18). O
REMARK: Proposition 2.4 shows that the least squares polynomial that gives the

best approximation to p, is not necessarily of degree N,.

2.1.3. Noisy nonuniform samples. For noisy nonuniformly spaced data we

observe that
1P = p™M|| = [lew = M < flew = VI Vv, el + Vvl
and for N > N,
Ip. — PN < IV, (2.22)

since ||c. — Va V. c.|| = 0 in this case.

If Viy is not unitary then ||V v|| is not necessarily monotonically increasing with
increasing level N. One can argue heuristically that since ||V {|| is increasing with
increasing level N due to Lemma 2.2, we may fairly assume that ||V v|| will also
increase (although not strictly monotonically). Also from the viewpoint of numerical
stability it is reasonable to keep the level N small, since by Lemma 2.2 we know
that cond(V3Va) > cond(Vy;Var) for N > M. This together with (2.22) suggests to
choose a stopping criterion which terminates at or before level N,, which is guaranteed
for stopping criterion (2.6) by Lemma 2.1.

We can conclude that the stopping criterion will provide excellent results if the
noise level ¢ is small or if the condition number of ViV is small (which implies that
Vn is approximately unitary). In order to verify the latter it is useful to have estimates

for the condition number of V3 V. We will address this issue in Proposition 3.1.
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2.2. A Toeplitz system and trigonometric approximation. Instead of di-
rectly solving Vise™™) = s° it is more efficient in our case to consider the normal

equations
VirVare™ = Vigs®. (2.23)

The reason is that from a numerical point of view the structural properties of the
matrix V;Var are much more attractive than those of Vjs, which in turn leads to
faster numerical algorithms, see also Section 4.

Set Tpy = V;3;Vas then a simple calculation shows that the entries of the hermitian

matrix T are

(Tar)ey =y wie™ k=0 = —M, ... M. (2.24)

j=1

T is a Toeplitz matrix, since the entries (Tas)g,; depend only on the difference k —1.
Obviously Ty is invertible if 2M + 1 < r.
Following result is just a reformulation of (2.23) together with relation (2.8), but
since it plays a key role in Section 4 it is helpful to state it in detail (cf. also [18]).
THEOREM 2.5. Given the sampling points 0 < x1 < ...,z, < 1, samples {8§}§V:1,
positive weights {wj}§:1 and the degree M with 2M + 1 < r. The polynomial p™) ¢
Py, that solves (1.1) is given by

M
pM () = Z M e2mike ¢ py, (2.25)
k=—M
where its coefficients c,(cM) satisfy
Thre™) = p(M) ¢ CM+1)? (2.26)
with
r .
b,(cM) = Z sjwje%”k“f for |k| < M, (2.27)

j=1
and Ty as defined in (2.24).

3. Weights as simple preconditioner. Vandermonde matrices are known to
be ill-conditioned, if the nodes z; are clustered [13]. To improve the stability of the
systems (2.4) and (2.26) we can use the weights as simple diagonal preconditioner.
This leads to the problem of how to choose the weights w;.

We propose to use the size of the area of the Voronoi region [23] associated with
the sampling point z; as weight w;. In 1-D this reduces to

Tjt1 — Tj-1
—_— 3.1
5 (3.1)

wj; =
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This choice is motivated by following observations.
In this section we let Vi denote the Vandermonde matrix defined in (2.3) without
weights. Let p € Py, with coefficient vector ¢. Since

(Tare,c) = (WVae, WVye) = [[WVare|* = Z p(z;) Pw;, (3.2)
j=1
the inequality

Cullell* < 3~ Ip(ay)Pw; < Collel? (3-3)

=1

holds for all ¢ € C2M+1 with constants C1 = Apin and Co = Amaz, where Apin and
Amaz denote the minimal and maximal eigenvalue, respectively, of Ty.

(i) The lower bound of T, is mainly determined by the large gaps in the sam-
pling set. Suppose there is a large gap in the sampling set and denote the interval
corresponding to this gap by I' (hence z; ¢ I'). Choose a trigonometric polynomial
p € Py which, like the prolate spheroidal functions, concentrates most of its energy
in the interval I'. Then the sampling values of p will not pick up any information
about the main concentration of the polynomial energy. Consequently if we use no

weights (or set w; = 1) we get

> @)l < bl = el
j¢r
For such a sampling set the lower frame bound C; in the inequality (3.3) must be
small. Generically, large gaps and the ensuing lack of information always results in
bad condition numbers. This problem cannot be fixed by preconditioning.
(ii) On the other hand, we can choose a trigonometric polynomial that is mainly
concentrated in the region where the sampling points are located. In this case the

same local information is counted and added several times. Thus

Y lp(@) P > bl = llelf?

j¢r
and the upper constant C in (3.3) will be large. Yet, as mentioned in (i) a cluster
will not contribute much to the lower bound and to the uniqueness of the problem. In
this case the condition number is large, because too much local information is given
in certain areas of the polynomial.

Problem (ii) can be addressed by introducing properly chosen weights. The idea
is to compensate for the local variation of the sampling density by using weights in
inequality (3.3). Suppose that 0 < 1 < 23 < -+ < z, < 1 is a sampling set in
[0,1]. Then a natural choice for the weights is w; = (zj41 — zj—1)/2. Thus if many
samples are clustered near a point z;, then the weight w; is small. If z; is the only

sampling point in a large neighborhood, then the corresponding weight is large. This
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choice has not only been confirmed by extensive numerical experiments [11], but also
by following optimization approach.

A standard approach for the construction of preconditioners for a matrix A is the
following. One attempts to find the matrix P in a given class M of matrices (e.g.,

the class of all circulant matrices or the class of all diagonal matrices) which solves
min ||I — PA||r, (3.4)
PemMm

where ||| denotes the Frobenius norm.

In our setting this translates to following optimization problem
min [ - (WV)"WV|r, (3:5)

where D is the class of all r x r diagonal matrices and I is the (2M + 1) x (2M + 1)
identity matrix.

Note that we require that w; > 0 whereas (3.5) could in principle yield weights
that violate this condition. However since we will make use of (3.5) in our actual
algorithm, we are somewhat sloppy here.

An alternative approach is to consider the solution of

min{cond[(WV)*WV]}

. (3.6)
subject to W € D.

This optimization problem can be transformed to a general eigenvalue problem, see [4],
which can be solved by convex optimization algorithms.

In the simple case of regular sampling it is easy to check that the solution of both
optimization problems is given by W = diag({,/w;}) with w; = (zj41 —2;-1)/2 =
1/r. However in the more interesting case of nonuniform sampling neither prob-
lem (3.5) nor (3.6) does in general have an analytic solution. Thus using these ap-
proaches for the actual construction of a preconditioner would be ridiculous, since
the computational costs to solve these optimization problems are considerably larger
than solving the trigonometric approximation problem. Nevertheless, solving (3.5)
and (3.6) numerically for a variety of different examples is useful to get insight in the
type of weights obtained by these approaches.

The numerical results confirm the choice of the Voronoi-type weights defined
in (3.1). Sampling points in densely sampled areas are assigned a small weight,
whereas sampling points in sparse sampled regions are assigned a large weight. Two
typical comparisons of the weights obtained via optimization and the Voronoi weights
are illustrated in Figure 3. In the first case we consider a sampling set with high
density at the endpoints and strongly decreasing density towards the center. The
weights obtained by solving (3.5) and (3.6) are almost identical and are very close to
the Voronoi weights, as can be seen in Figure 3(a). The difference at the endpoints is

probably due to boundary effects.
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Fic. 3.1. Comparison of weights obtained by different approaches.

In the second example we consider a random sampling set with several areas
with high sampling density and relatively few samples between these clusters. Again
all three approaches give weights that show a similar behavior, see Figure 3(b). The
condition number of the non-weighted Toeplitz matrix in this example is 33, compared
to the significantly smaller condition number 3.3 when using Voronoi-type weights.
Using the weights obtained via (3.5) gives cond(T»s) = 3.1, and for the weights
resulting from (3.6) we get cond(Th) = 2.9, which is only a slight improvement
compared to the Voronoi-type weights.

Obtaining good estimates for the condition number of a Toeplitz matrix is a
difficult problem. It is gratifying that by using the weights defined in (3.1) it is
possible to get an upper bound for the condition number.

PROPOSITION 3.1 (Grochenig, [18]). Assume that the sampling set {z;}7_, sat-
isfies

max(zj11 — ;) =7 < B

and set w; = (xj41 —xj—1)/2. Then the condition number of the Toeplitz matriz Th
defined in (2.24) is bounded by

K(Thp) < Gf—zf . (3.7)

4. A Levinson-Galerkin algorithm for trigonometric approximation.
The method described in Algorithm 1 can be seen as a Galerkin-type approach,
since we try to determine an approximation by searching for a solution in a finite-

dimensional space spanned by orthogonal polynomials, and by increasing the dimen-



Regularized trigonometric approximation 13

sion of the space we increase the resolution of our approximation by adding more and
more details.

When we use Levinson’s algorithm [16] to solve (2.26) for M = 0,1,..., Ny the
total computational effort would be of O(N§), since the solution of each system
Tre™) = p(M) requires O(M?) operations. Using one of the fast Toeplitz algo-
rithms [2, 5] reduces this effort to O(kM log M) for each level M, where k is the
number of iterations, thus leading to a total of O(kNZlog No) operations. In this
section we show that the systems Tpre™) = p(M) M =0,1,..., Ny can be solved in
O(Ng) operations and the total effort (including the calculation of the entries of Thy
and the evaluation of the stopping criterion (2.6)) for computing p(Mo) is O(r Ny + N3)
operations.

Following observation is crucial for the derivation of the proposed Levinson-
Galerkin algorithm.

LEMMA 4.1. For fized degree M and M +1 let Tar, ™) and Thryq, b ™M+Y be the
Toeplitz matrices and right hand sides as defined in (2.24) and (2.27), respectively.
Then Tay and b™) are embedded in Thrry1 and BM+1) in the following way:

[t .. f2(M+1)_ _b—(M+1)_
Tyt = : T o e MEY =l o || (40)
_t2(M+1) - to J i bars1 J

Proof. (4.1) follows immediately from the definition of Ty and b™) and (2.8). O

Unfortunately the solutions ¢(™) and ¢(M+1 of the systems Thrc™) = b(M) and
Trrpr M+ = p(M+D) are not related is such a simple manner. But we can exploit
the nested structure of the family {TJ\/I]’JA\/’[O:1 by solving the systems ThretM) = p(M)
recursively via a modified Levinson algorithm. The standard Levinson algorithm can-
not be applied directly, since it only addresses Toeplitz systems, where the principal
leading sub-matrix and the principal leading sub-vector of the right hand side stay
unchanged during the recursion, which is not the case here. For Tj;4; it does not
matter, if we enlarge T); by appending new entries below or above, whereas the right
hand side b™) cannot be rearranged in such a way, the principal leading subvector
of the right hand side will be changed if we switch from b(™) at level M to b(M+1 at
level M + 1.

To adapt Levinson’s algorithm to our situation, we have to split up the change
from the system Thre™) = bM) at level M to the system Thyyq M+ = p(M+1) ot
level M +1 into two separate steps. Instead of indexing the matrix T; and the vectors
M) M) by the degree M, it is therefore advantageous to index them according to
their dimension. For clarity of presentation we reserve the subscript (M) for the

degree of the polynomial and its coefficient vector respectively, and use the subscript
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(¢) when we refer to the dimension of the corresponding coefficient vector in C*. Thus
foreven ¢, b) = [b_g,y,...,b;]" € C', and for odd £ we set b) = [b_e—1,...,bes]”
(whence b") = by), analogously for ¢'¥). Further it is useful in the sequel to denote
t© = [t;,...,t]7. Then the Toeplitz matrix T} of size £ x £ is generated by the vector
[to, ()TN with t = Y2_, w;e*™**5 according to (2.24).

Assume we have already solved the system Thrc™) = bM) at level M (with
¢ =2M +1) and now we want to switch to the next level M + 1. As we have agreed,
we do this in two steps. In the first step (¢ — £ + 1) the Toeplitz system can be

T, Eg@] [o® ]  [p® (4.9)
(tNTE o | |veg|  [be] '

where Fj is the rotated identity matrix on C¢, i.e.,

written as

0 1
E, = o
1 0

System (4.2) can be solved recursively by the standard Levinson algorithm [21, 16].
To be more detailed, assume that we have already solved the system Tyct®) = b for

¢ = 2M +1 and assume further that the solution of the ¢-th order Yule- Walker system
Ty = —t(® is available. Then the solution of (4.2) can be computed recursively by

veg = (begr — ()7 Bec9) /B,

2
v = 4 vep ng
where

ﬁé — tO + [t(l)]TW = (]_ — O{gflaéfl)ﬁffl
oy = —(tl+1 + [t(e)]TEEy(E))/ﬂl
20 = y(l) + OézEZW

y(f‘f‘l) _ [Z(Z)
o

Now we can proceed to the second step ({ +1 — £+ 2 = 2(M + 1) + 1), where
the Toeplitz system can be expressed as

[ tO (t(l+1))*

tD T,

V_ 41 b_ﬁ
[v(£+1)] - |ﬁ(£+1)] (4'3)

with c(¢+2) = [V e, (v HNTT = (M+1) " Observe that (4.3) cannot be transformed

to a system of the form (4.2) by simple permutations, i.e. just by interchanging rows
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and columns. Since we have already solved the systems Ty, ic(tt) = p(f+1) and
TppryD = -t we can write

DD = (Ty, )L (D — t(”l)v_%l) — D) 4 v_%y(fﬂ)

and
U e :(b_ﬂ _ [t(€+1)]*v(€+1))/t0

:(b 41— [t(€+1)]*c(l+1) _ [t(l-i—l)]*vilﬁy(f%-l))/to

=(b_es1 — [ /By

where we have used in the last step that T, = [T,]* which implies that (¢t(¢+1))*y(+1)
is real and therefore to 4+ (D) y (D) =t 4 (N Ty(E+1) = 3,

Note that at each level M we have to check if the stopping criterion (2.6) is
satisfied. The evaluation of the expression

r
> 1M () — 85w (4.4)
j=1

can be considerably simplified and by avoiding the evaluation of p{™) at the nonuni-
formly spaced points z; we can reduce the computational effort from O(Mr) to O(M)

operations.

To do this we define the subspace R = {{p(z;)}j—, : p € Py} C C" with the
weighted inner product (y, z)r = >_7_, y;Zjw; for y,z € C". The solution of the least
squares problem (1.1) is the orthogonal projection of the vector {s5}’_; € C" onto R
and therefore must satisfy

(AP} = {51 M ) = 300 () = 50 ey =0
which implies

(P (@)} AsiHh= = (M (@)} ApM (@) DR - (4.5)

Since
T r r
> Is5 = pM (@) Pw; = Is5Pw; — 2Re (57, {p™M (z) e + > [P () Pw;
i=1 j=1 j=1

r r
= IsiPwy =Y [P (27)Pw;
j=1 j=1
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by (4.5), and because

r M M
Z |p CU] | wj = ij< Z C,EnM)€2ﬂimxj> < Z C%M)e%rinxj)
j=1 m=—M n=—M
M r
_ Z Z C M) <Z wje2m‘(m—n)xj>
—M n=— j=1
Ty >,c<M>> = (40, 00y, (4.6)

it follows that

r

> lss =M (a ZISEIQw] M) (4.7)

j=1

Since 2521 |s5|*w; has to be computed only once at the beginning of the algorithm,
the evaluation of (4.4) can be carried out in O(M) operations.

Summing up we have arrived at following algorithm to compute p(™o),

ALGORITHM 2 (Levinson-Galerkin algorithm for trigonometric polynomials). Let
the sampling points {x;};_,, sampling values {s5}"_,, weights w; > 0 and the data
error estimate ¢ be given. Then the trigonometric polynomial p™°) determined in
Algorithm 1 can be computed in O(rNy + NE) operations by following algorithm.

Initialize: to = 35wyt = Y5y wie?™ i by = Y5 sjwj, 0 = Y5 |85 wy,

y M) = —t1 /to, V) = by /to, Bo = to, a0 = —t1/te,e1 = (0 — b /to) /o, £ = 1.

while ¢, > ¢

Be=(1—ar1ar—1)Bi-1
if /=1 mod 2

betr = E s;wje” mi(t+1)z;

bz_42-1 — <Egc(€) , t(£)>

v =
5 Be
@ = O + ’UL f)
() _ l ]
pl+1) —
bz+1

elseif /=0 mod 2

£:§ Sweﬂ'zéz]
2
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Eop1 = |0 — (b(Hl)aC(Hl))VU

end

t(€+1) — Z wje27ri(l+1)zj
j=1

o D 4 (BT, 1)

Be
20 =4O 4, Ey0

()
y(£+1) — l
Qy

f(E+1) )
toy1

f=(+1
end
No=1¢/2
No
p(No)(x) — Z CI(CNO)GQﬁikw
k=—No

REMARK: Usually one evaluates the final approximation on regularly spaced grid
points, hence the last step of the algorithm can be realized by a Fast Fourier transform.
The most costly steps are the computation of the entries of ¢ and b(®). According
to Corollary 1 in [11] the entries of Ty and b™) can also be computed via FFT
by embedding the z; into a regular grid (since the x; can be stored only in finite
precision). In this case one automatically gets all entries to,...,t,. at once. However
this trick is only useful if the number of points of the regular grid is of the same
magnitude as the number of sampling points. Alternatively one may use the numerical
attractive formulas of Rokhlin [9] or Beylkin [3] for a fast evaluation of trigonometric
sums at unequally spaced nodes.

Algorithm 2 can be simplified for real-valued data, this modification is left to the
reader.

Fast Vandermonde solvers require O(Mr) operations for the solution of Vy;c(M) =

s%, cf. [25]. It is not clear however if these algorithms can utilize the nested structure
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of the sequence of matrices {Vas}ar in order to give rise to an efficient implementation
of Algorithm 1. Moreover it is an open problem if the Vandermonde solvers can be
extended to multivariate trigonometric approximation. We will see in the next section

that the extension of Algorithm 2 to higher dimensions is straightforward.

5. Multivariate trigonometric approximation. An advantage of the pro-
posed approach, besides its numerical efficiency, is the fact that it can be easily ex-
tended to multivariate trigonometric approximation. In this section we briefly discuss
some results for the two-dimensional case.

We define the space of 2-D trigonometric polynomials PI%/[ by

M

Py =1{p:pley)= Y e U4 (5.1)
jk=—M

To reduce the notational burden, we have assumed in (5.1) that p has equal degree
M in each coordinate, the extension to polynomials with different degree in each
coordinate is straightforward.

For an arbitrary sampling set {(z;,y;)}j=, € [0, 1) and given degree M the

system matrix according to the 2-D version of Theorem 2.5 is [28]

(TM)k,l = Z’U}j€2ﬂ—i(kil)(mj+yj) y k,l = 0, ...2M . (52)

j=1

One can easily verify that T is a hermitian block Toeplitz matrix with 2M + 1
different Toeplitz blocks of size (2M + 1) x 2M + 1, cf. [28]. For a given sampling
set let Ty be the block Toeplitz matrix for degree M and Ths41 the block Toeplitz
matrix for degree M + 1. There is a similar relationship between Th; and Ty
as in the 1-D case. More precisely, denote the Toeplitz blocks of Ty and Ths41 by
(Bm)k,k = 0,...,2M, and (Bayry1)k,k = 0,...,2M + 2, respectively. Then one
readily verifies following embedding:

(Bars1)o (BM_H);(MH)
T = : T : , (5.3)
_(BMH)?(MH) xx (Bars1)o J
[t e Tamrin) |
Byl = : By : : (5.4)

_t2(M+1) - to
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In [1] Levinson’s algorithm has been extended to general block Toeplitz systems.
With this extension and relation (5.3) at hand, we can easily generalize Algorithm 2
to 2-D (and along the same lines to multivariate) trigonometric approximation.

The analysis of the stopping criterion (2.6) in Section 2 can be applied line by
line to the 2-D (actually to the n-D) setting. The only difficulty arises in the search
for simple criteria for the invertibility of the block Toeplitz matrix Ts. The condition

eM+1)?<r

is necessary in dimension d > 1, but no longer sufficient, since the fundamental
theorem of algebra does not hold in dimensions larger than one. In [19] Grichenig
has derived estimates for the condition number of T in higher dimensions. In 2-D
these estimates can be stated as follows.

Let Ds(a,b) = {(z,y) € R? : (z —a)® + (y — b)? < §°} be the disc of radius &
centered at (a,b). We say that a set {(z;,y;),7 =1,...,r} is d-dense in [0, 1] x [0, 1],
if U§:1 Ds(xj,y;) 2 [0,1] x [0,1]. In other words, the distance of a given sample
(x,y;) to its nearest neighbor (zx,yx), k # j is at most 24.

Analogously to Section 3 we choose the size of the Voronoi region V; associated
with z; as weight w; in the computation of the block Toeplitz matrix Tas in (5.2).
Suppose that the sampling set {(z;,y;),7 =1,...,7} C[0,1] x [0, 1] is 4-dense and

log 2
) . 5.5
< dnhl (5:5)
Grochenig [19] has shown that under these conditions
4
cond(Thy) < (5.6)

(2 _ e47rM6)2 '

In particular, for arbitrary d-dense sampling sets, the block Toeplitz matrix Ty is
invertible and the 2-D version of Algorithm 2 is applicable.

5.1. Line-type nonuniform sampling in 2-D. In the following we consider
a special case of trigonometric approximation in two dimensions. This case arises
when a function is irregularly sampled along lines. A typical example is illustrated
in Figure 5.1. Such sampling patterns are encountered for instance in geophysics and
medical imaging, see also Section 6.2.

COROLLARY 5.1. Let p € Pi; and let {zj,yjet,j=1,...,rk=1,...,1; be a
sampling set in [0,1)% such that

Al <Y ()P < Billpll® A1, By >0 (5.7)
k=1

for every p € Paroand for all j. Further assume that {z;}ez is a sampling set such
that

AollplP* < Y7 (@) < Boflpl* A2, By >0 (5-8)

j=1
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F1c. 5.1. Line-type nonuniform sampling set

for every p € Pyr. Then

r Tj
A Aollpll> < D> " Ip(as, yin)|* < BiBallpll? (5.9)
J=1 k=1
for every p € PI%/[.
If {z;} and {y; i} are sampling sets with supy(zp41 — zk) = 62 < 537 and

sup; (Ui k1 — Yik) = 01 < 537, then Ay = (1= 8)%, B, = (1 +6,)%,1 = 1,2 and the

condition number of the block Toeplitz matriz Ty is bounded by

(1461)%(1 + d2)?

T 1
A(T) < 5050 =5, (5.10)
Proof. Let x be fixed. Then y — p(z,y) € Py and hence for all j
1 v 1
Al/lp(wj,y)IQdy <Y Ipleg,yin)l” < Bl/lp(wj,y)IQdy (5.11)
0 k=1 0

by assumption (5.7). It follows that

r 1

1
A Y [ )Py < 3 ol < B 2/ P ylPdy  (5.12)
:0

=1} ik
Now let y be fixed. Then z — p(x,y) € Py and

1

A [ )l do < 3 ptas, )l < Be [ lp(o.w)P da. (5.1)

0 j=1
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Since
r 1 1 r
S [ wtesldy= [ 3ot Pay. (514
=17y o i=1
assertion (5.9) follows by combining (5.12) and (5.13) with (5.14). The estimate of
the constants A;, B; and of the condition number of the block Toeplitz matrix T,
follow from Theorem 2.5. O
The proof of Corollary 5.1 is due to Grochenig [17]. Corollary 5.1 does not only
guarantee that p € Pf/[ can be recovered from its samples p(z;, y; ), it provides more.
An immediate consequence is, that it can be reconstructed by an efficient algorithm
relying on an successive application of Algorithm 2 and the Gohberg-Semencul rep-
resentation of the inverse of a Toeplitz matrix. See Section 6.2 for more details and

an application in medical imaging.

6. Curve and surface approximation by trigonometric polynomials.
Trigonometric polynomials can be used to model the boundary or the surface of
smooth objects. Let us consider a two-dimensional object, obtained e.g. by a planar
cross-section from a 3-D object and assume that the boundary of this 2-D object is a
closed curve in R?2. We denote this curve by f and parameterize it by f(u) = (2w, yu),
where z,, and y, are the coordinates of f at “time” w in the z- and y-direction respec-
tively. Obviously we can interpret f as a one-dimensional continuous, complex, and
periodic function, where z, represents the real part and y, represents the imaginary
part of f(u). It follows from the Theorem of Weierstrass (and from the Theorem
of Stone-Weierstrass [26] for higher dimensions) that a continuous periodic function
can be approximated uniformly by trigonometric polynomials. If f is smooth, we can
fairly assume that trigonometric polynomials of low degree provide an approximation
of sufficient precision.

Assume that we know only some arbitrary, perturbed points s; = (2u;,yu;) =
flu;) +9;,j=1,...,r of f, and we want to recover f from these points. By a slight
abuse of notation we interpret s; as complex number and write

5j =xj +1iy;j . (6.1)

We relate the curve parameter u to the boundary points s; by computing the distance

between two successive points s;_1,s; via

up =0 (6.2)
u; =uj_1 +d; (6.3)
d; = \/(ZL'] —zj—1)2 4+ (yj —yj—1)? (6.4)
for j = 2,...,r. Via the normalization t; = t;/L with L = u, + dx we force all

sampling points to be in [0,1). Other choices for d; in (6.1) can be found in [8] in

conjunction with curve approximation using splines.
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Having carried out the transformations (6.1)—(6.4), we can solve the problem of
recovering the curve f from its perturbed points s; by Algorithm 2.

6.1. Object boundary recovery in Echocardiography. Trigonometric poly-
nomials are certainly not suitable to model the shape of arbitrary objects. However
they are often useful in cases where an underlying (stationary) physical process im-
plies smoothness conditions of the object. Typical examples arise in medical imaging,
for instance in clinical cardiac studies, where the evaluation of cardiac function using
parameters of left ventricular contractibility is an important constituent of an echocar-
diographic examination [30]. These parameters are derived using boundary tracing
of endocardial borders of the Left Ventricle (LV). The extraction of the boundary of
the LV comprises two steps, once the ultrasound image of a cross section of the LV
is given, see Figure 6.1(a)—(d). First an edge detection is applied to the ultrasound
image to detect the boundary of the LV, cf. Figure 6.1(c). However this procedure
may be hampered by the presence of interfering biological structures (such as papillar
muscles), the unevenness of boundary contrast, and various kinds of noise [29]. Thus
edge detection often provides only a set of nonuniformly spaced, perturbed boundary
points rather than a connected boundary. Therefore a second step is required, to
recover the original boundary from the detected edge points, cf. Figure 6.1(d). Since
the shape of the Left Ventricle is definitely smooth, trigonometric polynomials are
particularly well suited to model its boundary.

After having transformed the detected boundary points as described in (6.1)—(6.4)
we can use Algorithm 2 to recover the boundary. The noise level § depends on the
technical equipment under use, it can be determined from experimental experience.
Figure 6.2(a)—(b) demonstrate the importance of determining a proper degree for the
approximating polynomial. The approximation displayed in Figure 6.2(a) has been
computed by solving (1.1) where M has been chosen too small, we obviously have
underfitted the data. The overfitted approximation obtained by solving (1.1) using
a too large M is shown in Figure 6.2(b). The approximation shown in Figure 6.1(d)
has been computed by Algorithm 2, it provides the optimal balance between fitting
the data and smoothness of the solution.

6.2. Boundary recovery from a sequence of images. In cardiac clinical
studies one is more interested in the behavior of the Left Ventricle over a period of
time rather than in a single “snapshot”. Thus for a fixed cross section we are given
a sequence of ultrasound images (usually regularly spaced in time) describing the
variation of the shape of the LV with time. One cycle from diastole (the state of
maximal contraction of the LV), passing systole (the state of maximal expansion) to
the next diastole consists typically of about 30 image frames. Since the behavior of
the LV is (at least for a short period of time) almost periodic, one can model the
varying shape of a fixed cross section of the LV as distorted two-dimensional torus,
which in turn can be interpreted as 2-D trigonometric polynomial. Clearly we have

to use a different degree for the time coordinate 7 and for the spatial coordinate u.
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(a) 2-D echocardiography (b) Cross section of Left Ventricle

(c) Detected boundary points (d) Recovered boundary of LV computed
by Algorithm 2

Fic. 6.1. The recovery of the boundary of the Left Ventricle from 2-D ultrasound images is a

basic step in echocardiography to extract relevant parameters of cardiac function.

Due to interfering biological structures and other distortions it sometimes hap-
pens that some of the image frames cannot be used to extract any reliable boundary
information. Thus we have to approximate these missing boundaries from the infor-
mation of the other image frames. To be more precise, assume that an echocardio-
graphic examination provides a sequence of ultrasound images I taken at time points
7=0,1,...,T — 1, where T is approximately the length of one diastolic cycle (the
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(a) Underfitted solution (b) Overfitted solution

F1c. 6.2. The approzimation in the left image results from using a too small polynomial degree,
the approximation in the right image from a too large degree for the trigonometric approrimation.

time points could also be nonuniformly spaced). Assume that some of the images I

provide no useful information, so that we can only detect boundary points {sak};;’: 1

from the images I, where {7; i—1 is a subset of 0,1,...7"— 1. In order to get a
complete description of the LV for the time interval [0,T], we have not only to ap-
proximate the boundaries f; from each I;, but we also have to recover the boundaries
corresponding to the missing images. In other words we look for a 2-D trigonometric
polynomial p, € P}, of appropriate degree M that satisfies p(1j,ujk) = (Tjk:Yjk)
where the parameter u is related to s; = x;x + iy, by formulas (6.2)—(6.4). This
approximation can be computed by the 2-D version of Algorithm 2, as indicated in

the beginning of Section 5.

Under certain conditions we can use the 1-D version of Algorithm 2 instead of
its 2-D version. As long as the assumptions of Corollary 5.1 are satisfied, we can
compute p, € Pf/[ by a successive application of Algorithm 2. We first approximate
the boundaries f; for each j separately from its samples {Sak}Z]: 1» which yields j
different polynomials p(Mi) e Py;. Having done this, the next step is to recover
the missing boundaries at those time points where no information is available. We
proceed by approximating successively the missing information “line by line”. We
choose u = 0, say, and approximate the missing information from the samples p(Ms) (u)

taken at the time points 75,5 =1,...,7.

Note that the Toeplitz matrices of the systems (TM)uch) = gM) coincide for all

u, since the sampling geometry is constant along the u-coordinate (because we have

recovered all samples at each 7). Thus we have to solve multiple Toeplitz systems
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with the same system matrix but different right hand side. It is well-known that
this can be done efficiently by exploiting the Gohberg-Semencul representation of the

inverse of the Toeplitz matrix [14]. In our context this reads as follows. We solve
(Tar)uci? = oM (6.5)

for one u by Algorithm 2. We can solve now all other systems efficiently by establishing
(Tar)~! in the Gohberg-Semencul form

(Thr) ™t = ([L<M>]*L<M> —y [U<M>]*) /0 (6.6)
where L(M) is a lower triangular Toeplitz matrix with z = [20,21,..., 220" as its
first column, U™ is an upper triangular Toeplitz matrix with [0,21,...,2007]7 as its

last column, 2 being the first column of (Ty/)~!. The matrix vector multiplications
to compute ch) =(Tu), 1bgM) can now be carried out quickly using the Fast Fourier

(M)

transform by embedding L and U™) into circulant matrices.

7. Miscellaneous remarks. For sampling sets with large gaps it can happen

(M) = p(M) getg ill-conditioned with increasing degree M and

that the system Thsc
therefore Algorithm 2 may become instable [6]. In this case one can use a different,
more robust approach, which however comes at higher computational costs [27]. We
solve the system Th;c™) = M) jteratively, e.g. by the conjugate gradient method
until a certain stopping criterion is satisfied at iteration k, say, yielding the solution
c,(cM). We use this solution as initial guess at the next level M + 1 by setting c(()MH) =
[0 (c,(gM))T 0]7. The crucial point in this procedure is to find a stopping criterion that
guarantees convergence of the iterates, see [27, 24] for more details.

The computation of the entries of the Toeplitz matrix in Section 6 involves the
nodes u; which in this particular case depend on the (perturbed) samples s;. There-
fore not only the right hand side b™), but also Ty is subject to perturbations. Hence
in principle one might use the concept of total least squares (see [12]) instead of a
least squares approach. A detailed discussion of this modification is beyond the scope

of this paper.
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